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ABSTRACT

We study some structural and combinatorial properties of Sturmian palindromes,
i.e., palindromic finite factors of Sturmian words. In particular, we give a formula which
permits to compute in an exact way the number of Sturmian palindromes of any length.
Moreover, an interesting characterization of Sturmian palindromes is obtained.
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1. Introduction

Sturmian words have been widely studied for their theoretical importance and
their applications to various fields of science. By definition, they are infinite words
which are not eventually periodic and have minimal subword complexity. Sturmian
words also enjoy some remarkable characterizations of geometrical nature (cutting
sequences, mechanical words). The reader is referred to [2] and to [1] for general
surveys on this subject.

In recent years, some works have investigated Sturmian words by looking at their
palindromic factors. A palindrome is a finite word which can be read indistinctively
from left to right or from right to left.

Palindromes play an essential role in the structure of Sturmian words. In fact,
an important theorem of X. Droubay and G. Pirillo [12] shows that an infinite word
is Sturmian if and only if it has exactly one palindromic factor of length n for n
even, and two for n odd. Moreover, A. de Luca and F. Mignosi [10] proved that
the set of palindromic prefixes of all standard Sturmian words is equal to the set of



central words, i.e., words having two periods p and ¢ which are coprime, and length
p+ g — 2. Central words are words over a two letter alphabet {a,b} and satisfy
remarkable structural properties. In particular, a central word w is such that wab
and wba can be factorized as a product of two palindromes. Moreover, the set St
of factors of all Sturmian words is equal to the set of factors of all central words
(cf. [10]).

There exist, and even they are the majority, Sturmian palindromes which are
not central. For instance, there are 14 Sturmian palindromes of length 7, whereas
the number of central words of the same length is only 6 (see Table 2).

In this paper we are interested in the combinatorics and in the structure of the
language of Sturmian palindromes. A main theorem, proved in Section 4, gives a
simple formula which permits to count for any n > 0 the Sturmian palindromes
of length n. As a consequence, an interesting relation between the numbers of
Sturmian palindromes of odd and even length is found. Moreover, it is shown that
the number g(n) of Sturmian palindromes of length n has, for all n > 0, a lower

bound of the order n'+®

, where o = logs 2. From this result one easily derives that
the number of central words of length n is a fraction of g(n) which vanishes when
n diverges. Furthermore, one can prove that the density of Sturmian palindromes
of length n with respect to all Sturmian words having the same length, tends to 0
when n tends to infinity.

In Section 5 some structural properties of Sturmian palindromes are shown.
In particular, two new characterizations of central words are given. Finally, a
remarkable characterization of Sturmian palindromes is proved.

A short version of this paper was presented at the conference Developments in
Language Theory, held in Palermo on July 4-8, 2005 [9].

2. Preliminaries

Let A be a finite alphabet. As usual, we denote by A* the free monoid generated
by A, that is the set of all words over A with the operation of concatenation. The
identity element of A* is the empty word . Let w = ajas---a, be a word, with
a; € A, 1 <i < n. The integer n is called the length of w, and it is denoted by |w].
Conventionally, the length of the empty word is 0. For any a € A, |w|, will denote
the number of occurrences of the letter a in w.

A word u is a factor of w € A* if w = rus for some words r and s. In the special
case r = ¢ (resp., s = ¢), we call u a prefix (resp., suffiz) of w. A factor u of w is
proper if u # w. A factor u of w is median if w = rus with |r| = |s|. If w is a factor
of w, w is also called an extension of u. The set of factors of a word w is denoted
by Fact(w). For any X C A*, one sets:

Fact(X) = U Fact(w) .
weX

A factor u of w is called a border of w if it is both a prefix and a suffix of w.
Let w = ajas - - - a, be a word, with a; € A, 1 <1i <n. A positive integer p is a



period of w if for all 7,7, 1 < 4,7 < n, the following condition is satisfied:
i=j (modp) = a;=a,.

As is well known [14], a word w has a period p < |w| if and only if it has a border
of length |w| — p. The minimal period of w will be denoted by my; it is natural to
set m. = 1. For any w # ¢, the unique positive integer k such that w = 2*2’, where
|z] = 7y and |2'| < 7y, will be called the order of w.

Given w = aqas - - - a,, with all a; € A, the reversal w™ is the word a, - --ay. If
w = g, one sets €~ =e. A word w € A* is a palindrome if w = w™. The set of all
palindromes of A* is denoted by PAL 4, or simply PAL when there is no ambiguity.

An infinite word x is just an infinite sequence of letters:
T = ajasaz--- where a; € A, foralli>1 .

The product between a finite word w and an infinite one x is naturally defined as
the infinite word wz. A (finite) factor of an infinite word x is either the empty word
or any sequence u = a; - - - a; with ¢ < j, i.e., a finite block of consecutive letters in
x. If i = 1, then u is a prefix of z. A suffiz of x is an infinite word y such that
x = uy for some u € A*. We shall denote by Fact(x) the set of finite factors of x.

Let x be a finite or infinite word over A. A factor u of x is a right special factor
of x if there exist two letters a,b € A, a # b, such that ua and ub are factors of z.

An infinite word is Sturmian if for each n € N it has n + 1 distinct factors of
length n. This implies that a Sturmian word is on a two-letter alphabet that will be
denoted by A = {a,b}. As is well known [2], an infinite binary word z is Sturmian
if and only if for any n > 0 there is only one right special factor of x of length n.

An equivalent geometrical definition of Sturmian words can be given in terms
of cutting sequences. In fact, a Sturmian word can be defined by considering the
sequence of cuts in a squared lattice (N x N) made by a ray having a slope which
is an irrational number «. A horizontal cut is denoted by the letter b, a vertical by
a, and a cut with a corner by ab or ba.

A Sturmian word represented by a ray starting from the origin is usually called
standard or the characteristic word associated with the irrational o and it is often
denoted by c,. Standard Sturmian words can be equivalently defined as follows.
For any sequence dy, ds,...,d,,... of integers such that dy > 0 and d; > 0 for < > 0,
one defines, inductively, the sequence of words (s,)n>0 where

so =05, 51 =a, and Sp41 = s;il”‘lsn_l, forn>1.

The sequence (s, )n>0 converges to a limit s which is an infinite standard Sturmian
word. Any standard Sturmian word can be generated in this way. If d; = 1 for all
i > 0, one obtains the famous Fibonacci word. We shall denote by Stand the set of
all the words s,, n > 0 of any sequence (sy),>0 constructed by the previous rule.



Any word of Stand is called finite standard (Sturmian) word.

2.1. Central words

A word w is called central if it has two periods p and ¢ such that ged(p,q) =1
and |w| = p+ ¢ — 2. Conventionally, the empty word e is central (in this case,
p = g = 1). Central words are over a two-letter alphabet. The set of all central
words over A = {a,b} is usually denoted by PER. It is well known (see [10, 2])
that the set PER coincides with the set of palindromic prefixes of all standard
Sturmian words. In this section we recall some properties of central words which
will be useful in the following. As proved in [10], one has that

Stand = AU PER{ab,ba} , (1)

i.e., any finite standard Sturmian word which is not a single letter is obtained by
appending ab or ba to a central word. Conversely, by deleting the last two letters
of a standard word which is not a letter, one obtains a central word.

Let St be the set of finite Sturmian words, i.e., factors of infinite Sturmian words
over the alphabet A = {a,b}. We recall that for any infinite Sturmian word there
exists an infinite standard Sturmian word having the same set of factors (cf. [2]).
Therefore one easily derives that St = Fact(Stand) = Fact(PER).

The following important characterization of central words holds (see for in-
stance [5]):

Proposition 1 A word w is central over A if and only if w is a power of a letter
of A or it satisfies the equation

w = wiabwy = wabaw;

for some words wy and ws. Moreover, in this latter case, wy and wo are central
words over A, p = |w1|4+2 and g = |wa|+2 are coprime periods of w, and min{p, q}
is the minimal period of w.

The following simple but useful lemma on central words holds (see [5]):

Lemma 2 If a central word w has the factor ™, with x € A and n > 0, then "~}
is a prefix (and suffiz) of w.

3. Sturmian Palindromes

In the sequel we shall be interested in the set St N PAL, whose elements will be
called Sturmian palindromes.

One has that PER C St N PAL. However, the previous inclusion is strict since
there exist non-central Sturmian palindromes, for instance abba.



We have seen that St = Fact(PER). We shall prove (cf. Corollary 4) a similar
property for Sturmian palindromes.

Theorem 3 FEvery palindromic factor of a standard Sturmian word c, is a median
factor of a palindromic prefix of cq.

The result is attributed to A. de Luca [7] by J.-P. Borel and C. Reutenauer, who
gave a geometrical proof in [3]. Theorem 3 can be also obtained as a consequence of
a more general result of X. Droubay, J. Justin, and G. Pirillo [11]. We shall report
later a direct proof for the sake of completeness.

Corollary 4 A word is a Sturmian palindrome if and only if it is a median factor
of some central word.

Proof. Trivially, every median factor of a palindrome is itself a palindrome.
Since St = Fact(PER), it follows that a median factor of an element of PER is a
Sturmian palindrome.

Conversely, let u be in StNPAL. By definition, there exists an infinite (standard)
Sturmian word s such that v € Fact(s). By Theorem 3, v is a median factor of a
palindromic prefix of s. Since palindromic prefixes of standard Sturmian words are
exactly the elements of PER, the result follows. O

Our proof of Theorem 3, which follows a simple argument suggested by A. Carpi
[4], is based on the following results (see [7]):

Proposition 5 If w € Fact(x), where x is an infinite Sturmian word, then the
reversal w”™ is a factor of x too. Moreover, if x is standard, then w is a right
special factor of x if and only if w™ is a prefix of x.

Corollary 6 A palindromic factor of an infinite standard Sturmian word x is a
right special factor of x if and only if it is a palindromic prefix of x.

Proof of Theorem 3. By contradiction, let ¢, = Aux, where u is a palindrome
that is not a median factor of any palindromic prefix of ¢,, and A € A* has minimal
length for such condition. Since u cannot be a prefix of ¢,, we have |A\| > 1. Thus
we can assume, without loss of generality, A = XMa. Now let z be the first letter
of x, so that = za’. Suppose first z = a. The palindrome aua is not a median
factor of a palindromic prefix of c,, otherwise so would be u. But ¢, = XNauaz’
with |N| < ||, and this contradicts the minimality of |A|. Therefore z = b, and
then aub and bua = (aub)™ are factors of co, in view of Proposition 5. This means
in particular that w is a right special factor of ¢,. Corollary 6 then implies that u
is a prefix of ¢, a contradiction. O

4. Enumeration of Sturmian Palindromes

In this section we shall give an explicit formula for the enumeration function of
StN PAL. We start by recalling some basic facts (see [10, 7]):



Proposition 7 Let w be a word. The following conditions are equivalent:
(i) w € PER,
(i) awdb and bwa are Sturmian,
(#i) awa, awdb, bwa, and bwb are all Sturmian.

Proposition 8 If wa and wb are Sturmian words, then there exists a letter x € A
such that zwa and zwb are both Sturmian.

We now prove two easy consequences (see also [7]):

Proposition 9 Let w € A* be a palindrome. If wa and wb are Sturmian, then w
is central.

Proof. From the previous proposition, there exists a letter x € A such that xwa
and xwb are both Sturmian. Without loss of generality, we may suppose = = a, so
that awb € St. Therefore (awb)™ = bwa is Sturmian too, thus by Proposition 7, w
is central. O

Lemma 10 Let w be a Sturmian palindrome. If w is not central, then there exists
a unique letter x € A such that rwzx is Sturmian.

Proof. If awa and bwb are both Sturmian, then w is central by Proposition 9, a

contradiction. Since by Corollary 4 the word w is a (proper) median factor of some

central word, there exists a unique letter x € A such that zwz is Sturmian. O
Now let us introduce the function g : N — N defined for all n > 0 as

g(n) :=card(StN PALNA") .
For any n > 0, g(n) gives the number of Sturmian palindromes of length n.

Theorem 11 For any n > 0, the number g(n) of Sturmian palindromes of length
n is given by

[n/2]—1
1+ Y é(n—2i) , (2)
i=0

where ¢ is Euler’s totient function. Equivalently, for any n >0

g2n) =1+ ¢(2i) and g2n+1) =1+ ¢(2i+1) .
i=1 i=0
Proof. Given w € St N PAL, at least one of its extensions awa and bwb is
Sturmian. Indeed, according to Lemma 10, if w ¢ PER, then exactly one of these
extensions is in St. If w € PER, then from Proposition 7, both awa and bwb are
Sturmian palindromes. Since the number of central words of length n is ¢(n + 2)
(see [10]), one gets:
g9(n+2) =g(n) + ¢(n+2)

and this implies the desired formula, because g(0) =1 and ¢(1) = 2. O



We define a function f : N — N by setting for n > 0:

n(n+1)

f@n)=1+ 5

and f2n+1)=2+n(n+1) .
It is easy to verify that g(n) < f(n) for all n > 0. Moreover, for any n > 0 we set
h(n) = card(PERNA") = ¢(n+ 2) .

In Table 1 we list the values of the functions g, f, and A for 0 < n < 17. As an
example, in Table 2 we list all 14 Sturmian palindromes of length 7. The six central
words in it are underlined.

Table 1. The functions g, f, and h.

nog(n) f(n) h(n) nog(n) f(n) hin)
0 1 1 1 9 20 22 10
12 2 2 10 14 16 4
2 2 2 2 1130 32 12
3 4 4 4 12 18 22 6
4 4 4 2 13 42 4 8
5 8 8 6 14 24 29 8
6 6 7 4 15 50 58 16
7 14 14 6 16 32 37T 6
8§ 10 11 4 17 66 74 18

Table 2. Sturmian palindromes of length 7 (central words are underlined).
aaaaaaa | bbbbbbb
aaabaaa | bbbabbb
aababaa | bbababb
abaaaba | babbbab
abababa | bababab
abbabba | baabaab
abbbbba | baaaaab

The following proposition relates the numbers of Sturmian palindromes of odd
and even length.

Proposition 12 For any n > 0 one has
g(2n —1) = g(4n) —2g9(2n) +2 .

Proof. From Theorem 11 one has

g(dn) =1+ ¢(2i) .

i=1



As is well known (see for instance [13]), for any n > 0 one has ¢(2n) = ¢(n) for odd
n and ¢(2n) = 2¢(n) for even n. Thus we can write

gin) = 142> 6(i)+ Y (i)

i even 3 odd
1<2n 1<2n
n n—1
= 1+2) 6(2k)+ ) ¢(2k+1)
k=1 k=0

= 9@2n—-1)+2(9(2n) - 1) ,

which concludes the proof. O

Now we consider the problem of finding lower bounds for the number of Sturmian
palindromes of any length. We premise the following simple lemma, whose proof is
reported in the Appendix for the sake of completeness.

Lemma 13 The Euler totient function has the following lower bounds:
d(n) >n® for oddn and ¢p(n) >27%n* for even n

where oo = logs 2 = 0.6309. .. .

Proposition 14 Let § = ﬁ For n >0 one has:
9(2n+1) > (2— )+ B2n + 1)' (3)
and L
g(2n) > 1+ anl"'a . (4)

Proof. By Lemma 13, we can write

gn+1) =1+ ¢@2i+1)>2+ ) (2i+1)" .
1=0 i=1

Approximating the sum with an integral, one has

n

Z(% +1)* > /n(2x +1)%z =p2n+ 1) -3,
0

i=1
so that (3) follows.
By Lemma 13, we can write

n n n 1
glom) =143 020 2143 2 14 [ atdo =14 Talte
i=1 i=1 0 @

so that (4) follows. O
As a consequence, one derives that

g(n) =Q(n'**) .

From this result we can prove that the density h(n)/g(n) of central words of length
n with respect to all Sturmian palindromes of length n, vanishes when n diverges.



Proposition 15 The following holds:
h(n)

lim —= =0 .

n—o0 g(n)
Proof. We recall that h(n) = ¢(n+2) < n+1foralln > 0. Since g(n) = Q(n'T%),
i.e., g(n) > dn't® for all n > 0 and some positive constant d, it follows that for any
n > 0 one has

h(n) o Nt 1

g(n) = dn'te
As the right hand side of last equation vanishes when n diverges, the assertion
follows. =

Now let us recall (cf. [2]) that for any n > 0 the number st(n) = card(St N.A")
of all finite Sturmian words of length n is given by the following formula:

n

stin) =1+ (n—i+1)¢(i) .

=1

We shall prove that the density g(n)/st(n) of Sturmian palindromes of length n
with respect to all Sturmian words of length n, tends to 0 when n tends to infinity.
The proof is based on the following lemma whose proof is reported in the Appendix.

Lemma 16 st(n) = Q(n?t%).
Proposition 17 The following holds:

im A _ g
n—oo st(n)

Proof. From the definition one has that for any n, g(n) < 1+ ®(n), where

As is well known (cf. [13]), ®(n) = O(n?), so that by the previous lemma one has

<
st(n) — dn?to

for all n > 0 and some constants ¢,d > 0. Since the right hand side in the previous
equation vanishes when n diverges, the result follows. O
Let us observe that, by using the well known result (see for instance [13, Theorem

327)),
lim ()

n—oo n1—5

=00 foranyd >0,

one easily derives a sharper asymptotic lower bound for the function g, i.e.,

g(n) = Qn*"%)



when n diverges.

5. Structural properties

We have seen in Section 3 that a Sturmian palindrome is a median factor of
a central word. In this section we shall give some further results concerning the
structure of Sturmian palindromes.

The following lemma is well known (see for instance [7]). We report a proof for
the sake of completeness.

Lemma 18 A palindrome w € A* has a period p < |w| if and only if it has a
palindromic prefix (suffix) of length |w| — p.

Proof. If w has a period p < |w|, then it has a border v of length |w| — p, so that
we can write w = Av = vy for some words A and p. Since w is a palindrome, one
has

w=vu=v"A" .

Therefore, v = v™. Conversely, if the palindrome w has the palindromic prefix v,
one has
w=ovp=p"v,

so that v is a border of w and |w| — |v]| is a period of w. O

Proposition 19 A palindrome w € A* with minimal period my, > 1 can be uniquely
represented as
W = WTYWs = WayTwT

with x,y € A, wy the longest proper palindromic suffiz of w, and |wixy| = my,. The
word w is not central if and only if either wy ¢ PAL or w = (wyzx)*w; where
k > 1 is the order of w.

Proof. Since m, > 1, it follows by Lemma 18 that w can be uniquely factorized
as w = wixryws where wy is the longest proper palindromic suffix of w, z,y € A,
and |wyzy| = 7. Since w is a palindrome, we can write

W = W1 TYWy = WaYTW] .

When m,, > 1, by Proposition 1, w is central if and only if w; € PAL and x # y.
Therefore, in the case w; € PAL, w is not central if and only if w = wizzws =
woxxwi. The word w has the two periods

Ty = |wizz| and ¢ = |wezz| (5)

and length 7, + ¢ — 2. Thus w ¢ PER if and only if d = ged(my,,q) > 1. Since
|w| > 7y + g — d, by Fine and Wilf’s theorem (cf. [14]) w has the period d = .
This occurs if and only if ¢ = km,, with & > 1. From (5) this condition is equivalent
to the statement wozx = (wizz), ie., w = (wirz)*w;. O

10



Example 20 Let w = aaabaaaaaabaaa € St N PAL, with w, = 7. The word
w can be factorized as (aaaba)aa(aaabaaa), where aaabaaa is the longest proper
palindromic suffix of w, |aaaba| = 7, —2 = 5. The prefix aaaba is not a palindrome,
thus w is not central.

Let v = abaababababaaba € St N PAL. We factorize v as

v = (abaabab)ab(abaaba)

where abaaba is the longest proper palindromic suffix of v. Also in this case abaabab
is not a palindrome, so that w ¢ PER.

Let u = abbabbabba € StNPAL. We factorize u as (a)bb(abbabba), where abbabba
is the longest palindromic suffix of w. In this case, the prefix a is a palindrome, and
u = (abb)®a. Hence u is not central.

Lemma 21 Ifw = wizyws = wayrwy, where wy is the longest proper palindromic
suffiz of w and T,y € A, then w' = ywy has the minimal period Ty, = .

Proof. Since w is a factor of w’, one has m,,» > m,. The word ywsy is a palindromic
proper suffix of w’ = ywizywsy, so that by Lemma 18 the word w’ has the period
|ywyz|. Hence, my < |ywiz| = |wizy| = 7. Thus my = Ty O

The next lemma is essentially a restatement of Lemma 2 in [6]. Note that its
first part is an obvious consequence of Lemma 21.

Lemma 22 Let w = wyzyws = weyrwy € PER, with |wa| > |w| and {z,y} = A.
The word v = ywy has minimal period 7, = m,, whereas v = xwr = TwWiTYwsT
has minimal period m, = |wa| + 2 = |w| — Ty + 2.

Let w € (StN PAL)\ PER. We denote by u the (unique) shortest median
extension of w in PER, and by v the longest central median factor of w. Note that
also v is unique. For instance, for the Sturmian palindrome w = baaabaaab one has
u = aawaa and v = aaabaaa.

Theorem 23 Let w € (St N PAL)\ PER. With the preceding notation, one has
Ty = Tw. Moreover, either m,, = 7, or m, = |[v| — m, + 2.

Proof. We consider first the case that m, = 1, so that v = 2™ with x € A and
n = |v|. In such a case w has also the median palindromic factor v; = yz™y, where
{z,y} = A (recall that v is the longest central median factor of w). Moreover,
n = |v| is at least 2, otherwise v; would be equal to yzy € PER. One has m,, =
lyz™| =n+ 1= |v] — 7, + 2. Now we define, for 2 <i < n:

1 i—1 n—i—&-l)(wi—

v = xvi_1x = ' yayr T = (2 e Lyt =1y . (6)
The word v, = 2" lyaz"yx is central, whereas for ¢ < n one has, by Lemma 2,
that v; ¢ PER. From Lemma 10 it follows that the words v; are the only Sturmian
extensions of v; which are median factors of v,,. Since for ¢ < n one has v; ¢ PER,
one derives that w = vy for some 1 < k < n, and v = v,. As shown in (6), by

n—1

11



Lemma 21 all the v;’s have the same minimal period, for 1 < ¢ < n. The result in
this case follows: m, = 7, = |v| — 7, + 2.

Now let us assume 7, > 1. One has v = wyzyws = woyxwy, with wy,wy € PAL
and x # y. We suppose |wi| < |ws|, so that m, = |wi| + 2. From the definition
of v, it follows that there exists a letter z € A such that v; = zvz is a median
factor of w which is not central. By Lemma 22, we have m,, =, if 2 = y, or else
Ty, = || =y +2if 2 = 2.

Using Lemma 21, we shall now define a sequence of palindromes with the same
minimal period as vi. Let us first suppose that z = y, so that v; = ywzywsy. We
set v = zviz = (zyw)(zywoyz). Moreover, if wy = pips---pr with p; € A for
1< j <k, weset v; =pr_it3Vi—1Dk—i+3 for i > 3, so that

vg = pruapr = (PrTYP1 - - Pr—1) (PRTYW2YTDE)

Vkt2 = PlUk1P1 = P1- - PTYWITYW2YTPy - - - P1 = W1TYW1 TYWoYTwy
Since w; = wYy’, the last equation can be written as

Vgro = (w1)zy(wzywayzrw) = (wixywsyrw: )yx(w)

showing, by Proposition 19, that the word vy is central, so that for any : < 7, =
k + 2 one has v; € St PAL.

Let s < k + 2 be the minimal integer such that v, € PER. Since for ¢ < s one
has v; ¢ PER, one derives from Lemma 10 that u = v and w = v, for some integer
r < s. Hence m,, = m,, = my, and in this case m,, = m,.

The case z = x is similarly dealt with, but interchanging the roles of w; and
wy. Thus one assumes wa = q1---qx, ¢ € A, 1 < j < k, and defines v; as
Qk—i+3Vi—1qk—i+3 for i > 3, starting from vy = yv1y = (yrws)(yrwizy) and ending
with

Vpto = WayTweyrwixyws € PER .

Therefore there exist integers r and s such that 1 <r < s<k+2=|v| —m + 2,
w = v, and u = vy, so that m, = m, and m, = m,, = |[v| — 7, + 2. O

Example 24 Let w = baaabaaab € St N PAL. Following the notations of The-
orem 23, one has v = aaabaaa, v1 = w, and u = vz = aabaaabaaabaa. Thus
Tw = Ty = Ty = 4.

Let w = babbbbab. In this case we have v = bbbb, w = w9, and u = vy =
bbbabbbbabbb, so that m, =7, =5 =|v|+1=|v| — 7, + 2.

For any word w € A*, we denote by R, the minimal integer k£ such that there
is no right special factor of w of length k, and by K,, the length of the shortest
unrepeated suffix of w. Conventionally, one assumes R, = K. = 0.

There exist some relations among the parameters R,,, Ky, Ty, and |w|. The
following lemma synthesizes some results proved in [8, Corollary 5.3, Propositions
4.6 and 4.7] which will be useful in the sequel.
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Lemma 25 Let w € A*. One has:
|lw| > Ry + Ky and my, > Ry +1 .

Moreover, the following holds:
o if Ty, = Ry, + 1, then |w| = Ry, + Ky,
o if jw| = Ry + K., then for any n there exists at most one right special factor
of w of length n.

The following theorem gives a further criterion, different from Proposition 19,
to discriminate whether a palindrome is central or not.

Theorem 26 Let w € A* be a palindrome with m,, > 1. Then w is central if and
only if its prefix of length 7, — 2 is a right special factor of w.

Proof. From Proposition 19, we can write
W = W1 TYWs = WayTw; (7)

where x,y € A, wy is the longest proper palindromic suffix of w, |w;| = 7, — 2, and
w is central if and only if w; € PAL and = # y. Therefore we have to prove that
w is a right special factor of w if and only if w; = w]” and x # y.

Indeed, assume that these two latter conditions are satisfied. Since w]” = w;
and wy is the longest proper palindromic suffix (and prefix) of w, one has that w;
is a border of wy. This implies, from (7), that w; is a right special factor of w.

Conversely, suppose wy is a right special factor of w. Let us first prove that
w1 € PAL. By hypothesis, we have m,, —2 = |w;1| < R,,—1, that is R, > m,—1. By
Lemma 25 one has 7, > R, +1, so that m, = R,, +1. This implies |w| = Ry, + K.,
again by Lemma 25. The suffix w]’ of w is repeated, because w; is a right special
factor of w, which is a palindrome. This leads to

Ty —2=|w| < Ky, —1

and thus to |w| = Ry + Ky > 21, — 2. If |w| = 2w, — 2, then |wy| = |we| so that
one derives wy = wy € PAL. If |w| > 27, — 1, then w has the prefix wizyw;x, so
that ywiz € Fact(w). Since wy is a right special factor of w, there exists a letter
z # x such that w2z € Fact(w). Moreover, since w;z is not a prefix, there exists a
letter 3" such that y'w;z € Fact(w). One has y # ¢/, for otherwise yw; would be
a right special factor of w of length m, — 1 = R,,, which is a contradiction. As w
is a palindrome, the words zw(’y and zw7'y’ are factors of w too, so that w(’ is a
right special factor of w. By Lemma 25, one obtains w; = w]’. Therefore we get
w; € PAL again.

We shall now prove that x # y. By contradiction, suppose w has the factoriza-
tion

w = (wyzz)*w, , with k> 1

as granted by Proposition 19. Since w; is a right special factor of w, one has
w1z € Fact(w) for a suitable letter z # x. Thus we have either w1z = zw; or w1z =
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voxxvy z, where vy z is a prefix of w; and vs is a suffix of wy. Since |w;| = |wiz| — 1,
we can write w; = vizave, with a € A. The first case is impossible since w; is a
palindrome and x # z. In the latter case, one obtains:

V12QU2 = W1 = W] = V] TTUy
which is absurd again, because = # z. O

Example 27 The word w = baab is a Sturmian palindrome of minimal period
mw = 3. Its prefix of length 1 is not a right special factor, hence w ¢ PER. The
word v = abababbababa is a Sturmian palindrome having minimal period 7, and its
prefix ababa of length 5 is not right special. Therefore v ¢ PER. On the contrary,
the word u = aabaabaa has minimal period 3, and its prefix of length 1 is a right
special factor, so that u is central.

Proposition 28 Let w € A*. If 1y, = Ry + 1, then w is Sturmian.

Proof. If m, = 1, the result is trivially true. Thus we assume 7, = R, + 1 > 1,
so that there exists a right special factor s of w such that |s| = 7, — 2. Thus
there exist letters a,b € A, a # b, such that sa,sb € Fact(w). The words sa and
sb cannot be both suffixes of w, so we suppose, without loss of generality, that sa
is not. Therefore one has either saa € Fact(w) or sac € Fact(w), with ¢ € A and

¢ # a. Since |saa| = |sac| = my,, these two possibilities imply, respectively:

w € Fact((saa)™) (8)
or

w € Fact((sac)™) . (9)

We first show that (8) cannot hold. By contradiction, assume that it does hold.
Since sb is a factor of w, it has to be a factor of saas as well. We clearly have
sb # sa, thus there exist u,v € A* and = € A such that saas = uaxsbv. The words
u and v are respectively a prefix and a suffix of s, and |u| + |v| = |saas| — |zsb| =
2|s|+2—|s|—2 = |s|. Therefore s = uv and vaau = xuvb. But this is a contradiction,
because |vaau|, > |zuvd|,.

Equation (9) is then satisfied. We shall prove that s is a central word over
A = {a, b}, and then the assertion will follow directly from (9) and from (1), since
every power of a finite standard word is Sturmian.

Indeed, sb € Fact(w) is a factor of sacs. Since sb # sa, there exist u,v € A*,
x € A such that sacs = uxsbv. As before, one has |u| + |v| = |s|, so that s = uv
and then vacu = zuvb. The letter x has to be equal to a in order to have |vacu|, =
|zuvb|,. Hence vacu = auvb. Since |vacu|, = |auvd|p, one derives ¢ = b and

vabu = auvb . (10)
If u = €, one obtains va = av, so that s =v € a* C PER. Similarly,

v=e=—=bu=ub=—=s=ucb*C PER .
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Finally, if |u| and |v| are both positive, then by (10) there exist u/,v" € A* such
that v = av’ and u = u'b, and

s =uv = u'bav’ = vabu’

whence s € PER, by Proposition 1. O

The converse of the preceding proposition is in general not true, as shown in
the Example 30. However, the result is true for Sturmian palindromes as the next
theorem shows.

Theorem 29 A palindrome w € A* is Sturmian if and only if m, = Ry + 1.

Proof. By Proposition 28, the condition is sufficient. Necessity is trivially true if
mw = 1. By Lemma 25 one has m,, > R,, + 1 for any word w. Hence, if 7, > 1 the
condition m,, = R,, + 1 is equivalent to the existence of a right special factor s of w
of length |s| = 7, — 2.

We prove that every Sturmian palindrome w such that m,, > 2 has such a factor.
If w is central, the result follows directly from Theorem 26. Thus we suppose
w ¢ PER, and as in Theorem 23 we denote by v the central median factor of w of
maximal length.

If w, = 1, then there exists a letter € A and an integer n > 1 such that v = z".
From the maximality condition, one derives that n > 1. In this case, by Theorem 23
one derives 7, = |v| + 1 =n+ 1 and yz"y € Fact(w), where {z,y} = A; therefore
2"~ ! is the desired right special factor of w, of length n — 1 = m,, — 2.

If m, > 1, by using Proposition 1 we can write v as vizyvs = voyzvy, with
my = |vizy|. By Theorem 23, one has either m,, = 7, or m, = |v| — m, + 2. In the
first case, the result is a consequence of Theorem 26. Indeed, the prefix v; of the
central word v, whose length is 7, — 2 = m,, — 2, is a right special factor of v, and
then of w. In the latter case (that is, if m, = |v| — 7, +2), one derives that the word
TVT = TxV1TYVveT = TUayxv1x is a factor of w, so that vy is a right special factor of
w, of length |v| — 7, = my, — 2. O

Example 30 The word u = ababaa is not a palindrome, but =, = 5 = R, + 1,
thus it is Sturmian. However, the word v = aabab € St has 7, =5 >3 = R, + 1.
Let w = abba € St N PAL. One has 7, =3 = R, + 1. The palindrome s = aabbaa
is not Sturmian. One has 7, =4 >3 = R, + 1.

A factor u of a word w € A* is called left special if there exist two distinct
letters a and b such that au and bu are factors of w. One can define L,, as the
minimal integer k for which w has no left special factor of length k. We remark
that, by symmetrical arguments, one can prove results analogous to Proposition 28
and Theorem 29, namely, if m, = L, + 1, then w € St, and a palindrome w € A*
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is Sturmian if and only if w, = Ly, + 1.
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Appendix A:

Proof of Lemma 13. The case n = 1 is trivial. Let us factorize an integer
n > 1 uniquely as n = p]flpgz ~~p7’fr, where for 1 < ¢ < r the p; are primes, k; > 1,

16



and p1 < pa < -+ < pp. Asis well known (cf. [13]), Euler’s function ¢ is related to
the primes p; by the following relation:

(b(n):aniil .
- D

m (A1)

Let us first suppose that n is odd, so that p; > 3. By (A.1) one derives

o(n) >n (g)T and n > 3",

so that r <logzn and ¢(n) > n(2/3)°8:" = plogs2 = po,

Now suppose n even. We can write n = 2*m with m odd and & > 1. From
the multiplicative property of ¢, one has ¢(n) = ¢(2F)p(m) = 28=1¢(m). From the
preceding result, one has

so that

¢(n) > 2k71 (2%)(1 _ Qk(lfoc)*lna > 9 pe 0

Proof of Lemma 16. By Lemma 13 one has ¢(n) > 27*n® for any n > 0, so
that

n

n n
stn) > 1427 (n—i+1)i*=142"%n+1)) i* =27 i+,
i=1

i=1 i=1
Since

n n n n+1
E ¢ Z/ %z and E iite S/ ziteds |
i=1 0 i=1 0

one obtains

1 1 24«
stln) 2 270 H 0 2”% = 27(n+ 1)n'*or(n)
where )
1 1 [(n+1\*"
r(n) = -
a+1l a+2 n

The function r is strictly increasing and it satisfies, for all n > 3, the inequality

1

0<T(n)<my

so that st(n) > 27%(n + 1)n' T r(3). Therefore there exists a constant d > 0 such
that for all n > 0, st(n) > dn?*?, ie., st(n) = Q(n?te). 0
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