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Introduction

u(t) = {x e Q| u(x)| >t}
The decreasing and increasing rearrangement of u are defined
respectively as

u(s):=inf{t>0| p(t)<s} u(s) == u"(|Q] — s)

The radially increasing and decreasing rearrangement of u are
respectively defined as

U (x) = u(walx|")  ug(x) = u(walx|").

where w,, is the measure of the n-dimensional ball.
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Figure: The increasing rearrangement uy.

By Cavalieri's principle, the LP norms are equal for every p.




Some literature

Rearrangement of
gradient

Rearrangements are very useful in order to obtain comparison result.

Andrea Gentile

Introduction

Superiore
Meridionale

- MPS




Some literature

Rearrangement of
gradient

Rearrangements are very useful in order to obtain comparison result.
» Polya-Szegé: if u € WLP(R") then v € WHP(R") and it

holds:
/ |V uf|P dx S/ |Vul|P dx
Re Rr

Andrea Gentile

Introduction

27



Some literature

Rearrangement of
gradient

Rearrangements are very useful in order to obtain comparison result.
» Polya-Szegé: if u € WLP(R") then v € WHP(R") and it

holds:
/ |V uf|P dx S/ |Vul|P dx
Re Rr

» Talenti Comparison results: let f € L7 be a positive function,
denoting with u, v respectively the solution to

Andrea Gentile

Introduction

—Au=f inQ —Av ="t inQt
u=0 on 0Q v=20 on 9QF’
then
u*(x) < v(x) ae xcQf

27



Some literature

Rearrangement of
gradient

Rearrangements are very useful in order to obtain comparison result.
» Polya-Szegé: if u € WLP(R") then v € WHP(R") and it

holds:
/ |V uf|P dx S/ |Vul|P dx
Re Rr

» Talenti Comparison results: let f € L7 be a positive function,
denoting with u, v respectively the solution to

Andrea Gentile

Introduction

—Au=f inQ —Av ="t inQt
u=0 on 0Q v=20 on 9QF’

then
u*(x) < v(x) ae xcQf

and therefore

|u*|lr < ||v|[e  for every p.
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Introduction

Let us define

[Vu| < fae. inQ,
Q) :=sup q llulles | ue WP(Q)
>0, =p*
Questions:
» Does /(£2) achieve maximum?

» What is the optimal shape?
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Let QF be the ball centered at the origin with same measure as Q

and R its radius. Then there exists v, g spherically symmetric on
Q% such that g* = o, I(Q*) = ||v||1d,

and thus

[Vv|=g ae inQ ve W, P(Q), v>0inQ
Furthermore I1(Q*) > 1(Q) for all open sets Q in R" with |QF| = |Q)|. . .
In [Cianchi, 1996] the author proved a representation formula for g. . SSM
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So we can apply Giarrusso-Nunziante comparison.
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BV function

We say that u € L1(Q) is a BV function if

/ ua—Xl dx = /Qapd(D,-u) Vo € CZ(Q).
and Du is a Radon measure.
By Lebesgue decomposition theorem
dDu = L" L V*u+ dD°u = L" L V*u + dD’u + dD°u,

hence for every A C R" measurable

— |Dul(A) = |D*u|(A) + |D*u|(A) = /A\V“u\ dx + |D°u|(A).

Moreover for BV functions it holds the Fleming-Rishel formula:

|Du|(Q2) = /ﬁﬂ)O Per(u > t) dt.

J —oo
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Some remarks

» The strict inequality may occur in each inequalities.

» There is no analogue for the absolutely continuous and the
cantorian part, indeed |D*u|(R") and |D¢u|(R") can be
enhanced by symmetrization.

/N

Regular and singular part can mix!
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Theorem (Amato, G., Nitsch, Trombetti - in preparation)

Let Q C R" be a bounded open set, let Qt be the centered ball and
let u € BVo(Q2) be a non-negative function. Then there exists a
non-negative function v € WH1(QF) N BVo(Q%) N L=(Q%) that
satisfies

[Vv|(x) = |V?uls(x) a.e. in QF

1
= ———|D%ul(R" ot
V) = g | OUE) on
such that
lull) < vl
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Let Q C R" be a bounded open set and suppose that u is a
non-negative BV () function. Then

u*(s) < z(s) a.e. s € [0, +00).
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400 400
ull e :/ u*(s)ds < / z(s) ds
0

J0

400 —+o0 1
- / ( / L dF(r)) ds
0 s nwpTiTh

+oo 1 +o0 1
:/ 17'% dF1(T)+/ 17'% dFy(7)
0 0

n n

nwp nw;

@ BV case

1=

Recalling that dF; and dF, are related respectively to the regular
and singular part, we have

o, LT
s/ PAIVeul(r) dr + S D2 ul(Q) = V]l sy D
/0 NWn nwy
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We recall that v has the following explicit expression

v(x) = /VJFOO M dt +

1
= 1
WX gt w

Per(Qﬁ)|Ds”|(R”)X[o,mn(wnIX"\L (v coe

for x € R".
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We recall that v has the following explicit expression

oo |vay, (1) 1 : . .
V(X) :/U; T dt+ Per(Qﬁ)|D U|(R )X[O,\Q|](wn|x D. BVcase

1 1
nlx|? nwht-—n
for x € R".

This symmetrization procedure keeps the absolutely continuous part
separate from the singular part
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We recall that v has the following explicit expression

V(X):/+°° Mdt—&-

1
= 1
WX gt w

Per(QF) |Ds”|(Rn)X[o,\Q”(u1,,|x"\)7 (0)BV case

for x € R".

This symmetrization procedure keeps the absolutely continuous part
separate from the singular part, indeed

|ID*u|(R") = [ |V*uldx = / [V*v|dx = |D*v|(R");
R Qt

1

|Du|(R") = Per(Qﬁ)<Per(m) |DSu|(R"))
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Some remarks

We recall that v has the following explicit expression

e ‘Vau‘*(t) 1 s n n
i) = [ BB a0 B ).

WX g £
for x € R".
This symmetrization procedure keeps the absolutely continuous part
separate from the singular part, indeed
|D*u|(R™) = |V&u|dx = / [V*v|dx = |D*v|(R");
Rr Qt

1

|DSu|(R™) = Per(Qﬁ)<P ToE)

|D*u|(R")) — || (R").
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Robin Torsional Rigidity (1)
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gradient

Let B >0, Q C R"” a bounded open set with Lipschitz boundary
and let us consider the functional

Andrea Gentile

/ IVwl|? dx + f8 Per(Q)/ w? dH" !
Q JOQ

(forer)

and the associate minimum problem

1
— mi Q
T0.8) ~ witing T4 W)

Fp(2,w) = w e HY(Q)

Applications
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and let us consider the functional

Andrea Gentile

/ IVwl|? dx + f8 Per(Q)/ w? dH" !
Q JOQ

(forer)

and the associate minimum problem

1
— mi Q
T0.8) ~ witing T4 W)

Fp(2,w) = w e HY(Q)

Applications

The minimum is a weak solution to

—Au=1 in

%—&—/3 Per(Q)u=0 on 9Q
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Robin Torsional Rigidity (2)
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Corollary (Amato, G. - to appear on Rendiconti Lincei)

Let 5 >0, let Q C R" be a bounded open and Lipschitz set. If we
denote with QF the ball centered at the origin with same measure
as Q, it holds

T(Q,8) < T(43)
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Weightded L' comparison
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Moreover we generalize a result by Talenti (1994).
Theorem (Amato, G. - to appear on Rendiconti Lincei)

Let Q C R" be a bounded open and Lipschitz set and u € WP(Q).
Let f be in L>°(Q2) a function such that

F(t) > (11>1 /Otf*(s)ds vte[0,|Q] (%)

n)t.

Andrea Gentile

@ Applications

Then it holds ‘ ‘
/ f(x)u(x) dx §/ F(x)v(x) dx.
Q Qt
where v is the radially symmetric function such that

IVv|(x) = |Vuly(x) a.e inQF

/ udH" 1
a0

v=tee on 9QF.
Per(Q)
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Lorentz comparison
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Let Q C R"” a measurable set, 0 < p < 400 and 0 < g < +0o0.
Then a function w belongs to the Lorentz space LP9(Q) if

ooy dt\ @
ooy = ([ [ @) )" < o0
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Lorentz comparison

Let Q C R"” a measurable set, 0 < p < 400 and 0 < g < +0o0.
Then a function w belongs to the Lorentz space LP9(Q) if

ooy dt\ @
ooy = ([ [ @) )" < o0

Corollary (Amato, G. - to appear on Rendiconti Lincei)

Let1<p< n—fl let Q C R" be a bounded open and Lipschitz set
and u € WYP(Q) a non-negative function. Then it holds

H‘U|||Lp~1(§z) < |HV|HLp,1(Qn)
where u* is the function

[Vv|(x) = |Vuls(x) a.e. inQF

/ udH" 1
JOQ

v=2%¢L on OQF.
Per(Qﬁ)
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An insulating problem (1)
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Now we deal with the functional

S . 2
= ~/Q|v¢|2 b % <./anw dH”l) ¢ e HY(Q)\{0},

</§”’ dx)2

with m > 0 and the associate minimum problem

g ( 1/}) @ Applications

Tg(2) . werrljlr(lﬂ) G(v).
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Now we deal with the functional

S . 2
= ~/Q|v¢|2 b % <./anw dH”l) ¢ e HY(Q)\{0},

</§”’ dx)2

with m > 0 and the associate minimum problem

g ( 1/}) @ Applications

Tg(2) . werrljlr(lﬂ) G(v).

Why this functional?
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The functional is linked to the
problem of optimal insulation
of a given domain Q C R".
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e m
The functional is linked to the \ —K

problem of optimal insulation . /
of a given domain Q C R". / 4

Applications

Corollary (Amato, G. - to appear on Rendiconti Lincei)

Let Q C R” be a bounded and open set, let QF be the centered ball
with same measure as Q and let m > 0, then

Tg(Q) < Tg(QY).
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Thanks for your attention!
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