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ABSTRACT 

 

Fractal dimension is widely recognized as key parameter for 

the geophysical characterization of natural surfaces. A 

technique for estimating the fractal dimension of a surface 

from range cuts of an amplitude SAR image has been 

recently developed by the authors. In this paper, we explore 

the potentiality of using fully polarimetric SAR data for the 

retrieval of the fractal dimension along the azimuth 

direction. This is obtained exploiting the Polarimetric Two-

Scale model for the description of polarimetric data. In 

particular, specific polarimetric combinations are 

considered, which provide images with strong dependence 

on the azimuth slopes of the observed surface. The proposed 

technique is tested on actual fully polarimetric AirSAR L-

band data. 

 

Index Terms— SAR, polarimetry, fractals 

 

1. INTRODUCTION 

 

In this paper, we explore the potentiality of using fully 

polarimetric SAR data for the estimation of the fractal 

dimension [1] of an observed surface. In previous works [2]-

[3], the authors introduced new models to describe the 

imaging of natural surfaces, allowing the estimation of the 

fractal dimension directly from a SAR amplitude image. 

This estimation is performed exploiting a sliding window 

scouring the whole image, thus allowing the generation, as 

output, of a new value-added SAR product, the fractal 

dimension map, i.e., a point-by-point map of the estimated 

fractal dimension of the imaged surface [3]. The model is 

based on a (band-limited) fractional Brownian motion (fBm) 

description of the observed surface and on the observation 

that, due to the side-looking geometry of the sensor, the 

radar returns and, hence, the amplitude SAR images depend 

only on the range slopes of the observed surface, at least as 

a first order approximation. Therefore, within this 

approximation, the effect of azimuthal slopes can be 

neglected and the algorithm performs a spectral analysis 

based only on range cuts of the SAR amplitude image. Since 

the fBm has a power-law spectrum, also its (properly 

defined) derivative has a power-law spectrum and the 

spectral exponent is related to the fractal dimension [3]. 

Accordingly, the estimation of the fractal dimension of the 

surface can be obtained through a linear regression of the 

spectrum in a log-log plane [3]. 

In the last decades, many studies demonstrated the 

effectiveness of SAR polarimetry for the investigation of 

key physical properties of an observed surface. For this 

reason, all the major ongoing and future spaceborne SAR 

missions are projected to include some kind of polarimetric 

capabilities, and, in many cases, fully polarimetric 

acquisition capabilities are enforced. In this work, we are 

mainly interested in fully polarimetric acquisitions, due to 

the crucial role of surface azimuth slopes for fully 

polarimetric applications [4]-[5]. In particular, azimuth 

slope variations are the main responsible for polarization 

orientation shifts [4], which consist in rotations of the 

polarization plane around the sensor line of sight. In fact, the 

sensitiveness of these data to the azimuth slopes also led to 

the development of techniques aimed at estimating azimuth 

height profiles from fully polarimetric SAR data [5]. This 

dependence can also be exploited for fractal dimension 

estimation, provided that an adequate scattering model is 

considered: the model must take into account the presence 

of rotations of the polarization plane [6]-[7]. 

In this paper, we use the Polarimetric Two-Scale Model 

(PTSM) proposed in [6] to describe the behavior of 

polarimetric SAR data. In particular, we show how it is 

possible to obtain from these data a map of the fractal 

dimension estimated along the azimuth direction, which can 

be potentially used in conjunction to the standard one 

estimated exploiting the range cuts of the original image. 

The considered theoretical model is briefly introduced in the 

next section, while in Section 3 we show the first results 

regarding the application of the proposed algorithm to 

AirSAR L-band fully polarimetric data. 

 

2. POLARIMETRIC MODEL 

 

The first-order small perturbation method (SPM) is a 

theoretical scattering model adequate for SAR 

electromagnetic modeling [8], whose range of applicability 

has been also adapted to fractal surfaces [9]. However, the 

first-order SPM fails to describe cross-polarization and 

depolarization effects present in actual data [6]-[7]. To take 

into account these phenomena we consider the PTSM 
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model, which extends the first-order SPM, taking into 

account the presence of a non-null angle of rotation of the 

local incidence plane around the sensor line of sight, β [6]. 

This rotation angle, in a first order approximation, depends 

on the azimuth slopes of the observed surface [4], [6]. This 

kind of dependence can be exploited for fractal dimension 

maps synthesis. In fact, when fully polarimetric SAR data 

are available, we can synthesize the following image as a 

combination of elements of the scattering matrix S: 

 

𝐼1 =
2𝑆𝐻𝑉

𝑆𝑉𝑉−𝑆𝐻𝐻
 .     (1) 

 

Considering the expression of the scattering matrix 

elements according to the PTSM model [6], we obtain that 

 

𝐼1 =
2tg𝛽

1−tg2𝛽
= tg2𝛽 ,    (2) 

 

where, moreover, the angle β is related to the azimuth slope 

q, range slope p, and sensor look angle 𝜗0 by the following 

expression: 

 

tg(𝛽) =
𝑞

−𝑝𝑐𝑜𝑠𝜗0+sin𝜗0
 .    (3) 

 

Using expression (3) in conjunction with (2), it is easy 

to demonstrate that in a first order approximation I1 depends 

only on the azimuth slopes of the observed surface. 

Therefore, I1 can be exploited for the estimation of the 

fractal dimension of the surface, using the same algorithm 

proposed in [3], provided that the spectral analysis is 

performed on azimuth cuts of the image, rather than on 

range cuts. The possibility to estimate the fractal dimension 

of the surface in the azimuth direction can be used to 

evaluate the presence of anisotropy in the surface roughness 

and/or to increase the accuracy of the range estimated fractal 

dimension. 

However, use of (1) can be problematic due to the noisy 

character of the single-look HV channel, and to the potential 

presence of singularities when the difference between VV 

and HH channels is almost null [4]. For this reason, in many 

practical situations better results can be obtained using a 

combination of elements of the polarimetric coherency 

matrix T [4]: 

 

𝐼2 =
4Re(〈(𝑆𝐻𝐻−𝑆𝑉𝑉)𝑆𝐻𝑉

∗ 〉)

4〈|𝑆𝐻𝑉|
2〉−〈|𝑆𝐻𝐻−𝑆𝑉𝑉|

2〉
 ,    (4) 

 

where 〈∙〉 stands for statistical mean, Re(∙) for real part, and 

use is made of two diagonal terms of T (denominator) and 

of the real part of an off-diagonal term of T (numerator) [6]. 

Note that if only multi look complex (MLC) data are 

available, the image in (1) cannot be generated, while (4) 

can be easily obtained starting from the elements of T. It is 

easy to demonstrate that starting from (4) an expression 

similar to the one in (2) is obtained: in particular, 

 

𝐼2 = tg4𝛽 ,     (5) 

 

and, also in this case, using (3), a first-order dependence 

from the azimuth slope only is present. The image I2 can be 

processed with the algorithm proposed in [3], provided that 

the spectral analysis is performed on azimuth cuts of the 

image, rather than on range cuts. Note that, as in the 

previous case, problems can be present when the difference 

between VV and HH channels is almost null: this happens 

especially in areas of high positive range slopes, where, in 

presence of an almost specular scattering scenario, 𝑆𝑉𝑉 ≃
𝑆𝐻𝐻, and the sensitiveness of (4) to azimuth slopes is very 

low. Actually, in these areas the speckle level is higher 

(because the radar return is higher), and we face both low 

sensitiveness to azimuth slopes and high speckle noise 

levels [4]. Moreover, (5) involves the evaluation of the 

coherency matrix, i.e. spatial averaging is applied to the 

data. Therefore, estimation of the fractal dimension using I2 

could be affected by some degree of distortion of the fractal 

characteristics of the surface due to the presence of multi-

look. 

 

3. EXPERIMENTAL RESULTS 

 

We present here the first results obtained from the analysis 

of one AirSAR L-band fully polarimetric SAR image 

acquired in the area of Camp Roberts, California (USA). 

The data were available only in MLC format, so that only 

the elements of the coherency matrix are available. In Fig. 1 

(a) we show the HH amplitude channel of the image, while 

in Fig. 1 (b) the polarimetric composition image I2 of (4) is 

reported. It is evident that the image in Fig. 1 (b) presents 

high levels of noise in areas with strong positive range 

slopes, as also discussed in the previous section.  

First, we estimated the fractal dimension map from the 

amplitude image of the HH channel with the standard 

technique of [3]. The obtained result is reported in Fig. 2 (a). 

We then tested the approach proposed in the previous 

section. In this case, the use of the image combination I1 is 

not possible with the available MLC data, which allow only 

the synthesis of the polarimetric composition I2, reported in 

Fig. 1 (b). From this image we then estimated the fractal 

dimension map according to the rationale discussed in the 

previous section. In particular, the estimation was performed 

on tg(tg−1(𝐼2) 4⁄ ). The resulting map is reported in Fig. 2 

(b). From the visual inspection of Fig. 2 it can be noted that 

a certain degree of correlation is present between the two 

maps, even if the overall appearance is quite different. This 

difference is probably due to the different effect of 

geometrical distortions (i.e., layover, foreshortening, and 

shadowing) on cuts in azimuth with respect to those in 

range. In addition, the map obtained from the HH image is 

significantly affected by the presence of strong scatterers, 

that appear as bright points in this image, whereas in the 

polarimetric composition I2 they are almost completely 

singled out due to the ratio appearing in (4). The overall 
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effect is that in the map of Fig. 2 (a) the degree of 

correlation between adjacent pixels is stronger. 

In Fig. 3 the histograms of the two estimated maps are 

shown. The mean values of the two maps are 2.14 for the 

HH-polarization image (estimated using range cuts) and 

2.30 for the I2 image (estimated using azimuth cuts). This 

difference can be explained partly by the noisier character of 

the map in Fig. 2 (b) (in fact, noise tends to increase the 

estimated value of D [3]) and in part by the different impact 

of geometric distortions on the evaluation of the two maps, 

as discussed before. Similar considerations hold for the 

maps’ standard deviations, which are equal to 0.13 for the 

map in Fig. 2 (a) and 0.07 for the one in Fig. 2 (b): again, 

this difference is probably mainly due to the different 

impact of geometrical distortions due to the slant range 

acquisition geometry of the system during the spectral 

estimation step. At the moment, no definitive conclusion 

about potential anisotropies of the fractal behavior of the 

surface can be drawn. 

In conclusion, the results of the estimation strongly 

depend on the quality of the image I2 used for the estimation 

in terms of signal-to-noise ratio. Better results could be 

obtained using P-band data (which at this time are not yet 

available to the authors): in fact, the possibility to obtain 

good estimates of the polarimetric orientation angle is also 

hampered by the potential presence of vegetation [4], whose 

scattering is weaker at lower frequency. 

 

4. CONCLUSIONS 

 

In this paper, we investigated the possibility of obtaining 

maps of the fractal dimension of a natural surface estimating 

it from cuts along the azimuth direction of a polarimetric-

based SAR image composition. These new maps could be 

potentially used in conjunction to the standard ones, 

estimated exploiting the range cuts of the original image. 

The presented results, although preliminary, demonstrate the 

potentialities of the proposed approach for fractal dimension 

estimation from fully polarimetric SAR data. In perspective, 

the fractal dimension maps estimated along the azimuth 

direction can provide an indication of anisotropy of the 

fractal characteristics of an observed surface. However, the 

impact of both speckle and thermal noise and the different 

role of geometric distortions within the spectral estimation 

step are two issues that need to be further investigated.  
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 (a) (b) 

Fig. 2 Fractal dimension maps obtained from the considered subset 

of the HH-polarization amplitude image with standard technique 

(a) and from I2 with the proposed method (b). 

 

 

 
(a) 

 

 
(b) 

 

Fig. 3 Histograms of the fractal dimension maps reported in Fig. 2: 

HH amplitude image (a) and I2 image (b). 
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