Tecniche di Specifica e di
Verifica

Branching Time Temporal Logics



Outline

 CTL (ComputationTreel ogic)
— Branching Time
— Unwindings --- computation trees
— Syntax and semantics of CTL.



Branching Time Structures

e Linear Time:
— A computationat its first statesatisfies a property.
— Property ---L.TL formula

 Branching Time
— Thecomputation treeat its rootsatisfies a property.
— PropertyCTL (CTL", p-calculus) formula.
— Computation Tree

= All computationsstarting from a statglued
together(to form a tree structure)

 In branching timethe decisiongaken during a
run are taken into account
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A Modified Example




For every pathtand every stateon that path,
there Is a patht starting froms and a state’
on Tt which isgreen
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Branching Time Temporal Logic

K=(S, § R, AP, L)
K, sE | --the computation tree rootedsat
satisfiesy.

Key iff K,s,kUforeverys, IS,

Branching Time Temporal Logics

—CT
—CT

_(T

L
L*

ne modal)u-calculus
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Unwinding

e K=(S,§, R, AP, L) g0OS
* TR(K, sy) --- The computation tree rootedsat

° R(K1 SO) - (SSO’ (%’8)1 RSO’ AP1 "ESO)
o (301 8) ] SSO;
— If (s, 0) U S;andR(s;, s,) then
=" (s,,0.5) 0S8, and

" Ry ((S1:0), (S, 0.9)) ;
" L((s,, 0)) = L(sy).

Therefore, for alls,o0) 1 S, sliISando =g, s, ...
S, Is a path IrK from s, to s,andR(s,, s) (hence,
0.sls a path irK from s, to s)
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Unwinding

 TR(K, s) is almost a Kripke structure.
— S will tipically be infinite.
— But R, Is tree-like
— The ‘graph’” of TR(K, s) Is a tree rooted &s, €).
 TR(K, s) is thecomputation tree rootedf K
ats.

13



A Modified Example

(b, €)
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Linear time Vs Branching time

 There areropertiesthat can bexpressed In
LTL but whichcan not be expressed In
CTL.

* There argropertiesthat can bexpressed In
CTL butnotinLTL .

e TheLTL model checking problerncan be
convertednto arestrictedkind of aCTL "
model checking problem
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CTL

e Syntax
— AP — afinite set ohtomic propositions
—p O AP Is a formula.
—If P andy’ are formulas then so arel) and
poyg.
—If P 1s a formula then so BX|)
—If Y, and |, are formulas then so are

EU(Y,, Y,) andAU(Y,, Y,).
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Formulas

« EX(p OEU(=r, AU(p, 1))
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Semantics

K=(S, S, R, AP, L)
—L:S— 24P

 aCTL formula andsl]S
K, SEU

U (holds)is satisfiedats.
FACT:

K,seyp Iiff TR(K, s), (s,€) E .
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Semantics

CTL = p |-y |y, Oy, | EX(Y)
EU(W,, §,) | AU(Y,, Yy)
K=(S, S R, AP, L) ; LiS— 22" ;s0S
K,sep Iiff p0QL(S).
K,se= Iff notK,sey
K, se Y, O, Iff

K,SEUy,0r K, Sk ..
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Semantics

e CTL: = p|-U ]|y,

b, [EX(Y) |

EUW,, §o) [AU(Y,, Uy)
e K=(S,S, R, AP, L) ; LiS— 24P: sOS

* K, skE EX(U) Iff there existss’ such that:
—s— S (l.e.R(s,s’) and K,s ey
shas a successor stateat whichy holds.
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AP ={n, h, uh}

K,b EEX(uh) ? K, bEEX(-uh)?

K, g E EX(uh) ?

K, r EEX(h) ?

21



Semantics

e K=(5, 9 R AP, L) ; LiS— 2 ; sOS
« A path fromsis a (infinite) sequence of states
M=% S:S, S Sipy --- S:L
—s=g
-S — S, (l.e.R(s, s,,)) for everyi.
 TM(I) =S theli-th element oft
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Semantics

* CTL == p |~y |y, Oy, [EX(Y)
EU(Y,, §p) [AU(Y,, U,)
e K=(5, 9 R AP, L) ; LiS— 2 ; sOS
 K,se EU(Y,,,) Iff there exists a path

M=%, S, ... roms(i.e.s,=s) andk = 0 such
that:

" K, (k) £ W,
=K, 1)) e, , forall0<) <k.
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Semantics

* CTL == p =~y g, Oy, | EX(Y)
EU(Y,, §p) [AU(Y,, U,)
e K=(5, 9 R AP, L) ; LiS— 2 ; sOS
e K,se AU(Y,,W,) Iff for every path
M=%, S, ... fromsthere existx = 0 such that:
" K, T(K) £,
= K, 1)) e, forall0<j <k.
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Ret2
e (1 '9
Grt Reqs Reql Grt2

o204
t2
Req ﬁrtl 'Aeql

M, 0 E EU(T, p,) ?
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Ret2
e (1 '9
Grt Reqs Reql Grt2

o208
t2
Req ﬁrtl 'Aeql

M, 0 E AU(T, p,) ?
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Ret

M, O E AU(T, p, Op,) ?
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Ret?2
< (1) '9
Grt Reqs Reql Grt2

SR 20086
2

M, O E AU(T, EU(T, py)) ?
Froms,, all the computations

willreach a point, where it is
possiblefor 1 to printeventually.



Req

wo

M, 0 E AU(T, EU(T, p,)) ?

eq2

Grt2

Retl
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Derived Operators

o AX(Y) =-EX(-y)
— |t IS not the case there exists a next state
at whichy) does not hold, equivalent to

—For every next state) holds.

@~ x(v)

4

W
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Derived Operators

» K, sk EF())
* EF(y) = EU(T, §)

— There exists a path(from s) andk = 0
such that:

K, T(K) E .
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Derived Operators

e K, s AG(Y)
* AG(p) =-EF(=y)

— It Isnot the casehere exists a path (from s)
andk = 0 such that:

= K, T(K) E = W

— For every pathrt (from s) andeveryk = O:

= K, T(K) E U
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Derived Operators

+ K, sk AF(Y)
* AF(Y) = AU(T, §)

— For every pathritfrom s, thereexistsk = 0 such
that:

= K, T(K) E .
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Derived Oparators

e K, sE EG())
¢ EG(L'J) = —|AF(—| LlJ)

— It Isnot the case thdbr every pathritfrom s
there Is & = 0 such thakK, (k) £ = .

— There exists a patimfrom s such that, for
everyk = 0:

= K, T(K) E .
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A more convenient CTL

NCTL ::= p |- [y, Oy, [EX(Y) |

| EU(W,, Y,) [EG(Y)
CTL== p -y |y, Oy, [EX(Y)
EU(Y,, §p) [AU(Y,, U,)

NCTL 1s more convenient for model
checking!

ClearlyNCTL can be defined in terms of
CTL.
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A more convenient CTL

NCTL == p [=y |y, Oy, [EX(Y) |
EU(, b)) | EG(Y)
CTL == p |-y |y, Oy, | EX(Y)
EUW,, U,) [AU(Y,, W)
CTL can be defined in terms BICTL !

The semantics dfICTL Is given In the
obvious way.
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A more convenient CTL

e NCTL:=:=p |-y |y,

W, [EX(Y) |

EU(W,, W) [EG(W)

K, se EG(Y) Iff there exists a patm
from s such that for everi = O:

K, T(K) E U
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A more convenient CTL

* NCTL == p =g |, Oy, | EX(W) |

EU(W,, W) |EG(Y)

* CTL=p [=@ @, Oy, | EXQWY) |

EUW,., W) [ AU, W)

* AU(Yy, §,) = ~EU(= Y, (0, U=gy)) O-EG(-yy)

l.e., along any path:p, must hold eventually and

(=, U=4y,) can only happen aftery, (recall the
before operatoof LTL) N




A more convenient CTL

AUy, ) =

P, cannot becom
false, while W,
stays false!

e

/

), does not stay false

forever! (i.e.y, will

eventually become

true).
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A more convenient CTL

AU, B,) =~EU(=Y,, (Y, L=yy)) O-EG(=Y,)
= AssumeX, sk AU(y,, U,)

— LetTt be a path frons. Then there exists > 0
with:

K, SEY,
— Hencenot K, sk EG(=,)
— Equivalent tK, sk =EG(=,)
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A more convenient CTL

« AU(Y,, Y,) = NewAU,, B,) =
~EU(RY,, (Y, O-4,)) O-EG(—-Y,)

o ClearlyK, sk AU(Y,, W,) impliesK, sk -EG(=,)

o LetK, sk AU(Y,, U,)
— Suppose now,, skt EU(-W,, =W, O=1,)
— LetTtbe any path frons witnessing the above:
— Let nowk be the least integesuch that:

"K, T(K) E =, 0=,
K, 1)) E-Y,for0<j <k
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Suppose, (m) E W,, required byK, s E AU(W,,P,)
Takem to be the least such number.

Thenm > k, sinceK, sk EU(=W,, =, LI=1,)
ButO< k <m andK, (k) E =,

Hencenot K, s E AU(W4, Y),). Contradiction!

ThuskK, sk AU(y,, W,) also implies:

—K, sE=EU( W, ~Y; L=y

SoK, sk AU(W,, Y,) implieskK, s E NewAUW,, W,)



From CTL to NCTL

 In a similar way we can argue that:

if K, sEnewAUW,, {,)
thenK, s AU(Y,, 1,).

* HenceCTL can be expressed in terms of
NCTL.




A more convenient CTL

* NCTL::=p [~y |y, O, | EX() |
| EU(W,, W,) | EG(Y)

e CIL::=p

"L|J|L|Jl

Y, | EX(Y) |

EUW,, W) | AU(W,, Yy)
« AU(Y,, W) = NewAUW, Y,) =
] (EU(_' L|-’21 (_' L|J1

! L|J2)) AF(qu)

* NewAU, =~ EU(= W, (= UM

W enow/
"EGAY, = AR,

. NewAU, = AF(,
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From CTL to NCTL

e LetK = (S, §, R, AP, L)ands[] S.

 \We need to argue:
—K, se AU(Y,, U,) Iff
K, sk NewAU, LINewAU,
 We already argued that:
—If K, se AU(Y,, U,) then
K, s E NewAU, [INewAU,
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From CTL to NCTL
AU(Y,, P,) = -EUY,, (Y, U=y,)) U-EG(=Y,)

1 We need to argue that:
—If K, s NewAU, [1NewAU, then

K, sE AU, )
e So assum&, s E NewAU, ONewAU..

* NewAU, = -EU(WY,, (=, O-1)).
« NewAU, = ~EG-, = AFY,
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From CTL to NCTL

e Lettbe some path from

e \We need to show that there exists O such
that:

—-K, 1k) F g,
-K, (j) Eyg,if 0 <Kk.

 ButK, sk AF U, implies that along any path
(and also along) there exist& = 0 such that:

—K, 1K) F Y,

e Assumek Is theleastsuch number along.
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From CTL to NCTL

Now consider an arbitram with 0 < m < k.

CLAIM : K, a(m) E Y,

 If the CLAIM Is true then we are done.

» Suppose instead thigt o(m) E = ;.
—ThenK, a(m) E =, 0=y, (M < k) WHY???
—andK, a()) E=,1if 0<)<m, sincej <m <Kk
—HenceK, o(0) F EU(=W,, =, =)

— Thereforenot K, s E NewAU, which is a
contradiction
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CTL Model Checking

e KEUY Iff
K, sp E W for everys, O S,.
« TheCTL model checking problem

-K=(S, §, R, AP, L) (system model)
— P aCTL formula (spec. of the property)

e GivenK andy determine whether or noK E
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CTL Model Checking

 The actual model checking problem:
—GivenK = (S, §, R, AP, L)
—GlvensO S
— Giveny, an NCTL formula.
— Determine whether:

K, SEY
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The Sub-formulas ap

 SF() Is theleast set of formulasatisfying:
- YU SFW)

f-a SFW) thena L SFW) .

fo B O SFW) thena, B 0 SF)

f EXa [
f EU(q,

S
)

f EGa [

S

=) thena [ SF(
1 SF() thena, 3

) .
1 SF@U)

~(W) thena [ SF(U

)) .

 SF() ---- Theset of sub-formula®f .
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The Labeling Procedure.

c K=(S, §, R, AP, L)
—sS
— P aNCTL formula (built out ofAP).

o Strategy:.

— ConstructLabels: S — 25FW
— 25FW), the set of subsets 8F ().

— Each state df Is assigned a subset o5& () by
the Labelsfunction.

e K,sey Iff @ 0OLabels(s)
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The Labels function

e Stage 1
— Foreveryt L] S
— Labels(t) = L(t) (K=(S, S, R, AP, L))

Assume we have done up to stage
e Stage | +1
— Foreveryt L] S
— If a=-B then
o O Labels(t) iff [0 Labels(t).
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The Labels function

o Stage | +1
— Foreveryt L] S
— Ifa=p, 0B, then
a U Labels(t) iff (,0Labels(t) or 3, LI Labels(t)

— Ifa=EX[(B then
o [ Labels(t) iff there existss [ Ssuch that
B O Labels(s)andR(t, s) [i.e.t - s]
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The Labels Function

a = EX(B)

62



Computing the labeling fdeX(3)

Algorithm C

T:={s|P
while T #

neck EXP)
1 Labels(s)} ;

] do

chooses [ T;

T:=T\s};

for eacht [ Ssuch thatt — Sdo
Labels(t) := Labels(t) O { EX (};

Complexity: O(

M)
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The Labels Function

o Stage | +1
— Foreveryt L] S
— If a = EU(3,,3,) then
a [ Labels(t) iff
- [3, O Labels(t) or

- B, U Labels(t) and EU([3,,3,) U Labels(s)
for someswith t — S.
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The Labels Function

Collect InT all the states satisfying},
— all these states do also satistyU([3,[3,).

e Traverse backward- from states inl andlabel

with EU(3,,,) all the statest satisfying 3, and
reaching at least a statéabeled withEU([3,,3,).

If sOT,twitht - sand 3, J Labels(t)
then EU(3,,3,) U Labels(t)

Recall thatEU(B,,8,) = (3,0 (B, DEXEU(B,,B,) )) o
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Computing the labeling fAEU((3,,[3,)

Algorithm Check EURB,,[3,)
T :={s|B, O Labels)}: Complexity: O(M|)
foreachs[ T do

Labelgs) := Labelgs) U { EU(31,3,)};

while T # [0 do

choses [ T;

T:=T\s};

for eacht 0 Swith1 — Sdo

If EU(,,8,) U Labelgt) and3,[JLabelgt) then

Labelgt) := Labelgt) O { EU((3,,B,)};
T:=T 0O{t};




The Labels Function

o Stage | +1
— Foreveryt L] S
— If a = EG(3)then
a [ Labels(t) iff

— (3 O Labels(t) and EG() [ Labels(s) for
someswith t - S.
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Property ofEG((3)

LetM’ = (S',R’,L’) be the sub-graph &fi where
- S'={s|M,sef}
— R =R|s«s (the restriction oRto S’)
— L' =L|g  (therestriction ot to S’)

Lemma: M,sE EG(B) iff

1. s[1S and

2. there exists a pathin M’ leading froms to a
non-trivial strongly connected componernt
of the graph(S’,R’).
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The Labels Function

« Compute the subgrapbi whose states satisfiy

« Takenon-trivial strongly connected components
of S’

— all the states in these components do satidiG([3).

e Traverse backward>' andlabelwith EG() the
statest reaching at least a stats labeled with
EG(PB) (note that both ands belong toS’).

If t S and R(t,s) then EG(3 ) O Labels(t)

Recall thatEG 3 =B LHEXEG 3 74





















Computing the labeling fdEG((3)

Algorithm Check EG)
S’ :={s|B U Labelgs)};

SCC={C|Cisa
T:=Llcpsedd s | sU
foreachs[] T doL
while T # [] do

choses [ T:
T:=T\{s};

Complexity: O(|M

non trivialSCC of S’} ;
C};
abel<s) := Labelgs) O { EG(B)};

foreacht 1 S’witht — Sdo

if EG(B) O
Labe

Lablegt) then
gt) ;= Labelgt) O {EG(B)};

T:=

T Ot}




CTL model checking

 The algorithms just presented show that the
model checking problemfor CTL can be
solved intime linearin the size of Systeriv
and the size of the Propegynamely:

In time O(|M |[ty)

where|M| Is thesize of the graphunderlying
M and|q| Is thenumber of subformulaeof .
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Fixed point characterization

« We will redefine the labeling function In
terms offixed point computation

« This Is a nice and elegant algorithmic
account.

o It will be used whenefficient symbolic
approachwill be introduced.
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Partial Orders

A binary relationc on a setA is apartial
order Iff C Is reflexive, anti-symmetricand
transitive

e The pair <A, £> Is called a partially
ordered se{or posej.

e Example: If S is any set andl] is the
ordinary subset relation, thea2>,0> is a
partially ordered set.
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Upper Bounds

Given<A, C> andA’ A
e alJA Is anupper boundof A’ Iff Ja’'[JA’,a’' ca
e alJA Is aleast upper boundlub) of A’, written
LA, Iff
—als anupper boundof A" and
— [Ha’UA, If a’ Is anupper boundof A’, thenarC a’

85



L ower Bounds

Given<A, c>andA’ 1A
e alJA Is alower boundof A’ iff Ja’'[LA’,aC a’

 allA Is a greatest lower boundglb) of A’,
written nA’, Iff

—als alower boundof A’ and
— a’A, If a’ 1s alower boundof A’, thena’ C a
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Complete Lattice

A posel<A, £>Is a complete latticelf, for each

A1

A, thegreatest lower boundaiA’ and the

least upper boundiA’ do exist.

A complete lattice<A, £> has a unigu@reatest
elementldA=T and also a uniqukast element

nA =
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Complete Lattice

The poset <25[> is a complete

latticewhere

Intersectionn andunion [ correspond to1 and

LI, respectively.

Any two subset ofS have aleast upperand a

greatest lower bound

Example S={a,b,c,d} For{a,c} and{b,c} theglb

Is {c}, while thelub is {a,b,c}.

There Is a uniqugreatest element

uniqueleast elemenh 2> = [1.

2>=Sand a
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Example of a complete lattice

The complete lattice<2S,00 > T={pqr}
when Sis the set{p,q,r}. I

{pq}ﬂ

{p}

U=]



Monotonic functions

e A functionF: A — A IS monotonicif for
eacha,bJ A, ac b impliesk(a) c F(b).

e |n other words, a functioh IS monotonic If
It preserves the ordering.
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Fixed points

e Given a functior: A — A, an elemena [0 A
Is afixed pointof F If F(a) = a

e a [0 A iIs called theleast fixed pointof F
(Lx.F(x)), if for all a’ O A such thafF(a’) = a’,
thenarC a’.

 a [l A Is called thegreatest fixed poinof F

(vx.F(x)), If for all a’ [0 A such that(a’) = a’,
thena’ C a.

91



Tarski’'s Fixed Point theorem

THEOREM: Let <A, C> be acomplete lattice
andF: A — A a monotonic function. Theh
has aleast and agreatest fixed pointgiven,
respectively, by:

¢ LX.

* VX.

~(X) =N{x

~(X) =X

1A | F(X)E X}

1 A| X E F(X)}
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Fixed point In finite lattices

Let <A, C> be afinite complete latticeandF: A — A

be a monotonic function. Theleast elemenof A |

Then thdeast fixed pointfor F Is ‘obtained as
px.F(x) = Fm(0)
for somem, whereF°(0) = 0O, andF"*(0) = F(F(0)).

Moreover, theyreatest fixed poinfor F is obtained as

vX.F(x) = F(T)
for somek, whereFo(T) = T, an(y/:”*l(‘r) = F(F(T)).

Thegreatest elemenf A

93



Generic fixed point algorithm

Algorithm Compute_|fpE:.function)

Xo =L
X1 = F(Xo);
=1
while X, # X, |

] = ]+1;

Xi = F(X1);
returnX;
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CTL and complete lattices

Given a Kripke structuré1=<S,5,R,L,AP>.

We will then consider thposet<2°,[0>.

<2>,0> is clearly acomplete lattice(with

respect to intersection and union).

We will identify aCTL formula with the set

of stateawhich satisfy it

In this way we can defineemporal operators

asfunctions on thecomplete lattice<2°,

>,
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Denotation of a CTL formula

* Glven a formulap, let us define itslenotation
(in M), In symbols|[¢]|, as the set of states
satisfying the formula:

@l ={s|M,sk @}

* We could then define the cp&@TL, C > by:
ey it |[ql] O [[W]
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Denotation of a CTL formula

Given thedenotationof a formula

@l ={s|M;sE ¢}
We could then define the cp&TL, C > by:

eC g it |l@ O[]l

Then|[L]| =0 ; [[T]| = S;
p]l - { S |p u L(S) } ; CTL is closed under

- (P]| =S\ |Ep]| : conjunction anddisjunction,
- I therefore for any pair of

:(quJ: - .(P] L|J ;/formulaetheupperand
‘o OW]| = [ol] n |[W] lower bounddo exist.
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Denotation of a CTL formula

* Glven a formulap, let us define itslenotation
(in M), In symbols|[¢]|, as the set of states
satisfying the formula:

@l ={s|M,sk @}

* [[EXqlf={s [0 (t T[] n R(s) }
e for the othertemporal operators we would
need to uséxed points....
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Fixed point characterization of

EU(B1,B)

* EU(BL.By) =B, U(B,HEXEU(B, ) )
* [[EU(BLBIII = HZ.([B]l T ([Bo]l n I[EX Z][) )

* [[EU(BL.B,).

UZ.(|[B-

(Bl nts |

B

ZnR(s)}))
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Fixed point characterization of

EU(B1,B)

Lemma: Let

F(Z) = (B O([Bdl n {s[E@xTZ n R(s)}))
thenF Is amonotonic function I.e.

Z, 07, impliesF(Z,) UF(Z,)
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Fixed point characterization of

EU(B1,B)

heorem:
[EUBLB)] = Z.(I[BA T ([BJI n {s|ExDTZ n R(s)})

In other words:

UZ. (B O (Bl n { s [ O Z n R(s)) ) T [[EU(BLB)]]

and

[[EUBLB)I O RZ. (Bl O ([[Bo)l n s [T Z n R(S)))
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Computing fixed point foEU(j3,,[3,)

Algorithm Compute_EUB,,33,)
Xo:=[ON); F*ie. Xy:=0*

Xy =B O (Bl 0 Xo); 7+ i.e. X, := |[B]| *

This computes
X=EXX i1

j=1;
while X, # X ;
J=L T =X, X =0 _—
while T # [ do
choses [ T,
T:=T\{s};
forall t such that [] R(t) do
X=X 0O{t};

Xi =Bl O ([[Ball n X)
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Computing fixed point foEU(B,,B.)

To compute [[EU((3,,3,)]] we can construct
Inductively the seof statesX; as follows:

— Xy = |[Bal-
— Xisp = Xy U {s|sO|[B,]] andR(s,t) for sometIX;}

I[EU(B.,3,)]l Is then the seX such thaiX = X
for n such that< ., = X,..

Notice thatn must existby Tarski’'s Theorem
sinceX; [0 X;,; U S(andSis finite!)
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From X, to X,

EU(B., By)
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From X to X,

EU(B., By)
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Computing fixed point foEU(j3,,[3,)

Algorithm Compute_EUS,,[3,)
X1 =Bl
j=1;
repeat
JEE AL T 3K B XK
while T # [0 do
choses [ T,
T:=T\s};
forall t such thas [ R(t) do
if t O][B]] then  /~tO|[B]] n EX X, 1*/
X=X 0O{t};
Xj =X
until X, ; =X
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Fixed point characterization &G(3)

+ EG(B) =

B UEX EG(P)

* [[EG(B)]| = vZ.(I[B]l n [[EX Z]]) )

* [[EG(B).

vZ.(

Blln{s]

B

Z n R(s)})
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Computing the fixed point fdEG((3)

Algorithm Compute EJR)
Xo:=|[Tll; [Fie. X,:=S*

Xy =Bl n Xo; e Xy = |[[B]]

=1
while X; #X, ;
=L T =X, X =10,
while T # [0 do
choses [ T;
T:=T\{s};
forall t such that [] R(t)
X =X, U{t};

X; =Bl n X

X = EX X,

/
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The Labels function

« To compute |[EGP]] we can construct
inductively the seof statesX as follows:

=X =Bl

- X1 =X, = {s|sOX; and
there does not exist [] Xj
such thaR(s, t)}

I[EG[]| is then the seX such thatX = X for m
such thatX, ., = X_..

* Notice thatm must existdy Tarski’'s Theorem

sincel] [0 X;,; X
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From Y,to Y,

EGB
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From Y, to Y;,,

’V YJ 1
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Computing the fixed point fdEG ()

Algorithm Compute EJR)
X1 = [BI;
=1,
repeat
J BT = 2K B 2K
while T # [J do
choses [ T,
T:=T\s};
if for all t LI R(s), t 01 X; ; then
X=X, -{s};
until X; =X, ;;
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