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Abstract

In this paper we study some classes of infinite words generalizing
episturmian words, and analyse the relations occurring among such
classes. In each case, the reversal operator R is replaced by an arbitrary
involutory antimorphism 9 of the free monoid A*. In particular, we
define the class of ¥-words with seed, whose “standard” elements (-
standard words with seed) are constructed by an iterative ¥-palindrome
closure process, starting from a finite word wug called the seed. When
the seed is empty, one obtains 1¥-words; episturmian words are exactly
the R-words. One of the main theorems of the paper characterizes -
words with seed as infinite words closed under 9 and having at most one
left special factor of each length n > N (where N is some nonnegative
integer depending on the word). When N = 0 we call such words -
episturmian. Further results on the structure of ¥-episturmian words
are proved. In particular, some relationships between J-words (with
or without seed) and ¥-episturmian words are shown.

1 Introduction

The study of combinatorial and structural properties of finite and infinite
words is a subject of great interest, with many applications in mathematics,
physics, computer science, and biology (see for instance [8, 9]). In this
framework, Sturmian words play a central role (see [8, Chap. 2]). Some
natural extensions of Sturmian words to the case of an alphabet with more
than two letters have been given in [4, 6], by introducing the class of the
so-called episturmian words.



We recall that for an infinite word w € A, the following conditions are
equivalent (see [4, 6]):

1. There exists an infinite word A = z129-- -2, --- € A¥ such that w =
limy, oo tn, With u; = ¢ and w1 = (usz;)H) for all i > 1, where ()
is the right palindrome closure operator.

2. w is closed under reversal, and each of its left special factors is a prefix
of w.

An infinite word satisfying such conditions is by definition a standard epis-
turmian word.

In this paper we consider different extensions of episturmian words, all
based on the replacement of the reversal operator R by an arbitrary in-
volutory antimorphism of the free monoid A*. Involutory antimorphisms
naturally arise also in some applications; a famous example is the Watson
and Crick antimorphic involution in molecular biology (see for instance [7]).

If R is replaced by an involutory antimorphism ¢, then conditions 1 and 2
above are no longer equivalent, and each gives rise to a natural generalization
(or extension) of the usual episturmian words.

Words generalizing condition 1 are called J-standard, and were previ-
ously introduced in [3]. More precisely, a ¥-standard word w is an infinite
word over A obtained as a limit of a sequence (uy, )n>0 of ¥-palindromes, with
uyp = ¢ and u; 41 = (u;z;)®? for a suitable directive word A = xyx9 -2y -+ -,
where ®? is the right ¥-palindrome closure operator.

In this paper we introduce and study words generalizing condition 2
above, that we call standard 9-episturmian. Hence, a standard ¥-episturm-
ian word is any infinite word w which is closed under ¥ and such that each
of its left special factors is a prefix of w.

The main purpose of this paper is to study various connections amongst
these two families. We shall see that, in general, neither one is a subset of
the other.

A further generalization of condition 1 is made by allowing the iterative
¥-palindrome closure process to start from an arbitrary word wug (called
seed). In [2] we called any word constructed in this way a ¥-standard word
with seed. This is a larger class, strictly containing not only ¢-standard
words (as is trivial by the definition), but also standard ¥-episturmian words.
Indeed, one of the main theorems of this paper shows that an infinite word
s is ¥-standard with seed if and only if it is closed under ¥ and there exists
N > 0 such that any left special factor of s having length n > N is a prefix
of s.

In general, we shall refer to the words of these families as pseudoepis-
turmian words. In the next sections we shall analyse some properties of
pseudoepisturmian words, and the relations existing among the above three
classes of words.



We mention that a different generalization of episturmian words, not
based on involutory antimorphisms, was obtained recently in [5] by making
suitable hypotheses on the lengths of palindromic prefixes of an infinite word.

2 Preliminaries

Let A be a finite alphabet, A* be the free monoid generated by A. The
elements of A are usually called letters and those of A* words. The identity
element of A* is called empty word and denoted by €. A nonempty word
w can be written uniquely as a sequence of letters w = aqias - - - ay,, with
a; € A, i=1,...,n. The integer n is called the length of w and is denoted
by |w|. The length of € is conventionally 0.

Let w € A*. A word v is a factor of w if there exist words r and s such
that w = rvs; v is a proper factor if v # w. If |r| = |s| then the factor v is
said median. If w = vs for some s (resp. w = rv for some word r), then v is
called a prefix (resp. a suffiz) of w. If v is both a prefix and a suffix of w,
it is called a border of w. A word w is called unbordered if it has no proper
and nonempty border. If v is a suffix of w, then wv™! denotes the unique
word u such that uwv = w.

We shall denote respectively by Fact(w), Pref(w), and Suff(w) the sets
of all factors, prefixes, and suffixes of the word w.

An infinite word (from left-to-right) x over the alphabet A is any map
z: N3 — A where N is the set of positive integers. We can represent = as

T =X1T2" Ty " ,

where for any i > 0, x; = x(i) € A. A (finite) factor of x is either the empty
word or any sequence u = x; - - - x; with ¢ < j, i.e., any block of consecutive
letters of z. If i = 1, then w is a prefiz of x. We shall denote by Fact(z)
and Pref(z) the sets of finite factors and prefixes of x respectively. The set
of all infinite words over A is denoted by A“. We set A = A* U A¥.

The product between a finite word w and an infinite one x is naturally
defined as the infinite word wz. An occurrence of the word v in w € A is
any pair (r,s), with r € A* and s € A*°, such that w = rvs.

The subword complexity of a word w € A is the map A\, : N — N
defined as

Aw(n) = card(Fact(w) N A™)

for all n > 0.

An infinite word s is called recurrent if each of its factors occurs an
infinite number of times in s. We call a factor w of s € A*® a first return to
v if w contains exactly two occurrences of v, one as a prefix and the other
as a suffix, so that w = v = Av. The integer |A| is called the shift of the
two occurrences of v in w. An infinite word s is called uniformly recurrent



if for any factor v of s the shifts of all first returns to v in s are bounded
above by a constant c,.

If x € A and vz (resp. av) is a factor of w € A%, then vx (resp. xv)
is called a right (resp. left) extension of v in w. A factor v of w is right
special if it has two distinct right extensions in w, that is, there exist two
distinct letters a,b € A such that both va and vb are factors of w. Left
special factors are defined analogously. A factor of w is called bispecial if it
is right and left special.

For any w € A*, we denote by alph(w) the set of the letters of A
occurring in w.

fw=a---a, € A*, a; € Afori=1,...,n, the reversal w is the word
an---a1. Moreover one sets £ = . A word is called a palindrome if it is
equal to its reversal. The set of all palindromes over A is denoted by PAL4
or simply PAL.

As is well known, an involutory antimorphism of the free monoid A* is
an arbitrary map ¢ : A* — A* such that ¥(uv) = 9d(v)¥(u) for any u,v € A*,
and ¥ o = id. The reversal operator

R:we A" — we A*

is the basic example of involutory antimorphism of A*. Any involutory
antimorphism is the composition ¥ = 7o R = Ro7 where 7 is an involutory
permutation of the alphabet A. Thus it makes sense to call ¥-palindromes
the fixed points of an involutory antimorphism . We shall denote by PA Ly
the set of ¥-palindromes over A.

3 Some classes of infinite words

Let ¥ be an involutory antimorphism of A*. One can define the (right)
¥-palindrome closure operator: for any w € A*, w®? denotes the shortest
¥-palindrome having w as a prefix.

In the following, we shall fix an involutory antimorphism ¢ of A*, and
use the notation w for J(w). We shall also drop the subscript ¥ from the
¥-palindrome closure operator ®? when no confusion arises. As one easily
verifies (cf. [3]), if @ is the longest ¥-palindromic suffix of w and w = s@Q),
then

w® = sQ5 .

In a similar way, one can introduce a left ¥J-palindrome closure operator
©: for any word w the following relation holds: w® = w®. Some properties
and results on J-palindromes, relating ¥-palindrome closure operators with
periodicity and conjugacy, are in [3].

In the special case ¥ = R, we shall always denote w®® by w(t)| as usual.



Ezample 3.1. Let A = {a,b} and w = abaabbaa. Then w'*) = abaabbaaba.
If ¥ = F'o R where E is the interchange morphism defined by F(a) = b and
E(b) = a, one has w® = abaabbaabbab.

The following lemma, whose proof is in [3], will be useful in the sequel.

Lemma 3.2. Let u € A* and w = (ux)®, where x € A. If p is any prefiz
of w of length |p| > |u|, then p® = w.

An infinite word s is said closed under ¢ if for any w € Fact(s) one has
w € Fact(s). One easily derives that if an infinite word is closed under 4,
then it is recurrent.

3.1 J-standard words with seed

A wide class of infinite words over the alphabet A can be constructed by
iterating the right ¥-palindrome closure operator as follows (cf. [2, 3]). Let
ug be a fixed word of A* called seed, and 1&19 : A* — A* be the map defined
by 1g(e) = ug and

Jofua) = (Fo(u)a)”

for u € A* and a € A. For any u,v € A*, one has thy(uv) € 1hg(u)A* N
A*1hg(u), so that the domain of ¥y can be extended to infinite words too.
More precisely, if t € A“, then

~

Yy (t) = lim ¢y(wn) ,

n—oo
where {wy,} = Pref(t) N A" for all n > 0. The word ¢ is called the directive
word of 1hy(t), and denoted by A(¢y(t)). If ug # ¢, then any word thy(t) is
called ¥-standard with seed.

When the seed ug is empty, the map 1[119 is usually denoted by vy, and
the corresponding infinite words are called ¥-standard words. If ¥ = R, the
map g is simply written ¥, and R-standard words are exactly the standard
episturmian words.

Ezample 3.3. Let A = {a,b,c}, ¥ be the involutory antimorphism exchang-
ing b and ¢ and fixing a, ug = ab, and w = aac. Then

Yg(w) = (@ﬁ(aa)cye = <<1/A119(a)a>® c>@ = ((abacaa)EB 0)69

&2

= (abacaabacac)” = abacaabacacbabacaabaca .

Proposition 3.4. Let s = @%(A) be a 9-standard word with a seed ug of

length k. The following hold:

1. A word w with |w| > k is a prefiz of s if and only if w® is a prefir of
8)



2. the set of all 9-palindromic prefizes of s is given by

Py (Pref(A) \ {e}) U (PALy N Pref(up)) , (1)

3. s is closed under 9.

Proof. If w? is a prefix of s, then trivially w is a prefix of s. Conversely,
suppose that w is a prefix of s with |w| > k. If A = xtyty- -, - with
reAand t; € A, i > 0. Let us set u; = (upz)® = 9g(z) and for n > 1,
Upt1 = @@19 (xty -+ ty), so that u, 11 = (unt,)®. We consider the least n such
that |u,| < |w| < |ups1|. By Lemma 3.2 one has w® = u,1; € Pref(s).
This proves point 1.

By the definition of ¥-standard words with seed, all the words in the set
(1) are ¥-palindromic prefixes of s. Conversely, let w be a ¥-palindromic
prefix of s. If |w| < k, then trivially w € PALy N Pref(up). If |w| > k, then
by following the same argument used for point 1, one has that there exists
an integer n > 0 such that w = w® = u,, € 1y(Pref(A)). This proves point
2.

Let w be a factor of s. Since there are infinitely many ¥-palindromic
prefixes of s, there exists a -palindromic prefix v having w as a factor.
Therefore, also w is a factor of v and of s. This concludes the proof. O

By a generalization of an argument used in [4] for episturmian words,
one can prove the following:

Proposition 3.5. Any ¥-standard word s with seed is uniformly recurrent.

Proof. Let A(s) = aty---t,--- be the directive word of s = limy, o0 up,
where u1 = (upx)® and up 1 = (upt,)® for n > 0. The word s is trivially
recurrent. We shall prove that the shifts of the first returns to any factor
v of s are bounded by a constant. Let m be the smallest integer such
that v € Fact(u,,). Let us set p = w,, and let p, be the maximal shift
of all first returns to p in wy,, for all n > m. Since up+1 = (unt,)?®, one
has |upt1| < 2|up| + 2, where such upper bound is reached if and only if
Unt1 = Uptptnty,. This implies that pp,41 < |p|+2. Since |up41] < 2|up|+2
for all n, one easily derives that p,+1 < max{p,, |p|+2}. From this it follows
that p, < |p| + 2 for all n > m.

Since v is a factor of u,,, the shifts of all first returns of v in s are upper
limited by [p| + 2 = || + 2. O

Let 1)9(A) be a d-standard word with seed ug and directive word A =
xtite - - -ty - - - . Define the endomorphism ¢, of A* by setting

¢u(a) = Ug(za)dy(z) ™"

for any letter a € A. From the definition, one has that ¢, depends on ¥
and wup; moreover, ¢,(a) ends with a for all a € A, so that any word of the



set X = ¢,(A) is uniquely determined by its last letter. Thus X is a suffix
code and ¢, is an injective morphism.

Ezxample 3.6. Let A, ¥, and ug be defined as in Example 3.3, and let = = a.
Then

¢pola) = L%g(aa)i%(a)_l = abaca ,
ba(b) by (ab)g(a)~" = abac
ba(c) = glac)hy(a)™t = abacach .

The following important theorem on ¥J-standard words with seed, whose
proof is in [2], shows that such words are morphic images of standard epis-
turmian words.

Theorem 3.7. Let w € AY and x € A. Then

Py(zw) = ¢ (Y(w))

i.e., any ¥-standard word s with seed is the image, by an injective morphism,
of the standard episturmian word whose directive word is obtained by deleting
the first letter of the directive word of s.

Proposition 3.8. If s is a ¥-standard word with seed and two letters of A
occur infinitely often in A(s), then any prefiz of s is a left special factor of
s.

Proof. A prefix p of s is also a prefix of any ¥-palindromic prefix B of s
such that |p| < |B|. Since there exist two distinct letters, say a and b,
which occur infinitely often in A(s), one has Ba, Bb € Fact(s). Therefore,
pa,pb € Fact(s), i.e., p is right special. Since by Proposition 3.4, s is closed
under 1, one has ap, bp € Fact(s); as @ # b, p is left special. O

In general, a ¥-standard word with seed (empty or not) can have left
special factors which are not prefixes. However, the following noteworthy
theorem, proven in [2], shows that all sufficiently long left special factors of
a ¥-standard word with seed are prefixes of it.

Theorem 3.9. Let t be a ¥-standard word with seed. Then there exists an
integer N > 0 such that for everyn > N, t has at most one left (resp. right)
special factor of length n.

One of the main results in this paper shows that the previous property
on left special factors, along with closure under 1, characterizes 9¥-standard
words with seed.

An infinite word s € A% is called a ¥-word with seed if there exists a
¥-standard word ¢ with seed such that Fact(s) = Fact(t).



3.2 d-standard words

The class of ¥-standard words was introduced in [3]. This is a (proper)
subclass of ¥-standard words with seed, obtained exactly by choosing the
seed ug = €. Similarly, a ¥-word with seed € will be called simply a ¥-word.
We recall the following theorem proved in [3]:

Theorem 3.10. For any w € A, one has Yy(w) = py((w)), where py is
the injective morphism defined for any letter a € A as py(a) = a®.

The preceding theorem is stronger than Theorem 3.7, since in the case
of an empty seed the morphism ¢, is formally replaced by the simpler mor-
phism 9, and moreover the ¥-standard word 1y(w) has the same directive
word as ¥(w).

The following theorem, whose proof is in [2], gives a noteworthy improve-
ment of Theorem 3.9 in the case of ¥-standard words:

Theorem 3.11. Let w be a left special factor of a ¥-standard word t =
wy(s), with s a standard episturmian word. If |w| > 3, then w is a prefix of
t.

3.3 1U-episturmian words

As was previously mentioned in the introduction, another extension of epis-
turmian words can be obtained by introducing infinite words w (called stan-
dard 9-episturmian) satisfying the two following requirements:

1. w is closed under 19,
2. any left special factor of w is a prefix of w.

A word is called J-episturmian if there exists a standard J-episturmian word
having the same set of factors.

In the following we shall denote by Epiy the class of ¥-episturmian words
over A, and by SFEpiy the set of standard ¥-episturmian words. When
¥ = R, Epig is just the class of episturmian words.

More generally, it will be useful to introduce for any N > 0 the family
SWy(N) of all infinite words w which are closed under ¥ and such that
every left special factor of w whose length is at least N is a prefix of w.
Moreover, by Wy(N) we denote the class of all infinite words having the
same set of factors as some word in SWy(N). Thus SWy(0) = SEpiy and
Wy (0) = Epiy. By Theorem 3.11, the class of J-standard words is included
in SWy(3).

Proposition 3.12. An infinite word s is in Wy(N) if and only if s is closed
under ¥ and it has at most one left special factor of any length greater than
or equal to N.



Proof. The “only if” part follows immediately from the fact that Fact(s) =
Fact(t) for some t € SWy(N). Let us prove the “if” part. Let us first
suppose that s has infinitely many left special factors. Hence s has exactly
one left special factor for each length n > N, say v,. Then for any n > N,
vy, is a prefix of v,41, so that

t= lim v,
n—oo

is a well-defined infinite word. Trivially Fact(¢) C Fact(s); thus to prove
that Fact(t) = Fact(s) it suffices to show that any given factor w of s with
|lw| > N is a factor of some v,, n > N. Since s is closed under ¥, w is a
factor of s. Let p be a prefix of s ending in w. Since s is recurrent, we can
consider a prefix of s of the kind pup for some u € A*. Then there exists
v € A* such that pv is a right special factor of s, for otherwise one would
have s = (pu)“, contradicting the fact that s has infinitely many left special
factors. Hence wv is a right special factor of s, so that vw is a left special
factor of s. Since |w| > N, we have |[vw| > N and therefore vw € Pref(t);
thus Fact(t) = Fact(s) as desired. This implies that any left special factor
of t is also left special in s. It follows that t € SWy(N).

Now suppose that s has only finitely many left special factors. As is well
known, this implies that s is eventually periodic, and hence periodic since
it is recurrent. Let then w be the longest left special factor of s, and let
s = lws’ for some A € A* and s’ € AY. Then t = ws’ has the same set of
factors as s. This implies that ¢ is a word of SWy(N). O

As an immediate consequence, one obtains:

Corollary 3.13. An infinite word is V-episturmian if and only if it is closed
under ¢ and it has at most one left special factor of each length.

Remark. In the case of a binary alphabet A = {a,b}, by definition any
word s € Epiy has a subword complexity As such that As(n) < n + 1 for
all n > 0. It follows that any word in Epiy is either Sturmian or periodic.
In particular, if ¥ = F o R, then the word s cannot be Sturmian, since any
Sturmian word has either aa or bb as a factor, but not both, whereas s, being
closed under ¥, does not satisfy this requirement. Thus Epiy contains only
the two periodic words (ab)¥ and (ba)*, whereas Epir contains all Sturmian
words.

4 General properties of pseudoepisturmian words

Let us recall that SWy(N) is the family of all infinite words w which are
closed under ¥ and such that every left special factor of w whose length is
at least NV is a prefix of w. Trivially, we have SWy(N) C SWy(N +1). Let



us denote by SWy the class of words which are in SWy(N) for some N > 0,
i.e.,
SWy = | SWy(N).
N>0
One of the main results is the proof that SWy coincides with the class of
¥-standard words with seed (cf. Theorem 4.4). As a corollary, we will derive
that any standard J-episturmian word is a J-standard word with seed.

For the sake of clarity, we report in Table 1 the definitions and the
notations of the different classes of words introduced so far. We consider
only the standard case, since the “non-standard” words of a given class are
defined by the property of having the same set of factors as a standard one.

Table 1: Summary of the generalizations of standard episturmian words

Name Symbol Definition
J-standard with seed SWy @ Generated by iterated J-palin-
drome closure, starting from any
seed
¥-standard Generated by iterated J-palin-

drome closure, starting from ¢
Standard ¥-episturmian  SEpiy = SWy(0) Closed under 9, and all left spe-
cial factors are prefixes

SWy(N) Closed under ¥, and all left spe-
cial factors of length at least IV
are prefixes

“After Theorem 4.4

In order to prove the main theorem, we need some preliminary results.

Lemma 4.1. Let w € SWy(N) and u be a 9-palindromic factor of w such
that |u| > N. Then the leftmost occurrence of u in w is a median factor of
a Y-palindromic prefix of w.

Proof. By contradiction, suppose that w = Azvuvyw’, for some letters z,y €
A with = # y, and words \,v € A*, w’ € A¥. Since w is closed under 9,
both zvuv and yvuv are factors of w, so that vuv is a left special factor of w
of length |vuv| > N, and hence a prefix of it. This leads to a contradiction,
because we have found an occurrence of v in w before the leftmost one. [J

Proposition 4.2. Any word in SWy has infinitely many U¥-palindromic pre-
fizes.

10



Proof. Let w € SWy(N) for a suitable N > 0, and u be a prefix of w, with
|u| > N. We shall prove that w has a ¥-palindromic prefix whose length is
at least |ul, from which the assertion will follow.

Let au (o € A*) be the prefix of w ending with the first occurrence of
. Since u is a prefix of w, one has au = uf for a suitable 5 € A*. If 8 = ¢,
then o = € and u = 4, so that au = u is the desired ¥-palindromic prefix.

Then suppose § = z1x9-- -z, with x; € Afori=1,...,n. As |o] = |5,
one has o = y, ...y for some y; € A, ¢ = 1,...,n. Since a # &, one has
u # U, so that @ is not left special in w. Hence y;u is the only left extension
of w in w. As w is closed under ¥, ugy; is the only right extension of u in w.
This implies y; = Z7.

Since ot = yp, - - - y2Z1u ends with the first occurrence of @ (and hence
with the first occurrence of Z14), one can apply the same argument as above
to the prefix uxq, in order to show that ys = Z2. Continuing this way, one
eventually obtains y; = Z; for all i = 1,...,n, so that & = 3 and o4 is again
the desired ¥-palindromic prefix of w. O

For a (fixed but arbitrary) word w € SWy we denote by (B,),>1 the
sequence of all ¥-palindromic prefixes of w, ordered by increasing length.
Moreover, for any ¢ > 0 let x; be the unique letter such that B;x; is a prefix
of w. The infinite word © = x1x9---x, -+ will be called the subdirective
word of w. The proof of Proposition 4.2 shows that for any ¢ > 0, B4+
coincides with the prefix of w ending with the first occurrence of z;B;.

The next lemma shows that, under suitable circumstances, a stronger
relation holds.

Lemma 4.3. Let w € SWy(N). With the above notation, let n > 1 be such
that x,, = x, for some k < n with |Bg| > N — 2. Then By1 = (Bpxy,)®

Proof. Let k be the greatest integer satisfying the hypotheses of the lemma.
Let us first prove that Q = Z, Brx, does not occur in B;,,. By contradiction,
consider the rightmost occurrence of @) in B,, i.e., let @p be a suffix of B,
such that @ does not occur in any shorter suffix. If |p| < |By|, then one can
easily show that the suffix Qpx, of B,z, is a ¥-palindrome, which is absurd
because its length is |Qpzy| > |Q).

Suppose then Qp = T, Brx,vZ, By for some v € A*. Since Qp is a suffix
of By, one has that pQ = Bpz,0Q is a prefix of B, (see Figure 1). Now
there is no proper suffix u of v such that u(@ is left special in w. Indeed,
if such u existed, then u@ would be a prefix of B,, and so Qu would be
a suffix of B, contradicting (as |u| < |p|) the fact that Qp begins with
the rightmost occurrence of @ in B,,. Hence every occurrence of ) in w is
preceded by v. Since px, = vI,Bix, is a factor of w, one obtains v = v,
so that Qpx, = T, Brr,vZ,Brxy, is a Y-palindromic suffix of B,x, longer
than @, a contradiction.

11



Thus @ does not occur in B,,. Since @ is the longest ¥-palindromic suffix
of Bpxy,, we can write
w = Bz, = sQu’

where (s,w') is the leftmost occurrence of @ in w. By Lemma 4.1, sQs =
(Bpz,)? is a prefix of w. From this one derives B, 11 = (Bpz,)®. O

Figure 1: Lemma 4.3

Theorem 4.4. Let s € AY. The following conditions are equivalent:
1. s € SWy,

2. s has infinitely many V-palindromic prefives, and if (By)n>0 is the
sequence of all its 9-palindromic prefizes ordered by increasing length,
there exists an integer h such that

Bn+1 = (ann)ea ;
for all n > h, for a suitable letter x,,

3. s 18 a ¥-standard word with seed.

Proof. 1.=2. Let s € SWy(N), and let B; and z; (i > 0) be defined
as above. We consider the minimal integer p such that |B,| > N — 2.
We set T[p) = TpTpyl - Tp - € AY, and take the minimal m such that
alph(zy - 7pym) = alph(xp,)). Let h = p+m + 1. Then for all n > h,
there exists k with p < k < p + m such that x; = x,. Since k > p one has
|Bg| > N — 2, so that by Lemma 4.3, By, 11 = (Bpz,)®.

2.=3. Let 1bg(A) be the ¥-standard word with seed ug = By, and direc-

tive word A = xpxpaq - Ty -+ - . One has then qﬁﬁ(A) = 3.
3.= 1. This follows from Theorem 3.9. OJ
Let us set

Wy = | Wo(V).
N2>0

The following corollary is a straightforward consequence of the preceding
theorem.
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Corollary 4.5. Wy coincides with the set of all ¥-words with seed.

Let us observe that the proof of Theorem 4.4 shows that for any given
s € SWy(N), there exists an integer h with the property that for all n > h,
Bpi1 = (Bpxy,)®. The minimal h satisfying this property will be called the
critical integer of s. In view of Lemma 4.3, the critical integer of s is less
than or equal to the minimal integer p with the property that for all n > p
there exists k < n such that |Bg| > N — 2 and x,, = x.

Corollary 4.6. Any standard ¢-episturmian word is a ¥-standard word with
seed. Moreover, if s € SEpiy and x = x1T9 -+ - Xy - -+ 18 its subdirective word,
then the critical integer h of s is less than or equal to the minimal integer p
such that alph(z) = alph(zy - - - xp).

Proof. 1t is sufficient to observe that a standard ¢-episturmian word s is in
SWy(0) because all its left special factors are prefixes of s. Therefore by
Theorem 4.4, s is a ¥-standard word with seed Bp. Since for all n > 0 one
has |B,| > N — 2, it follows trivially that h < p. O

Proposition 4.7. Let s be a ¥-standard word with seed and h be its critical
integer. Any prefix p of s of length > |Bp| has a ¥-palindromic suffix with a
unique occurrence in p.

Proof. Since |p| > | By| there exists n > h such that
|Bn$n| < |p‘ < |Bn+1| )

with B, 11 = (Bnx,)? by the definition of h.

We can write B,z, = v@, where @ is the longest ¥-palindromic suffix
of B,x,, which is nonempty, and, as shown in the proof of Lemma 4.3, has
a unique occurrence in Byx,. Since B,11 = vQv, we can write p = vQvs,
where v = vyvy for some v1,v2 € A* and |ve| < |v]. Now v2Qvs is a ¥-
palindromic suffix of p which has a unique occurrence in p, for otherwise @)
would be repeated in B,x,. This concludes the proof. O

Let us observe that in the case of a standard episturmian word s, a
stronger result holds: any prefix p of s has a palindromic suffix which is
unrepeated in p (cf. [4]).

Proposition 4.8. Let s be a 9-standard word with seed, and h be its critical
integer. For any U-palindromic factor P of length |P| > |By|, every first
return to P in s is a ¥-palindrome.

Proof. Let P be a ¥-palindromic factor of s, with |P| > |By|. Let u € Fact(s)
be a first return to P, i.e., u = PA = pP, \,p € A*, and the only two
occurrences of P in u are as a prefix and as a suffix of u. If |P| > |p|, then
the prefix P of u overlaps with the suffix P in u and this implies, as is easily
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to verify, that u is a J-palindrome. Then let us suppose that © = PvP with
v e A*.

Now we consider the first occurrence of u or of u in s. Without loss
of generality, we may suppose that s = aus’, and @ does not occur in the
prefix of s having length |au| — 1. Let @ be the ¥-palindromic suffix of au
of maximal length. If |Q| > |u|, then we have that 4 occurs in au before
u, which is absurd. Then suppose |Q| < |u|. If |u| > |Q| > |P|, then one
contradicts the hypothesis that u is a first return to P. If |Q| = |P|, then
() = P has more than one occurrence in au. Since |au| > |B}|, one reaches
a contradiction by Proposition 4.7. Thus the only remaining possibility is
Q = u, i.e., u is a Y-palindrome. O

In the case of episturmian words, one has the stronger result that every
first return to a palindrome is a palindrome. This was proven in [1] (see
also [2]). However this cannot be extended to ¥-episturmian words. For
instance, let s be the standard ¥-episturmian word (abaca)®, where ¥(a) = a
and ¥(b) = ¢. Then aba is a first return to @ in s, but it is not a ¥-palindrome.

5 Structure of V-episturmian words

In this section we shall analyse in detail the class of ¥-episturmian words,
also by showing some relations with the other classes introduced so far.
From Corollary 4.6 and Theorem 3.7, one derives the following

Proposition 5.1. Let s be a standard ¥-episturmian word, h be its critical
integer, and T = x1To -+ Ty --- be the subdirective word of s. Then s is the
image, by an injective morphism, of the standard episturmian word t whose
directive word S Tp41Tnto - Tp - - .

However, this can be improved. In fact, the next results will show
(cf. Theorem 5.5) that every s € SEpiy is a morphic image, by an in-
jective morphism, of the standard episturmian word whose directive word is
precisely x, the subdirective word of s.

In the following we shall denote by Py, or simply P, the set of unbordered
¥-palindromes. We remark that P is a biprefiz code, i.e., none of its elements
is a proper prefix or suffix of other elements of P.

Proposition 5.2. PAL, = P*.

Proof. Since P C PALy, one has P* C PALj. Thus it suffices to show
that every nonempty ¥-palindrome admits a factorization in unbordered ¥-
palindromes, i.e., is in P*. Note that such a factorization is necessarily
unique, as P is a code.

Let w € PALy. If |w| = 1, then clearly w is unbordered, so that w € P.
Let then |w| > 1 and suppose, by induction, that every ¥-palindrome which
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is shorter than w can be factorized in elements of P. If w is unbordered,
then we are done. Let then u be the longest proper border of w. Since w is
a ¥-palindrome, so is u.

If |w| > 2|ul, then w = uvu for some v € PALy, so that both u,v € P*
by induction. This implies the assertion in this case.

If |w| < 2|ul, then there exists a border  of u such that w = w;fu,
where u = w18 = (u;. By induction, both § and v = w8 are in P*;
since P is a biprefix code, this implies that u; = uf~"! is in P* too. Hence
w = uju € P* as requested. O

Ezample 5.3. Let A = {a,b,c,d,e} and ¥ be the antimorphism defined by
@a=a,b=c and d = e. The word acbdaaecba.abaca € PALﬁ can be
uniquely factorized in unbordered ¥-palindromes as:

a.cb.daae.cb.a.a.bac.a .

We remark that from the preceding proposition one derives that any
standard 9-episturmian word s admits a (unique) infinite factorization in
elements of P, i.e., one can write

§s=mmy-- Ty, withmePforalli>0. (2)

Lemma 5.4. Let s € SEpiy, with s = mmo---7p - as above. Let u be
a nonempty and proper prefix of w,, for some n > 0. Then u is not right
special in s.

Proof. By contradiction, assume that u is a right special factor of s. Then
it is not left special; indeed, otherwise it would be a ¥-palindrome since s is
¥-episturmian, and this is clearly absurd as m,, € P.

Consider now the smallest integer h such that u is a prefix of mp. If
h =1, then v would be a ¥-palindrome, which is again a contradiction. Let
then A > 1. Since w is not left special, ap_ju is its unique left extension
in s. One can keep extending to the left in a unique way, until one gets a
left special factor, or reaches the beginning of the word. In either case, the
factor ¢ of s that one obtains is a prefix of s. Moreover it is right special
in s, as every occurrence of the right special factor u extends to the left
to q. Hence q is a left special factor of s, and then a prefix of s. Thus ¢
is a ¥-palindrome, and therefore it begins with @. One has |¢| > 2|u|, for
otherwise there would be a nonempty word in Pref(u) N Suff(a), that is, a
nonempty ¥-palindromic prefix of u, which contradicts the hypothesis that
u is a proper prefix of 7. Thus ¢ = uq'u for some ¢’ € PALy.

We have 1 ---m,_1 € P* and, by Proposition 5.2, ¢ € P*. Since P is
a biprefix code, this implies 71 - - - 7,_1(¢') ™' € P*, i.e., ¢/ = mps -+ - 7,1 for
some h/ < h (if B’ = h, then ¢’ = €). Then 7 - 71 has @ as a suffix.
As @ has no nonempty ¥-palindromic suffixes, it is a proper suffix of 7/ _1,
which then begins in u, contradicting the minimality of A. O
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Theorem 5.5. Let s € A% be a standard ¥-episturmian word, A be its
subdirective word, and B = alph(A). There exists an injective morphism
w: B* — A* such that s = u(¢(A)) and p(B) C P.

Proof. We can assume that s can be factorized as in (2). For any n > 0, let
an be the first letter of m,. We shall prove that if n,m > 0 are such that
an = Qm, then m, = mpy,.

Let u be the longest common prefix of 7, and m,,, which is nonempty
as ap, = a,,. By contradiction, suppose m, # m,. Then, as P is a biprefix
code, u© must be a proper prefix of both m, and m,,, so that there exist two
distinct letters by, b,, such that ub, is a prefix of m, and ub,, is a prefix of
Tm. Hence w is a right special factor of s, but this contradicts the previous
lemma.

We have shown that for any n > 0, m, is determined by its first letter
an. Thus, letting

C={an|n>0}CA,

it makes sense to define an injective morphism py : C* — A* by setting
wu(an) = 7y, for all n > 0. The word

t:u_1(3>:a1a2...an...ecw

has infinitely many palindrome prefixes, each being the inverse image of a
¥-palindromic prefix of s. Indeed, if 71 - - - m, is a ¥-palindromic prefix of s,
by the uniqueness of the factorization over P one obtains m; = m,11_; for
i=1,...,n; conversely, if w € PAL, then trivially u(w) € PALy. Hence t is
closed under reversal.

Let w be a left special factor of ¢, and let ¢, j be such that a; # a; and
a;w,ajw € Fact(t). Then a;u(w),aju(w) € Fact(s), so that p(w) is a left
special factor of s, and hence a prefix of it. Again by the uniqueness of the
factorization of s over the prefix code P, one derives w € Pref(t). Therefore
t is a standard episturmian word over C'.

Let A = xyz9---xp---, and let B, = p(ay)---u(ar,) be the n-th -
palindromic prefix of s for any n > 1. Then, as shown above, a; - --a,, is
exactly the n-th palindromic prefix of t. Since the only word occurring in the
factorization (2) and beginning with x,, is u(x,, ), we have By, u(z,,) € Pref(s),
so that z, = a,, 11 for all n > 1. This proves that the directive word of ¢ is
exactly A, and hence C' = B. O

Corollary 5.6. A standard ¥-episturmian word s is ¥-standard if and only
if s = py(t) for somet € A¥.

Proof. If s is ¥-standard, then by Theorem 3.10 there exists a standard
episturmian word ¢ such that s = py(t). Conversely, if t € AY and s = puy(t),
then, since pg(a) € P for any a € A, by the uniqueness of the factorization
over P one has that py is the morphism p considered in the preceding
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theorem. Thus ¢ = p;'(s) is a standard episturmian word and s is ¥-
standard by Theorem 3.10. O

Proposition 5.7. Let yu: B* — A* be an injective morphism such that

1. p(x) € PALy for all x € B,

2. alph(p(z)) Nalph(p(y)) =0 if z,y € B and x # y,
3. |u(x)]la <1 for all z € B and a € A.

Then, for any standard episturmian word t € B, s = u(t) is a standard
J-episturmian word.

Proof. From the first condition one obtains that p sends palindromes into
¥-palindromes, so that s has infinitely many ¥-palindromic prefixes, and is
therefore closed under 9.

Let w be a nonempty left special factor of s. Suppose first that w is a
proper factor of u(x) for some z € B, and is not a prefix of p(z). Let a
be the first letter of w. By the second condition, pu(z) is the only word in
wu(B) containing the letter a; by condition 3, a occurs exactly once in p(z).
Since a is not a prefix of p(z), it is always preceded in s by the letter which
precedes a in pu(z). Hence a is not left special, a contradiction.

Thus we can write w as wip(u)ws, where w; is a proper suffix of p(z1)
and wq is a proper prefix of u(xy), for some suitable x1,x9 € B such that
xiury € Fact(t). One can prove that wy = € by showing, as done above,
that otherwise its first letter, which would not be a prefix of u(x1), could
not be left special in s.

Therefore w = p(u)ws. Reasoning as above, one can prove that if wy # &,
then w is not right special, and more precisely that each occurrence of w can
be extended on the right to an occurrence of p(uxsz). Since w is left special
in s, so is u(uxs).

Without loss of generality, we can then suppose w = p(u). Since p is
injective, u is uniquely determined. As w is left special in s, there exist two
letters a,b € A, a # b, such that aw,bw € Fact(s). Hence there exist two
(distinct) letters x4, xp € B such that xau, xpu € Fact(t). Then u is a left
special factor of ¢ and hence a prefix of ¢, so that w = pu(u) is a prefix of
S. O

Ezxample 5.8. Consider the standard Sturmian word
t = aabaaabaaabaab - - -

having the directive word (aab)¥. Let A = {a,b,c,d,e}, and ¥ be the

involutory antimorphism defined by @ = b, ¢ = ¢, d = e. If p is the morphism
w:{a,b}* — A* defined by u(a) = acb and pu(b) = de, then the word

s = u(t) = acbacbdeacbacbacbde - - -
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is a standard J-episturmian word. We observe that s is not ¥-standard,
since it does not begin with ab = a®.

Remark. Any morphism satisfying the three conditions in the statement
of Proposition 5.7 is such that p(x) € P for any letter z. However there
exist standard J-episturmian words for which the morphism u given by
Theorem 5.5 does not satisfy such conditions. For instance, the standard v-
episturmian word s = (abaca)”, with @ = a and b = ¢, is given by s = u(t),
where t = ¢(aba®), p(a) = a, and pu(b) = bac.

We say that a subset B of the alphabet A is ¢-skew if BNY(B) C PALy,
that is, if
re€B, x#r=12¢B. (3)

Proposition 5.9. Let s be a standard 9-episturmian word and A be its
subdirective word. Then B = alph(A) is ¥-skew.

Proof. We can factorize s as in (2). By Theorem 5.5, it suffices to show
that if 7, = xwZ for some n > 0 and w € A*, then m; does not begin
with z, for any £ > 0. By contradiction, let & be the smallest integer
such that z € Pref(mg). Without loss of generality, we can assume n < k.
By Lemma 5.4, no suffix of wx is a left special factor of s. Hence every
occurrence of Z in s is preceded by zw (or by a proper suffix of it, if the
beginning of the word is reached). First suppose that 7 is preceded in s
by zw. Then, since w € PALy C P* and P is a biprefix code, one has
w = Ty - - - T_1 for some k' < k. Thus 7,1 ends in x and therefore begins
with Z, contradicting the minimality of k.

If rp - mp—q € Suff(w), from n < k it follows that m, = zwZ is a proper
factor of itself, which is trivially absurd. ]

A ¥-standard word s can have left special factors which are not prefixes
of s. Such factors have length at most 2, by Theorem 3.11. For instance,
consider the ¥-standard word s with ¥ = E o R and A(s) = (ab)¥. One
has s = abbaababbaabbaab---. As one easily verifies, b and ba are two left
special factors which are not prefixes. Hence in general, a v-standard word
is not standard J-episturmian.

The next proposition gives a characterization of ¥-standard words which
are standard ¥-episturmian.

Proposition 5.10. A ¢-standard word s is standard 9-episturmian if and
only if B = alph(A(s)) is U-skew.

Proof. Let s be a ¥-standard word such that B is 9¥-skew. By Theorem 3.10,
one has s = py(t), where t = 1(A(s)) is a standard episturmian word. The
morphism py satisfies condition 1 in Proposition 5.7 by definition. By (3),
one easily derives that the restriction of uy to alph(t) = B satisfies also
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the second statement of Proposition 5.7, so that s = uy(t) is a standard
¥-episturmian word.

The converse is a consequence of Proposition 5.9, as the subdirective
word of a ¥-standard word s is A(s). O

Ezample 5.11. Let A = {a,b,c,d,e}, A = (acd)”, and ¥ be defined by
a=>b,¢=c and d = e. The J-standard word 1y(A) = abcabdeabcaba - - -
is standard ¥-episturmian.

Let us observe that in general a standard ¥-episturmian word is not a
¥-standard word. A simple example is given by the word s = (abaca)®,
where 1 is the antimorphism which exchanges b with ¢ and fixes a. One
easily verifies that € and a are the only left special factors of s, so that s is
standard ¥-episturmian. However (cf. Proposition 3.4) s is not ¥-standard,
since ab is a prefix of s, but (ab)® = abca is not. Another example is the
word s considered in Example 5.8: s is standard J-episturmian, but it is not
¥-standard because its first nonempty J-palindromic prefix is acb and not
ab = a®.

Although neither of the two classes (¥-standard and standard 9-epi-
sturmian words) is included in the other one, the following relation holds.

Proposition 5.12. Every ¥-standard word is a morphic _image, under a
literal morphism, of a standard 0- episturmian word, where 0 is an extension
of ¥ to a larger alphabet.

Proof. Let s = 1¢y(A) be a J-standard word, B C A be the set of letters
occurring in A, and A’ = A\ PALy. Moreover, let us set

C={ceBnA|3re(B\{ce})" :rcePref(A)},

i.e., let C be the set of letters ¢ occurring in A and such that ¢ occurs before
the first occurrence of c¢. If C' = (), then by the previous proposition s is a
standard Y-episturmian word, so that the assertion is trivially verified. Let
us explicitly note that if ¢ € C, then ¢ ¢ C.

Suppose then C nonempty, and let ¢’ = {¢ | c € C}and C' = {¢ | ¢ € C}
be two sets having the same cardinality as C, both disjoint from A. One
can then naturally define the bijective map ¢ : B — (B\ C)UC" such that
o(a) =aifa ¢ C, and p(a) = a otherwise. Set A= AUC’UC, and define
an mvolutory antimorphism ) over A by setting 19‘ 4 =19 and 19( ') = ¢ for
any ¢ € C'.

Extending ¢ to a morphism from B* to A*, it makes sense to consider the
infinite word A = ¢(A) over A. Thus we can define as well the J-standard
word § directed by A. Since alph(A) is ﬁ—skew, by the previous proposition
§ is also @—episturmian.

By Theorem 3.10, one has s = uyg(¥»(A)) and § = ,u@(w(A)). Since ¢ is
injective on B, it follows 1)(A) = p(1p(A)), so that

8= y(p(¥(A))) - (4)
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Let g : A* — A* be the literal morphism defined as follows:
gor=¢" ge=vop 'od, andgy=id,

ie,let g(a) =aif a € A, and for all ¢ € C, let g(¢') = c and g(¢) = ¢. We
want to show that g(8) = s = py(¥»(A)). In view of (4), it suffices to prove
that g o s 0 = uy over B. Indeed, by the definitions, if ¢ € C' then

9(pg(e(e))) = g(c'e) = e = py(c) |
whereas if a € B\ C, then

9(ky(e(a))) = g(a®) = a® = py(a) . [
Ezample 5.13. Let A = {a,b}, ¥ = Fo R (i.e., a = b), and s be the 0-
standard word having the directive sequence A = (ab)“, so that

s = abbaababbaabbaab - - - .

In this case A’ = A =B, C = {b}, ' = {V/}, and C = {b}. We set ¢ =¥/
and d = b, so that A = {a,b,c,d}, ﬁ(a) =1b, and 19((:) = d. The morphism ¢
in this case is defined by ¢(a) = a and ¢(b) = ¢. Hence A = ¢(A) = (ac)¥.
The J-standard (and standard J-episturmian) word § directed by A is

§ = abedababedabedabab - - - .

The literal morphism ¢ is defined by g(a) = g(d) = a, and g(b) = g(c) = b.
One has g(8§) = s.

6 Concluding remarks and open problems

In the previous sections we have introduced some extensions of episturmian
words obtained by replacing the reversal operator R by an arbitrary invo-
lutory antimorphism ). More precisely, these words are defined by natural
generalizations of some conditions, each of which characterizes standard
episturmian words; these are no longer equivalent in the case of an arbitrary
¥. In this way we have obtained the class of ¥-standard words, which are
generated by iteration of the ¥-palindrome closure operator, and the class
of standard J-episturmian words, which are infinite words closed under ¥
and whose left special factors are prefixes.

Neither of these two classes of words is included in the other. A char-
acterization of the words belonging to the intersection of the two classes
has been given (see Corollary 5.6 and Proposition 5.10). Moreover, the two
preceding classes are strictly included in the class of ¥J-standard words with
seed (see Fig. 2).
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Figure 2: Generalized episturmian words

A basic theorem (see Theorem 4.4) shows that this larger class coincides
with the set of infinite words which are closed under ¥ and whose sufficiently
long left special factors are prefixes. This deep result proves that these two
further natural generalizations (i.e., iterated ¥-palindrome closure starting
from any seed, and closure under ¥} with the requirement that all sufficiently
long left special factors are prefixes) of the above mentioned conditions are
once again equivalent.

The link existing between episturmian words and all these generalizations
has been given by some theorems (see Theorems 3.7, 3.10, and 5.5) showing
that the words of such families are suitable morphic images of standard
episturmian words.

Finally, we mention two interesting open problems. A first task is to
study the morphisms ¢ : X* — A* such that the image under ¢ of any
standard episturmian word over an alphabet X is a standard ¥-episturmian
word on A. Proposition 5.7 gives a sufficient condition, which is not neces-
sary. It would be interesting to find a characterization of such morphisms.
In the case ¥ = R and X = A the injective morphisms of this family are the
standard episturmian morphisms introduced in [4, 6].

A second problem is to determine whether morphisms ¢ : X* — A* of the
previous class are able to generate, when applied to all standard episturmian
words over X, all standard ¥-episturmian words over A. We observe that
both these questions are already settled in the case of J-standard words (see
Theorem 3.10).
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