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The emerging applications of the small-scale primary-user (PU) paradigm require
Cognitive Radio (CR) networks to explicitly support the mobility of a multitude of PUs, con-
currently using the same spectrum band. In this paper, the effects of multiple mobile PUs
on the spectrum sensing functionality are analyzed to jointly maximize the sensing effi-
ciency and the sensing accuracy. To this aim, as first, a new mathematical model (the
aggregate PU model) is proposed to effectively describe the cumulative effects of multiple
mobile PUs on the spectrum sensing functionality. Then, stemming from this model,
closed-form expressions for the sensing time and the transmission time that jointly max-
imize the sensing efficiency and the sensing accuracy are derived. Through the derived
closed-form expressions, the following fundamental questions are answered: (i) How long
can a CR user transmit without interfering with the multiple mobile PUs? (ii) How long
must a CR user observe a targeted spectrum band to reliably detect multiple mobile
PUs? All the theoretical results are derived by adopting a general mobility model for the
multiple mobile PUs. The analytical results are finally validated through simulations.

� 2015 Elsevier B.V. All rights reserved.
1. Introduction

Spectrum Sensing is a key functionality in Cognitive
Radio (CR) networks [1,2]. Through spectrum sensing, unli-
censed users (CR users) can recognize and dynamically
exploit portions of the radio spectrum whenever they are
vacated by licensed users, referred to as Primary Users
(PUs).

The main objective of spectrum sensing is to provide
spectrum opportunities to CR users without interfering
with the primary network. Consequently, the sensing accu-
racy and the sensing efficiency are considered key factors
for the overall performance of a CR network [1,3].
Since it is widely recognized that the sensing time
parameters, i.e., the sensing time and the transmission time,
influence both the sensing accuracy and the sensing effi-
ciency [4,3,5,1,6], a proper selection of the sensing time
parameters is necessary.

In this paper, we derive closed-form expressions for the
values of the sensing time and the transmission time that
jointly maximize the sensing efficiency and the sensing
accuracy in presence of multiple mobile PUs using the
same spectrum band.

More in detail, as first, we propose a new mathematical
model to effectively describe the cumulative effects of
multiple mobile PUs on the spectrum sensing functional-
ity. In fact, due to the distinctive features of the CR para-
digm, it is not possible to utilize results available in the
classical communication network paradigms to model the
interaction among multiple mobile PUs and an arbitrary
CR user (Section 4.1). Specifically, we develop the concept
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of aggregate PU (Definition 6 in Section 4.1) to represent in
a compact form the overall mobility pattern generated by
the multiple mobile PUs.

Then, stemming from these results, we analytically
derive the criteria for tuning the sensing time and the
transmission time to jointly maximize the sensing effi-
ciency and the sensing accuracy. More in detail, we derive
closed-form expressions for both the sensing time param-
eters that allow us to answer the following questions: (i)
How long can a CR user transmit without interfering with
the multiple mobile PUs? (ii) How long must a CR user
observe a targeted spectrum band to reliably detect multi-
ple mobile PUs? Such closed-form expressions reveal a
non-linear dependence of the sensing and transmission
times from the mobility patterns and the traffic activities
of the multiple mobile PUs.

All the theoretical results are derived by adopting a gen-
eral PU mobility model, in order to assure generality to the
analysis.

In a nutshell, the main contributions made in this paper
are: (i) the development of the aggregate PU model for
describing the cumulative effects of multiple PUs on the
spectrum sensing functionality; (ii) the derivation of
closed-form expressions for the overall mobility pattern
generated by the PUs roaming according to a general
mobility model; (iii) the derivation of closed-form expres-
sions for both the sensing time parameters that jointly
maximize the sensing efficiency and the sensing accuracy
in presence of multiple mobile PUs.

The rest of the paper is organized as follows. In
Section 2, we discuss the related work. In Section 3, we
describe the system model along with some preliminaries.
In Section 4, we develop the aggregate PU model and we
derive closed-form expressions for the overall mobility
pattern generated by the multiple PUs. These results are
used in Section 5 to set the sensing time parameters
according to the dynamics and traffic activities of multiple
mobile PUs. We validate the analytical results by simula-
tion in Section 6. In Section 7, we conclude the paper,
and, finally, some proofs are provided in the appendices.
2 The identical distribution assumption is verified by a large number of
very popular mobility models, as for example the random walk and its
derivatives, the random waypoint and the random direction mobility
model [12]. Moreover, it is not restrictive, since it can be removed and the
2. Related Work

So far, the majority of research in spectrum sensing
focuses on improving the sensing accuracy and the sensing
efficiency by setting the sensing time parameters under
the assumption of static CR and PU networks [4,3,5,7,8].

Contrary to such a common assumption, the emerging
of a plethora of key applications for the small-scale PU
paradigm,1 e.g., military applications, requires to explicitly
account for the mobility of the PUs. Specifically, since mobil-
ity changes dynamically the mutual distances among the
PUs and the CR users, the mobility varies in time the CR user
capability to sense the PU transmissions [6,10,11]. Hence,
the spectrum sensing functionality must tune its sensing
time parameters according to the mobile PU dynamics to
1 Small-scale PU networks include ad hoc networks, wireless personal
area networks, and wireless microphones [1,9].
assure both sensing accuracy and sensing efficiency, as
recently proved in [6].

Specifically, [6] the problem of setting of the sensing
time parameters in mobile environments is addressed.
Nevertheless, the derived results cannot be applied when
the small-scale PU paradigm is considered. In fact, the
analysis in [6] is carried out by assuming a single PU using
the targeted spectrum band. Such a hypothesis is not real-
istic in small-scale PU scenarios due to the joint effects of
short PU transmission range and PU mobility.

3. Assumptions and Preliminaries

In this section, we collect some definitions that will be
used through the paper, and we describe the adopted net-
work model.

Definition 1. With reference to a targeted spectrum band,
two are the spectrum occupancy models:
� Single PU for Band (SPB) spectrum occupancy model:
there is only one PU roaming within the network region
using the targeted band;
� Multiple PU for Band (MPB) spectrum occupancy model:

there are multiple PUs roaming within the network
region sharing the targeted band.

3.1. Network Model

In this paper we adopt the MPB spectrum occupancy

model. Specifically, P , fPUigN
i¼1 denotes the set of N PUs

moving according to a general mobility model, indepen-
dently of each other, in a network region A and using the
same spectrum band. The PU mobility patterns are identi-
cally distributed.2 R and f XPU

ðxPUÞ denote the protection
radius3 and the probability density function (pdf) of the
steady-state spatial distribution of an arbitrary PU, respec-
tively. The traffic of the i-th PU is modeled as a two state
birth–death process [3,11,6], with death rate ai and birth
rate bi. In the ‘‘on’’ state PUi is active with probability
Pon;i ¼ bi=ðai þ biÞ, whereas in the ‘‘off’’ state it is inactive
with probability Poff;i ¼ ai=ðai þ biÞ.

The CR users are assumed static and uniformly dis-
tributed in the network region A. f XCR

ðxCRÞ denotes the
pdf of the CR user spatial distribution.

3.2. Preliminaries

Let us consider an arbitrary PU, say PUi, moving in the
network region A according to its steady-state spatial
distribution.
following analysis continues to hold by easily extending the derived results.
3 To avoid harmful interference against the PUs, the CR users should

detect active PUs within a range, referred to as protection range, determined
by the PU transmission range and by the CR interference range [4,13,6].



A.S. Cacciapuoti, M. Caleffi / Ad Hoc Networks 33 (2015) 209–220 211
Definition 2. An arbitrary CR user is inside the protection
range R of PUi if PUi is placed within a disk CðxCRÞ of radius
R around the CR user location xCR, i.e., if the Euclidean
distance between the CR user and PUi is not greater than R.
In the following, we refer to CðxCRÞ as CR interference region.

We observe that the value of R mainly depends on the
PU transmission power, the CR sensitivity, and the adopted
channel model [14]. Hence, the widely-adopted geometric
model [14–17] used in Definition 2 allows us to account for
the aforementioned system/environmental parameters.

Definition 3. Here we provide the definitions of the main
parameters characterizing the patterns of an arbitrary
mobility model.
� The out time Hi denotes the random time interval PUi

spends out of the interference region of an arbitrary
CR user.
� The sojourn time Si denotes the random time interval

PUi spends inside the interference region of an arbitrary
CR user.
� The inter-arrival time T i ¼ Si þHi denotes the random

time interval between two consecutive arrivals of PUi in
the interference region of an arbitrary CR user.
� The arrival rate ki is the random arrival rate of PUi in the

interference region of an arbitrary CR user, and it is
equal to the inverse of the inter-arrival time, i.e.,
ki , 1=T i.

In [6] the average value of T i; ki; Si and Hi are derived
by assuming the SPB model, i.e., by assuming that PUi is the
only PU roaming in the network region using the targeted
spectrum band. Due to the identical distribution of the
PU mobility patterns, it results: T SPB , E½T i�; kSPB , E½ki�;
SSPB , E½Si�, and HSPB , E½Hi� for any PUi in P.

Definition 4. The maximum interference probability Pint;i

denotes the maximum value of the interference probability
that PUi can tolerate on its transmissions.
Definition 5. The sensing efficiency g is the ratio between
the time devoted to the CR transmissions TTx (transmission
time) and the sensing period Tsp:

g ,
TTx

Tsp
,

TTx

Ts þ TTx
ð1Þ

where Tsp is defined as the sum of the time devoted to the
sensing Ts (sensing time) and the time devoted to the CR
transmissions.
4 When the arrivals are independent, the overall inter-arrival time is
simply equal to 1=ðk1 þ � � � þ kNÞ.
4. Aggregate Primary-User: An overall perspective

Here, first we present the Aggregate PU model in
Section 4.1. Then, in Section 4.2, we characterize the aggre-
gate PU mobility pattern. These results will be used
in Section 5 for singling out the criteria for a proper
tuning of the sensing time parameters in small-scale PU
networks.
4.1. Aggregate PU Model

Let us consider the whole set P , fPUigN
i¼1 of PUs roam-

ing according to a general mobility model in the network
region A, starting from their steady-state spatial
distribution.

Definition 6 (Aggregate PU). The aggregate PU is a model
for describing the overall mobile pattern generated by the
N PUs roaming in the network region A. Specifically, the
aggregate PU is considered inside an arbitrary CR interfer-
ence region if at least one of the N PUs roaming in the
network region A is inside the CR interference region.
Definition 7. Here we provide the definitions of the main
parameters characterizing the mobility patterns of the
aggregate PU.

� The aggregate out time HMPB denotes the random
time-interval the aggregate PU spends out of the CR
interference region, i.e., according to Definition 6, the
random time interval in which no PU belonging to P
is inside the interference region of an arbitrary CR user.
� The aggregate sojourn time SMPB denotes the random

time interval the aggregate PU spends inside the CR
interference region, i.e., according to Definition 6, the
random time interval in which at least one PU 2 P is
inside the interference region of an arbitrary CR user.
� The aggregate inter-arrival time T MPB ¼ SMPB þHMPB

denotes the random time interval between two consec-
utive arrivals of the aggregate PU within the interfer-
ence region of an arbitrary CR user.
� The aggregate arrival rate kMPB denotes the random arri-

val rate of the aggregate PU within the interference
region of an arbitrary CR user, and it is equal to the
inverse of the aggregate inter-arrival time, i.e.,
kMPB , 1=T MPB.
Remark 1. According to the well-known results of the
queuing theory, the overall inter-arrival time of N mobile
nodes within the range of another arbitrary node can be
easily calculated as the inverse of the sum of the single
arrival rates4 [18]. This result cannot be used to derive the
aggregate inter-arrival time, for the distinctive features of
the CR paradigm. As an example, let us consider the case
depicted in Fig. 1, where P is constituted by two PUs.
Fig. 1 shows PU2 arriving within the CR interference region
during the PU1 sojourn time. Hence, the PU2 arrival does
not contribute to decrease the aggregate inter-arrival time
but it causes the increasing of the aggregate sojourn time,
as shown by the green rectangles.

4.2. Aggregate PU mobility characterization

Stemming from the aggregate PU model presented in
Section 4.1, here we characterize the overall mobility



Fig. 1. Aggregate PU mobility pattern: whenever PU2 arrives within the CR interference region during the PU1 sojourn times, the PU2 arrivals do not
contribute to decrease the aggregate inter-arrival time.
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pattern generated by the PUs in P, by deriving closed-form
expressions for the average aggregate inter-arrival rate
(Theorem 1), the average aggregate sojourn time
(Proposition 1) and the average aggregate out time
(Proposition 2).

In order to prove Theorem 1 and Propositions 1 and 2,
Lemma 1 (based on Eq. (6) in [6]) and Lemma 2 (based
on Eq. (24) in [11]) are required, along with Definition 8.

Definition 8. Through the paper, the following events are
taken into account:
� Event I SPB: an arbitrary CR user is inside the protection
range of an arbitrary PU.
� Event OSPB: an arbitrary CR user is out of the protection

range of an arbitrary PU.
� Event IMPB: an arbitrary CR user is inside the protection

range of at least one PU in P, i.e., the CR user is inside
the protection range of the aggregate PU.
� Event OMPB: an arbitrary CR user is out of the protection

range of any PU in P, i.e., the CR user is out of the pro-
tection range of the aggregate PU.
5 We assume that the sojourn time process is stationary, for this, there is
no dependence in f sð�Þ from the specific time slot.

6 Note that there is no dependence from the specific PUs involved in the
evaluation of f SSPB

ð�Þ and pðsÞ since the PU mobility patterns are assumed
identically distributed.
Lemma 1. The average arrival rate kSPB of an arbitrary PU in
P in the interference region of a CR user is equal to:

kSPB ¼
1� PðISPBÞ

D
R

A
f XCR

ðxCRÞdxCRR
L

R
CðxCR ;lÞ

f XPU
ðxPUÞdxPU f LðlÞdl

ð2Þ

where PðISPBÞ is the probability of the event I SPB; f LðlÞ is
the pdf of the random variable representing the Euclidean
distance covered by the PU during a movement period,
and D is the average value of the random variable D
representing the time spent by the PU to complete a
movement [6].
Lemma 2. The probability of event IMPB is equal to:

PðIMPBÞ ¼ 1�PðOMPBÞ ¼ 1�
Z Z

A
1�PðI SPBjxCRÞð ÞNf XCR

ðxCRÞdxCR

¼
XN

k¼1

N

k

� �Z Z
A

PðISPBjxCRÞkð1�PðI SPBjxCRÞÞN�kf XCR
ðxCRÞdxCR

ð3Þ

where PðI SPBjxCRÞ ,
R R

CðxCRÞ
f XPU
ðxPUÞdxPU, with CðxCRÞ

defined in Definition 2.

Theorem 1 (Average Aggregate Arrival Rate). The average
aggregate arrival rate kMPB of the PUs in P roaming within
the network region A according to a general mobility model
is given by:

kMPB¼ kSPB

Z þ1

0

(
Nð1�pðsÞÞNðN�1Þ þNðN�1Þ2pðsÞð1�pðsÞÞðN�1Þ2

þ
XN�2

k¼1

N
k

� �
k
XN�k�1

h¼1

N�k
N�k�h

� �
N�k

N�k�hþ1

� �
ðN�h�1Þþk2

" #

�pðsÞN�kð1�pðsÞÞkðN�1Þ

)
f SSPB
ðsÞds,kSPB

�
Z þ1

0
wðN;pðsÞÞf SSPB

ðsÞds ð4Þ

where f SSPB
ð�Þ denotes the probability density function5 of the

sojourn time process of an arbitrary PU in P. pðsÞ denotes the
conditioned probability of having at least one arrival Ai of
PUi 2 P within the CR interference region during the sojourn
time6 of PUj 2 P, i.e., pðsÞ , PðAi 2 SjjSj ¼ sÞ.
Proof. See Appendix A. h
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Insight 1. Theorem 1 reveals that the average aggregate
arrival rate kMPB is a non-linear function of N, as shown in
Fig. 2. This is crucial since, as we prove in Section 5, the
average aggregate arrival rate dominates the tuning of
the sensing time parameters, and thus the CR spectrum
opportunities. More specifically, the average aggregate
arrival rate kMPB satisfies the following inequality:

kMPB < N kSPB ð5Þ

In fact, when pðsÞ > 0, we have
Rþ1

0 wðN; pðsÞÞf SSPB
ðsÞds < N.

This result agrees with the reasonings in Remark 1.
We note that:

lim
pðsÞ!0

kMPB ¼ NkSPB ð6Þ

This result is reasonable since, when pðsÞ ! 0, the PU arri-
vals do not belong to the sojourn times of the other PUs.
Hence, the aggregated arrival rate is equal to the sum of
the single arrival rates.

Corollary 1 (Average Aggregate Inter-Arrival Time). The
average aggregate inter-arrival time T MPB of the PUs in P
roaming within the network region A according to a general
mobility model is given by:

T MPB ¼
T SPBRþ1

0 wðN;pðsÞÞf SðsÞds
ð7Þ
Proof. See Appendix B. h
Remark 2. From (7), it results that T MPB depends on two
factors: (i) the PU mobility model, through T SPB; pðsÞ and
f SðsÞ; (ii) the number N of PUs that are sharing the same
spectrum band. More in detail, T MPB depends through
T SPB on the average PU velocity, the normalized protection
radius R=a, and the size of the network region A [6].
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Fig. 2. Average aggregate arrival rate: non-linear dependence of kMPB on
N. The curves are obtained by adopting the RWM model with normalized
PU velocity v=a uniformly distributed in ½0:1;0:9� for three different
values of the normalized PU protection range R=a.
Remark 3. As stated before, pðsÞ and f SðsÞ depend on the
adopted PU mobility model. In particular, when the arrival
counting process of the arbitrary PUj is a Poisson process,
the arrival time process has an Erlang distribution of
parameter kSPB. This assumption is verified by a very large
number of mobility models, as for example the Random
Walk Mobility (RWM) and its derivatives, the Random
WayPoint Mobility (RWPM) and the Random Direction
Mobility (RDM) models [6,12,19]. It is also verified by
experimental mobility models based on human mobility

as shown in [20–23]. In these cases, pðsÞ ¼ 1� e�kSPB s and
the sojourn time process has an exponential distribution
with parameter 1=SSPB.
Proposition 1 (Average Aggregate Sojourn Time). The aver-
age aggregate sojourn time SMPB of the PUs in P roaming
within the network region A according to a general mobility
model is given by:

SMPB ¼
PðIMPBÞT SPBRþ1

0 wðN;pðsÞÞf SðsÞds
ð8Þ
Proof. See Appendix C. h
Proposition 2 (Average Aggregate Out Time). The average

aggregate out time HMPB of the PUs in P roaming within
the network region A according to a general mobility model
is given by:

HMPB ¼
PðOMPBÞT SPBRþ1

0 wðN; pðsÞÞf SðsÞds
ð9Þ
Proof. See Appendix D. h

From Insight 1, the following two insights for the aver-
age aggregate sojourn time and for the average aggregate
out time follow.

Insight 2. The average aggregate sojourn time SMPB satis-
fies the following inequality:

SMPB >
PðIMPBÞ
PðISPBÞ

SSPB

N
ð10Þ

In fact, when pðsÞ > 0; kMPB < NkSPB. Hence, from (8), it fol-

lows SMPB >
PðIMPBÞT SPB

N . By accounting for SSPB ¼ PðISPBÞT SPB

[6], (10) follows. Clearly, when pðsÞ ! 0, by accounting

for (6), one has SMPB ! PðIMPBÞ
PðISPBÞ

SSPB
N .
Insight 3. The average aggregate out time HMPB satisfies
the following inequality:

HMPB >
PðOMPBÞ
PðOSPBÞ

HSPB

N
ð11Þ

In fact, when pðsÞ > 0; T MPB >
T SPB

N , from (8), it follows

HMPB >
PðOMPBÞT SPB

N . By accounting for HSPB ¼ PðOSPBÞT SPB
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[6], (11) is obtained. Clearly, when pðsÞ ! 0, by accounting

for (6), one has HMPB ! PðOMPBÞ
PðOSPBÞ

HSPB
N .

Propositions 1 and 2 reveal that the evaluation of the
average aggregate sojourn time SMPB and the average
aggregate out time HMPB requires the knowledge of
PðIMPBÞ ¼ 1� PðOMPBÞ. In [11], PðIMPBÞ has been evaluated
only for one-dimensional network regions and only for
two mobility models. In the following, we derive a
closed-form expression of PðIMPBÞ for bi-dimensional net-
work regions and for a general mobility model. Then, we
confer completeness to the analysis by providing more
accurate closed-form expressions for two widely adopted
mobility models, i.e., the RWPM and the RWM.

Proposition 3. The probability PðIMPBÞ of a CR user being
inside the protection range of at least one PU in P, roaming
within a two-dimensional network region A ¼ ½0; a� � ½0; a�
according to a general mobility model, can be approximated
when R� a as follows:

PðIMPBÞ ¼ 1� PðOMPBÞ ’ 1� 1� pR2

a2

 !N

ð12Þ
Proof. See Appendix E. h
Proposition 4. The probability PRWMðIMPBÞ of a CR user
being inside the protection range of at least one PU in P,
roaming within a two-dimensional network region
A ¼ ½0; a� � ½0; a� according to the RWM, can be approximated
as follows:

PRWMðIMPBÞ ¼ 1� PRWMðOMPBÞ ’ 1� 1� pR2

a2

 !N

ð13Þ
Proof. See Appendix F. h

(13) coincides with (12) due to the uniform steady-state
spatial distribution of the PUs roaming according to the
RWM model.

Proposition 5. The probability PRWPMðIMPBÞ of a CR user
being inside the protection range of at least one PU in P,
roaming within a two-dimensional network region
A ¼ ½0; a� � ½0; a� according to the RWPM, can be approxi-
mated as follows:

PRWM
MPB ðIÞ¼1�PMPBðOÞ

’ 1� 1
a2

Z Z
A

1�3pR2

2a6 ½R2þ6yCRðyCR�aÞ�
n 

� R2þ6xCRðxCR�aÞ��12xCRyCRðxCR�aÞðyCR�aÞ
h o�N

�dxCRdyCR ð14Þ
Proof. See Appendix G. h
5. Aggregate Primary-User: Criteria for tuning the
sensing time parameters

Here, we derive the criteria for tuning the sensing time
parameters when multiple PUs roaming in the
network region are sharing the targeted spectrum
band. Specifically, we provide closed-form expressions of
the transmission time and the sensing time that
jointly maximize the sensing efficiency and the sensing
accuracy.

Proposition 6. Let us consider the PUs in P roaming within a
network region A according to a general mobility model. An
arbitrary CR user, aiming to satisfy the PU interference
constraint and to maximize the sensing efficiency for a given

value of the sensing time, must set the transmission time TMPB
Tx

as follows:

TMPB
Tx ¼ F�1

T MPB

mini Pint;i
� �

1�
QN

i¼1Poff ;i

 !
ð15Þ

where Pint;i is the maximum interference probability tolerated
by PUi 2 P; Poff ;i is the off-state probability of PUi, and
FT MPB ð�Þ is the cumulative distribution function of the aggre-
gate inter-arrival time process.
Proof. See Appendix H. h
Remark 4. As proved in Appendix H, the transmission
time TMPB

Tx set according to Eq. (15) maximizes the sensing
efficiency (Definition 5) for a given value of the sensing
time, since TMPB

Tx is the maximum value of the transmission
time satisfying the PU interference constraint.
Remark 5. From (15), it results that if the interfer-
ence constraint mini Pint;i

� �
is equal to the probabil-

ity that at least one of the N PUs in P is active, i.e.,
mini Pint;i

� �
¼ PMPB

on , 1�
Qn

i¼1Poff ;i, it results TMPB
Tx ¼

F�1
T MPB

1ð Þ. This means that a CR user can transmit for
an infinite time, as expected.
Corollary 2. If the aggregate inter-arrival time process has
an exponential distribution of parameter kMPB, an arbitrary
CR user, aiming to satisfy the PU interference constraint
and to maximize the sensing efficiency for a given value of

the sensing time, must set the transmission time TMPB
Tx as

follows:

TMPB
Tx ¼ T MPB log

1�
QN

i¼1Poff;i

1�
QN

i¼1Poff ;i �mini Pint;i
� �

 !

¼ HMPB

1� PðIMPBÞ

� log
1�

QN
i¼1Poff;i

1�
QN

i¼1Poff;i �mini Pint;i
� �

 !
ð16Þ
Proof. See Appendix I. h
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Proposition 7. Let us consider the PUs in P roaming within a
network region A according to a general mobility model. An
arbitrary CR user, aiming to maximize the sensing accuracy,

must set the sensing time TMPB
s as follows:

TMPB
s 6 SMPB ð17Þ

where SMPB is the average aggregate sojourn time given in (8).
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Proof. See Appendix J. h

The rationale behind Proposition 7 is that observing the
band for a time greater than the average aggregate sojourn
time SMPB has two effects: (i) the probability Pagg

d of detect-
ing the aggregate PU does not improve; (ii) the probability
Pagg

f of false detecting the aggregate PU increases. Hence, in
mobile scenarios, the sensing accuracy does not improve
by observing the channel for sensing time longer than
the average aggregate sojourn time SMPB. This is an impor-
tant result compared to static scenarios where it is
well-known that longer sensing times lead to higher sens-
ing accuracy.

Remark 6. We underline that the developed theoretical
analysis implicitly accounts for the channel propagation
conditions and the noise levels. In fact the decision variable
Y and the threshold c of the arbitrary adopted sensing
technique determining the expressions of the detection
Pagg

d and false-alarm Pagg
f probabilities (see Appendix J for

details) depend on the adopted channel and noise models
as shown in [24,25].
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Remark 7. Result (17) holds regardless of the adopted spec-
trum sensing technique. Moreover, result (17) is reasonable.
In fact, if an arbitrary CR user is out of the protection range of
any PU in P, i.e., if the eventOMPB occurs, the CR user can use
the band without interfering any PU in P. So, it is useless to
waste time by sensing a free band. Clearly, the amount of the
average aggregate sojourn time to be devoted to the sensing
depends on the specific sensing technique adopted. In par-
ticular, if SMPB ! 0; TMPB

s ! 0 as well. This agrees with the
intuition: if the PUs are never in the CR interference region,
it is useless to sense a free band.
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Fig. 4. Sensing time vs the number N of PUs.
6. Validation of the theoretical results

In this section, we first validate the derived analytical
results by Monte Carlo simulations. Then, we show the
effects of the different mobility parameters on the aggre-
gate PU dynamics. This is crucial for the performance of a
CR network, since as proved in Section 5, the aggregate
PU mobility pattern dominates the tuning of the sensing
time parameters.

We place uniformly 102 CR users in a bi-dimensional
network region A ¼ ½0; a� � ½0; a�. The PUs move according
to the RWM model and the RDM model for enough time
to assure 103 inter-arrival events. Moreover, they start
their movements from the steady-state spatial distribution
and they randomly choose the normalized velocity v=a
according to a uniform distribution in the interval
½0:1;0:9� m/s. Finally, the normalized protection range
R=a of the arbitrary PU in P is set equal to two different
values in order to confer generality to the analysis, i.e.,
0:01 and 0:02.

Fig. 3 shows the average aggregate inter-arrival time
T MPB vs the number N of PUs in P, for both the considered
mobility models. The analytical results evaluated accord-
ing to (7) match well the simulation results, for both the
considered mobility models. In particular, we note that
T MPB is a non-linear function of the number N of PUs, in
agreement with Insight 1.

Figs. 4 and 5 show the sensing time TMPB
s and the trans-

mission time TMPB
Tx as the number of PUs in P increases, for

both the considered mobility models. We set
minifPint;ig ¼ 10�2 and Poff;i ¼ 2=3 8 i ¼ 1; . . . ;N. The analyt-

ical results are obtained by setting TMPB
s according to the

upper bound derived in Proposition 7, i.e., TMPB
s ¼ SMPB,
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and by setting TMPB
Tx according to (16). We note that the the-

oretical results match well the simulation results, for both
the considered mobility models. In particular, with refer-
ence to the sensing time, TMPB

s is a non-linear function of
the number N of PUs. Furthermore, we observe that the
curve trend appears almost constant, since the normalized
protection range R=a� 1, i.e., R=a ¼ 0:01 and R=a ¼ 0:02,
and hence PðIMPBÞ derived in (12) is very small. Finally,
with reference to the transmission time, when N increases,
TMPB

Tx decreases non-linearly. This behavior is due to two
factors: (i) the decreasing of the aggregate inter-arrival
time as N increases; (ii) the increasing of the probability
of the aggregate PU being active as N increases.

Figs. 6 and 7 depict the instantaneous interference
levels produced by a CR user on the aggregate PU
transmissions for the RWM and the RDM mobility
models, respectively. The horizontal red line represents
minifPint;ig ¼ 10�2. The results confirm the benefits of set-
ting the transmission time according to the theoretical
result, for both the considered mobility models. In particu-
lar, the average interference levels (obtained by averaging
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Fig. 6. Aggregate instantaneous interference level for the RWM as
function of time.
the instantaneous interference levels over the simulation
time) on the aggregate PU transmissions are equal to
0:00998 ’ 10�2 for the RWM and 0:0099 ’ 10�2 for the
RDM, in agreement with Proposition 6.

Now, we show the effects of the different mobility
parameters on the aggregate PU dynamics, since this is
crucial for the tuning of the sensing time parameters. To
this aim, let us consider Figs. 8–10 that report the average
aggregate inter-arrival time T MPB, the average aggregate
sojourn time SMPB and the average aggregate out
time OMPB vs the number of PUs in P, for three differ-
ent values of the normalized protection range, i.e.,
R=a ¼ 0:15; R=a ¼ 0:1 and R=a ¼ 0:05, when the RWM is
adopted.

First, we note that the aggregate inter-arrival time has a
concave behavior as function of N. This is due to the oppo-
site behaviors of the aggregate sojourn time and the aggre-
gate out time as function of N. Specifically, when N
increases, SMPB increases, whereas OMPB decreases.
However, the two curves exhibit different slopes. This
means that, for small values of N, the decreasing of the
aggregate out time dominates the increasing of the
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aggregate sojourn time. As a consequence, the aggregate
inter-arrival time decreases. Differently, for higher values
of N, the increasing of the aggregate sojourn time domi-
nates the decreasing of the aggregate out time. As a conse-
quence, the aggregate inter-arrival time increases. The
value of N for which the aggregate inter-arrival time
inverts its behavior depends on the PUs mobility parame-
ters, as shown in Fig. 8. Specifically, as the normalized pro-
tection range R=a increases, such a value of N decreases.
The reason is that, when R=a increases, the probability of
a CR user being inside the aggregate PU protection range
increases as well. Similarly, as the average PU velocity
decreases, the value of N for which the aggregate
inter-arrival time inverts its behavior decreases as well,
since the time the aggregate PU spends inside the CR inter-
ference region increases.
7 In (A.1), we have denoted with fB
T

Cg or equivalently with fB; Cg the
intersection between the events B and C. Moreover, we have denoted with
fB
S

Cg the union of the events B and C.
7. Conclusions

The emerging applications of the small-scale
primary-user (PU) paradigm requires Cognitive Radio
(CR) networks to explicitly support the mobility of a
multitude of PUs concurrently using the same spectrum
band. Hence, in this paper, we answered the following fun-
damental questions to jointly maximize the sensing effi-
ciency and the sensing accuracy in presence of multiple
mobile PUs: (i) How long can a CR user transmit without
interfering with the multiple mobile PUs? (ii) How long
must a CR user observe a targeted spectrum band to reli-
ably detect multiple mobile PUs? For this, we first pro-
posed the aggregate PU model to effectively describe the
cumulative effects of multiple mobile PUs on the spectrum
sensing functionality. Then, stemming from this model, we
derive closed-form expressions for the sensing time and the
transmission time that jointly maximize the sensing effi-
ciency and the sensing accuracy. We derived all the theo-
retical results by adopting a general mobility model for
the multiple PUs, and we validated the analytical results
through simulations.
Appendix A. Proof of Theorem 1

Let us consider the case N ¼ 3. By accounting for the
aggregate PU model developed in Section 4, a realization
of the aggregate arrival rate is given by7:

kMPB ¼

ki|{z}
i2ð1;2;3Þ

; if
\3

j ¼ 1
j–i

fAj 2 Si ¼ si;Ai R Sj ¼ sjg
S

8>>>>><
>>>>>:

[3
j ¼ 1
j–i

fAj 2 Si ¼ si;Ai R Sj ¼ sjg
\3

k ¼ 1
k–j
k–i

fAk 2 Sj ¼ sj;

8>>>>>>>><
>>>>>>>>:
Ak R Si ¼ siggg

ki þ kj|fflfflffl{zfflfflffl}
ði; jÞ 2 ð1;2;3Þ

i–j

; if Ai R Sj ¼ sj;Aj R Si ¼ si;
\3

k ¼ 1
k–i
k–j

Ai R Sk ¼ sk;f

8>>>>>>>><
>>>>>>>>:

Aj R Sk ¼ sk;
[3

l ¼ 1
l–k

Ak 2 Sl ¼ sl

8>>>><
>>>>:

9>>>>=
>>>>;

9>>>>=
>>>>;

9>>>>=
>>>>;

k1 þ k2 þ k3; if
\3
i¼1

\3
j ¼ 1
j–i

Ai R Sj ¼ sj

8>>>>><
>>>>>:

9>>>>>=
>>>>>;

8>>>>><
>>>>>:

9>>>>>=
>>>>>;

8>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>:

ðA:1Þ

By accounting for the equal distribution and for the
independence of the PU mobility patterns, the conditioned
average value of kMPB is given by:



wðN;pðsÞÞ,E½kMPBjS¼ s�¼3kSPBð1�pðsÞÞ6þ12kSPBpðsÞð1�pðsÞÞ4þ9kSPBpðsÞ2ð1�pðsÞÞ2

¼kSPB Nð1�pðsÞÞNðN�1Þ þNpðsÞð1�pðsÞÞðN�1Þ2 ðN�1Þ2þ
N

1

 !
1
XN�1�1

h¼1

N�1

N�1�h

 !
N�1

N�1�hþ1

 !
ðN�h�1Þþ12

" #zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{3

pðsÞN�1ð1�pðsÞÞ1ðN�1Þ

8>>><
>>>:

9>>>=
>>>;

ðA:2Þ
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The average value of kMPB is finally obtained as
kMPB ¼

Rþ1
0 E½kMPBjS ¼ s�f SSPB

ðsÞds ,
Rþ1

0 wðN; pðsÞÞf SSPB
ðsÞds.

Thus, for an arbitrary value of N, the proof easily follows by
adopting similar reasonings and by enumerating all the
possible events as in (A.1).
Appendix B. Proof of Corollary 1

Since T MPB ¼ 1
kMPB

, stemming from (4) and by accounting

for T SPB ¼ 1
kSPB

, the proof follows.
Appendix C. Proof of Proposition 1

By accounting for the aggregate PU model developed in
Section 4, the overall inter-arrival time process of the N
PUs in P roaming in a network region A is equivalent to
the inter-arrival time process of a single aggregate PU
roaming in the same network region. Thus, by using
Little’s Theorem [18], the average aggregate sojourn time
SMPB is given by:

SMPB ¼ PðIMPBÞT MPB ðC:1Þ

where PðIMPBÞ is derived in (3). By substituting (7) in (C.1),
the proof follows.
Appendix D. Proof of Proposition 2

By accounting for Definition 7 and (8), one has:

OMPB ¼ T MPB � SMPB ¼ 1� PMPBðIÞð ÞT MPB

¼ PðOMPBÞT MPB ðD:1Þ

By substituting (7) in (D.1), the proof follows.
Appendix E. Proof of Proposition 3

If R� a; PðI SPBjxCRÞ can be assumed independent of
xCR. As a consequence, from (3), one has:

PðIMPBÞ ’ 1� 1� PðI SPBjxCRÞð ÞN ðE:1Þ

where PðISPBjxCRÞ can be easily evaluated as the fraction of
the network region covered by the arbitrary PU, i.e.,

PðI SPBjxCRÞ ’ pR2

a2 .
Appendix F. Proof of Proposition 4

By neglecting the border effects, i.e., by supposing
R� a; PðISPBjxCRÞ in (3) can be calculated as follows:

PðISPBjxCRÞ ,
Z Z

CðxCRÞ
f XPU
ðxPUÞdxPU

’
Z yCRþR

yCR�R

Z xCRþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2�ðt�yCRÞ2
p

xCR�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2�ðt�yCRÞ2
p f XPU

ðz; tÞdzdt ðF:1Þ

By substituting in (F.1) the expressions of the PU spatial
distributions for the RWM in the two-dimensional case
[26] and by using the notable relations [27]R

sinmðaÞda ¼ � cosðaÞ sinm�1ðaÞ
m þ m�1

m

R
sinm�2ðaÞda andR

cosmðaÞda ¼ sinðaÞ cosm�1ðaÞ
m þ m�1

m

R
cosm�2ðaÞda, one obtains:

PRWMðI SPBjxCRÞ ’
pR2

a2 ðF:2Þ

By substituting (F.2) in (3), the proof follows.

Appendix G. Proof of Proposition 5

By neglecting the border effects, i.e., by suppos-
ing R� a; PðISPBjxCRÞ in (3) can be written as in (F.1).
By substituting in (F.1) the expressions of the PU
spatial distributions for the RWPM in the two-
dimensional case [28] and by using the notable relations

[27]
R

sinmðaÞda¼�cosðaÞsinm�1ðaÞ
m þm�1

m

R
sinm�2ðaÞda andR

cosmðaÞda¼sinðaÞcosm�1ðaÞ
m þm�1

m

R
cosm�2ðaÞda, one obtains:

PRWPMðI SPBjxCRÞ ’
3pR2

2a6 ½R2 þ 6yCRðyCR � aÞ�
n

� ½R2 þ 6xCRðxCR � aÞ�
� 12xCRyCRðxCR � aÞðyCR � aÞg ðG:1Þ

By substituting (G.1) in (3) and by accounting for the uni-
form distribution of the CR users, the proof follows.

Appendix H. Proof of Proposition 6

By accounting for the aggregate PU model developed in
Section 4, we can adopt similar reasonings as in [6] for set-
ting the transmission time allowing a CR user to respect
the PU interference constraint and maximizing the sensing
efficiency for a given value of the sensing time. Specifically,
during two aggregate PU arrival events in a CR interference
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region, a CR user can interfere the active aggregate PU dur-
ing the transmission time. As a consequence, the CR trans-
mission time cannot exceed the maximum interference
time the active aggregate PU can tolerate between two
arrival events, i.e., it cannot exceed the minimum of the
maximum interference times the active PUs in P can indi-
vidually tolerate. Moreover, the aggregate PU is active
when at least one of the N PUs in P is active. This event
has probability PMPB

on , 1�
Qn

i¼1Poff ;i. As a consequence, we
have:

FT MPB ðTTxÞPMPB
on ¼ P T MPB 6 TTxð ÞPMPB

on 6 min
i

Pint;i
� �

() TTx 6 F�1
T MPB

min
i

Pint;i
� �

PMPB
on

0
@

1
A ðH:1Þ

and the proof follows by considering the maximum TTx sat-
isfying (H.1).

Appendix I. Proof of Corollary 2

If the aggregate inter-arrival process has an exponential

distribution of parameter kMPB, then FT MPB ðtÞ ¼ 1� ekMPB t .
Hence, the proof follows by accounting for (9) and (15).

Appendix J. Proof of Proposition 7

By accounting for the aggregate PU model developed in
Section 4, we can adopt similar reasonings as in [6] for set-
ting the sensing time. Specifically, Y and c denote the deci-
sion variable and the threshold of a generic sensing
technique, respectively. Hagg

0 and Hagg
1 denote the hypothe-

ses of ‘‘no aggregate PU signal’’ and ‘‘aggregate PU signal
transmitted’’, respectively. The detection probability
Pagg

d , PðY > cjHagg
1 Þ is affected only by the event IMPB,

since if the event OMPB occurs, the CR user cannot sense
any PU in P. Instead, the false-alarm probability
Pagg

f , PðY > cjHagg
0 Þ is affected by both the events IMPB

and OMPB. Specifically:

Pagg
d ¼ PðY > cjHagg

1 ; IMPBÞPðIMPBÞ ðJ:1Þ

Pagg
f ¼ PðY > cjHagg

0 ; IMPBÞPðIMPBÞ
þ PðY > cjHagg

0 ;OMPBÞPðOMPBÞ
P PðY > cjHagg

0 ; IMPBÞPðIMPBÞ ðJ:2Þ

with PðIMPBÞ ¼ SMPB=T MPB. From (J.1) and (J.2), it results
that observing the band for a time greater than the average
aggregate sojourn time SMPB has two effects: (i) Pagg

d does
not improve; (ii) Pagg

f can increase. Hence, for an efficient

spectrum sensing, TMPB
s has to be set by accounting only

for SMPB.
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