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First part

Anisotropic nonlinear elliptic equations via variational methods
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—Apu = MN(x,u) in Q, B
)
u=0 on 01,

® O C RN with a boundary of class C! and with N >2;

® 5= (p1,p2--.,pn). P ERY;

*p = min{plva'“’pN} > N;

e pt =max{p,p2...,pn};

* A>0;

® £:[0,1] x R — Ris an L' —Carathéodory function, that is:
1. x — f(x, §) is measurable for every £ € R;
2. &+ f(x, &) is continuous for almost every x € €2;
3. forevery s > 0 there is a function [, € L' () such that

sup |f(x,&)| < I(x), forae. x€ Q.
|€1<s
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Anisotropic p—Laplacian operator

Pi=2 gy
Ox;

@
Ox;

Mo
i=1
Ifpi=pforalli=1,...,N
>
= Oxi

Ifpi=2foralli=1,...,N

=2 9y
Ox;

Ou

Ox;

) = Apu, pseudo—p—Laplacian operator.

N
Z — = Au, Laplacian operator.

[1] M. Belloni, B. Kawohl, The pseudo-p-Laplace eigenvalue problem and viscosity solutions as p — oo, ESAIM
Control Optim. Calc. Var. 10 (2004), 28-52.

[2] L. Brasco, G. Franzina, An anisotropic eigenvalue problem of Stekloff type and weighted Wulff inequalities,
Nonlinear Differ. Equ. Appl. 20 (2013), 1795-1830.
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Let o« € NV be multiindices such that &« = («, ..., ay). The length of avis |a| = o + ... + .

alely
Dui= —— 1
NS oy M

D :=u.
E={aeN):|a| <1}andp= (po,pi,...,pn) withpy > p; > 1fori=1,...,N.
WEP(Q) = {u = u(x) : D% € 17> (), for a € E}, 2

is a reflexive Banach space if it is equipped with the norm

lllyesiay = 3 ID%ul g - 3
a€cE

We denote by WOE 7 () as closure of C$° () in the topology of WE7(Q).
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Anisotripic Sobolev spaces
Consider the following N + 1 multiindices of N —tuple
E = {(0,0,...,0),(1,0,...,0),(0,1,...,0),...(0,0,...,1)},

and consiter 5 = (po,p1,p2,.-.,pn) Withp; > 1foralli=1,...N
Then, the set (2) becomes

= 7]
WP (Q) = {u €I (Q) : 8—” € 17i(Q), fori = 1,...,N}, “)
Xi
in which we consider the norm
u . )
Il @) 8xt LPi(£2)
We define W(; 7 (€) as the closure of C§°(£2) with respect to the norm (5). On W(; 7 (£2) we can also
define the following norm
Ou
o7 o . ©)
H || 7 (Q) Ox; i)

Remark
We observe also that if p is constant (that is p; = p forall i = 0, 1, ..., N) we get

WP (Q) = {u er’(Q): g—u
Xi

€ LP(Q)}.
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Main tool

Theorem (G. Bonanno and G. D’ Agui)

Let X be a real Banach space and let ®, ¥ : X — R be two functionals of class C! such that
ir}}f ®(u) = ®(0) = ¥(0) = 0. Assume that there are r € R and &t € X, with 0 < ®(&) < r, such that

sup W (u)
ued=!(J=o0,1)) W (@)
_— 7
r < o (it)’ ™
and, for each
Ne A= D (u) r 7

(i)’ sup W (u)
u€d—1(]—o0,r])
the functional Iy, = ® — AV satisfies the (PS)—condition and it is unbounded from below.
Then, for each A € A, the functional /) admits at least two non-zero critical points uy 1, ux,2 € X such
that I>\(u>\71) <0< I,\(M)\’z).

[1]  A. Ambrosetti, P.H. Rabinowitz, Dual variational methods in critical point theory and applications, J. Funct.
Anal. 14 (1973) 349-381.

[2] G. Bonanno, G. D’Agui, Twvo non-zero solutions for elliptic Dirichlet problems, Z. Anal. Anwend. 35 (2016),
449-464.
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Variational approach

D,V Wé’ﬁ(Q) — R, F(x,1) = /tf(x,f)df forall (x,7) € Q X R.
0

=25 L5

i=1

pi

ou dxf/\/F(x,u(x))dx

i Q
—_—

®) W (u)

Energy functional

Definition

A function u : Q — R is a weak solution of problem (D’j\) if u € X satisfies the following condition for
allve X

Ou pi—2 ou Ov
o= flx dx.
;/ axi Ox; Ox; /Qj(x u(x))v(x)dx
i oo T 7
@7 (u) (v) W () (v)

(AR) There exist constants . > p+ and M > 0 such that, 0 < pF(x,t) < tf(x,1) for all x € Q and for
all |1 > M.
Lemma 1

Assume that the (AR)—condition holds. Then 7, satisfies the (PS)—condition and it is unbounded from
below.
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Preliminary results

(Wé’ﬁ(Q), H'”W(‘)ﬁ(m) is a Banach space, where Wé‘ﬁ(Q) is the closure of C§°(€2) with

N

lullyy1 72y = >

i=1

Ou
Ox;

@)

Proposition
W(; 7 (9) is compactely embedded in C°(Q) and for each u € Wé 7 ()

=D~ =1 =P
lllcogy <27~ my- max (101 7 Hllully
=T,

Proof: p~ > N, Wé P (Q) is continuously embedded in C°(2), the embedding is compact and

W=D™ =1 bi

-P
lallcogay < my g €2 7y max (90}l

_ 1 1— L
N »™ N N - —1 — 1_ 1
"= [F<1+7)] (pi> TN
r VT 2 p~—N

[11 M. Troisi, Teoremi di inclusione per spazi di Sobolev non isotropi, Ricerche Mat. 18 (1969), 3-24.
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Preliminary results
Proposition
Fix r > 0. Then for each u € Wé’ﬁ(ﬂ) such that
N

Zl

i=1 Pi

ou pi

= <r
Ox;i ’

i(Q)

one has

llull oy < T max{r/?~; /Py,

N
where T = Ty Zpil/p".

i=1
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The sign of solutions

o f(x0), if r<o,
frxn = { flx,0), if >0, (3)
for all (x,7) € Q x Rand
—Agu = M1 (x,u) in Q, P
{ u =p0 on O9. (D]A,er)

Lemma 2

Assume that
f(x,0) >0 for ae. x € Q.

Then, any weak solution of (Di F ) is nonnegative and it is also a weak solution of (D‘i).

Lemma 3

Assume that
f(x,t) >0 for ae. x€Q, for all t>0.

Then, any non-zero weak solution of (D’_;: 5 +) is positive and it is also a weak solution of (D’i).

[11 A.Di Castro, E. Montefusco, Nonlinear eigenvalues for anisotropic quasilinear degenerate elliptic equations,
Nonlinear Anal. 70 (2009), 4093-4105.
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Main result

R := supdist(x, Q) = Txo € Q such that B(xp,R) C

xEQ
5 1
™
wg = [B(x,R)| = ———~R", K=
r(1+73) N o2 P
2 Zf <7) WR ( ) max{TF_;TP+}
o Pi \R e
Theorem

Assume that the (AR)-condition holds and 3¢, d > 0, with max {dl’_;dp+ }<min {c”_;cp+ }, s.t.

F(x,t) >0, forall (x,7)€ Q x[0,d], (&)
max F(x / F (x,d) dx
/Q e i 2BGo.3) (10)
min {CP’ ; o } max {dlf ; art }
Then, for each
- o+
max 4 dP;dP 1 min { ¢ ;c?
NS ] + { } + { } ’
max {Tp TP } / (x,d) dx max {TP ;TP } \mlix F(x, §)dx
Q€

problem (D‘:\) has at least two non-zero weak solutions.
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Sketch of Proof
* X=W,P(Q)and A € A.

lpz/

/ F(x, u(x))dx

= ®(u) — AU (u).
8x,
o
from (AR)—condition tempal  satisfies the (PS)-condition
I, is unbounded from below.
- +

c\P c\P

° — mi - (=

Put r mln{(T> ’(T> } and
0 if x € Q\ B(xo,R),

- 2d
a(x) =9 — (R

R — |x —xo|) if xGB(xo,R)\B(xo,g)
ifxEB(xo,g).

Clearly, u € W&’ﬁ(Q). From max {d”7 ; d”+} < min {c'r ; ot } +(10) = 0 < ®(&r)

¥ () SOE B OE o TPy
>max{T” TP }IC 92 >max{T”7; +} §2 > .
P (ir) max{dl’ dl’+} mln{cl’ ;cl’+} r
- () r
e \cAC
€As ] (i) sup W (u) [
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Some consequences

Theorem

Letf : © x R — R be a continuous function such that f(x, ) > 0 for a.e. x € Q and for all r > 0.
Assume that

(ART) 3 p > pt and M > Osuch that 0 < pF(x,1) < ff(x,1) Vx € Qand V1 > M.

Moreover, assume that there are two positive constants ¢ and d, with d < 1 < ¢, such that

[ Fes.oa K/B(XU,I;)F("’”’”"
< .

P &

ar 1 le
max{TP T”+} / (x,d) dx max{T” Tp+}/ (x c)dx[

problem (D’;\) has at least two positive weak solutlons.

Then, for each A € ]

Sketch of Proof
(]
mma 1

from (AR )—condition bemy I} := & — AUt satisfies the (PS)—condition

o

» is unbounded from below

® From Lemma 3, any non-zero weak solution of (D‘; 5 ) is a positive weak solution of (D’i).
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Some consequences

Theorem
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[ Fesoa / gy Pl

<K
et &P

ar” 1 al
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Some consequences
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Example 1: N =3,Q = B(0,2),p1 =4,p» =5,p3 =6,c=landd = 10714

3 5
0 Ou [Pi=" du
9 (|o« ) 10 2@+ 2+ 2B+ 10724 inQ,
2;8)6; < Ox; 8)(,') CR A . (11)
=0 on 012,
LS B
foyzn) = (4 + )+ = Fyon =@+ +2)5 + 3
We have that (ART)—condition holds and
4 33 ~32 25 .32
T=(V2+V5+V6
o7 VT 2+ V5 +Ve){ BV
{rim"} =10 = (vV2+ 5+ V) @3 :
max H = = 8 = .
P 210.32.7.37(v/2 + /5 4+ /6)6
& 737 1 737 7-37
= = = = d= 10~ < 10~12
max {Tp Ter} / x d) dx S ?dS + T 4 4

"0,2

c
< =
max{Tp_;Tl’+} / F(x,c)dx (\EJF V5 + \6/6)621534
Q
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Some consequences
—Apu = XN(u) in Q, =
(ADY)
u=20 on 0.
Put wr
K" = K.
At
(AR?') there exist constants p > pT and M > 0 such that, 0 < pF(t) < tf (t) forall t > M.
Theorem

Letf : [0, +o0o[— [0, +oo[ be a continuous function such that the (ART)—condition holds. Moreover,
assume that there are two positive constants ¢ and d, with d < 1 < ¢, such that

Fi F(d

FO) ¢ e £ @) 12)
cP dr

Then, for each

= 1 1 1 ar 1 1
)\€A| = —_—— e |

max < TP~ ;TP || K* F(d)’ max § TP~ ; TP 2] F(c)
{7y {7}

the problem (ADP;\) has at least two positive weak solutions.
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Some consequences

—Apu=X(u) in Q, =
(AD%)
u=20 on ON).

ART") There exist constants w>pt and M > 0 such that, 0 < pF(t) < tf(t) forall t > M.
1

Theorem
Letf : [0, +00[— [0, +oo] be a continuous function such that the (AR,") —condition holds. Assume that

. F(1)
lim sup — = +o0. (13)

—ot

1 1 o
—_—  — ——sup ——.
max{Tp*;Tﬁ} 9] c>1 F(c)

Then, for each A € ]0, \*[, the problem (AD‘?\) admits at least two positive weak solutions.

Put \* =

Remark

A* 1 1 P a
= ——— — _max{sup——; SUup — ;.
max{Tp*;Tﬁ} 9] e>1 F(¢) o<e<t Fle)
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Some consequences
Theorem
Fix s, g such that0 < s < p~ — land pT — 1 < ¢. Put
g=s
(D) (@t =pt ] @+ —pt
I_L <i_1)p e (I_L) q q_sﬂ (g+1)—p
* — mi g+1 (s+1)(g+1) S g+1
N = min T 17 e Tpf.ﬂﬁ}lﬂl ot ot
e — ’ ((1+1)(1—m)+(5+1)(m—1)
Then, for each 7 €]0, n*[ the problem
—Apu=nu’ +u in Q, =
(ADY)

u=20 on OQ

has at least two positive weak solutions.
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Example 2: N =2,Q = B(0,1), p; = 3 and p,

For each n € :|O

, —1—— | the problem
28(22433)8

a(au au) d (| ou|* ou s .
— == )= ||=—| =— | =mu+uv inQ
Oxy Ox1 | Oxy Oxy Oxp | Oxp

u=0 on 012,
admits at least two positive weak solutions.
Indeed

2\ 3 2 L1 2
mp = ) Ty 1 T:(33+44)77
= T

o
max {77777} || = (37 +48)%2%, (s+ (g +1) =12,

pt—(s+1) (g+)—pt
(ﬂ —1 a=s 12 7=
s+1 q+1 _ 1
=T
@+ (1-Z5)+G6+D (25 -1) 374
R 31 3
g7 = w25 | = — T

3133 +49)424 (33 +44)828
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Second part

Non-variational elliptic equations
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D. Motreanu, A. Sciammetta, E. Tornatore, A sub-super solutions approach for Neumann boundary
value problems with gradient dependence, Nonlinear Anal. Real World Appl. 54 (2020) 1-12.

—div(A(x, Vu)) + a(x)[ulP~2u = f(x,u, Vu) in Q ®)
A(x,Vu) -v(x) =0 su 0.

1. A: Q x RY — RY is a continuous map;

2. ©Q C R¥ is a nonempty bounded domain with boundary C'+7 for v €]0, 1[;
3. 1 <p< +4ocowithp < N;

4. f: Q2 x R — Ris a Carathéodory function;

5. a € L*°(Q), with @ > 0 and o Z 0;

6. v is the unit outward normal vector to J€2 at each point x € 9f2.

7. X = whr(Q);

o0

1
. ul| = (/ |Vul? dx+/ a(x)|ul? dx) " which is equivalent to the usual one
Q Q

1
= (17l g + )

[1]  V.G. Mazja, Sobolev Spaces, Springer Ser. Soviet Math., Springer-Verlag, Berlin, 1985.



Introduction Basic notations Preliminary results Main result
oe

[
[

&) W W B M

00000 [e]o]e} 0000

G. Barletta, P. Candito, D. Motreanu, Constant sign and sign-changing solutions for quasilinear
elliptic equations with Neumann boundary condition, J. Convex Anal. 21 (2014), 53-66.

G. Bonanno, P. Candito, Three solutions to a Neumann problem for elliptic equations involving the
p-Laplacian, Arch. Math. 80 (2003), 424-429.

F. Faraci, D. Motreanu, D. Puglisi, Positive solutions of quasi-linear elliptic equations with
dependence on the gradient, Calc. Var. Partial Differential Equations 54 (2015), 525-538.

D. Motreanu, V.V. Motreanu, N. Papageorgiou, Multiple constant sign and nodal solutions for
nonlinear Neumann eigenvalue problems, Ann. Sc. Norm. Super. Pisa Cl. Sci. (5) 10 (2011),
729-755.

D. Motreanu, M. Tanaka, Existence of solutions for quasilinear elliptic equations with jumping
nonlinearities under the Neumann boundary condition, Calc. Var. Partial Differential Equations 43
(2013), 231-264.

D. Motreanu, P. Winkert, Existence and asymptotic properties for quasilinear elliptic equations
with gradient dependence, Appl. Math. Lett. 95 (2019), 78-84.

M. Tanaka, Existence of a positive solution for quasilinear elliptic equations with a nonlinearity
including the gradient, Bound. Value Probl., 173 (2013), 11 pp.

P. Winkert, Multiple solution results for elliptic Neumann problems involving set-valued
nonlinearities, J. Math. Anal. Appl. 377 (1) (2011) 121-134.



Basic notations
®0000

Basic notations

Definition

A function u : © — R is a weak solution of problem (P) if u € W' (Q) satisfies the following
condition for all v € W17 (Q)

/A(x,Vu)-Vvdx+/ a(x) |u|p72uvdx:/f(x,u,Vu)vdx.
Q Q Q

A function @ € W' () is a supersolution of problem (P) if u € WP () satisfies the following
condition

/ (A(x, Va) - Vv + a(x)|af’—2av) dx > /f(x, u, Vit)v dx
Q Q

forall v € W' (Q), with v > O ae. in Q.
A function u € WP (Q) is a subsolution of problem (P) if u € W (Q) satisfies the following condition

[ A6V - 9y ol w) s < [ 5o Tuvas
Q Q

forall v € W' (Q), with v > O a.e. in Q.
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Basic notations

Definition

A function u : © — R is a weak solution of problem (P) if u € W' (Q) satisfies the following
condition for all v € W17 (Q)

/A(x,Vu)-Vvdx+/ a(x) |u|p72uvdx:/f(x,u,Vu)vdx.
Q Q Q

A function @ € W' () is a supersolution of problem (P) if u € WP () satisfies the following
condition

/ (A(x, V) - Vv + oz(x)|ﬁ\p_2ﬁv) dx > /f(x, u, Vu)vdx

Q Q

forall v € W' (Q), with v > O ae. in Q.

A function u € WP (Q) is a subsolution of problem (P) if u € W (Q) satisfies the following condition

[ A6V - 9y ol w) s < [ 5o Tuvas
Q Q

forall v € W' (Q), with v > O a.e. in Q.

(H) There exists a function o € LY () with v € (1,p*) and @ > O and 3 € [0, ﬁ) such that

[ (x,5,8)| < o(x) +al¢|P forae xeQ, alls € [u(x),a(x)], £ € RV,
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Put A > 0 and we consider the following auxiliary Neumann problem:

{—div(A(x, Vu)) + a(x)|ulP~2u 4+ ATI(u) = Ny(Tu) in Q,

A(x,Vu) -v(x) =0 su 0. ()

1. Ny [u,a] — (WHP(Q))* is the Nemytskij operator corresponding to the function
f: QxR xRY = Rin (P), that is

<N/(u),v> :/Qf(x,u(x),Vu(x))v(x)dx;

2. for all u € W'P(Q), truncation operator T : W' (Q) — W' (Q)

u(x) if u(x) > u(x),
Tu(x) = ¢ u(x) if u(x) <u(x) <ux), (14)
ux) it u(x) <u(x)

3. cut-off function w: 2 X R — R
(s —u(x))r—7B if s> ux),
m(x,s) =4 0 if wu(x) <s<u(x), (15)
_B_
—(u(x) =s)p=7 it s <u(x),

4. T1: WhP(Q) — (WHP(Q))* is the Nemytskij operator corresponding to the function
m:QxXR—-R
(u) = 7 (-, u(-))-
5. for each A > 0 the operator A : WH?(Q) — (WP (Q))* is defined as

Ax(u) = —div(A(x, Vi) + a(x)|ul?2u 4+ ATT(u) — Ny(Tu)
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Main tool - Surjectivity theorem

Theorem (see [1, Theorem 2.99])

Main resul

Let X be a real reflexive Banach space and let A : X — X™* be an operator which satisfies following

conditions:
1. Ay is bounded, that is A\ maps bounded sets to bounded sets;

2. A, is coercive, that is
(Axu, u)

lim = +o00;
llull=o00  [|ul]
3. A, is pseudomonotone, that is let {u, } € X be such that

up, —u in X and limsup (Axup,u, —u) <0,
n— 0o

then Vw € X, (Axu,u —w) < liminf, oo (Axttn, ttn — W) .

Then A, is surjective, i.e. for every b € X* the equation A \x = b has at least one solution x € X.

[1] S.Carl, VK. Le, D. Motreanu, Nonsmooth variational problems and their inequalities. Comparison principles

and applications, Springer, New York, 2007.
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Hypothesis on A

A:Q x RY — RV is continuous and verifies the following condition:
(A) There exist constants 0 < ¢; < c¢; such that

A(x, €) - € > c1]€fP and |A(x, &) < c2(JEfP~" 4+ 1)
forae. x €, all £ € RV. A(x, -) is monotone on RV, i.e.

(A(x,8) —A(x,n)) - (€ —m) > Oforall £, € RV

Remark

We do not require that A has to be a potential operator.

Example: A(x, §) = [£]P726 + g(x, £)[€]97%¢
® 1 <g<p<—+oo;
® ¢:Q x RY — R nonnegative, continuous function such that
lg(x, €)I < co(1 + [€1P79)

for a constant ¢y > 0 forallx € 2, forall £ € RV

® ¢(x,-) monotone on RY fora.e. x € Q.
Ifg=0=— Apu:=div (|Vu|P_2Vu) s p—Laplacian operator.
Ifg=1= Apu+ Agu:=div <|Vu\p_2Vu + \Vu|‘7_2Vu) , (p, g)—Laplacian operator.
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Hypothesis on 7

_B
|7 (x,s)] < cls|P=B + o(x) forae. x € Q,all s € R, (16)

P
withc > 0and o € LB ().
From definition of 7w : Q X R — R we obtain that

b
/ (o, u(x))u(x) dx > ri||ul|”—5 —r forall u € WH(Q) 17
Q LP=B (Q)
_B
/ |7, u()) V) de < rallull "=y AVl 2 Al e forallu,ve WH(Q),
Q LB () LA LPr=F ()
(18)

with ry, rp, r3 and r4 positive constants.
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Theorem 1 (Esistence of a solution of auxiliary problem (T)))

Assume that u and % are a subsolution and a supersolution of problem (P) respectively, with u < 7 a.e. in
Q such that hypotheses (A) and (H) are fulfilled. Then there exists A9 > 0 such that whenever A > X
there is a solution of auxiliary problem (T)).

Sketch of Proof: Ay : W7 (€2) — (WP (Q))*

(Axu, v) :/ A(x,Vu) - Vvdx—i—/ X)|ulP~ 2uvdx+/ 7r()c,u)vdx—/f()c7 Tu, VTu)v dx
Q Q Q

® A, is bounded. From (A), (H), estimate (18), and since cv € L (£2).
® A, is pseudomonotone. Let {u,} C W!”(Q) be a sequence satisfies

4n — u in WI'P(Q) and  limsup(Axun, un — u) < 0.

n—o0o

From our assumption on f, T, 7, o, Holder inequality and R-K compact embedding theorem we get

lim /f(x,Tun,V(Tun))(u —u)dx=0, 111’1’1/ (%, up) (un—u)dx =0, hm/ )|t [P~ (g —1t)dx = 0.
Q

n—o0o

Then
hmsup/A(x Vup) -V (un — u)dx <0

n—oo

= uy = uin WP(Q) = Ayuy, — Axu,
(S)+ — property (Axtn, un) — (Axu, u)
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® A, is coercive.

(Axu,uy = /A(x,Vu)-Vvuder/ a(x)|u|1’dx+/ ﬂ(x,u)udxf/f(x,Tu,VTu)vdx
Q Q Q Q

> /A(x,Vu)-Vudx-i—/ w(x,u)udx—/f(x, Tu, VTu)udx
Q Q Q
»_
> (e = a)lull” + O —cE)lull”—y  —dlul = X2,
LP—F (Q)

with positive constants c¢(¢), ¢y, ry, d. Choose € € (0,¢) and A > Crli) , then

(Akuv M)

lim ————— = +4o00.
flul[=+oo  ||ul|

® Since the operator Ay : WP (2 — (W'?(Q))* is bounded, pseudomonotone and coercive, it is
surjective (see [1, p. 40]). Therefore we can find u € whr (£2) that solves

—div(A(x, V) + a(x)[uP~2u + MI(u) = Ny(Tu) in Q, ()
Ax, Vi) - v(x) = 0 on 99). A

[1] S.Carl, V.K. Le, D. Motreanu, Nonsmooth variational problems and their inequalities. Comparison principles
and applications, Springer, New York, 2007.
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Theorem 2 (the solution of problem (T} ) is a solution of (P))

Let u and u be a subsolution and a supersolution of (P), respectively, with u < % a.e. in €2 such that
hypotheses (A) and (H) are fulfilled. Then problem (P) possesses a solution u € W' () located in the
ordered interval [u, u].

® From Theorem 1, there is a solution u € W(; 7 () of auxiliary problem provided A > 0 sufficiently
large
{—div(A(x7 Vu)) + o(x)|[ulP~2u + MNI(u) = Np(Tu) in Q, T
A

A(x,Vu) - v(x) =0 on 9.

® Using comparison arguments we prove that every solution u € W(i 7 (2) of auxiliary problem
satisfies u < u < u a.e. in €;

® The solution u of the auxiliary truncated problem satisfies 7u = u and II(«) = 0, so it is a solution
of the original problem

P)

—div(A(x, V) + a(x)|[ulP~2u = f(x,u, Vu) in Q
A(x,Vu) -v(x) =0 su 0f.
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Put
w(x,s) == a(x)s" 7! — f(x,5,0) whenever (x,s) € Q x (0,4+00),
Theorem
Assume that condition (A) holds and there exist two positive constants a; and ap with a; < ay for which
w(x,a;) < 0and w(x,a;) > 0 fora.e x € Q,

[ (x,5,6)] < o(x) + alé|® fora.e.x€Q, foralls € [ar,a], £ € R,
foro € LY (Q) with v = 5 v €(l,p*),a>0eB €0, ﬁ)
Then (P) admits at least a (positive) solution u € Wé P (Q2) satisfying the a priori estimate
a; < u(x) < ap forallx € Q.

Sketch of Proof:
® u=a = wx,a)= a(x)a’l’_l —f(x,a1,0) <0 <= a(x)a’;_l < f(x,a;,0)
/ (A(x,0) - Vv+a(x)|a \pfzalv)dx < /f(x,al,O)vdx, Vv € WHP(Q) with v > 0 a.e. on Q.
Q N—— Q
=0

°U=ay = w(x,a) = oz(x)a‘z’*l —f(x,a2,0) > 0 < oz(x)a‘fl > f(x,a2,0)

/ (A(x,0) - Vv +a(x)\a2\”_2a2v) dx > /f(x, as, 0)vdx, Yv € W'P(Q) with v > 0 a.e. on Q.
=0

® From Theorem 2, problem (P) possesses a solution u € W' () such that u € [u, u).
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Put
w(x,s) == a(x)s" 7! — f(x,5,0) whenever (x,s) € Q x (0,4+00),

and that condition (A) holds.

Theorem

If there exist positive constants a; (i = 1,...,2m)witha; < ay < a3 < ... < ayy—1 < ayy for which
w(x, azj—1) < 0and w(x,ay) >0 fora.e.x € Q, forallj=1,...,m,
If(x,5,6)] < o(x) +alé|® forae x € Q, foralls € UL lay 1, a3, € €RY,

foro e LV (Q),+ = % v € (1,p*),a>0and € [0, ﬁ)

Then (P) admits at least m (positive) solutions u; € Wé P(Q), satisfying the a priori estimate
ari—1 S uj(x) < ayjforallx e Q,j=1,...,m
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Put
w(x,s) == a(x)s" 7! — f(x,5,0) whenever (x,s) € Q x (0,4+00),

and that condition (A) holds.

Theorem
If there exists a strictly increasing sequence of positive numbers {a;};> such that
w(x,azj—1) < 0and w(x,az) >0 forae x € Q, forallj> 1,
[F(x,s,8)| < o(x) +alg|® forae xeQ, forals e Uz [agj—1,ay], € € RY,
foro € L’V/(Q), v = ﬁ ~v € (1,p*),a > 0and B € 0, ﬁ)

Then (P) admits infinitely many (positive) solutions u; € Wé P(Q2), satisfying the a priori estimate
azi—1 < uj(x) < apjforallx € Q,j > 1.

Main result
0oeo
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Example (infinitely many solutions)

Given constants so > 0, 31,8 € |: |: n € L>®(Q),ed

14
0, ——
(p*)’
fx,5,€) = ()"~ +sins)(1+ [£]7) + n(x)]€]2
for a.e. x € Q, for alls > 59, £ € RV,
f(x7s7£) :f(x7 S07£)’
fora.e. x € Q, foralls < sp, & € RV,

w(x,s) = —sins,

for a.e. x € €2, forall s > 5.
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Thank you for your kind attention
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