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Abstract

In this work we provide a closed-form expression of the
electromagnetic (EM) scattering from a canonical paral-
lelepipedal target lying over an anisotropic rough surface
under the Kirchhoff Approximation - Geometrical Optics
solution. Starting from a recent work where we solved
a similar scattering problem under the hypothesis of sur-
face isotropy, we here generalize that model to include
anistropic properties of the rough surface. The resulting
formulation can be fruitfully exploited for fast evaluation
of the EM field scattered from isolated buildings in built-up
areas and large ships in open sea.

1 Introduction

In specific microwave remote sensing applications inherent
to the urban and maritime domains, it might be helpful hav-
ing a (even) rough idea of the scattering properties of large
isolated targets whose geometry can be reasonably approx-
imated as a parallelepiped. For instance, this is the case for
ship target detection/classification and building parameters
(height, material composition) retrieval from remote sens-
ing data. In these contexts, numerical techniques for solv-
ing the scattering problem, such as the Method of Moments,
the Finite Element Method, or the Finite-Difference Time-
Domain method, are not suitable due to the high operating
frequency and electrically large scene extent which would
require extensive computational and/or time resources [1].
Conversely, asymptotic (high-frequency) approaches, such
as Geometrical Optics (GO), can provide a fast evalua-
tion of the overall scattered field at a cost of restricted
validity limits and reduced accuracy. In [2] it was de-
rived an analytical formulation of the backscattering prob-
lem from a canonical composite target comprising a par-
allelepiped lying over an isotropic background rough sur-
face. There, the overall electromagnetic (EM) scattering
from the composite target is expressed as the superposition
of single- and multiple-bounce contributions which arise
from the EM interaction between the target and the under-
lying rough surface. Analytical expressions of the single-
and multiple-bounce scattering terms are derived under the
general framework of the Kirchhoff Approximation (KA)
and are provided for both GO and Physical Optics (PO) so-

lutions [2]. In [3] the same scattering problem was solved
under GO in a generic bistatic configuration, i.e., by assum-
ing the transmitting and the receiving antennas no longer
co-located. The larger dimensionality of the problem due
to the additional dependence of the scattered field upon the
scattering wavevector brings to more complicated formulas
when moving from the backscattering to the bistatic geom-
etry. However, apart from the more complicated formula-
tion, a substantial difference between the two formulations
is related to the double-scattering terms which no longer
coincide in a generic bistatic configuration [3]. Both works
have been exploited in building height retrieval and ship de-
tection applications using remote sensing data [4, 5, 6, 7, 8].
However, in both previous works [2] and [3], the rough
background surface is assumed isotropic, i.e., its spectrum
does not exhibit directional preferences. In this work we
keep the parallelepiped target model as in [2] and [3] but
relax the hypothesis on the rough surface which is here
assumed anisotropic. The corresponding scattering prob-
lem is derived under GO. Non-negligible anisotropy can be
measured over both sea and land due to wind speed and hu-
man activities effects, respectively. The remainder of this
work is as follows. Section 2 describes the geometrical and
electromagnetic models of the composite target. In Section
3 some numerical results are shown and discussed, whereas
concluding remarks are highlighted in Section 4.

2 Analytical Formulation of the Scattering
Problem

2.1 Geometrical Model

In this work we solve the scattering problem for the canon-
ical composite target shown in Fig. 1 along with the refer-
ence system.

The composite target includes a parallelepiped with smooth
dielectric faces lying over a rough interface separating
two homogeneous media. The vertical faces of the par-
allelepiped form an aspect or orientation angle φk with
the positive x semi-axis, measured clockwise. The refer-
ence system is defined according to [3]: the xy-plane coin-
cides with the mean plane of the rough surface, whereas
the y-axis is defined such that the transmitter lies in the
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Figure 1. Geometry and reference system for the compos-
ite target.

(y > 0,z > 0) quadrant. The rough surface is modeled as
a zero-mean normally-distributed 2-dimensional stochas-
tic process with variance σ2 and directional power spectral
density (PSD) S(κ). Accordingly, the surface local slopes
along x- and y-directions, zx and zy, follow a bivariate nor-
mal distribution with zero mean and covariance matrix

C =

[
σ2

x ρσxσy
ρσxσy σ2

y

]
, (1)

where σx and σy stand for the standard deviation of x- and
y-slopes, respectively, and ρ ∈ [0,1] is their correlation co-
efficient defined as

ρ =
〈zxzy〉
σxσy

, (2)

where 〈·〉 stands for the statistical expectation. The param-
eters σ2, σ2

x , σ2
y and ρ can all be retrieved from the rough

surface PSD S(κ) as follows [9]

σ
2 =

∫ 2π

0

∫
κcut

0
κS(κ,ψ)dκ dψ, (3)

〈zuzv〉=
∫ 2π

0

∫
κcut

0
κκuκvS(κ,ψ)dκ dψ, (4)

where κ and ψ are the amplitude and phase of the surface
wavenumber vector κ , κcut is the cutoff wavenumber, and
the subscripts u and v in (4) can each stand for x or y and
κx = κ cosψ , κy = κ sinψ .

For sea surface, the PSD can in turn be related to the wind
speed vw and direction ϕw, which is here measured coun-
terclockwise from the positive x-axis [9]. Alternatively, the
sea surface local slopes variance and correlation can be di-
rectly determined from the wind speed and direction using
semiempirical formulas as illustrated in [10], thus avoiding
numerical integration of (4).

2.2 Electromagnetic Model

In accordance with [2] and [3], here we assume that the
incident field E i(r) is a plane wave, i.e.,

E i(r) = E0êi exp( jkk̂i · r) (5)

where E0, êi and k̂i are the amplitude, polarization and in-
cident propagation direction, respectively; r is the observa-
tion point, k is the EM wavenumber. In the chosen Carte-
sian reference system k̂i = −sinθ ŷ− cosθ ẑ. Accordingly,

under KA-GO, the scattered field Es(r) can be expressed as
[2], [3]: [

ESh
ESv

]
= jk

e jkr

4πr

(
Shh Svh
Shv Svv

)[
E0h
E0v

]
IA0 , (6)

where E0h and E0v stand for the amplitudes of the horizon-
tal and vertical components of the incident electric field E i,
respectively; the scattering matrix S accounts for the po-
larization states of the transmitter and receiver and depends
upon the incident k̂i and scattered k̂s propagation directions,
while it does not depend upon the statistical description of
the surface [2], [3]. Finally, the scattering integral IA0 can
be written as follows

IA0 =
∫∫

A0

e jk(ηxx+ηyy+ηzz(x,y)) dxdy (7)

where η = k̂i− k̂s, k̂s = sinθs cosφsx̂+sinθs sinφsŷ+cosθsẑ
is the scattering direction and IA0 accounts for the statisti-
cal description of the surface height z(x,y). It is notewor-
thy that, under KA-GO, the single bounce from the upper
horizontal face of the target is a deterministic function of
the incident direction and target sizes: actually, it is not in-
fluenced by the underlying rough surface. Therefore, its
expression is not reported here for the sake of brevity and
can be found in [3]. However, the overall EM field scat-
tered from the composite target is a stochastic process due
to the interactions between the target and the rough surface.
Closed-form expressions can be derived for the mean value
and the mean squared value of the scattered field, which are
of interest here. According to (6), the scattered EM field
relevant to the single- and multiple-bounce terms is com-
pletely characterized by the scattering matrix and the scat-
tering integral. However, here we focus on the evaluation
of the scattering integral only, as it is the only factor in (6)
which is influenced by the directional properties of the sur-
face spectrum. Indeed, the expressions of the scattering ma-
trix presented in [3, Tables I-V] still hold here and are not
reported for the sake of brevity. Moreover, the rationale for
the evaluation of the scattering integral relevant to the dif-
ferent bounces provided in [3] still holds as well. However,
the final expressions are slightly different as the rough sur-
face is no longer isotropic. Under KA-GO, the mean value
of the scattering integral 〈IA0〉 is related to the characteristic
function of the rough surface height z(x,y) which keeps the
same formal expression when moving to anisotropic sur-
faces. Accordingly, the coherent component of the overall
scattered field can still be expressed as in [3]. Conversely,
the incoherent component of each scattering term is pro-
portional to the probability density function of local surface
slopes, see the exponential terms in 〈|IA0 |2〉 in [3, Tables I-
V]. By introducing the anisotropy of the rough surface, the
mean squared value of the scattering integral for any bounce
can be expressed in a compact form as follows

〈|IA0 |
2〉= A0

2π

η2
z k2σxσy

√
1−ρ2

×

exp

[
−

σ2
y η2

x +σ2
x η2

y −2ρσxσyηxηy

2η2
z σ2

x σ2
y (1−ρ2)

]
(8)
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where A0 is the area of the portion of rough surface con-
tributing to the scattered field. Correlation properties of
the local slopes do not affect the rough surface area par-
ticipating to the overall field scattered from the composite
target. Therefore, its expression coincide with that derived
for isotropic surface and are reported in [3, Tables I-V]
for all the bounces. For instance, A0 = ab for the single
bounce from the rough surface, where a and b are the sizes
of the illuminated portion of the rough surface. For mul-
tiple bounces, the shadowing effects of the target must be
accounted for. Consequently, for higher-order bounces, A0
depends on the incident and scattering directions, target size
and orientation [3]. The vector difference η varies among
the different bounces due to the reflections on the target ver-
tical face. Its definitions are provided in [3, Appendix]. For
the sake of clarity, here we report its expressions in terms
of angles. For the single scattering contribution from the
rough surface η = k̂i− k̂s, i.e.

ηx =− sinθs cosφs (9a)
ηy =− sinθ − sinθs sinφs (9b)
ηz =− cosθ − cosθs (9c)

For the double-bounce contribution wall-ground (WG)

ηx =sinθ sinφk− sinθs cos(φs +φk) (10a)
ηy =sinθ cosφk− sinθs sin(φs +φk) (10b)
ηz =− cosθ − cosθs (10c)

whereas for the double-bounce contribution ground-wall
(GW)

ηx =− sinθs cos(φs +2φk) (11a)
ηy =− sinθ + sinθs sin(φs +2φk) (11b)
ηz =− cosθ − cosθs (11c)

It is worth noting that, as opposed to the isotropic case,
anisotropic surfaces make the term 〈|IA0 |2〉 relevant to WG
no longer coincide with that in GW. Indeed, for the isotropic
surface the exponential term in (8) depends on the term
(η2

x +η2
y )/η2

z which is the same in WG and GW. Finally,
for the triple bounce scattering term

ηx =sinθ sinφk− sinθs cos(φs +φk) (12a)
ηy =sinθ cosφk + sinθs sin(φs +φk) (12b)
ηz =− cosθ − cosθs (12c)

The radar cross section (RCS) of the composite target is
then evaluated as

RCS = 4πr2 〈|Es(r)|2〉
|E0|2

(13)

where the different scattering contributions are summed up
as illustrated in [2, Section VII]. Finally, it is worth men-
tioning that the anistropic properties of the rough surface
do not modify the validity limits reported in [3, Appendix]
for isotropic surface.

Table 1. Simulation parameters

Parameter Value
Frequency 1.5GHz
Wind speed 10 m/s
Wind direction varying
Incidence angle 30◦

Sea spectrum Elfouhaily
Ship orientation 0◦

Ship size 100×30×20 m3

Seawater relative permittivity 70.26− j39.94
Ship relative permittivity 4.45− j2.72×107

3 Numerical Results

In this Section we show some numerical results in order
to visualize the impact of the surface anisotropy on the
RCS of the composite target. Simulation parameters are
listed in Table 1. Here we focus on the simulation of a
ship target over sea surface, whose statistics are here de-
scribed by the Elfouhaily directional spectrum [9]. Figure 2
shows the RCS of the composite target in the θs-φs plane
for horizontal-transmit horizontal-receive (HH) polariza-
tion and for ϕw ranging from 0◦ to 180◦ with angular steps
of 30◦. Indeed, the Elfouhaily directional spectrum de-
pends upon the direction of the wind but not upon its sense,
therefore, ϕw ∈ [0◦,180◦] can be considered to investigate
the whole directional preferences. Accordingly, results for
ϕw = 0◦ and ϕw = 180◦ coincide, see Fig. 2. It emerges
that the wind direction modifies the angular distribution of
the EM energy scattered from the target, whereas the sin-
gle scattering contribution from the ship deck remains un-
changed, see the bright return around φs = 270◦. However,
a strong return is still localized around the backscattering
direction θs = θ and φs = 90◦ as in the isotropic case [3].

4 Conclusions

This work presents an analytical model for fast evaluation
of the EM scattering from a canonical composite target
comprising a parallelepiped with smooth dielectric faces
and lying over a rough surface. With respect to the exist-
ing literature dealing with similar canonical problems, the
main novelty consists in the anisotropy of the rough surface,
which is here modeled as a normally-distributed process
with directional spectrum. The scattered field is evaluated
by means of KA-GO and then decomposed in single- and
multiple-bounce scattering contributions, whose mean and
mean squared values are discussed here. Numerical sim-
ulations of maritime environments show the impact of the
anistropy of the background sea surface on the RCS of the
ship target. Future research lines may regard the derivation
of analytical models under different roughness regimes, i.e.,
KA-PO.
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Figure 2. RCS of the composite target in the θs-φs plane for HH polarization and assuming wind direction ϕw from 0◦ to 180◦

with step of 30◦. Remaining parameters are set according to Table 1.
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