Tecniche di Specifica e di
Verifica

CTL", CTLand LTL



CTL" language |

Syntax Let AP a finite set of atomic
propositions. We define by mutual
Induction the following set of formulae:
(state formulae)

O If p € AP, then p Is a state formula.

11f ¢ and ¢’ are state formulae, then so are — ¢
and o v ¢, o A ¢’.

2 1f v Is a path formula, then Ey and Ay are
state formulae .



CTL" language |

Syntax ...
(path formulae)
31f ¢ 1s a state formula, then ¢ Is a path formula.

4 1f y and y’ are path formulae, then so are —y
and y v y’, y Ay’

51f vy and y’ are path formulae, then so are Xy
and yUvy’.




CTL™ semantics |

Semantics Given the standard definitions
K=(S, S, R,AP, L), seS, L:S— 2%"and
path of K: T =15,5;S,.... where (s;s;,,) € R:
0 K,sep Iff p e L(s).
1 for propositional formulae
—K,sE=¢ Iff notK,sE¢
—K,seEd, v, Iff K, sk, 0r K,sE ¢
- K,sep, AP, ITf K SE¢, and K, s E ¢,.
2 KskEd (KsEAd) iff for some (for all) path

T=SS; So...., It holds that K, E ¢



CTL™ semantics |

Semantics ...

3Kt p Iff K/ sjE p.

4 for propositional combination of path formulae
—K,teE—y Iff notK, mEwy
-K,tey, vy, Iiff K tky,or K, k..
-K,mey, Ay, iff K nEwy,and K, T E y,.

5 temporal operators
- Kk Xy iff Kl By

— Kt ey, Uy, iff for some j, K, E y,, and for all k<j,
K,k E v,



CTL language definition

CTL can be defined as the sub-labguage of CTL" by
replacing items 3-5 of the above definition, by the
following:

3’ if ¢ and ¢ are state formulae, then X¢ and ¢U ¢’
are path formulae.

0 If p € AP, then p Is a state formula.

1 If ¢ and ¢’ are state formulae, then so are — ¢ and
OV, OAP.

2 If v is a path formula, then Ey and Ay are state
formulae.




LTL, CTLand CTL*

LTL (state): o ::= Ay
(path): y:=p | v [ v, vy, [ Xy |y, Uy,

CTL (state): @ ::=p | — P | o,V O, \E\y
(path): y =X ¢ | ¢, U g,

CTL™ (state): ¢ ::=p | — @ | oV O, ‘E\y
(path): y =@ | = w | vy vy, [ Xy |y, Uy,




LTL and CTL*

Theorem:[Clarke] For every CTL™ formula
Y, an equivalent LTL (it 1t exists) must be

of the form Af(y) where f(v) Is equal to v
with all the path quantifiers eliminated.



LTLVvs CTL

In LTL, we could write:

A FG p, which means “on all
paths, there is some state
from which p will forever
hold” (i.e. — p holds finitely
often).

There iIs no equivalent of this
LTL formula in CTL.

For example, in the following
model, A FG p holds, but the
formula AF AG p does not.




LTLVvs CTL

Similarly the LTL formula
AF(p A X p) hasno
equivalent in CTL.

Two attempts are:

AF(p AAX )

But in the model on the
right, the LTL formula is
true while the CTL formula
Is false




LTLvsCTL
Similarly the LTL formula
AF(p A X p) hasno /7

equivalent in CTL. e
Two attempts are: ¢
AF(p AAX D)

and

AF(p A EX p)

But in the model on the

right, the LTL formula is ~
false while the second CTL \ \A
formula is true.



LTLVvs CTL

The LTL formula A GF p means “on all paths and
for all states, a state is reachable where p holds”
(1.e. p holds infinitely often).

There Is an equivalent CTL formula for this LTL
formula.

The equivalent CTL formula 1s AGAF p which
nolds In all and only the models where A GF p
nolds.

°roof: It suffices to show that for any kripke
structure K, K EAGAF p Iff K EA GF p.



LTLVvs CTL

The LTL formula ¢ = A(GFp —Fq) (meaning that
Fg holds on all fair paths satisfying p infinitely
often) cannot be expressed in CTL.

Proof: It suffices to show that for any candidate

CTL formula v, there is at least a kripke structure K,
with either

KEgpand Kk vy
or
KE eand KE .



¢ = A(GFp -»FQq)

v = AGAF p — AFq @ @ .
S, 1

Kreand Kk vy
o
v =AG(AF p - AFa) ( 3N\ 3
0
Ke@and K gy @p
S

3

~— T
v = AGAF (p — AFq) 50(3\ ﬁsl

Krepand Kk vy




CTLvsLTL

Let us consider the CTL formula
AGEF a. Clearly: e

K £ AG(EF @) O
Suppose Sis a LTL formula which is So
equivalent to AGEF e. If this where
true, then:
Kef
But K £ gif and only if for every path

m of K
Ktk f

K’

Since any path = in K is also in K, this 6

would imply that for every path « of K’
K',epf S0

But K’ £ AG(EF ), therefore the LTL

formula £ cannot be equivalent to

AGEF a.



LTLvs CTLvs CTL"

CTL"

s

AF(p A Xp) AAG(EF Q)




LTLvs CTLvs CTL”

« A GF @isa LTL formula which can be expressed
in CTL by the equivalent formula AG AF o.

 For any ¢ and y the LTL formula A(GF ¢ — v)
IS not expressible In CTL, In particular it is not

equivalent to ((AG AF ¢) > v).

« In other words, fairness constraints cannot be
expressed directly in CTL.



