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Abstract
The joint probability distribution of different intensity measures (𝐼𝑀𝑠) at differ-
ent sites in one earthquake is needed to define the stochastic process regulating
the exceedance (in time) of the 𝐼𝑀𝑠 at the ensemble of the sites, which in turn is
a funding element of the so-called multi-site probabilistic seismic hazard anal-
ysis (MSPSHA). The simplest model for the joint distribution of the 𝐼𝑀𝑠 in
one seismic event requires the mean vector and the covariance matrix of the
𝐼𝑀𝑠 at all sites, conditional to the magnitude and location of the earthquake,
which may need a large amount of data to be calibrated. The conditional haz-
ard (CH) approach, originally developed for single-site surrogate vector-valued
probabilistic seismic hazard analysis, may be a simplified option for MSPSHA,
as it explicitly models only part of the covariance matrix of the 𝐼𝑀𝑠 at the sites,
while the rest forcefully follows the working assumptions. The presented paper
compares the CH approach for MSPSHA against the benchmark in which the
complete covariance matrix is modelled, using a testbed in which one-hundred
sites are considered. When the comparison metric is the probability of a given
number of 𝐼𝑀 exceedances observed at the sites in some time intervals, it is found
that CH is a viable alternative to MSPSHA, although the degree of approxima-
tion is sensitive to which and howmany 𝐼𝑀𝑠 are considered (e.g., which spectral
acceleration). When the analysis is taken all the way to the risk, considering the
fragilities of a portfolio of hypothetical buildings, and taking as the metric the
probability of observing a given number of structural failures in a time interval, it
is found that the approximation introduced byCHwith respect to the benchmark
is further reduced.

KEYWORDS
distributed infrastructure, groundmotionmodels, performance-based earthquake engineering,
seismic fragility

1 INTRODUCTION

Probabilistic seismic hazard analysis (PSHA)1,2 enables obtaining the rate (i.e.,meannumber per time unit) of earthquakes
causing exceedance of an intensity measure (𝐼𝑀) threshold at a site of interest. In fact, under the classical assumptions

This is an open access article under the terms of the Creative Commons Attribution-NonCommercial-NoDerivs License, which permits use and distribution in any medium,
provided the original work is properly cited, the use is non-commercial and no modifications or adaptations are made.
© 2022 The Authors. Earthquake Engineering & Structural Dynamics published by John Wiley & Sons Ltd.

482 wileyonlinelibrary.com/journal/eqe Earthquake Engng Struct Dyn. 2023;52:482–499.

 10969845, 2023, 2, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1002/eqe.3769 by U

ni Federico Ii D
i N

apoli, W
iley O

nline L
ibrary on [10/01/2023]. See the T

erm
s and C

onditions (https://onlinelibrary.w
iley.com

/term
s-and-conditions) on W

iley O
nline L

ibrary for rules of use; O
A

 articles are governed by the applicable C
reative C

om
m

ons L
icense

https://orcid.org/0000-0001-6603-8106
https://orcid.org/0000-0002-8990-3120
https://orcid.org/0000-0002-4076-2718
mailto:iunio.iervolino@unina.it
http://creativecommons.org/licenses/by-nc-nd/4.0/
https://wileyonlinelibrary.com/journal/eqe
http://crossmark.crossref.org/dialog/?doi=10.1002%2Feqe.3769&domain=pdf&date_stamp=2022-11-16


CITO et al. 483

of PSHA, such a rate completely defines the homogenous Poisson process (HPP) as the stochastic process of earthquakes
causing exceedance of the threshold at the site. PSHA needs two main inputs: (i) the definition of the seismic source(s)
affecting the site, including the probabilistic characterization of the earthquakes possibly occurring, in terms ofmagnitude
and location, and (ii) the characterization of the conditional probability density function (PDF) of the considered 𝐼𝑀 at
the site in one earthquake with given magnitude and location, that is typically addressed via ground motion prediction
equations (GMPEs).
When the seismic risk assessment for a spatially distributed infrastructure (e.g., a buildings portfolio or a utility distri-

bution network) is of concern,3,4 it is typically required to model the stochastic process regulating the exceedances of 𝐼𝑀
thresholds at the multiple sites where the infrastructure is located; this is because the quantification of the seismic risk at
the regional scale is primarily based on counting the number of exceedances of groundmotion 𝐼𝑀𝑠 at the considered sites
(e.g., Esposito et al.5), regardless of the loss metric of interest. Such a process is not, in the general case, an HPP, even if
so is the process at any of the sites, taken individually. This case is typically referred to as multi-site PSHA or MSPSHA,6,7
which requires to model the joint PDF of the 𝐼𝑀𝑠 at all the sites in one earthquake of given magnitude and location. In
turn, this needs to define the covariance matrix of the 𝐼𝑀𝑠 at the different sites, conditional to the earthquake features.8,9
The covariance matrix entails modelling the stochastic dependence of residuals from GMPEs (to follow), via correlation
models for: (i) different 𝐼𝑀𝑠 at the same site (cross-correlation), (ii) the same 𝐼𝑀 at different sites (spatial correlation), (iii)
different 𝐼𝑀𝑠 at different sites (spatial cross-correlation). Several semi-empirical models for cross-correlation and spatial
correlation can be found in literature,3,10–14 but only a few for spatial cross-correlation are currently available.15,16 In fact,
the latter typically requires a relevant amount of region-dependent data to be calibrated via ground motion records.
The presented study investigates whether themodelling of the whole covariancematrix can be effectively approximated

by a simpler approach based on the conditional hazard17 (CH hereafter), whichwas originally developed in the framework
of single-site PSHA and is virtually equivalent to vector-valued seismic hazard analysis.18 CH allows to obtain the distribu-
tion of a secondary 𝐼𝑀 given a value of a primary one at the same site, provided that a cross-correlationmodel between the
two 𝐼𝑀𝑠 is at hand. CH can be extended to the multi-site case, if coupled with a spatial correlation model for the primary
𝐼𝑀, to get the joint PDF of the 𝐼𝑀𝑠 at the sites in one earthquake of given magnitude and location. The main advantage of
this approach is that it does not require to define thewhole covariancematrix of the 𝐼𝑀𝑠, at the cost of forcing its terms that
are not directly assigned. In otherwords, it avoids the explicitmodelling of: (i) the spatial cross-correlation among different
𝐼𝑀𝑠 at different sites, (ii) the spatial correlation for the same secondary 𝐼𝑀 at different sites, and (iii) the cross-correlation
among different secondary 𝐼𝑀𝑠 at the same site (if more than one secondary 𝐼𝑀 is of interest). However, these correlations
inherently follow from the CH hypotheses and can be seen as an approximation of the correlations they replace.
The effect of the strategy adopted to model the covariance matrix of the 𝐼𝑀𝑠 on multi-site hazard and risk analyses has

been investigated in literature;8,9,19 however, a formalization of the implications of the considered approaches remains
unaddressed and limits the generality of the conclusions. To provide a more general understanding of the CH-basedMSP-
SHA, enabling to clarify its capabilities and limitations, is the aim of the presented study. This is carried out considering,
as the IMs, some spectral accelerations corresponding to different vibration periods and, as testbed, one-hundred sites,
which are assumed to represent the locations of hypothetical buildings within a portfolio covering an area about 200 km2

wide in the district of Naples (southern Italy). The approximation implied by the CH is quantified first characterizing the
stochastic process counting the number of exceedances of some sets of pre-defined 𝐼𝑀 thresholds collectively observed
at the sites in different time intervals. The benchmark is the same analysis carried out implementing the whole covari-
ance matrix of the 𝐼𝑀𝑠. The effect of CH on multi-site seismic risk analysis is also discussed considering the failure of
hypothetical buildings located at the sites and modelled via seismic fragility functions.
The remainder of the paper is structured such that, after recalling the basics of MSPSHA and its main features, the

state-of-the art to assign the covariancematrix of the different 𝐼𝑀𝑠 at different sites in one earthquake is described. Subse-
quently, it is shownhow someof the correlations needed for defining the covariancematrix can be approximated by theCH
approach, if it is used together with a spatial correlation model for one of the 𝐼𝑀𝑠. It is also addressed how the CH inher-
ently forces the correlations it does not require to assign. Consequently, the case-study comparisons in terms of multi-site
hazard and risk analyses are shown and discussed. Some conclusions that can be drawn from the results close the study.

2 MULTI-SITE PSHA

Let us start considering a number, 𝑠, of sites (i.e., 𝑠 latitude-longitude pairs) and a number, 𝑧, of pseudo-spectral acceler-
ations (𝑆𝑎), that is, corresponding to 𝑧 different vibration periods (i.e., 𝑧 spectral accelerations per site). In the following,
the symbol 𝑆𝑎𝑗

𝑖
will identify the acceleration at the generic site 𝑗 = 1,… , 𝑠 and corresponding to the vibration period
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𝑖 = 1, … , 𝑧. A possible goal of MSPSHA is to count the number of exceedances of spectral acceleration thresholds collec-
tively observed at all sites in a (𝑡, 𝑡 + Δ𝑡) time interval, and the random variable (RV) of the stochastic process associated
to this experiment can be indicated as 𝑁(𝑡, 𝑡 + Δ𝑡).20 It has been shown that, even if the exceedances of the thresholds in
time at each site, taken individually, follow a HPP, the stochastic process counting exceedances at all the sites jointly does
not generally follow a HPP, because the site-specific HPPs are not stochastically independent.21 However, the mean and
the variance of 𝑁(𝑡, 𝑡 + Δ𝑡), that is, 𝐸[𝑁(𝑡, 𝑡 + Δ𝑡)] and 𝑉𝐴𝑅[𝑁(𝑡, 𝑡 + Δ𝑡)], respectively, can be computed as:

⎧⎪⎨⎪⎩
𝐸 [𝑁 (𝑡, 𝑡 + Δ𝑡)] = 𝜈 ⋅ Δ𝑡 ⋅

∑𝑧⋅𝑠

𝑛=0
𝑛 ⋅ 𝑃 [𝑁 = 𝑛]

VAR [𝑁 (𝑡, 𝑡 + Δ𝑡)] = 𝜈 ⋅ Δ𝑡 ⋅
∑𝑧⋅𝑠

𝑛=0
𝑛2 ⋅ 𝑃 [𝑁 = 𝑛]

, 𝑛 = 0, 1, … , 𝑧 ⋅ 𝑠, (1)

where 𝜈 denotes the annual rate of earthquakes on the sources affecting the sites (one seismic source is considered for
the sake of simplicity) and 𝑃[𝑁 = 𝑛] is the probability that the number of exceedances in a generic earthquake, that is, an
earthquake with unspecified magnitude and location, is equal to 𝑛 = 0, 1, … , 𝑧 ⋅ 𝑠. The latter probability can be computed
via the total probability theorem:

𝑃 [𝑁 = 𝑛] = ∫
𝑀

∫
𝑋

∫
𝑌

𝑃 [𝑁 = 𝑛 |𝑚, 𝑥, 𝑦 ] ⋅ 𝑓𝑀,𝑋,𝑌 (𝑚, 𝑥, 𝑦) ⋅ dm ⋅ dx ⋅ dy. (2)

In the equation, 𝑓𝑀,𝑋,𝑌 is the joint PDF of magnitude (𝑀) and earthquake location {𝑋, 𝑌} (e.g., the epicenter of the
earthquake) given the occurrence of the earthquake; 𝑃[𝑁 = 𝑛|𝑚, 𝑥, 𝑦] is the conditional probability that, given an earth-
quake with magnitude and location equal to 𝑚 and {𝑥, 𝑦}, respectively, exactly 𝑛 exceedances are jointly observed at the
ensemble of the sites. Denoting as 𝑠𝑎𝑗∗

𝑖
the spectral acceleration threshold of interest for the 𝑖−th vibration period at the

𝑗−th site, 𝑃[𝑁 = 𝑛|𝑚, 𝑥, 𝑦] can be expressed as:
𝑃 [𝑁 = 𝑛 |𝑚, 𝑥, 𝑦 ] =

∫
𝑆𝑎1

1

… ∫
𝑆𝑎𝑠𝑧

𝐼
[∑𝑧

𝑖=1

∑𝑠

𝑗=1
𝐼
𝑠𝑎

𝑗

𝑖
>𝑠𝑎

𝑗∗

𝑖

= 𝑛
]
⋅ 𝑓𝑆𝑎1

1
,…,𝑆𝑎𝑠𝑧|𝑀,𝑋,𝑌

(
𝑠𝑎1

1
, … , 𝑠𝑎𝑠𝑧 |𝑚, 𝑥, 𝑦 ) ⋅ 𝑑 (𝑠𝑎11) ⋅ … ⋅ 𝑑 (𝑠𝑎𝑠𝑧)

, (3)

where 𝐼
𝑠𝑎

𝑗

𝑖
>𝑠𝑎

𝑗∗

𝑖

is an indicator function that equals one if 𝑠𝑎
𝑗

𝑖
is larger than 𝑠𝑎

𝑗∗

𝑖
and zero otherwise,

𝐼[
∑𝑧

𝑖=1

∑𝑠

𝑗=1
𝐼
𝑠𝑎

𝑗

𝑖
>𝑠𝑎

𝑗∗

𝑖

= 𝑛] equals one if the sum of the indicator functions is equal to 𝑛 and zero otherwise, and
𝑓𝑆𝑎1

1
,…,𝑆𝑎𝑠𝑧|𝑀,𝑋,𝑌 is the joint PDF of all the spectral accelerations at all the sites conditional to the occurrence of an

earthquake with given magnitude and location.
Because the spectral accelerations in one earthquake are not stochastically independent RVs, the modelling of

𝑓𝑆𝑎1
1
,…,𝑆𝑎𝑠𝑧|𝑀,𝑋,𝑌 is a key element in MSPSHA. Therefore, there is a requirement to model the dependencies of all possible

pairs of 𝑆𝑎𝑗
𝑖
and 𝑆𝑎𝑘𝑤, with 𝑖 = 1, … , 𝑧, 𝑗 = 1,… , 𝑠, 𝑤 = 1,… , 𝑧 and 𝑘 = 1,… , 𝑠. This issue is introduced in the following

subsections via some basic examples of: (i) one site and one spectral acceleration, that is, 𝑠 = 𝑧 = 1; (ii) one site and
multiple spectral accelerations; (iii) multiple sites and one spectral acceleration; (iv) multiple site and multiple spectral
accelerations.

2.1 One intensity measure at one site (PSHA essentials)

This section considers that one spectral acceleration (i.e., one vibration period), the 𝑖−th, at one site, the 𝑗−th, is of con-
cern, that is, the case of single-site PSHA. The PDF of 𝑆𝑎𝑗

𝑖
, conditional to {𝑚, 𝑥, 𝑦}, is typically derived via GMPE. Under

the assumption that 𝑆𝑎𝑗
𝑖
is lognormally distributed, given magnitude and location of the earthquake, GMPEs model the

logarithms of 𝑆𝑎𝑗
𝑖
as:

log
(
𝑆𝑎

𝑗

𝑖

)
= 𝜇

𝑗

𝑖

(
𝑚, 𝑥, 𝑦, 𝜃

)
+ 𝜎𝑖 ⋅ 𝜀

𝑗

𝑖
. (4)
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CITO et al. 485

In the equation, 𝜇𝑗
𝑖
(𝑚, 𝑥, 𝑦, 𝜃) is the conditional mean of the logarithm of 𝑆𝑎𝑗

𝑖
given the occurrence of an earthquake

with {𝑚, 𝑥, 𝑦}, and additional covariates (e.g., site soil conditions, rupture mechanism, etc.) represented by the 𝜃 vector.
The elements of such a vector are usually not RVs, and therefore they are not considered in the following for the sake of
simplicity. (Also note that, in the majority of the GMPEs, the conditional mean of log(𝑆𝑎𝑗

𝑖
) depends, in fact, on a source-

to-site distance metric rather than the earthquake location.) The 𝜎
𝑖
⋅ 𝜀

𝑗

𝑖
term is a zero mean and (𝜎

𝑖
)
2variance Gaussian

RV; i.e., 𝜀𝑗
𝑖
is the standardized residual that quantifies the number of standard deviations that the logarithm of 𝑆𝑎𝑗

𝑖
is far

from the mean, given {𝑚, 𝑥, 𝑦} (for the majority of the GMPEs, the variance does not depend on the considered site, thus
𝜎𝑖 is here used as the symbol). Thus, once 𝜇

𝑗

𝑖
(𝑚, 𝑥, 𝑦) and 𝜎

𝑖
are known, the 𝑓

𝑆𝑎
𝑗

𝑖
|𝑀,𝑋,𝑌

PDF is completely defined and
Equation (3) applies.
It has to be recalled herein that GMPEs usually present the residual divided into two terms, such that 𝜎

𝑖
⋅ 𝜀

𝑗

𝑖
= 𝜙

𝑖
⋅

𝜀
𝑗

𝑖,inter
+ 𝛾

𝑖
⋅ 𝜀

𝑗

𝑖,intra
. The𝜙

𝑖
⋅ 𝜀

𝑗

𝑖,inter
term is the inter-event residual, aGaussianRVwith zeromean and𝜙

𝑖
standard deviation.

The term 𝛾
𝑖
⋅ 𝜀

𝑗

𝑖,intra
denotes the intra-event residual, a Gaussian RV with zero mean and 𝛾

𝑖
standard deviation. Typically,

inter- and intra-event residuals are assumed to be stochastically independent RVs, that is, the standard deviation of total

residual is 𝜎𝑖 =
√
(𝜙𝑖)

2
+ (𝛾𝑖)

2. (Note that recent GMPEs, referred to as non-ergodic, and not explicitly considered herein,
may present a different representation of the residual.)22,23,24
Before moving to the other cases, it is worthwhile observing that, when one spectral acceleration at one site is consid-

ered, the number of exceedances in one earthquake can only be equal to zero or one (i.e., a Bernoulli RV). Consequently,
according to Equation (1), it is:

𝐸 [𝑁 (𝑡, 𝑡 + Δ𝑡)] = VAR [𝑁 (𝑡, 𝑡 + Δ𝑡)] = 𝜈 ⋅ Δ𝑡 ⋅ 𝑃 [𝑁 = 1] , (5)

where 𝑃[𝑁 = 1] is derived via Equation (2). Equation (5) shows that themean and the variance of𝑁(𝑡, 𝑡 + Δ𝑡) are the same
in this case. Thismeans that the process counting the exceedances of 𝑠𝑎𝑗∗

𝑖
at the site in (𝑡, 𝑡 + Δ𝑡) is anHPP characterized by

an exceedance rate (𝜆
𝑠𝑎

𝑗∗

𝑖

)provided byEquation (6). In fact, this rate is the result of classical PSHA, and canbe computed as:

𝜆
𝑠𝑎

𝑗∗

𝑖

= 𝜈 ⋅ 𝑃 [𝑁 = 1] = 𝜈 ⋅ 𝑃
[
𝑆𝑎

𝑗

𝑖
> 𝑠𝑎

𝑗∗

𝑖

]
, (6)

where 𝑃[𝑆𝑎𝑗
𝑖
> 𝑠𝑎

𝑗∗

𝑖
] is the probability of exceeding the threshold at the site given the occurrence of a generic earthquake.

Equation (6) is the so-called hazard integral (e.g., Kramer).25

2.2 More than one intensity measure at one site

It is now considered the case in which 𝑧 spectral ordinates are of interest at the (same) site; i.e., the 𝑗−th one. The sought
PDF is therefore 𝑓

𝑆𝑎
𝑗
1
,…,𝑆𝑎

𝑗
𝑧|𝑀,𝑋,𝑌

. To compute it, it is typically assumed that the logarithms of the spectral ordinates at
the site, given magnitude and location of the earthquake, are jointly Gaussian, that is, they follow a multivariate normal
distribution. Thus, 𝑓

𝑆𝑎
𝑗
1
,…,𝑆𝑎

𝑗
𝑧|𝑀,𝑋,𝑌

is defined via a conditional mean vector, 𝜇, and a covariance matrix, Σ, as provided by
Equation (7):

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

𝜇 =
[
𝜇
𝑗

1 (𝑚, 𝑥, 𝑦) , … , 𝜇
𝑗
𝑧 (𝑚, 𝑥, 𝑦)

]𝑇

Σ = Φ + 𝛶 =

⎡⎢⎢⎢⎢⎢⎢⎣

(𝜙1)
2

𝜏
𝑗,𝑗

1,2
⋅ 𝜙1 ⋅ 𝜙2 ⋯ 𝜏

𝑗,𝑗

1,𝑧
⋅ 𝜙1 ⋅ 𝜙𝑧

(𝜙2)
2

⋯ ⋮

sym ⋱ ⋮

(𝜙𝑧)
2

⎤⎥⎥⎥⎥⎥⎥⎦
+

⎡⎢⎢⎢⎢⎢⎢⎣

(𝛾1)
2

𝜍
𝑗,𝑗

1,2
⋅ 𝛾1 ⋅ 𝛾2 ⋯ 𝜍

𝑗,𝑗

1,𝑧
⋅ 𝛾1 ⋅ 𝛾𝑧

(𝛾2)
2

⋯ ⋮

sym ⋱ ⋮

(𝛾𝑧)
2

⎤⎥⎥⎥⎥⎥⎥⎦
. (7)

In the equation,𝜇 has 𝑧 elements, one per spectral ordinate, each ofwhich provided by theGMPE.The covariancematrix
is given by the sum of two matrices, Φ and Υ, each with 𝑧 × 𝑧 size, the terms of which include the correlations among

inter- and intra-event residuals of the GMPE for the spectral accelerations at site 𝑗, respectively. More specifically, 𝜏𝑗,𝑗
𝑖,𝑤
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486 CITO et al.

and 𝜍𝑗,𝑗
𝑖,𝑤

denote the cross-correlation coefficient for inter- and intra-event residuals, respectively, considering all possible
combinations of 𝑆𝑎𝑗

𝑖
and 𝑆𝑎𝑗𝑤, for 𝑖 = 1, … , 𝑧 and 𝑤 = 1,… , 𝑧 (if 𝑖 = 𝑤, it is 𝜏𝑗,𝑗

𝑖,𝑤
= 𝜍

𝑗,𝑗

𝑖,𝑤
= 1). According to literature, the

cross-correlation of inter- and intra-event residuals decreases with the increasing difference of spectral periods the two
spectral accelerations refer to,11,14 sometimes in a magnitude-dependent manner.26

2.3 One intensity measure at multiple sites

This section introduces the MSPSHA in which one spectral ordinate, that is, the 𝑖−th one, is of interest at all the 𝑠 sites. In
other words, 𝑓𝑆𝑎1

𝑖
,…,𝑆𝑎𝑠

𝑖
|𝑀,𝑋,𝑌 is sought. It is generally assumed that, given magnitude and location of the earthquake, the

logarithms of the considered spectral acceleration at more than one site form a Gaussian random field or GRF.27,28 Then,
𝑓𝑆𝑎1

𝑖
,…,𝑆𝑎𝑠

𝑖
|𝑀,𝑋,𝑌 is modelled via a conditional mean vector, 𝜇, and a covariance matrix, Σ, as per Equation (8):

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

𝜇 =
[
𝜇1
𝑖 (𝑚, 𝑥, 𝑦) , … , 𝜇𝑠

𝑖 (𝑚, 𝑥, 𝑦)
]𝑇

Σ = Φ + Υ =

⎡⎢⎢⎢⎢⎢⎣

(𝜙𝑖)
2

(𝜙𝑖)
2

⋯ (𝜙𝑖)
2

(𝜙𝑖)
2

⋯ (𝜙𝑖)
2

sym ⋱ ⋮

(𝜙𝑖)
2

⎤⎥⎥⎥⎥⎥⎦
+

⎡⎢⎢⎢⎢⎢⎣

(𝛾𝑖)
2

𝜍
1,2
𝑖,𝑖

⋅ (𝛾𝑖)
2

⋯ 𝜍
1,𝑠
𝑖,𝑖
⋅ (𝛾𝑖)

2

(𝛾𝑖)
2

⋯ ⋮

sym ⋱ ⋮

(𝛾𝑖)
2

⎤⎥⎥⎥⎥⎥⎦
. (8)

In the considered case, the mean vector has 𝑠 elements, one per site, each provided by the GMPE, while Φ and Υ,
each with 𝑠 × 𝑠 size, include the correlations among inter- and intra-event residuals of the GMPE for the 𝑖−th spectral
acceleration at the sites, respectively. More specifically, the Φ matrix shows that the same inter-event residual is shared
by all sites in one seismic event; i.e., they are perfectly correlated in one earthquake. The Υ matrix includes the spatial
correlation of intra-event residuals at the different sites that, according to literature, decreases with the increasing inter-
site distance.3,12 In fact, 𝜍𝑗,𝑘

𝑖,𝑖
denotes the spatial correlation coefficient between the intra-event residuals of the GMPE,

considering the 𝑖−th spectral acceleration at sites 𝑗 and 𝑘, for 𝑗 = 1,… , 𝑠 and 𝑘 = 1,… , 𝑠 (if 𝑘 = 𝑗, 𝜍𝑗,𝑘
𝑖,𝑖

= 1).
It should be noted, at this point, that non-ergodic GMPEs provide the spatial correlation model of residuals, which

is not included in classical GMPEs, for one intensity measure. However, they do not typically account for spatial cross-
correlation (see next section).

2.4 More than one intensity measure at multiple sites

In themost general case, theMSPSHA deals with 𝑧 spectral ordinates at each of the 𝑠 sites. In this situation, the hypothesis
of joint lognormality, conditional to the earthquake magnitude and location, is usually taken referring to all the spectral
ordinates at all the sites. Therefore 𝑓𝑆𝑎1

1
,…,𝑆𝑎𝑠𝑧|𝑀,𝑋,𝑌 is a conditional multivariate lognormal distribution, the mean vector

and covariance matrix of which are defined as per Equation (9):

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

𝜇 =
[
𝜇1
1 (𝑚, 𝑥, 𝑦) , … , 𝜇𝑠𝑧 (𝑚, 𝑥, 𝑦)

]𝑇
Σ = Φ + Υ =⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

(𝜙1)
2

⋯ 𝜏
1,𝑠
1,1

⋅ (𝜙1)
2
⋯ 𝜏

1,1
1,𝑧

⋅ 𝜙1 ⋅ 𝜙𝑧 ⋯ 𝜏
1,𝑠
1,𝑧

⋅ 𝜙1 ⋅ 𝜙𝑧

⋱ ⋮ ⋯ ⋯ ⋮

(𝜙1)
2

⋯ 𝜏
𝑠,1
1,𝑧

⋅ 𝜙1 ⋅ 𝜙𝑧 ⋯ 𝜏
𝑠,𝑠
1,𝑧

⋅ 𝜙1 ⋅ 𝜙𝑧

⋯ ⋮

⋱ (𝜙𝑧)
2

⋯ 𝜏
1,𝑠
𝑧,𝑧 ⋅ 𝜙𝑧 ⋅ 𝜙𝑧

⋱ ⋮

sym (𝜙𝑧)
2

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

+

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

(𝛾1)
2

⋯ 𝜍
1,𝑠
1,1

⋅ (𝛾1)
2
⋯ 𝜍1.1

1,𝑧
⋅ 𝛾1 ⋅ 𝛾𝑧 ⋯ 𝜍

1,𝑠
1,𝑧

⋅ 𝛾1 ⋅ 𝛾𝑧

⋱ ⋮ ⋯ ⋯ ⋮

(𝛾1)
2

⋯ 𝜍
𝑠,1
1,𝑧

⋅ 𝛾1 ⋅ 𝛾𝑧 ⋯ 𝜍
𝑠,𝑠
1,𝑧

⋅ 𝛾1 ⋅ 𝛾𝑧

⋯ ⋮ ⋮ ⋮

⋱ (𝛾𝑧)
2

⋯ 𝜍
1,𝑠
𝑧,𝑧 ⋅ (𝛾𝑧)

2

⋱ ⋮

𝑠𝑦𝑚 (𝛾𝑧)
2

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

.

(9)
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CITO et al. 487

In this case, 𝜇, has 𝑧 ⋅ 𝑠 elements, one for each site and spectral acceleration according to the GMPE. The covariance
matrix, Σ, is somewhat more elaborated than the previous cases, as the Φ and Υ matrices have 𝑧 ⋅ 𝑠 × 𝑧 ⋅ 𝑠 size. In fact,

Σ considers all possible combinations of 𝑆𝑎𝑗
𝑖
and 𝑆𝑎𝑘𝑤, that is, with 𝑖 = 1, … , 𝑧, 𝑗 = 1,… , 𝑠, 𝑤 = 1,… , 𝑧 and 𝑘 = 1,… , 𝑠.

More specifically, 𝜏𝑗,𝑘
𝑖,𝑤

denotes the spatial cross-correlation coefficient between the inter-event residuals of the GMPE,
considering 𝑆𝑎𝑗

𝑖
and 𝑆𝑎𝑘𝑤. Such a coefficient does not depend on the inter-site distance, that is, 𝜏

𝑗,𝑘

𝑖,𝑤
is the same for each

(𝑗, 𝑘) pair, and it is also 𝜏𝑗,𝑘
𝑖,𝑤

= 1 if 𝑖 = 𝑤. The 𝜍𝑗,𝑘
𝑖,𝑤

term is the spatial cross-correlation coefficient between intra-event
residuals of the GMPE for 𝑆𝑎𝑗

𝑖
and 𝑆𝑎𝑘𝑤. If 𝑖 = 𝑤, 𝜍𝑗,𝑘

𝑖,𝑖
(𝜍
𝑗,𝑘
𝑤,𝑤) is the spatial correlation coefficient for intra-event residuals

considering the 𝑖−th (𝑤−th) spectral acceleration at sites 𝑗 and 𝑘. If 𝑘 = 𝑗, 𝜍𝑘,𝑘
𝑖,𝑤

(𝜍
𝑗,𝑗

𝑖,𝑤
) represents the cross-correlation

coefficient between intra-event residuals of the GMPE for the 𝑖−th and 𝑤−th spectral acceleration at site 𝑘 (𝑗). Finally,
if 𝑘 = 𝑗 and 𝑖 = 𝑤, it is 𝜍𝑗,𝑘

𝑖,𝑤
= 1. According to literature, the spatial cross-correlation of intra-event residuals tends to

decrease with the increasing inter-site distance and the increasing difference between the spectral periods.15,16 It is easy
to acknowledge that Equation (9) is a generalization of all the previously discussed cases.
Once themean vector and the covariancematrix of the distribution of the spectral accelerations at all sites, conditional to

the earthquake features, are described, 𝑓𝑆𝑎1
1
,…,𝑆𝑎𝑠𝑧|𝑀,𝑋,𝑌 is known and MSPSHA can be performed (see Section 2). Because

the covariance matrix is completely defined, the implementation according to the shown equations is denoted as explicit
approach, to distinguish it by the one discussed in the next section, as it will be readily understood.

3 CONDITIONAL HAZARD

It has been recalled that, givenmagnitude and location of the earthquake, the logarithm of the spectral accelerations at the
sites are assumed to be jointly Gaussian. When two spectral accelerations at one site, say 𝑗, are of concern, the covariance
matrix is given by Equation (7) (for 𝑧 = 2), which is factually part of the one provided by Equation (9) for multiple sites
(𝑠 > 1) and spectral accelerations (𝑧 > 1). In such a case, conditional to a value of 𝑆𝑎𝑗

1
, which is arbitrarily indicated as the

primary intensitymeasure, and the earthquake’smagnitude and location, it is easy to derive the conditional distribution of
𝑆𝑎

𝑗

2
, indicated as the secondary intensity measure.17 The logarithm of 𝑆𝑎𝑗

2
given the occurrence of a value of 𝑆𝑎𝑗

1
, indicated

as 𝑠𝑎𝑗
1
, and the earthquake’s magnitude and location, is distributed according to a Gaussian distribution with parameters

provided by:

⎧⎪⎪⎨⎪⎪⎩
𝜇
𝑗

2

(
𝑚, 𝑥, 𝑦, 𝑠𝑎

𝑗

1

)
= 𝜇

𝑗

2 (𝑚, 𝑥, 𝑦) + 𝜎2 ⋅ 𝜌
𝑗,𝑗

1,2
⋅
log
(
𝑠𝑎

𝑗
1

)
−𝜇

𝑗
1(𝑚,𝑥,𝑦)

𝜎1

𝜎2

(
𝑠𝑎

𝑗

1

)
= 𝜎2 ⋅

√
1 −

(
𝜌
𝑗,𝑗

1,2

)2 . (10)

In the equation, 𝜇𝑗
2
(𝑚, 𝑥, 𝑦, 𝑠𝑎

𝑗

1
) and 𝜎2(𝑠𝑎

𝑗

1
) are the conditional mean and standard deviation of the logarithm of 𝑆𝑎𝑗

2
,

respectively. The 𝜌𝑗,𝑗
1,2

is the cross-correlation coefficient between the total residuals of the GMPE of the two spectral
accelerations at the same site. It can be expressed as:

𝜌
𝑗,𝑗

1,2
=

𝜏
𝑗,𝑗

1,2
⋅ 𝜙1 ⋅ 𝜙2 + 𝜍

𝑗,𝑗

1,2
⋅ 𝛾1 ⋅ 𝛾2√

(𝜙1 ⋅ 𝜙2)
2
+ (𝜙1 ⋅ 𝛾2)

2
+ (𝛾1 ⋅ 𝜙2)

2
+ (𝛾1 ⋅ 𝛾2)

2
, (11)

where all the terms have been already defined. In fact, the numerator is the covariance between total residuals of the
GMPE referring to 𝑆𝑎𝑗

1
and 𝑆𝑎𝑗

2
, while the denominator is factually the product of 𝜎1 and 𝜎2; see also Equation (7).

3.1 Conditional hazard based MSPSHA

This section shows that the CH approach can be also used in the context ofMSPSHA,whenmultiple spectral accelerations
are considered. Similar to the previous section, the primary 𝑆𝑎 at site 𝑗 = 1,… , 𝑠 is denoted as 𝑆𝑎𝑗

1
. Then, each of the other
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488 CITO et al.

spectral accelerations at the sites is intended as a secondary intensity measure, and it is indicated in the following as 𝑆𝑎𝑗
𝑖
,

with 𝑖 = 2, … , 𝑧.
Conditional-hazard-based MSPSHA assumes that the primary spectral acceleration is the same at all the sites (i.e., the

spectral acceleration for the same vibration period). Once it is selected, the correlations explicitly considered are only
two: (i) a spatial correlation model for the primary spectral acceleration at the sites, that is, 𝑆𝑎𝑗

1
, 𝑗 = 1,… , 𝑠, and (ii) the

cross-correlationmodel between 𝑆𝑎𝑗
1
and 𝑆𝑎𝑗

𝑖
, with 𝑖 = 2, … , 𝑧 and 𝑗 = 1,… , 𝑠. In other words, the spatial cross-correlation

between the primary and the secondary spectral accelerations at different sites, the spatial correlation, as well as the cross-
correlations, of secondary spectral accelerations are not assigned. Then, the CH-based MSPSHA can be summarized in
the following procedure.

(1) The joint lognormal distribution of the primary spectral acceleration at the different sites conditional on magnitude
and location of the earthquake, 𝑓𝑆𝑎1

1
,…,𝑆𝑎𝑠

1
|𝑀,𝑋,𝑌 , is computed accounting for the spatial correlation via Equation (8).

(2) At the 𝑗−th site, 𝑗 = 1,… , 𝑠, all the secondary spectral accelerations are assumed to be stochastically independent con-
ditionally to earthquake’s magnitude and location, and the primary spectral acceleration at the same site. Therefore,
the conditional joint distribution of the ensemble of the secondary spectral ordinates can be obtained as:

𝑓
𝑆𝑎

𝑗
2
,…,𝑆𝑎

𝑗
𝑧
|||𝑆𝑎𝑗1,𝑀,𝑋,𝑌

(
𝑠𝑎

𝑗

2
, … , 𝑠𝑎

𝑗
𝑧
|||𝑠𝑎𝑗1,𝑚, 𝑥, 𝑦) = 𝑧∏

𝑖=2

𝑓
𝑆𝑎

𝑗

𝑖
|||𝑆𝑎𝑗1,𝑀,𝑋,𝑌

(
𝑠𝑎

𝑗

𝑖

|||𝑠𝑎𝑗1,𝑚, 𝑥, 𝑦) . (12)

In the equation, 𝑓
𝑆𝑎

𝑗

𝑖
|𝑆𝑎𝑗

1
,𝑀,𝑋,𝑌

, 𝑖 = 2, … , 𝑧 represents a lognormal distribution, with parameters (of the logs) given in
Equation (10).

(3) Given the earthquake features and the primary spectral ordinate at the 𝑗−th site, any of the secondary at that site, 𝑆𝑎𝑗
𝑖
,

with 𝑖 = 2, … , 𝑧 and 𝑗 = 1,… , 𝑠, is considered stochastically independent of any other secondary spectral ordinate at
any other site, 𝑆𝑎𝑘𝑤, for 𝑤 = 2,… , 𝑧 and 𝑘 = 1,… , 𝑠, with (𝑘 ≠ 𝑗). This allows to get the conditional distribution of all
secondary spectral ordinates at all the sites as:

𝑓
𝑆𝑎1

2
,…,𝑆𝑎𝑠𝑧

|||𝑆𝑎11,…,𝑆𝑎𝑠1,𝑀,𝑋,𝑌

(
𝑠𝑎1

2
, … , 𝑠𝑎𝑠𝑧

|||𝑠𝑎11, … , 𝑠𝑎𝑠
1
,𝑚, 𝑥, 𝑦

)
=

𝑠∏
𝑗=1

𝑓
𝑆𝑎

𝑗
2
,…,𝑆𝑎

𝑗
𝑧
|||𝑆𝑎𝑗1,𝑀,𝑋,𝑌

(
𝑠𝑎

𝑗

2
, … , 𝑠𝑎

𝑗
𝑧
|||𝑠𝑎𝑗1,𝑚, 𝑥, 𝑦) .

(13)
(4) The joint distribution of the 𝑧 spectral ordinates at the 𝑠 sites, conditional on earthquake magnitude and location,

then is finally obtained as:

𝑓𝑆𝑎1
1
,…,𝑆𝑎𝑠𝑧|𝑀,𝑋,𝑌

(
𝑠𝑎1

1
, … , 𝑠𝑎𝑠𝑧 |𝑚, 𝑥, 𝑦 ) =

= 𝑓
𝑆𝑎1

2
,…,𝑆𝑎𝑠𝑧

|||𝑆𝑎11,…,𝑆𝑎𝑠1,𝑀,𝑋,𝑌

(
𝑠𝑎1

2
, … , 𝑠𝑎𝑠𝑧

|||𝑠𝑎11, … , 𝑠𝑎𝑠
1
,𝑚, 𝑥, 𝑦

)
⋅ 𝑓𝑆𝑎1

1
,…,𝑆𝑎𝑠

1
|𝑀,𝑋,𝑌

(
𝑠𝑎1

1
, … , 𝑠𝑎𝑠

1
|𝑚, 𝑥, 𝑦 ). (14)

3.2 Implicit correlations

It has been shown that the CH procedure allows to derive the joint distribution of the spectral ordinates at the sites in
one earthquake with given magnitude and location without explicitly assigning some of the correlations of the GMPE
residuals listed in Section 2.4, that is, spatial cross-correlations, spatial correlation and cross-correlation for the secondary
spectral ordinates. Therefore, whenMSPSHA is of concern, implementing CH, in lieu of the explicit approach, reduces the
number of terms to be defined for modelling the covariance matrix of the spectral accelerations at the sites. On one hand,
this can be considered a main advantage; on the other hand, the CH approach implicitly assigns, in an approximated
manner, the neglected correlations. It can be demonstrated that the following correlations of total residuals result as a
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CITO et al. 489

combination of those modelled at steps 1 and 2 illustrated in the previous section:

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

𝜌
𝑗,𝑘

1,𝑖
= 𝜌

𝑗,𝑗

1,𝑖
⋅ 𝜌

𝑗,𝑘

1,1

𝜌
𝑗,𝑘

𝑖,𝑖
=
(
𝜌
𝑗,𝑗

1,𝑖

)2
⋅ 𝜌

𝑗,𝑘

1,1

𝜌
𝑗,𝑘

𝑖,𝑤
= 𝜌

𝑗,𝑗

1,𝑖
⋅ 𝜌

𝑗,𝑗

1,𝑤
⋅ 𝜌

𝑗,𝑘

1,1

𝜌
𝑗,𝑗

𝑖,𝑤
= 𝜌

𝑗,𝑗

1,𝑖
⋅ 𝜌

𝑗,𝑗

1,𝑤
⋅
(
𝜌
𝑗,𝑘

1,1

)2
, 𝑖 = 2, … , 𝑧; 𝑤 = 2,… , 𝑧 (𝑖 ≠ 𝑤) ; 𝑘 = 1,… , 𝑠; 𝑗 = 1,… , 𝑠 (𝑘 ≠ 𝑗) . (15)

It is remarked that the cross-correlation coefficient between two different spectral accelerations at the same site does
not vary with the site it refers to; in other words, 𝜌𝑗,𝑗

1,𝑖
(𝜌

𝑗,𝑗

1,𝑤
) is the same as 𝜌𝑘,𝑘

1,𝑖
(𝜌

𝑘,𝑘
1,𝑤

).
It should be noted that the first of Equation (15) was already presented by Goda andHong.15 Considering the case of two

different spectral ordinates at two sites (one per site), they suggested that, to reduce the difference between the value of
𝜌
𝑗,𝑘

1,𝑖
computed via the implicit approach and the corresponding value provided by a specifically-evaluatedmodel of spatial

cross-correlation, the primary spectral ordinate should be the one associated to the largest vibration period among the two
of interest. Based on that, Weatherill et al.8 recommend to use the longer period spectral acceleration as the primary one
in the CH, also when several (i.e., more than two) spectral ordinates at multiple sites are of interest.

4 MSPSHA VIA SIMULATION

In this section it is discussed how 𝑃[𝑁 = 𝑛|𝑚, 𝑥, 𝑦], which is needed to derive theMSPSHA result considered in this study
(see Section 5), can be obtained via simulations. Indeed, sampling the (logs of) acceleration values from 𝑓𝑆𝑎1

1
,…,𝑆𝑎𝑠𝑧|𝑀,𝑋,𝑌

an arbitrary number of times, say 𝑅, 𝑃[𝑁 = 𝑛|𝑚, 𝑥, 𝑦] is approximated by the number of times in which the realizations
of the multivariate Gaussian distribution gives 𝑛 exceedances, as:

𝑃 [𝑁 = 𝑛 |𝑚, 𝑥, 𝑦 ] ≈
∑𝑅

𝑟=1

{
𝐼
[∑𝑧

𝑖=1

∑𝑠

𝑗=1
𝐼
𝑠𝑎

𝑗

𝑖
>𝑠𝑎

𝑗∗

𝑖

= 𝑛
]}

𝑟

𝑅
, (16)

where the indicator functions are the same introduced by Equation (3). The way in which the numerical simulations are
performed can be consistent with the explicit or the CH approach. In words, the only difference between the twoMSPSHA
procedures is in the 𝑓𝑆𝑎1

1
,…,𝑆𝑎𝑠𝑧|𝑀,𝑋,𝑌 joint distribution, from which the values of 𝑠𝑎𝑗

𝑖
, with 𝑖 = 1, … , 𝑧 and 𝑗 = 1,… , 𝑠, are

sampled. In the following, it is shown how to simulate the values of 𝑧 spectral ordinates at 𝑠 sites, given magnitude and
earthquake location, according to the explicit or the CH procedure. (Note that, in principle, the simulated realizations of
the spectral ordinates at the sites can be used to derive any MSPSHA results.)

4.1 Explicit approach

As pertaining to the explicit approach, given the magnitude and the location of the earthquake, the following steps can
be followed for the 𝑟−th simulation, 𝑟 = 1,… , 𝑅:

(i) the vector of conditional averages at the sites in Equation (9) is computed according to the considered GMPEs;
(ii) the realizations of the residuals of the GMPEs at the sites for all intensity measures (𝑧 ⋅ 𝑠 realizations) are sampled

from a multivariate normal distribution with zero mean and covariance matrix as per Equation (9);
(iii) summing up the sampled residuals (step ii) to the corresponding mean values (step i), gives the realizations of the

logarithms of the 𝑧 spectral accelerations at the 𝑠 sites given {𝑚, 𝑥, 𝑦};
(iv) the values resulting from step iii form a realization of 𝑓𝑆𝑎1

1
,…,𝑆𝑎𝑠𝑧|𝑀,𝑋,𝑌 that is used to check whether 𝑛 exceedances

are observed or not, given {𝑚, 𝑥, 𝑦}.
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4.2 Conditional hazard

In the case of the CH-based MSPSHA, the spectral acceleration to be considered as primary at each site has to be selected
first. Then, given magnitude and earthquake location, the 𝑟−th simulation proceeds as follows:

(i) the vector of conditional averages, of the primary spectral acceleration, at the sites in Equation (8) is computed
according to the considered GMPEs;

(ii) the realizations, 𝑠 in number, of the residuals of the GMPEs for the primary spectral acceleration at the sites are
sampled from a multivariate normal distribution with zero mean and covariance matrix as per Equation (8);

(iii) summing up the sampled residuals (step ii) to the means (step i) gives the realizations of the GRF for the logarithms
of the primary spectral acceleration at the sites, given {𝑚, 𝑥, 𝑦};

(iv) at each 𝑗−th site, 𝑗 = 1,… , 𝑠, the lognormal distribution of 𝑆𝑎𝑗
𝑖
, 𝑖 = 2, … , 𝑧, conditional to {𝑚, 𝑥, 𝑦} and the realization

of 𝑆𝑎𝑗
1
, 𝑓

𝑆𝑎
𝑗

𝑖
|𝑆𝑎𝑗

1
,𝑀,𝑋,𝑌

, is obtained by means of Equation (10);
(v) sampling from each 𝑓

𝑆𝑎
𝑗

𝑖
|𝑆𝑎𝑗

1
,𝑀,𝑋,𝑌

, 𝑖 = 2, … , 𝑧 and 𝑗 = 1,… , 𝑠, provides the realizations of the logarithms of the 𝑧

spectral accelerations at the 𝑠 sites given {𝑚, 𝑥, 𝑦} and 𝑠𝑎𝑗
1
;

(vi) the realizations of the primary spectral accelerations from step iii and those obtained at step v provide the 𝑟−th
realization of the 𝑓𝑆𝑎1

1
,…,𝑆𝑎𝑠𝑧|𝑀,𝑋,𝑌 joint PDF, which is used to check whether 𝑛 exceedances are observed or not, given

{𝑚, 𝑥, 𝑦}.

5 EFFECTS OF CONTIONAL HAZARD APPROXIMATION ONMSPSHA

It has been discussed that the use of CH approximates the covariance matrix of the spectral accelerations at the sites in
a given earthquake, with respect to the (explicit) case in which all correlations are assigned. The aim of this section is to
provide a quantitative measure of the effect of such approximations onMSPSHA results. The number of exceedances over
time of ground motion intensity measure thresholds for a set of sites is analyzed; that is, 𝑁(𝑡, 𝑡 + Δ𝑡). The thresholds are
in terms of spectral accelerations corresponding to different natural vibration periods. The sites, which are assumed to
be representative of the locations of hypothetical buildings within a portfolio covering an about 200 km2 wide area, are
one hundred (i.e., 𝑠 = 100). They are distributed on a regular grid with nodes spacing equal to 1.5 km and are located in
the district of Naples (southern Italy); see Figure 1A. (The sensitivity of this kind of analysis to the inter-site distance was
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CITO et al. 491

investigated in a previous work,19 showing that it is limited.) Different time intervals are considered in the analyses: 50,
100, and 150 years.
Because the measured approximations are substantially dependent on theMSPSHA setting, three cases of analysis (i.e.,

portfolio configurations) are considered to quantitatively discuss the sensitivity of approximations to the vibration period
of the spectral ordinates of interest and to the number of spectral ordinates per site. Case #1 (to follow) is assumed as a
benchmark case, case #2 and case #3 are built to amplify the approximations related to the CH approach with respect to
case #1. More specifically, each case is characterized as follows.

∙ Case #1. For each site, one spectral acceleration (i.e., 𝑧 = 1) is (arbitrarily) selected among 𝑆𝑎(0s), 𝑆𝑎(0.6s), 𝑆𝑎(0.7s),
𝑆𝑎(0.8s), 𝑆𝑎(0.9s) and 𝑆𝑎(1s), being 𝑆𝑎(0s) the peak ground acceleration (PGA). In Figure 1B, the spectral acceleration
selected at each site is represented via color-coding; as shown, none of the considered spectral ordinates are predominant
in number with respect to the others. Moreover, at all the sites, the spectral ordinate selected as the primary one, in
accordance with the CH approach, is 𝑆𝑎(1s), that is, the one characterized by the largest vibration period among those
considered. The choice of the primary intensity measure is in accordance with what suggested by literature8,15 and
factually motivates the characteristics of the other cases.

∙ Case #2. Similar to the previous case, one spectral acceleration per site is considered, and 𝑆𝑎(1s) is the primary intensity
measure at each site for the CH approach. However, this case is intended to investigate how the approximations of CH
vary increasing the number of sites in which the lowest vibration period spectral acceleration is considered, that is,
PGA. As shown in Figure 1B, PGA is considered for 61% and 25% of sites in case #2 and case #1, respectively.

∙ Case #3. For each site, two spectral accelerations (i.e., 𝑧 = 2) are considered. As shown in Figure 1B, one is the same as
in case #1, while the other is PGA at each site. The primary intensity measure selected within CH remains 𝑆𝑎(1s). Thus,
similar to case #2, case#3 is obtained via a modification of case #1 and is intended to increase the number of implicit
correlations when CH is implemented.

The seismic source model used in the analyses was taken from the model for Italy of Meletti et al.29 More specifically,
the source zone (named 928 in the cited model) is considered (Figure 1A). In accordance with Barani et al,30 the zone
is characterized by a magnitude distribution of events following a Gutenberg-Richter (GR) model.31 The minimum and
maximum magnitude is equal to 4.3 and 5.8, respectively. The b parameter of the GR model is equal to 1.056. The rate of
earthquakes above the minimum magnitude is 𝜈 = 0.054 events per year. According to Meletti et al.,29 the normal style
of faulting is considered as dominant in the source. The adopted GMPE is that of Akkar and Bommer,32 which applies
in the 5.0-7.6 magnitude range and Joyner and Boore33 distance, or 𝑅𝐽𝐵, (i.e., the metric of the GMPE) up to 100 km. It
is assumed a uniform distribution of earthquakes’ epicenter within the source and the earthquake epicentral distance
from each site is converted to 𝑅𝐽𝐵 according to Montaldo et al.34 Moreover, magnitude lower than 5.0 are neglected in
the analysis to avoid GMPE extrapolation; thus, 𝜈 is reduced to 0.0092 events per year, according to the GR, to exclude
earthquakes with magnitude between 4.3 and 5.0. Rock soil condition is assumed for all the sites. Cross-, spatial- and
spatial cross-correlations among residuals of the GMPE were implemented by using the model of Baker and Jayaram11

and Loth and Baker16 for inter-event and intra-event terms, respectively. These models, as well as the selected GMPE, are
considered applicable in the active shallow crustal setting of Italy.
The mean and variance of 𝑁(𝑡, 𝑡 + Δ𝑡) are obtained considering three time intervals, that is, 50, 100, and 150 years

(the definition of the intensity thresholds at the sites is detailed in the following section). Analyses were developed using
explicit and CH-based MSPSHA. The analyses were carried out via the REASSESS35 software for the explicit approach
and with ad-hoc script for the CH-based MSPSHA.
Because the mean number of exceedances jointly observed at the sites is not affected by the covariance matrix of the

spectral accelerations, the effect of CH is quantified bymeasuring the difference between the variances of the exceedances
obtained through the explicit approach, 𝑉𝐴𝑅[𝑁(𝑡, 𝑡 + Δ𝑡)], assumed as a benchmark, and the CH, 𝑉𝐴𝑅[𝑁(𝑡, 𝑡 + Δ𝑡)]𝐶𝐻 ,
that is, Δ = 𝑉𝐴𝑅[𝑁(𝑡, 𝑡 + Δ𝑡)] − 𝑉𝐴𝑅[𝑁(𝑡, 𝑡 + Δ𝑡)]𝐶𝐻 .

5.1 Intensity measure thresholds

This section describes the strategy adopted to define the thresholds at the sites needed for counting exceedances. Since the
selected thresholds influence the differences between CH and explicit approach (as also shown in the following), the aim
of this section is to identify the thresholds to make results of the analyses as general as possible. Thus, classical PSHAwas
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F IGURE 2 Sites and spectral accelerations according to case #1 (A); hazard curves for site 1 and 50 (B); curves of non-exceedance
probability conditional to the occurrence of one generic earthquake (C)

performed for each site and spectral acceleration, first. In other words, for the 𝑗−th site and the 𝑖−th spectral acceleration,
with 𝑗 = 1,… , 100 and 𝑖 = 1, 2, 𝜆

𝑠𝑎
𝑗∗

𝑖

was computed for different threshold values, obtaining the site-specific hazard curves,
already introduced by Equation (6). To give an example, in Figure 2A, two sites are selected among the one-hundred intro-
duced in the previous section; the corresponding annual hazard curves computed for the spectral accelerations considered
in case #1 are shown in Figure 2B. More specifically, the curve for 𝑗 = 1 and 𝑖 = 1 is in terms of 𝑆𝑎(0.6s), while the one
for 𝑗 = 50 and 𝑖 = 1, is in terms of 𝑆𝑎(1s).
One possible choice for threshold selection could be to identify the 𝑠𝑎𝑗∗

𝑖
value corresponding to a pre-defined exceedance

rate, the same for all the sites, or equivalently to the same exceedance return period (𝑇𝑟) (i.e., the reciprocal of the
exceedance rate). This is represented in Figure 2B, in which the horizontal line associated to an (arbitrarily selected)
exceedance rate equal to 0.0021 events per year, that is 𝑇𝑟 = 475𝑦𝑟, identifies the values of the thresholds at the two con-
sidered sites. However, this choice would make results dependent on the rate characterizing the seismic source, 𝜈; see
also Equation (6). To avoid such a dependency, the thresholds are chosen to correspond to a certain probability of non-
exceedance given the occurrence of a generic earthquake, 𝑝 = 𝑃[𝑆𝑎

𝑗

𝑖
≤ 𝑠𝑎

𝑗∗

𝑖
]. In fact, 𝑝 can be obtained from the hazard

curve as 𝑝 = 1 − 𝑃[𝑆𝑎
𝑗

𝑖
> 𝑠𝑎

𝑗∗

𝑖
] = 1 − 𝜆

𝑠𝑎
𝑗∗

𝑖

∕𝜈; see Equation (6). The curves of 𝑃[𝑆𝑎𝑗
𝑖
≤ 𝑠𝑎

𝑗∗

𝑖
], for the two considered sites

and spectral ordinates, are reported in Figure 2C. The figure shows that, in this case, the accelerations corresponding to
𝑝 = 0.78 are those with 𝑇𝑟 = 475𝑦𝑟. Thus, in the following examples, the intensity thresholds are selected considering the
same 𝑝 at all sites.

5.2 Effect of CH in different time intervals

This section quantifies the effect of the CH approach in computing the variance of the exceedances jointly observed at
the one-hundred sites given the occurrence of multiple earthquakes in different time intervals, that is, 50, 100, and 150
years. Recalling that the variance of the exceedances in any time interval can be obtained via Equation (1), the sought Δ
corresponds to:

Δ = VAR [𝑁 (𝑡, 𝑡 + Δ𝑡)] − VAR[𝑁 (𝑡, 𝑡 + Δ𝑡)]CH = 𝜈 ⋅ Δ𝑡 ⋅

{
𝑧⋅𝑠∑
𝑛=0

𝑛2 ⋅ 𝑃 [𝑁 = 𝑛] −

𝑧⋅𝑠∑
𝑛=0

𝑛2 ⋅ 𝑃[𝑁 = 𝑛]CH

}
, (17)

where 𝑃[𝑁 = 𝑛] and 𝑃[𝑁 = 𝑛]𝐶𝐻 represent the probability of observing 𝑛 exceedances at the sites in one generic
earthquake (see Section 2), according to the explicit and CH approach, respectively.
For each Δ𝑡, Δ is computed for different values of 𝑝 identifying the thresholds at the sites (see the previous section).

The curves of Δ as a function of 𝑝 pertaining to case #1, case #2 and case #3 are reported in Figure 3A, Figure 3B, and
Figure 3C, respectively. As shown, for any 𝑝, and for any case of analysis, Δ is always larger than zero. This means that the
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F IGURE 3 Effect of CH in MSPSHA in terms of Δ for case #1 (A), case #2 (B), and case #3 (C)

variation in the covariance matrix of the spectral accelerations at the sites due to the approximations introduced by CH
causes an underestimation of the variance of the number of exceedances observed at the sites in the time interval. Also,
as known from Equation (17), Δ linearly increases with Δ𝑡.
Figure 3 also shows thatΔ varieswith the increasing of𝑝, that is, with the increasing of the thresholds at the sites. For any

case of analysis and Δ𝑡, the curve starts from zero (when 𝑝 tends to zero), increases for increasing values of 𝑝, reaches the
maximum at the abscissa between 0.4 and 0.5 (depending on the case)* and decreases to zero when 𝑝 approaches to one.
This is because, considering very-low or -high thresholds, exceedances due to earthquakes, regardless of their magnitude
and location, are observed at all sites and none of them, respectively, independently on the adopted MSPSHA procedure;
therefore 𝑉𝐴𝑅[𝑁(𝑡, 𝑡 + Δ𝑡)] tends to be equal to 𝑉𝐴𝑅[𝑁(𝑡, 𝑡 + Δ𝑡)]𝐶𝐻 (and Δ tends to zero). (See also Section 5.3.)
Comparing the results for the three cases computed for the same Δ𝑡, it can be observed that Δ for case #2 is about

twice that for case #1, for any 𝑝. For example, for the largest Δ𝑡, Δ increases from about 100 to about 200. This is
because, as previously described, in case #2 the number of sites in which exceedances are counted referring to PGA
is increased (61% of the whole set) with respect to case #1 (25% of the whole set). Thus, in case #2 the number of
correlations that are implicitly modelled with CH is larger than case #1; that is, Equation (15). These are the spa-
tial cross-correlation between PGA and 𝑆𝑎(1s), and spatial correlation among PGA at different sites. Finally, in case
#3, Δ can be as high as (about) one thousand. In fact, given Δ𝑡, the ratio between the Δ value for case #3 and that
for case #1 is between seven and eight, depending on 𝑝. This is because, in case #3, PGA is also of interest at each
site and the correlations implicitly modelled with CH, already discussed for case #2, are further increased. Moreover,
since two spectral ordinates are considered per site, results of case #3 are also influenced by the approximated correla-
tions between two secondary spectral ordinates at the same site (see Section 3.2). Such results suggest that, in the CH
approach to MSPSHA, choosing as primary intensity measure the spectral ordinate with the largest vibration period
(which is, as also discussed in Section 3.2, the suggested choice) may produce significant approximations (in terms
of Δ) when most of the spectral ordinates of interest correspond to low vibration periods (PGA in the case analyzed
here).

5.3 Effect of CH in one generic earthquake

This section is aimed at giving insights on the shape of the Δ curves in Figure 3. To do so, it has to be recalled that,
according to Equation (17), the Δ∕(𝜈 ⋅ Δ𝑡) ratio gives the difference between the variance of the exceedance distributions
in one generic earthquake computed via the explicit and the CH approaches; i.e., 𝑃[𝑁 = 𝑛] and 𝑃[𝑁 = 𝑛]𝐶𝐻 , respectively.
Denoting, for simplicity, such a ratio as Δ𝐸 , it can be argued that the Δ curves represented in the previous section are
exactly theΔ𝐸 curves, scaled by different 𝜈 ⋅ Δ𝑡 factors (i.e., one per time interval). For this reason, considering the spectral
ordinates of case #1, Figure 4A shows the trend of Δ𝐸 as a function of 𝑝. The curve is slightly right-skewed and can be
obtained bymeans of the law of the total variance,36 according towhichΔ𝐸 is theweighted sum of theΔ𝐸 values computed
individually for each earthquake’s magnitude and location involved in the computation of 𝑃[𝑁 = 𝑛] (see Section 2). This
is represented in Figure 4B, where the curve in panel A divided by its maximum, Δ𝐸,max , is shown: for each abscissa, the

* In fact, the finer the discretization the more precise is the percentile corresponding the largest Δ. However, the objective herein was to identify the
general trend of Δ.
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F IGURE 5 Comparison between the CH and the explicit approach in terms of nondimensional difference of variance

ordinate of such a curve (Total in the legend) is the sum of the ordinates of the normalized curves (i.e., each divided by
the corresponding maximum) computed for bins of magnitude† (shades of gray in the figure), weighted by the probability
of each magnitude bin, represented by the histogram in Figure 4C, that is, 𝑃[𝑚 ≤ 𝑀 < 𝑚 + 0.1].
The shape of the Total curve in Figure 4B is due to the following two issues. First, the abscissa (i.e., the spec-

tral acceleration thresholds at the sites) corresponding to the largest approximations due to CH increases with the
considered magnitude. Second, since in the applications the magnitude distribution follows the GR model and thus
𝑃[𝑚 ≤ 𝑀 < 𝑚 + 0.1] decreases with the increasing magnitude, the Total Δ𝐸 is more affected by the lowest magnitude.

5.4 Effect of CH in terms of nondimensional variance underestimation

What discussed so far is helpful in understanding theCHeffects on the probabilistic distribution of the joint exceedances at
the sites in a time interval. On the other hand, the comparison among the numerical values of Δ found in the considered
cases cannot be used to draw general conclusions because the same value of the difference between 𝑉𝐴𝑅[𝑁(𝑡, 𝑡 + Δ𝑡)]

and 𝑉𝐴𝑅[𝑁(𝑡, 𝑡 + Δ𝑡)]𝐶𝐻 may assume different relevance observing that 𝑉𝐴𝑅[𝑁(𝑡, 𝑡 + Δ𝑡)] (and 𝑉𝐴𝑅[𝑁(𝑡, 𝑡 + Δ𝑡)]𝐶𝐻 as
well) strongly varies case by case. Thus, a nondimensional measure of the approximations is discussed in this section.
Figure 5 provides, for each of the three cases, the values of the ratio defined as Δrel = Δ∕VAR[𝑁(𝑡, 𝑡 + Δ𝑡)]. It should be
noted that such a ratio is independent on theΔ𝑡; see Equation (17). As shown,Δ𝑟𝑒𝑙 increases with the increasing thresholds
and is comparable among the three different analyzed portfolio configurations (although the order of the approximations
of the three cases shown in the previous sections is maintained). More specifically, when the thresholds are computed
for 𝑝 = 0.78, Δ𝑟𝑒𝑙 is equal to about 5% in case #1, and it is about 10% in both case #2 and case #3; for 𝑝 = 0.96, Δ𝑟𝑒𝑙
increases to 12% in case #1 and it is about 24% for case #2 and case #3. The chosen values of 𝑝 correspond, in the considered
applications, to a return period (of the spectral acceleration thresholds) equal to 475yr (𝑝 = 0.78) and 2475yr (𝑝 = 0.96), the

† The curves are marginalized with respect to all possible earthquake locations.
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CITO et al. 495

same at all the sites (being 𝜈 = 0.0092 events per year at each site; see Section 5.1). Thus, these results reveal that although
the difference in terms of Δ appear to be numerically relevant (see Section 5.2), the relative variance underestimation
due to CH is limited to 24% for return periods generally of interest to earthquake engineering, at least in the considered
case-studies.

6 EFFECT OF CH ONMULTI-SITE RISK ANALYSIS

Multi-site hazard is necessary for the seismic risk assessment of spatially distributed systems. It follows that the way in
which the covariance matrix of the intensity measures at the sites is modelled may also affect risk. To give insights on
this issue, 𝑧 ⋅ 𝑠 buildings (i.e., 𝑧 structures located at each of the 𝑠 sites) within a hypothetical portfolio are considered.
Then, from the seismic risk assessment perspective, the analyst may be interested in characterizing the RV counting the
number of failures due to the occurrence of one generic earthquake, 𝑁𝑓; i.e., to compute the probability that 𝑁𝑓 is equal
to an arbitrary number, say 𝑛 = 0, 1, … , 𝑧 ⋅ 𝑠. This probability can be derived via the total probability theorem, as per
Equation (18):

𝑃
[
𝑁𝑓 = 𝑛

]
= ∫

𝑆𝑎1
1

… ∫
𝑆𝑎𝑠𝑧

∫
𝑀

∫
𝑋

∫
𝑌

𝑃
[
𝑁𝑓 = 𝑛

|||𝑠𝑎11, … , 𝑠𝑎𝑠𝑧,𝑚, 𝑥, 𝑦
]
⋅ 𝑓𝑆𝑎1

1
,…,𝑆𝑎𝑠𝑧|𝑀,𝑋,𝑌

(
𝑠𝑎1

1
, … , 𝑠𝑎𝑠𝑧 |𝑚, 𝑥, 𝑦 )×

×𝑓𝑀,𝑋,𝑌 (𝑚, 𝑥, 𝑦) ⋅ 𝑑
(
𝑠𝑎1

1

)
⋅ … ⋅ 𝑑 (𝑠𝑎𝑠𝑧) ⋅ dm ⋅ dx ⋅ dy

, (18)

where 𝑃[𝑁𝑓 = 𝑛|𝑠𝑎1
1
, … , 𝑠𝑎𝑠𝑧,𝑚, 𝑥, 𝑦] is the probability that 𝑛 failures are observed conditional to {𝑚, 𝑥, 𝑦} and some

values of ground motion spectral accelerations at the sites, while the 𝑓𝑆𝑎1
1
,…,𝑆𝑎𝑠𝑧|𝑀,𝑋,𝑌 joint PDF is that introduced in

Section 2.
Structural failure is often considered independent on {𝑚, 𝑥, 𝑦}, if the ground motion intensity measure at the site is

known. Accepting such an assumption, 𝑃[𝑁𝑓 = 𝑛|𝑠𝑎1
1
, … , 𝑠𝑎𝑠𝑧,𝑚, 𝑥, 𝑦] can be re-written as 𝑃[𝑁𝑓 = 𝑛|𝑠𝑎1

1
, … , 𝑠𝑎𝑠𝑧]. More-

over, under the hypothesis that, given the ground motion values at the sites, 𝑠𝑎1
1
, … , 𝑠𝑎𝑠𝑧, the structural failures are

stochastically independent, 𝑃[𝑁𝑓 = 𝑛|𝑠𝑎1
1
, … , 𝑠𝑎𝑠𝑧] can be obtained as follows:

𝑃
[
𝑁𝑓 = 𝑛

|||𝑠𝑎11, … , 𝑠𝑎𝑠𝑧

]
= ∫

𝐶1
1

…∫
𝐶𝑠𝑧

𝐼

[
𝑧∑
𝑖=1

𝑠∑
𝑗=1

𝐼
𝑠𝑎

𝑗

𝑖
>𝑐

𝑗

𝑖

= 𝑛

]
⋅ 𝑓𝐶1

1

(
𝑐1
1

)
⋅ … ⋅ 𝑓𝐶𝑠𝑧 (𝑐

𝑠
𝑧) ⋅ 𝑑

(
𝑐1
1

)
⋅ … ⋅ 𝑑 (𝑐𝑠𝑧) . (19)

In the equation, 𝑐𝑗
𝑖
is one realization of the structural capacity (𝐶𝑗

𝑖
), in terms of spectral acceleration, for the 𝑖−th

structure, 𝑖 = 1, … , 𝑧, at the 𝑗−th site, 𝑗 = 1,… , 𝑠; 𝐶𝑗
𝑖
is a RV and 𝑓

𝐶
𝑗

𝑖

is the corresponding PDF. 𝐼
𝑠𝑎

𝑗

𝑖
>𝑐

𝑗

𝑖

is an indicator

function that equals one if 𝑠𝑎𝑗
𝑖
is larger than 𝑐𝑗

𝑖
and zero otherwise, while 𝐼[

∑𝑧

𝑖=1

∑𝑠

𝑗=1
𝐼
𝑠𝑎

𝑗

𝑖
>𝑐

𝑗

𝑖

= 𝑛] equals one if the sum
of the indicator functions is equal to 𝑛 and zero otherwise.
In the following, the implications of CH on risk results, in terms of number of failures jointly observed at the sites

in fifty years, 𝑁𝑓(𝑡, 𝑡 + 50), are investigated with reference to a simple application, in which the one-hundred sites and
the input models introduced in Section 5 are considered. It is assumed that, at each site within the portfolio, two hypo-
thetical structures are located; that is, 𝑧 = 2. The spectral ordinates adopted to characterize the structural capacity are
consistent with the spectral ordinates considered in case #3 of the previous section; see Figure 1 (this is to discuss risk
approximations in the most severe case, in terms of hazard, among those considered above). For the purposes of this
application, it is assumed that structural capacity of the 𝑖−th structure located at site 𝑗 is modelled by means of a (often
assumed) lognormal fragility function. Thus the 𝑓

𝐶𝑎
𝑗

𝑖

PDF in Equation (19) is completely defined by the median (of the

intensity measure causing failure), 𝜂𝑗
𝑖
, and the standard deviation (of the logarithm of the intensity causing failure),

𝛽
𝑗

𝑖
, of the structural fragility. More specifically, for the 𝑖−th structure, 𝑖 = 1, 2, located at site 𝑗−th site, 𝑗 = 1,… , 100,

𝜂
𝑗

𝑖
is arbitrarily assumed to be equal to the ground motion intensity measure threshold considered in the hazard anal-

ysis, 𝑠𝑎𝑗∗
𝑖
, (identified by the value of 𝑝, see Section 5.1). A value of 𝛽𝑗

𝑖
is arbitrarily assumed for each intensity measure

considered for the structures: 0.4, 0.33, 0.25, 0.3, 0.28, 0.35 for PGA, 𝑆𝑎(0.6s), 𝑆𝑎(0.7s), 𝑆𝑎(0.8s), 𝑆𝑎(0.9s) and 𝑆𝑎(1s),
respectively.
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F IGURE 6 Differences between CH and explicit approach for hazard and risk analysis in terms of Δ (A) and Δ𝑟𝑒𝑙 (B)

Similar to Section 5, the effect of CH on risk results is quantified by comparing 𝑉𝐴𝑅[𝑁𝑓(𝑡, 𝑡 + 50)] to
𝑉𝐴𝑅[𝑁𝑓(𝑡, 𝑡 + 50)]

𝐶𝐻
. In both the MSPSHA approaches, the variance of the number of failures in the time interval is

derived via Equation (1), in which 𝑁 is replaced by 𝑁𝑓 , and 𝑃[𝑁𝑓 = 𝑛] is provided by Equation (18). Numerical simula-
tions have been performed to approximate 𝑃[𝑁𝑓 = 𝑛|𝑠𝑎1

1
, … , 𝑠𝑎𝑠𝑧]. In each simulation, 𝑐

𝑗

𝑖
, for 𝑖 = 1, 2 and 𝑗 = 1,… , 100,

which is randomly sampled from the lognormal fragility function with median 𝜂𝑗
𝑖
and standard deviation 𝛽𝑗

𝑖
, is compared

with 𝑠𝑎𝑗
𝑖
, that is, the element, for the 𝑖−th spectral ordinate at the 𝑗−th site, of the realization of 𝑓𝑆𝑎1

1
,…,𝑆𝑎𝑠𝑧|𝑀,𝑋,𝑌 , simu-

lated according to explicit or CH-based MSPSHA (see Section 4). Thus, 𝑃[𝑁𝑓 = 𝑛|𝑠𝑎1
1
, … , 𝑠𝑎𝑠𝑧] is given by the number of

simulations where the groundmotion intensity is larger than structural fragility in 𝑛 out of 𝑧 ⋅ 𝑠 cases, divided by the total
number of simulations.
Figure 6A shows the effects of CH on risk analysis, in terms ofΔ =𝑉𝐴𝑅[𝑁𝑓(𝑡, 𝑡 + 50)] − 𝑉𝐴𝑅[𝑁𝑓(𝑡, 𝑡 + 50)]

𝐶𝐻
, consid-

ering the same 𝑝 values of Section 5. In other words, the trend ofΔ is explored varying themedian of the fragility functions,
while the standard deviation is maintained constant. In the figure, the analogous curve from case #3 (i.e., the curve shown
in Figure 3C for Δ𝑡 = 50𝑦𝑟) is also represented for comparison. It can be observed that, when CH-based MSPSHA is used,
the variance of the number of failures is underestimated with respect to the explicit approach, similar to what observed for
hazard analysis (i.e., neglecting the fragility functions). However, such an underestimation is comparatively less relevant
in the case of risk.When themedians of the fragilities correspond to the groundmotion intensity thresholds for 𝑝 between
0.1 and 0.9, Δ can be up to about 30% lower than that found in the case of hazard analysis. Outside this range, the curves
in the figure intersect, yet the values of Δ found in the case of risk and hazard assessment are comparable. In other words,
considering that the acceleration causing structural failure is a RV tends to reduce the effects of the approximation of the
covariance matrix of ground motion intensity measures, arisen when the CH approach is used for MSPSHA. At the very-
low (-high) percentiles, risk and hazard appear to be both characterized by a low sensitivity to the MSPSHA procedure,
when the CH implications are evaluated in terms of Δ. This is because, similar to what discussed in Section 5.2, when
the median of the fragility function is very-low (-high), failures are observed at none of the (all) sites independently on
the adopted MSPSHA procedure; therefore 𝑉𝐴𝑅[𝑁𝑓(𝑡, 𝑡 + Δ𝑡)] tends to be equal to 𝑉𝐴𝑅[𝑁𝑓(𝑡, 𝑡 + Δ𝑡)]

𝐶𝐻
(and Δ tends

to zero).
Finally, Figure 6B shows the nondimensional underestimation of failures variance, Δrel = Δ∕VAR[𝑁𝑓(𝑡, 𝑡 + Δ𝑡)],

together with the counterpart pertaining to hazard (i.e., the curve in Figure 5 for case #3). More specifically, referring
to the same return periods considered in the previous section, it is found that, in the case of risk, Δ𝑟𝑒𝑙 reduces to 8% when
the medians of fragilities correspond to the ground motion intensity thresholds with 𝑇𝑟 = 475𝑦𝑟 according to classical
PSHA, and to 18% for 𝑇𝑟 = 2475𝑦𝑟.

7 CONCLUSIONS

When an earthquake occurs in a region, the ground motion intensities at the sites in the hit area are not independent
each other. This issue must be accounted for in multi-site PSHA, which requires to define the joint distribution of the
intensity measures of interest at the sites, conditional to magnitude and earthquake location. The latter, in turn, requires
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CITO et al. 497

modeling the covariance matrix of the intensity measures at the sites in one earthquake, which consists of spatial-, cross-,
and spatial cross-correlations.
In this study, two different strategies for MSPSHA were considered, assuming spectral accelerations as the intensity

measures. One approach, herein denoted as explicit, models all possible correlations among residuals of the GMPE at the
sites. The other one relies on the concept of conditional hazard, originally developed for single-site vector-valued PSHA.
It allows to derive the joint PDF of multiple spectral accelerations at the sites in one earthquake needed for MSPSHA,
yet defining only part of the whole covariance matrix of the spectral accelerations, while the rest is approximated in
accordance with the hypotheses of the approach. More specifically, the CH-based approach does not need a spatial cross-
correlation model being available.
The objective of this paper was to recall the CH-based MSPSHA, first. Then, its implications on the definition of the

covariancematrix of spectral accelerations at the sites in one earthquake were analytically discussed. Finally, the effects of
CH on some MSPSHA results, and ultimately on multi-site risk analysis, were quantitatively investigated, with reference
to three case-studies chosen to provide conclusions as general as possible. Results of CH and explicit MSPSHA were
compared in terms of number of exceedances of selected ground motion intensity thresholds jointly observed at the sites
in different time intervals. All the three case-studies referred to one-hundred sites in the district of Naples (southern
Italy) and in each of them 𝑆𝑎(1s)was considered as primary intensity measure, at all sites, because it is the largest period
spectral acceleration, as suggested by literature for CH-based MSPSHA. In case #1, PGA, which is the less correlated with
𝑆𝑎(1s), was the groundmotion intensity measure of interest assumed for 25% of sites, whereas, for the other sites, spectral
accelerations to vibration periods between 0.6 and 1s were considered. In case #2, PGA was assigned at 61% of the sites.
Case #3 extends case #1 by considering two thresholds per site: the first threshold is the same considered in case #1, the
second is PGA for all the sites. To avoid the dependence of the presented results on the rate of earthquakes on the source,
the thresholds for all the sites were selected to be representative of the same non-exceedance probability (computed via
single-site PSHA) given the occurrence of one generic earthquake on the source, 𝑝. In the following, some final remarks,
which are specific for the considered case-study, are given.

∙ CHapproach implies an underestimation of the variance of number of threshold exceedances at the sites. The difference
between the variances obtained through the two approaches increases linearly with the width of the time interval in
which exceedances are counted. On the other hand, given the width, such an underestimation shows a non-monotonic
trend with 𝑝. The difference of the variances increases for the increasing thresholds, reaches a maximum (whose value
depends on the case, to follow) when 𝑝 is about 0.5, and decreases for larger values of𝑝. If 𝑝 tends to zero or one, the
variance differences tend to zero, for explained reasons.

∙ Given the width of the time interval, the variance underestimation varies with the intensity measures considered at
each site. For example, for Δ𝑡 equal to 150 years, case #1 shows a maximum value of Δ equal to about 100. Increasing
the number of sites referring to PGA, i.e., case #2, Δ increases to about 200; in the case of two thresholds per site (case
#3),Δ can even approach to one thousand, depending on the thresholds. The seemingly large values ofΔ resulting from
the applications are so because of the large number of considered sites that determines a large number of expected
exceedances in the considered time intervals.

∙ The effects of CH were also investigated in relative terms, that is, by quantifying Δ∕VAR[𝑁(𝑡, 𝑡 + Δ𝑡)]. Such a ratio is
independent of Δ𝑡, it increases with the thresholds at the sites, but it generally assumes limited values. In case #1, it is
about 5% when the thresholds have, individually, 𝑝 = 0.78 and 12% for 𝑝 = 0.96. In both case #2 and case #3, it is equal
to about 10% and 24% for 𝑝 = 0.78 and 𝑝 = 0.96, respectively. According to the considered source model, the thresholds
corresponding to 𝑝 = 0.78 have 𝑇𝑟 = 475𝑦𝑟 at each site, whereas 𝑇𝑟 = 2475𝑦𝑟 corresponds to 𝑝 = 0.96.

∙ When multi-site risk analysis is considered, variance underestimation due to CH is reduced with respect to the result
of the corresponding multi-site hazard analysis alone. Assuming the fundamental periods of the structures consistent
with the spectral ordinates considered in case #3, if the medians of fragilities are equal to the ground motion intensity
thresholds with 𝑇𝑟 = 475𝑦𝑟, the relative underestimation decreases from 10% (hazard) to 8% (risk), and from 24% to 18%
for 𝑇𝑟 = 2475𝑦𝑟.
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