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ABSTRACT 
 
In this paper the analysis of time series of fractal dimension 
maps generated from multi-pass SAR images is dealt with. 
The objective is twofold: on the one hand such an analysis is 
addressed to assess the performance of the algorithm for the 
fractal dimension estimation from a single SAR image, i.e., 
to verify the fractal estimation efficiency on natural scenes 
within the multiple sensor passes. On the other hand, by 
exploiting the statistics evaluated starting from the fractal 
time series, a final fractal dimension map, including only the 
areas in which the fractal estimation is efficient and strongly 
denoised from the speckle effect, is obtained. The analysis 
has been performed on a Cosmo-SkyMed data-set of 42 
stripmap images spanning the time period from October 
2009 to December 2012, acquired over the Somma-
Vesuvius volcanic complex (South Italy), which is in a 
quiescent stage since the last eruption occurred in 1944. 

              
Index Terms— SAR, fractal dimension, SAR image 

time series 
 

1. INTRODUCTION 
 
It is widely recognized in literature that the fractal 
dimension is a significant geophysical parameter describing 
natural surfaces [1], [2]; it represents the distribution of the 
roughness over different spatial scales [1], [2] and, in case 
of volcanic structures, it has been related to the specific 
nature of materials and to the effects of active geodynamic 
processes [3]. Fractal surfaces have a fractal dimension D 
included in the ]2,3[ interval; in particular, for natural 
surfaces D is included in ]2,2.5[ interval, see [1]. 
Several works have been presented in literature [1], [4]-[10], 
aimed at evaluating the electromagnetic field backscattered 
by natural surfaces starting from the knowledge of their 
fractal parameters. On the other side, it has recently been 
presented an algorithm [11] that, starting from a single 
amplitude Synthetic Aperture Radar (SAR) image (which is 

related to the electromagnetic field backscattered by the 
illuminated scene), allows the computation of the fractal 
dimension map of the observed area. Furthermore, the 
fractal dimension of natural areas, estimated from the 
corresponding SAR images, proved to be very stable as the 
sensor illumination conditions and viewing geometry 
change, which is an uncommon feature of parameter 
extraction from SAR images [12], [16]. 
In this paper time series of fractal maps generated from 
multi-pass SAR images are considered. Our analysis is 
twofold; on the one hand, it is aimed at the performance 
assessment of the algorithm for fractal dimension extraction 
from a single SAR image, thus verifying the stability of the 
estimator for stable natural scenes within the multiple sensor 
passes. On the other hand, we jointly exploit the mean and 
standard deviation maps of the fractal dimension evaluated 
by exploiting the time series of the fractal maps; the 
averaging operation is done, pixel by pixel, over the time 
variable, after a proper co-registration of the fractal maps. 
The result is a final fractal map that includes only the areas 
where the D estimation is considered reliable and stable 
(i.e., whose standard deviation computed over the time 
series is reasonably small). It is clear that the resulting map 
is strongly improved, as the average operation reduces the 
noise content due to the speckle, which affects the SAR 
images used to retrieve each fractal map. As a matter of fact, 
the fractal dimension is retrieved from the SAR image local 
spectrum, whose estimation (properly performed through 
the Capon estimator [13]), mainly at high frequencies, i.e., 
in correspondence to small spatial scales, is influenced by 
the speckle effect present on the SAR image. The analysis is 
performed on a Cosmo-SkyMed (CSK) data-set of 42 
stripmap images spanning the time period from October 
2009 to December 2012, acquired over the Somma-
Vesuvius volcanic complex (South Italy), which is in a 
quiescent stage since the last eruption occurred in 1944. 
The retrieved time series of the fractal dimension values 
show that, over stable natural areas, the fractal dimension 
values do not appreciably change (as also confirmed by the  
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Fig. 1: Representation in the temporal/perpendicular baseline plane 
of the employed SAR acquisitions. 

 
small values of the associated temporal standard deviation), 
although they can be retrieved from SAR images acquired at 
different times and orbital positions, thus stating the 
goodness of the fractal algorithm performance. 

 
2. FRACTAL DIMENSION ESTIMATION 

 
The fractal dimension computation is performed through a 
spectral analysis of the SAR amplitude data, whose details 
are presented in [11]. In particular, dealing with power-law 
spectra, an appropriate spectral estimator, that minimizes 
high variance and leakage problems, is used: the Capon 
estimator [13].  
Furthermore, in order to obtain a point-by-point map of the 
fractal dimension, the spectral estimation is performed using 
a sliding window that encloses small portions of the image 
that are assumed to have the same fractal parameters; as a 
consequence, a unique averaged value of the fractal 
dimension is assigned to the center of the window. The 
dimension of the sliding window results from a trade-off 
between the accuracy of the estimation and the resolution 
required for the generated fractal maps. 

 
3. FRACTAL MAP TIME SERIES 

 
The main objective of this paper is the analysis of the 
performance of the technique described in the previous 
section. Such an analysis has been conducted considering a 
time series of SAR data acquired by the Cosmo-SkyMed 
constellation sensors over the Somma-Vesuvius volcanic 
complex (South Italy). The SAR data-set consists of 42 
images collected through ascending passes in stripmap 
mode and spanning the time period from October 2009 to 
December 2012. Those images are acquired at a side-
looking angle of about 44° , at different orbital position, and 
present a spatial resolution of about 3 m x 3 m. In Figure 1 
the distribution of the exploited SAR acquisitions in the 
temporal/perpendicular baseline plane is shown. 

 
 

Fig. 2: Fractal dimension map generated from a single SAR image 
 
Starting from the available SAR amplitude images, we 
generated the corresponding fractal dimension maps that 
were subsequently co-registered [14] with respect to the 
(fractal) map relevant to one reference image (i.e., the 
master image). The co-registration operation has been 
performed directly on the fractal maps, rather than on the 
starting SAR images, to avoid the introduction of artifacts 
that could significantly alter the fractal dimension estimate. 
Then, we implemented a three-dimensional stack composed 
by the fractal maps ordered according to the acquisition 
date. Starting from the computed stack of fractal maps, we 
evaluated (pixel by pixel) both the average and the standard 
deviation fractal dimension maps, the averaging operation 
being carried out over time. As clearly shown in Figures 2 
and 3, the mean fractal dimension map (Figures 3) is 
significantly less noisy than that generated from a single 
SAR image (Figures 2). As a matter of fact, the average 
operation reduces the noise artifacts due to the speckle, 
which affects the SAR images used for the single fractal 
map computation.   
In Figure 3 the resulting mean fractal dimension map is 
depicted; it ranges in the [1.30, 2.74] interval; the areas 
where the fractal dimension is lower than 2, which 
correspond to the darker regions of the map, are associated 
to the presence of man-made objects or layover zones that 
are clearly detected as non-fractal objects. 
Moreover, in Figure 4, the map of the fractal dimension 
standard deviation values, along the considered temporal 
axis, is presented. The standard deviation values are in the 
[0.016, 0.132] range; however, all the natural areas (i.e., the 
volcanic cone and slopes) present a very small standard 
deviation (values lower than 0.05, corresponding to the  
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Fig. 3: Map of the fractal dimension mean values evaluated as 
from the stack of 42 co-registered fractal maps. 
 
darker regions of the standard deviation map), while in the 
urban context the standard deviation gets to values of one 
order of magnitude larger. 
This result confirms both the validity of the model and the 
efficiency of the estimation algorithm over natural areas. It 
is worth noting that the fractal estimation technique is based 
on a theoretical model that is valid only for natural surfaces; 
hence, although it is able to detect non fractal object 
providing a fractal dimension value outside the range of 
fractality ]2,3[, over urban areas it is not stable. In Figure 5, 
the fractal map obtained by jointly exploiting the mean and 
the standard deviation maps (s  threshold value = 0.05) is 
presented. In this map the areas masked with black color are 
those in which either the model is not valid or the estimation 
algorithm is not stable, while in the remaining areas (in 
color) the D estimation is reliable and stable. 
As it can be appreciated from the fractal map in Figure 5 the 
fractal dimension, describing the roughness of natural 
surfaces, is able to distinguish different geomorphologic/ 
vegetation properties of the observed scene. It has been 
studied that the most recent volcanic lava flows exhibit a 
fractal dimension lower than that of the oldest- depositional 
processes, often covered by vegetation [15]. 
The time-series of the pixel by pixel estimated fractal 
dimension values show that, over invariant natural areas, the 
fractal dimension values do not show significant changes; 
on the contrary, over urban areas, it correctly assumes 
values outside the natural surfaces fractality range and show 
strong fluctuations. In particular, in Figures 6 and 7, the  

Fig. 4: Map of the fractal dimension standard deviation values 
evaluated as from the stack of 42 co-registered fractal maps. 

 

 
 

Fig. 5: Fractal map that includes only the areas in which the D 
estimation is considered efficient and stable (in color), and that 
masks out other areas with the black color. 
 
behaviors of the fractal dimension estimated in two pixels 
with respect to the temporal axis in a natural and an urban 
area, respectively, are shown. The first considered pixel  
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Fig. 6: Behavior of a the fractal dimension D of a pixel located in a 
natural area with respect to the acquisition times. On the top, the 
standard deviation value is also reported. 
 

 
Fig. 7: Behavior of a the fractal dimension D of a pixel located in 
an urban area with respect to the acquisition times. On the top, the 
standard deviation value is also reported. 
 
belongs to the left (with respect to Fig. 5) side of the 
Vesuvius volcano, it presents a mean fractal dimension 
equal to 2.36 and a standard deviation equal to 0.03 and it 
exhibits a definitely homogeneous behavior. 
On the contrary, the pixel belonging to the urban area, with 
a mean fractal dimension equal to 2.18, shows a strongly 
fluctuating behavior as represented by the standard 
deviation equal to 0.13. It is worth noting that in this latter 
case, the mean estimated value of the fractal dimension falls 
in the fractality range of natural surfaces, although this is 
not the case. This stresses the utility of exploiting a mask 
that automatically discards points for which the estimated 
fractal values are not reliable. 

 
4. CONCLUSION 

In this paper time series of fractal maps generated from 
multi-pass SAR images are considered. Our analysis is 
aimed, on the one hand, at assessing the stability of the D 
estimation on natural scenes that do not vary in multi-pass 
SAR images. On the other hand, we jointly exploit the maps 
of fractal dimension mean and standard deviation value 
obtained evaluating these statistics, pixel by pixel, over the 
time series of fractal maps properly co-registered. 
The analysis has been performed on a Cosmo-SkyMed data-
set of 42 stripmap images spanning the time period from 
October 2009 to December 2012, acquired over the Somma-
Vesuvius volcanic complex (South Italy), which is in a 
quiescent stage since the last eruption occurred in 1944. 
The result is a final fractal map that includes only the areas 
in which the D estimation is considered reliable and stable. 

Moreover, the fractal dimension values estimated over the 
natural areas result strongly improved: the average operation 
significantly reduces the noise affecting the single fractal 
map that is due to the speckle phenomenon typical of a 
single SAR image. 
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