Tecniche di Specifica e di
Verifica

CTL", CTLand LTL



(state formulag

CTL" language |

Syntax Let AP a finite set ofatomic
propositions We define by mutual
iInduction the following set of formulae:

Olf p LJ AP, thenp Is astateformula.

11f Y andu
andy [y

) g

2 1f P andt

)’ arestateformulae, then so arey

.

)’ arepath formulae, ther) and

Al arestateformulae .



CTL" language |

Syntax ...
(path formulag

31f Y Is astateformula, thenp is apath
formula.

41f P andy’ arepathformulae, then so arey
andy Uy, ¢ Oy’

5If ¢ andy’ arepathformulae, then so avey
andyuy’.




CTL" semantics |

SemanticsGiven the standard definitions
K=(S, S R,AP, L), sOOS, L:S - 227and
pathof K: = g/5;S,.... where(s s,,)lJ R:

0 K,se p Iff p0OL(S).

1 for propositional formulae
—K,se=y Iff notK,sey
- K, sey, 0y, Iff K, sk, or K, Sk ..

- K, sey, Oy, Iff K, sk, andK, sk ..

2 K,skEY (K,sEAY) iff for some (for all) path
=SS S,...., K,TtE |




CTL" semantics Il

Semantics...
3K, e p Iff K, 5EPp.
4 for propositional formulare
— K, me=yY Iff notK, me Y
- K, me g, O, iff K, e P, or K, 1E Y.
- K, me g, OW, Iff K, TE Y, andK, TTE Y.,
5 temporal operators
— K, Tt XY iff K, Tt E

— K, 1t QU iff for somej, K, 1 £ §’, and for allk<j,
K, TEE )




CTL language definition

CTL can be

defined as theub-labguageof CTL"

by replacing items3-5 of the above definition, by

the followin

3 if P andy’

g:
arestateformulae, therX ) andy

Uy’ arepath formulae.

O If p O AP, thenp Is astateformula.

1If Y andt
andy [

)" arestateformulae, then so arel)

), Y Uy,

2 If Y andt

)’ arepathformulae, therc andA Y

arestateformulae.




LTL, CTL and CTL*

LTL (state): ¢ ::=A Y
(path): Y =p 0= @ Oy, Oy, Y U, Uy,

CTL (state): ¢ :=pU-¢ O, 0 ¢, [E Y
(path): g =X ¢ U, U ¢,

CTL" (state):¢ ::=pO-0 0¢, 0 ¢, EY
(path): @ :=¢ U= @ Oy, Oy, Y U, Uy,




LTL and CTL*

Theorem{Clarkd For every CTL" formula
W, an equivalent. TL (it it exists) must be

of the formAf(W) wheref(W) is equal tol)
with all the path quantifiers eliminated.




LTL vs CTL

In LTL, we could write:
A FG p, which means “on all

paths, there is some state” s
from which p will forever
hold” (i.e. = p holds finitely
often).

There is no equivalent of this
LTL formula in CTL.

For example, in the following
model,A FG p holds, but the
formulaAF AG pdoes not. <o

Unwinding




LTL vs CTL

Similarly the LTL formula
AF(p X p) has no
equivalent in CTL.

Two attempts are:

AF(p OAX p)

But in the model on the
right, the LTL formula is
true while the CTL formula
s false




LTL vs CTL
Similarly the LTL formula
AF(p X p) has no /—@>

equivalent in CTL.

Two attempts are:
AF(p OAX p)

and

AF(p UEX p)

But in the model on the
right, the LTL formula is \

~
false while the second CTL \A
formula is true.




LTL vs CTL

The LTL formulaA GF p means “on all paths and
for all states, a state Is reachable whereolds”
(.e. p holds infinitely often).

There Is an equivalent CTL formula for this LTL
formula.

The equivalent CTL formula 1A\GAF p which
nolds Iin all and only the models whefe GF p
nolds.

Proof. It suffices to show that for any kripke
structureK, K EAGAF piff K EA GF p.



LTL vsCITL

The LTL formula¢ = A(GFp - Fqg) (meaning that
Fg holds on all fair paths satisfying infinitely
often) cannot be expressed in CTL.

Proof. It suffices to show that for any candidate

CTL formulay, there Is at least a kripke structiie
with either

KEandK k Y
or
Kk ¢ and KE (.



¢ =A(GFp ~Fq)

U = AGAF p - AFq @

KeoandK E 0

P =AG(AF p - AFQ)

0
KE ¢ andK ¥ @
>3
— T
W=AGAF (p - AFa)  s() ﬁsl
,\

KegoandK E




CTL vsLTL

Let us consider theCTL formula
AGEF a. Clearly: e

K £ AG(EF a) O
Suppose&Zis aLTL formula which is S
equivalentto AGEF a. If this where
true, then:

Kef

But K E Sif and only if for every path

mtof K
K,TiE

Since any pathtin K’ is also inK, this 6
would imply that for every pathof K’

K, TE S o
But K’ E AG(EF a), therefore th& TL
formula S cannot be equivalent to
AGEF a.



LTLvs CTLvs CTL °

AF(p UX p)

AF(pUX p) UAG(EF q)




LTLvs CTLvs CTL °

« A GF ¢isalLTL formula which can be expressed
in CTL by the equivalentformula AG AF ¢.

e Forany  and P the LTL formula A(GF ¢ — )
IS not expressiblean CTL, Iin particular it is not

equivalent to((AG AF ¢) - V).

e |n other words, fairness constraintscannot be
expressedirectly in CTL.



