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Stability of the ball for P − ελ1 under c.c.

Shape optimization under convexity constraint
Stability

� A ⊂ P(Rn).

� J : A → R.

Shape opt. Minimization problem

min {J(Ω), Ω ∈ A}

Convexity constraint. A ⊂ {A ⊂ Rn, A is convex}.

Example. Isoperimetric problem:

min {P(A), A ⊂ Rn, |A| = 1} = P(B)

P(A) : Perimeter of A.
B : ball of measure |B| = 1.
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Introduction
The selection principle method

Stability of the ball for P − ελ1 under c.c.

Shape optimization under convexity constraint
Stability

� A ⊂ {A ⊂ Rn, |A| = 1}.
� J,R : A → R invariant by translation.

� B ⊂ Rn ball of measure |B| = 1.

De�nition (Stability)

B is said to be stable for J + εR if there exists ε0 > 0 such that for

ε ∈ (0, ε0) the problem

min {J(A) + εR(A), A ∈ A}

has B for unique (local) minimizer (up to translation), i.e.

∀A ∈ A with |A∆B| ≪ 1, J(A) + εR(A) ≥ J(B) + εR(B) (Sε)

with equality only if (up to translation) A = B .
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Shape optimization under convexity constraint
Stability

� A ⊂ {A ⊂ Rn, |A| = 1}.
� J,R : A → R invariant by translation.

� B ⊂ Rn ball of measure |B| = 1.

De�nition (Stability)
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ε ∈ (0, ε0) the problem

min {J(A) + εR(A), A ∈ A}
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Shape optimization under convexity constraint
Stability

Examples

1) Quantitative iso. ineq. [Fusco, Maggi, Pratelli, '08].

If |A| = 1, δF (A) := inf {|A∆(B + x)|, x ∈ Rn}

The ball is stable for P − εδ2F : there exists εn > 0 s.t. for all

A ⊂ Rn with |A| = 1

P(A)− P(B) ≥ εnδF (A)
2 (QII)
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Shape optimization under convexity constraint
Stability

2) Payne-Weinberger inequality.

� A ⊂ Rn open.

� λ1(A) is the 1st egv of the Dirichlet Laplacian:

∃u ∈ H1
0 (A),

{
−∆u = λ1(A)u in A

u > 0 in A

The ball is stable in 2d for P − ελ1 among simply connected sets:

there exists ε > 0 s.t. for all A ⊂ R2 open sply co. with |A| = 1

P(A)− P(B) ≥ ε(λ1(A)− λ1(B)) (PW)
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Shape optimization under convexity constraint
Stability

3) The ball is not stable for P − ελ1.

For all ε > 0, the ball B is

not a local minimizer of P − ελ1 among open sets A ⊂ Rn, |A| = 1:

∃Aj ⊂ Rn open, |Aj | = 1 and

{
(P − ελ1)(Aj) < (P − ελ1)(B)

|Aj∆B| → 0 avec j → ∞

⇝ Geometric constraint to ensure stability in dimension ≥ 3 ?

Raphaël Prunier Stability in shape optimization under convexity constraint



Introduction
The selection principle method

Stability of the ball for P − ελ1 under c.c.

Shape optimization under convexity constraint
Stability

3) The ball is not stable for P − ελ1. For all ε > 0, the ball B is

not a local minimizer of P − ελ1 among open sets A ⊂ Rn, |A| = 1:

∃Aj ⊂ Rn open, |Aj | = 1 and

{
(P − ελ1)(Aj) < (P − ελ1)(B)

|Aj∆B| → 0 avec j → ∞

⇝ Geometric constraint to ensure stability in dimension ≥ 3 ?

Raphaël Prunier Stability in shape optimization under convexity constraint



Introduction
The selection principle method

Stability of the ball for P − ελ1 under c.c.

Shape optimization under convexity constraint
Stability

3) The ball is not stable for P − ελ1. For all ε > 0, the ball B is

not a local minimizer of P − ελ1 among open sets A ⊂ Rn, |A| = 1:

∃Aj ⊂ Rn open, |Aj | = 1 and

{
(P − ελ1)(Aj) < (P − ελ1)(B)

|Aj∆B| → 0 avec j → ∞

⇝ Geometric constraint to ensure stability in dimension ≥ 3 ?

Raphaël Prunier Stability in shape optimization under convexity constraint



Introduction
The selection principle method

Stability of the ball for P − ελ1 under c.c.

General strategy
General strategy applied to the QII

1 Introduction

Shape optimization under convexity constraint

Stability

2 The selection principle method

General strategy

General strategy applied to the QII

3 Stability of the ball for P − ελ1 under c.c.

Regularity theory of the perimeter under c.c.

(IT) property

Raphaël Prunier Stability in shape optimization under convexity constraint



Introduction
The selection principle method

Stability of the ball for P − ελ1 under c.c.

General strategy
General strategy applied to the QII

Introduced by Cicalese and Leonardi (2014).

Step 1 : Stability for smooth perturbations.

Step 2 : Stability for all sets thanks to a regularity theory.
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General strategy
General strategy applied to the QII

Step 1: Fuglede-type computation.

X : space of vector �elds ξ : Rn → Rn (e.g. W k,p, Ck,α...).

Bξ := (Id+ ξ)(B) with ξ ∈ X .

Show stability for the Bξ:

∀ξ ∈ X with

{
∥ξ∥X ≪ 1

|Bξ| = 1
, J(Bξ) + εR(Bξ) ≥ J(B) + εR(B)

Method: di�erential calculus with repect to ξ ∈ X :

d

dξ

∣∣∣∣
ξ=0

(J + εR)(Bξ) = 0,
d2

dξ2

∣∣∣∣
ξ=0

(J + εR)(Bξ) is coercive
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Stability of the ball for P − ελ1 under c.c.

General strategy
General strategy applied to the QII

Step 2 : selection principle.

Proof by contradiction :

1. There exists (Aj) ∈ AN s.t.{
J(Aj) + εR(Aj) < J(B) + εR(B)

|Aj∆B| → 0
(1)

2. We build Ãj ∈ A s.t. (1) is still veri�ed for (Ãj) and

∃ξj ∈ X ,

{
Ãj = (Id+ ξj)(B)

∥ξj∥X → 0

3. We conclude using Step 1.
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Stability of the ball for P − ελ1 under c.c.

General strategy
General strategy applied to the QII

∀|A|=1, P(A)−P(B)≥εnδF (A)
2 (QII)

Step 1 [Fuglede, '89]

X = W 1,∞(∂B), i.e. ξ = ϕνB where ϕ ∈ W 1,∞(∂B).
Bϕ := (Id+ ϕνB)(B).

∀
(
∥ϕ∥W 1,∞ ≪ 1, |Bϕ| = 1

)
, P(Bϕ)− P(B) ≥ c∥ϕ∥2H1(

≳ δF (Bϕ)
2
)

Idea :

P(Bϕ) =

∫
∂B

f (ϕ,∇τϕ) dHn−1

⇝ Expansion of f at second order.
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The selection principle method

Stability of the ball for P − ελ1 under c.c.

General strategy
General strategy applied to the QII

Step 2

1) Regularity theory of the q.m.p.

De�nition (q.m.p)

A ⊂ Rn is a (Λ, r0)-quasi-minimizer of the perimeter (q.m.p.) if for

all 0 < r < r0 and F∆A ⋐ Br (x)

P(A) ≤ P(F ) + Λrn

Rk: If R(F )−R(A)≤Λrn, any min. of P+R is a q.m.p.

Theorem (Regularity and cvg. of the q.m.p., Tamanini '88...)

If (Aj) is a sequence of (Λ, r0)-q.m.p such that |Aj∆B| → 0, then

there exists ϕj ∈ C 1,1/2(∂B) with

Aj = (Id+ ϕjνB)(B) and ∥ϕj∥C1,α(∂B) → 0 for α ∈ (0, 1/2)
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The selection principle method

Stability of the ball for P − ελ1 under c.c.

General strategy
General strategy applied to the QII

∀|A|=1, P(A)−P(B)≥εnδF (A)
2 (QII)

Step 2

2) By contradiction :

1. There exists |Aj | = 1 s.t.{
P(Aj)− P(B) < εδF (Aj)

2

δF (Aj) → 0

2. We build Ãj a sequence of q.m.p. such that{
P(Ãj)− P(B) < εδF (Aj)

2

δF (Ãj) → 0

3. We conclude thanks to the Thm. of cvg. of the q.m.p. and

Step 1.
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2. We build Ãj a sequence of q.m.p. such that{
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Introduction
The selection principle method

Stability of the ball for P − ελ1 under c.c.

Regularity theory of the perimeter under c.c.
(IT) property

Goal: Stability for P − ελ1 under convexity constraint thanks to

the selection principle.
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Introduction
The selection principle method

Stability of the ball for P − ελ1 under c.c.

Regularity theory of the perimeter under c.c.
(IT) property

Kn
1 := {K convex body of Rn, |K | = 1}.

Theorem (Sharp stability of the ball; Lamboley, P.)

There exists εn > 0 s.t.

� For ε ∈ (0, εn), the ball is stable for P − ελ1 under c.c. :

∀K ∈ Kn
1 with |K∆B| ≪ 1, P(K )− ελ1(K ) ≥ P(B)− ελ1(B)

with equality only if (up to translation) K = B .

� For ε ∈ (εn,∞), the ball is not stable for P − ελ1 under c.c.

� The value of εn is given by Nitsch ('14).

� Non sharp stability is already known in any dimensions:

In 2d : Payne-Weinberger for the simply connected sets.

In dimensions ≥ 3 : Brandolini, Nitsch, Trombetti ('10) for the

convex sets.
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Introduction
The selection principle method

Stability of the ball for P − ελ1 under c.c.

Regularity theory of the perimeter under c.c.
(IT) property

Step 2

We seek for an appropiate space X .

Kn := {K convex body of Rn}.

De�nition (q.m.p.c.c)

Let Λ, η > 0. K ∈ Kn is a (Λ, η)-q.m.p.c.c. if

∀
(
K̃ ∈ Kn, |K∆K̃ | ≤ η

)
, P(K ) ≤ P(K̃ ) + Λ|K∆K̃ |

(A q.m.p.c.c. is not a q.m.p. !)
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The selection principle method

Stability of the ball for P − ελ1 under c.c.

Regularity theory of the perimeter under c.c.
(IT) property

∀
(
K̃∈Kn, |K∆K̃ |≤η

)
, P(K)≤P(K̃)+Λ|K∆K̃ | (q.m.p.c.c.)

Step 2

Theorem (Regularity and cvg. of the q.m.p.c.c. ; Lamboley, P.)

Let (Kj) be a sequence of (Λ, η)-q.m.p.c.c. s.t. |Kj∆B| → 0. Then

there exists ϕj ∈ C 1,1(∂B) s.t. Kj = (Id+ ϕjνB)(B) and

∀α ∈ (0, 1), ∥ϕj∥C1,α(∂B) → 0

Optimal in general: there exists a q.m.p.c.c. C1,1 which is not C2.
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Step 2

Proposition (Lamboley, P.)

Let K be a (local) minimizer of

min {P(K )− ελ1(K ), K ∈ Kn
1}

Then K is a q.m.p.c.c.

Corollary (Lamboley, P.)

Let (Kj) be a sequence of (local) minimizers of

min {P(K )− ελ1(K ), K ∈ Kn
1}

s.t. |Kj∆B| → 0. Then there exists ϕj ∈ C 1,1(∂B) s.t.

Kj = (Id+ ϕjνB)(B) and ∥ϕj∥C1,α(∂B) → 0 for α ∈ (0, 1).

⇝ The space X aimed for is C1,α(∂B).
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Stability of the ball for P − ελ1 under c.c.

Regularity theory of the perimeter under c.c.
(IT) property

Step 1

⇝ Expand P(Bϕ)− ελ1(Bϕ) at second order ((IT) property).

(IT) Perimeter (Fuglede, '89)

P veri�es (IT )H1,W 1,∞ : there exists a m.o.c. ω : R+ → R such

that if ϕ ∈ W 1,∞(∂B),

P(Bϕ) = P(B) +P ′(B) · ϕ+
1

2
P ′′(B) · (ϕ, ϕ) +ω (∥ϕ∥W 1,∞) ∥ϕ∥2H1

(IT) 1st Dirichlet egv (Lamboley, P.)

There exists α ∈ (0, 1) such that λ1 veri�es (IT )H1,C1,α : for

ϕ ∈ C1,α(∂B),

λ1(Bϕ) = λ1(B) + λ′
1(B) · ϕ+

1

2
λ′′
1(B) · (ϕ, ϕ) + ω (∥ϕ∥C1,α) ∥ϕ∥2H1
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Stability of the ball for P − ελ1 under c.c.

Regularity theory of the perimeter under c.c.
(IT) property

Corollary ((IT) P − ελ1, Lamboley, P.)

There exists α ∈ (0, 1) such that Pε := P − ελ1 veri�es (IT )H1,C1,α :
there exists a m.o.c. ω : R+ → R such that for ϕ ∈ C1,α(∂B),

Pε(Bϕ) = Pε(B) +P ′
ε(B) ·ϕ+

1

2
P ′′
ε (B) · (ϕ, ϕ) +ω (∥ϕ∥C1,α) ∥ϕ∥2H1

Moreover, for all ε ∈ (0, εn),

P ′′
ε (B) · (ϕ, ϕ) ≳ ∥ϕ∥2H1
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Pε(Bϕ) = Pε(B) +P ′
ε(B) ·ϕ+

1

2
P ′′
ε (B) · (ϕ, ϕ) +ω (∥ϕ∥C1,α) ∥ϕ∥2H1

Pε(Bϕ)−Pε(B) = P ′
ε(B) · ϕ︸ ︷︷ ︸

=0

+
1

2
P ′′
ε (B) · (ϕ, ϕ)︸ ︷︷ ︸
≥c∥ϕ∥2

H1

+ ω(∥ϕ∥C1,α)∥ϕ∥2H1︸ ︷︷ ︸
≥−c/4∥ϕ∥2

H1 si ∥ϕ∥C1,α≪1

Pε(Bϕ)− Pε(B) ≥
c

4
∥ϕ∥2H1 si ∥ϕ∥C1,α ≪ 1

=⇒ Stability for C1,α perturbations.

=⇒ Stability under c.c. thanks to the regularity theory.
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Thank you for your attention !
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