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Abstract—The Spectrum Sensing is a fundamental function-
ality of the Cognitive Radio (CR) paradigm since a reliable
detection of the presence of spectral holes is a mandatory
requirement to avoid harmful interferences to licensed users.
In this paper, we address this problem by proposing a widely
linear (WL) cooperative strategy at a fusion center side where
the CR user statistics have been received by means of multipath
fading channels. The proposed strategy jointly elaborates the
received signal and its conjugate version to take advantage by
the information contained in the statistical pseudo-covariance
function of the received signal. We design the WL strategy to
maximize a modified deflection coefficient and we compare it with
a strictly linear (SL) cooperative strategy. Results of numerical
simulations show that the WL fusion-rule outperforms the SL
one in operative conditions of practical interest.

I. INTRODUCTION

In the last years, the Cognitive Radio (CR) paradigm [1],
[2] has attracted a huge attention since it appears to be a
viable and effective solution to assure an efficient use of
the radio spectrum. The CR paradigm proposes to enhance
the spectrum utilization efficiency by discovering spectrum
holes (i.e. licensed bands not used at a particular place and/or
time) and by exploiting them for the unlicensed (CR) user
communications. It is worth to highlight that the CR users can
use these spectral holes if they do not cause any significant
interference to the transmissions of the licensed users (primary
users). Moreover, when the primary users become active the
CR users have to vacate the frequency bands. Therefore,
the spectrum sensing is a fundamental functionality of CR
paradigm and it is a challenging issue due to the wireless
propagations effects.
Recently, several spectrum sensing strategies [2]–[5] based on
the cooperative approach have been proposed to counteract the
wireless propagations effects by exploiting the spatial diversity
among the CR users. In centralized cooperative techniques,
every CR user performs its own local spectrum sensing mea-
surements independently and sends them to a fusion center.
The fusion center combines the sensing information collected
from the CR users to perform the decision on the presence
of the primary user. In [3]–[5] the energy detection has been
adopted as local spectrum sensing measurement since it does
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not require any a-priori knowledge about the primary user
signal and exhibits a low complexity.
[3] proposes two detection schemes: a linear soft combination
and an interesting softened hard one, assuming an ideal
transmission between each CR user and the fusion center.
In [4], [5], the authors propose two interesting fusion detection
schemes, which optimize the detection performance by means
of a linear (L) combination of the energies measured by
CR users, assuming a fading flat-flat channel model between
each CR user and the fusion center. In the first scheme, the
combining weights are designed to maximize the detection
probability for a fixed false-alarm probability. In the second
technique, instead, the combining weights are designed to
optimize a modified deflection coefficient The authors show
that the two strategies perform almost the same, even if the
second one exhibits a lower complexity.
In this paper, we generalize the model considered in [4], [5]
by adopting the more reasonable multipath channel model
between each CR user and the fusion center to take into
account the bandwidth scarcity of the management channel
for the cognitive procedure. The adopted model induces us
to propose as combining fusion rule the widely-linear (WL)
processing to take advantage by the non-circular properties
associated with the local spectrum sensing statistics. In fact,
when the information signal and/or the disturbance are im-
proper the L receivers can be outperformed by the WL
ones that, by jointly elaborating the received signal and its
conjugate version, exploit also the information contained in
the statistical pseudo-covariance function [6]–[8]. According
to the criterion adopted for the L processing in [4], [5],
we design the WL combining weights to maximize at the
fusion center side a deflection coefficient modified to account
for the cognitive radio context. Moreover, we develop the L
cooperative decision rule proposed in [4], [5], referred to as
strictly linear (SL) rule, for the adopted multipath channel
model for the sake of completeness. Finally, basing on Monte
Carlo simulations, we compare the WL decision strategy with
the SL one, showing that the WL detector outperforms the SL
one with a small complexity increase assuring so, in operative
conditions of practical interest, less interference to the primary
user.
The rest of the paper is organized as follows: in section II we
describe the system model, whereas in section III we develop
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the proposed WL cooperative technique. In section IV we
develop the analysis of the SL cooperative rule and in section
V we validate our analysis by comparing the two strategies.
Finally conclusions and future works are drawn in section VI.

II. SYSTEM MODEL

Let us consider a Cognitive Radio Network with M CR users.

A. CR User Model

The base-band discrete received signal xi(k) at the ith sec-
ondary user can be written as in [4], [5]:{

H0 : xi(k) = vi(k) i = 1, 2, . . . , M

H1 : xi(k) = gi s(k) + vi(k) i = 1, 2, . . . , M
(1)

where s(k) is the the primary user’s signal, gi is the complex
flat-flat channel coefficient and vi(k) is the complex zero-mean
additive white Gaussian noise, vi(k) ∼ CN (0, σ2

i ), assumed
circular (or proper), i.e. E[vi(n) vi(m)] = 0,∀n,m ∈ Z.
Each secondary user adopts an energy detector to re-
veal the presence of the primary user, namely ui(q) =∑qNs+N−1

k=qNs
|xi(k)|2 where the number N of samples in the

detection interval is the maximum integer not greater than τ fs

[9], with τ the available sensing time and fs the sampling
frequency and Ns > N indicates the number of samples after
which a new spectrum sensing process starts. Accounting for
the Central Limit Theorem (CLT), for large N , ui(q) can be
approximated by a Gaussian random variable (r.v.) with mean
and variance1 given respectively by:

E[ui(q)|Hj ] =

{
N σ2

i H0

|gi|2 Es + N σ2
i H1

(2)

Var[ui(q)|Hj ] =

{
N σ4

i H0

2 |gi|2Esσ
2
i + N σ4

i H1

(3)

Remark: although s(k) is assumed deterministic and unknown
as in [4], [5], if s(k) is modeled as a sequence of independent
and identically distributed (i.i.d) r.v., {ui(q)} can be still
approximated by Gaussian r.v. [9] and therefore the subsequent
analysis will continue to hold.

B. Fusion Model

The statistics {ui(q)} are transmitted by the CR users to the
fusion center through multipath fading channels. We assume
according to [4], [5] that the transmissions of the different
CR users are orthogonal each other. Note that this assumption
has been considered only for the sake of simplicity since
the proposed analysis can be easily extended. The base-band
signal at the RF front-end of the fusion center received from
ith CR user can be written as:

yi(l) =
Lgi

−1∑
n=0

ui(l−n)hi(n) + ni(l), i ∈ {1, . . . , M} (4)

1E[|vi(k)|4] = E[(Re(vi(k))2 + Im(vi(k))2)2] = 2 σ4
i , taking into

account the notable result valid for zero-mean real Gaussian random variable.

where l-th is the arbitrary sampling instant, ni(l) is the
circular, complex zero-mean, spatially uncorrelated, additive
white Gaussian noise, ni(l) ∼ CN (0, δ2

i ), and {hi(n)} is the
discrete-time, finite multipath channel impulse response with
length Lgi

.
Without loss of generality, we assume that ui(l) is a i.i.d.
random sequence, that ui(l1) and uj(l2) are spatially un-
correlated, and that the transmitted statistic {ui(l)} are in-
dependent from the additive noise {ni(l)} [3]–[5]. In the
following, to simplify the notation, we indicate with Lg the
maximum value among Lgi

. Since via CLT {ui(l)} are normal
r.v., yi(l) is a complex Gaussian r.v.. At the fusion center,
due to the multipath channel model, we jointly elaborate
Le consecutive received samples for each CR user namely

yi(l)
�
= [yi(l), yi(l − 1), . . . yi(l − Le + 1)]T ∈ CLe , which,

from (4), can be expressed as:

yi(l) = Hi ui(l) + ni(l), i ∈ {1, . . . , M} (5)

where

Hi
�
=

⎡⎢⎢⎢⎢⎢⎣
hi(0) . . . hi(Lg − 1) 0 0

0 hi(0) . . . hi(Lg − 1) 0
...

. . . . . .
. . .

...

0 0 hi(0) . . . hi(Lg − 1)

⎤⎥⎥⎥⎥⎥⎦
is a Toeplitz matrix ∈ CLe×(Le+Lg−1), ui(l)

�
=

[ui(l), ui(l− 1), . . . , ui(l−Le −Lg +2)]T ∈ RLe+Lg−1 and,

finally, ni(l)
�
= [ni(l), ni(l − 1), . . . , ni(l − Le + 1)]T ∈ CLe .

If we define H
�
= diag[H1 H2 . . . HM ] ∈

CM Le×M (Le+Lg−1), u(l)
�
= [uT

1 (l)uT
2 (l) . . . uT

M (l)]T ∈
RM (Le+Lg−1), and n(l)

�
= [nT

1 (l)nT
2 (l) . . . nT

M (l)]T ∈
CM Le , we can rewrite (5) in a more compact form:

y(l) = Hu(l) + n(l) (6)

where y(l)
�
= [yT

1 (l)yT
2 (l) . . .yT

M (l)]T ∈ CM Le . Taking into
account (2) and (3), the mean and the covariance matrix of
the complex Gaussian random vector y(l), are equal to:

μHj
= E[y(l)|Hj ] = HE[u(l)|Hj ] = HηHj

∈ C
MLe (7)

where

ηHj
=

{
[N σ2

11
T . . . N σ2

M1T ]T H0

[(Es|g1|2 + Nσ2
1)1T . . . (Es|gM |2 + N σ2

M )1T ]T H1

(8)

with 1
�
= [1 1 . . . 1]T ∈ RLe+Lg−1 and

Cy|Hj

�
= E[(y(l) − μ) (y(l) − μ)H |Hj ] ∈ C

MLe×MLe

= HCu|Hj
HH + Rn (9)

where the noise correlation matrix and the signal one are

Rn = diag[Rn1 Rn2 . . . RnM
] ∈ R

MLe×MLe (10)
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Cu|Hj
= diag[Cu1|Hj

. . .CuM |Hj
]

∈ R
M(Le+Lg−1)×M(Le+Lg−1) (11)

with

Rni
= δ2

i I{Le×Le} (12)

and

Cui|Hj
=

{
N σ4

i I{Le+Lg−1} H0

(N σ4
i + 2Es |gi|2σ2

i ) I{Le+Lg−1} H1

(13)

Moreover, since {ui(l)} are real, the pseudo-autocovariance
matrix of y(l) is different from zero and it is given by:

Cy∗|Hj

�
= E[(y(l) − μ) (y(l) − μ)T |Hj ] ∈ C

MLe×MLe

= HCu∗|Hj
HT + Rn∗ = HCu|Hj

HT (14)

where the last equality takes into account that u(l) is a real-
value vector and that n(l) is a proper random vector.

III. WIDELY LINEAR COOPERATIVE SPECTRUM SENSING

In this section the proposed Widely Linear cooperative strategy
is developed by resorting to a modified deflection coefficient.

A. Widely Linear Global Decision

As mentioned in section I, the WL processing can take advan-
tage (with respect to the SL one) of the correlation between
the received signal and its conjugate version, namely of the
information contained in their statistical pseudo-covariance
function. The WL global test statistic at the fusion center can
be expressed as:

ywl(l) = fH
1 y(l) + fH

2 y∗(l) = fHya(l) = 2 Re[fH
1 y(l)] (15)

where ya(l)
�
= [yT (l) yH(l)]T ∈ C

2MLe is the augmented

received vector and the augmented processing vector f
�
=

[fT
1 fT

2 ]T is equal to f = [fT
1 fH

1 ]T ∈ C
2MLe since for real

information symbols f2 = f∗1 namely f exhibits the conjugate
symmetric property [8]. We note that unlike the SL processing,
in this case the statistic (15) is real. In order to characterize
the Gaussian r.v. ywl(l), it is necessary to characterize ya(l).
At this end, basing on (6), ya(l) can be written as:

ya(l) =
[
H
H∗

]
︸ ︷︷ ︸

Ha

u(l) +
[
n(l)
n∗(l)

]
︸ ︷︷ ︸

na(l)

= Hau(l) + na(l) (16)

and its mean and its covariance matrix are respectively:

μ̃Hj

�
= E[ya(l)|Hj ] = HaE[u(l)|Hj ] = HaηHj

∈ C
2MLe

(17)

with ηHj
given by (8) and

Cya|Hj

�
= E[(ya(l) − μ̃) (ya(l) − μ̃)H |Hj ] ∈ C

2MLe×2MLe

= HaCu|Hj
HH

a + Rna
(18)

where the augmented noise correlation matrix is

Rna
=
[

Rn 0{M×M}
0{M×M} Rn

]
∈ C

2MLe×2MLe (19)

and Cu|Hj
is given in (11).

Accounting of (17), (18) we can characterize ywl(l) in (15):

μwl|Hj

�
= E[ywl(l)|Hj ] = fH E[ya(l)|Hj ] = fH μ̃Hj

(20)

ϕ2
wl|Hj

�
= Var[ywl(l)|Hj ] =

fHE[(ya(l) − μ̃)(ya(l) − μ̃)H |Hj ]f = fHCya|Hj
f (21)

The WL-based decision rule at the fusion center is:

ywl(l) �H1
H0

γwl (22)

where γwl is the decision threshold. By taking into account
(20) and (21), the false-alarm probability Pf and the detection
one Pd can be expressed as:

Pf
�
= P [ywl(l) > γwl|H0] = Q

⎛⎝γwl − μwl|H0√
ϕ2

wl|H0

⎞⎠
= Q

⎛⎝ γwl − fH μ̃H0√
fHCya|H0f

⎞⎠ (23)

Pd
�
= P [ywl(l) > γwl|H1] = Q

⎛⎝γwl − μwl|H1√
ϕ2

wl|H1

⎞⎠
= Q

⎛⎝ γwl − fH μ̃H1√
fHCya|H1f

⎞⎠ (24)

In the next subsection we propose to single out the weighting
vector f according to a selected optimization criterion.

B. Widely Linear Optimization

Since the processing vector f affects the statistics of the
global test statistic ywl(l) as can be recognized from (20)
and (21) and therefore it affects the shape of the Probability
Density Function (PDF) of ywl(l), an effective optimization
criterion consists of maximizing the deflection coefficient for
a fixed false-alarm probability [10], [11]. In many cases of
interest it can be show that such a criterion leads to the
optimum likelihood ratio test. As in [4], [5], to increase
the detection sensitivity, we adopt the following modified
deflection coefficient (MDC):

d2
a(f)

�
=

{E[ywl(l)|H1] − E[ywl(l)|H0]}2

Var[ywl(l)|H1]
=

[μwl|H1 − μwl|H0 ]
2

fHCya|H1f

=
[fH(μ̃H1

− μ̃H0
)]2

fHCya|H1f
(25)

For accurate inference, we maximize (25) under the unit-norm
constraint on the weight vector, namely

max
f

d2
a(f) subject to fHf = 1 (26)
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By using the Cauchy-Schwartz’s inequality2 one has:

d2
a(f) =

[(C1/2
ya|H1

f)HC−1/2
ya|H1

(μ̃H1
− μ̃H0

)]2

fHCya|H1f

≤ (μ̃H1
− μ̃H0

)HC−1
ya|H1

(μ̃H1
− μ̃H0

) (27)

where the equality holds if

fwl-opt = ξ C−1
ya|H1

(μ̃H1
− μ̃H0

). (28)

The constraint fHf = 1 can be satisfied by setting the constant
ξ = 1/||C−1

ya|H1
(μ̃H1

− μ̃H0
)||22. Therefore from (27) the

modified deflection coefficient is maximized by

fwl-opt =
C−1

ya|H1
(μ̃H1

− μ̃H0
)

||C−1
ya|H1

(μ̃H1
− μ̃H0

)||22
(29)

Once f is determined, from (23) we can set the decision
threshold to obtain a given false-alarm probability:

γwl = Q−1(Pf )
√

fH
wl-optCya|H0fwl-opt + fH

wl-opt μ̃H0
(30)

IV. STRICTLY LINEAR COOPERATIVE SPECTRUM SENSING

In this section, the considered channel model is adopted also
for the recently proposed SL cooperative decision rule [4], [5],
in order to compare its performances with the ones of the WL
scheme. A SL fusion rule can be written as

ysl(l) = wH y(l) (31)

where w is chosen in order to maximize the MDC:

d2(w)
�
=

|E[ysl(l)|H1] − E[ysl(l)|H0]|2
Var[ysl(l)|H1]

=
|wH(μH1

− μH0
)|2

wHCy|H1w
(32)

where μHj
and Cy|Hj

are given by (7) and (9) respectively.
We note that, unlike the WL case, in the SL one ysl(l) is
a complex r.v. and this justifies the presence of the absolute
value at the numerator of (32).
For accurate inference, we maximize (32) under the unit-norm
constraint on the weight vector, namely

max
w

d2(w) subject to wHw = 1 (33)

and by following the same reasoning of section III-B, we have
that the MDC is maximized by

wsl-opt =
C−1

y|H1
(μH1

− μH0
)

||C−1
y|H1

(μH1
− μH0

)||22
(34)

The SL test at the fusion center is

Re[ysl(l)] �H1
H0

γ (35)

2Given the vectors a,b ∈ Cn, the Cauchy-Schwartz’s inequality states that
|aHb|2 ≤ ‖a‖2‖b‖2, where the upper bound is achieved by b = ξ a, with
ξ ∈ C.

where γ is the decision threshold and the real-part operator
takes into account that the transmitted energy values are real.
The false-alarm and the detection probabilities can be ex-
pressed as:

Pf
�
= P [Re[ysl(l)] > γ|H0] = Q

(
γ − E[Re[ysl(l)]|H0]√

Var[Re[ysl(l)]|H0]

)
(36)

Pd
�
= P [Re[ysl(l)] > γ|H1] = Q

(
γ − E[Re[ysl(l)]|H1]√

Var[Re[ysl(l)]|H1]

)
(37)

where the statistical characterization of the r.v. Re[ysl(l)] is:

μsl|Hj

�
= E[Re[ysl(l)]|Hj ] = Re(wH

sl-opt μHj
) (38)

where μHj
is given by (7) and

ϕ2
sl|Hj

�
= Var[Re[ysl(l)]|Hj ]

=
wH

sl-optCy|Hj
wsl-opt + Re[wH

sl-optCy∗|Hj
w∗

sl-opt]
2

(39)

where we have used the equality Re2(z) = (|z|2 + Re(z2))/2
and Cy|Hj

and Cy∗|Hj
are given by (9) and (14), respectively.

From (36) we can derive the expression of the threshold γ:

γ = Q−1(Pf )
√

ϕ2
sl|H0

+ μsl|H0 =
√

2
2

Q−1(Pf )
√

wH
sl-optCy|H0wsl-opt + Re[wH

sl-optCy∗|H0w
∗
sl-opt]

+ Re(wH
sl-opt μH0

) (40)

V. NUMERICAL RESULTS

In this section we validate our analysis through Monte Carlo
simulations. In particular, we consider the following detec-
tion strategies: the proposed WL technique, the SL one, the
optimum test, namely the likelihood ratio test (LRT), and,
finally, a non-cooperative strategy (NC) in which each CR
user takes an autonomous decision basing only on its local
energy measurement. We note, that the NC probabilities are
obtained averaging with respect to all the CR users.

We consider a CR network with M = 4 CR users where
each CR user independently senses the targeted spectrum band.
Each experiment consists of 106 independent Monte Carlo
runs and in each run the noise samples are randomly and in-
dependently generated according to a zero-mean complex nor-
mal distribution. Moreover, in each run the channel between
each CR user and the primary user is generated according
to a complex normal distribution CN (0, 1) characterized by
independent and equally distributed in phase and quadrature
components. For simplicity we assume that the transmitted
primary signal has unit power |s(k)|2 = 1. The lengths of
the FIR filters that model the links between the CR users and
the fusion center are set to Lg = 2 and the tap values of
the channel vectors are randomly and independently gener-
ated in each run according to a zero-mean complex circular
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Fig. 1. Missing Detection Probability versus SNR, with false-alarm proba-
bility constraint Pf = 10−2
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Fig. 2. Missing Detection Probability versus False-Alarm Probability

Gaussian process. We set Le = 3 in order to assure a short
processing delay and, at the same time, a reasonable number
of consecutive received samples to elaborate. As in [3]–[5],
the instantaneous signal-to-noise ratio (SNR) at each CR user
is defined as SNRi = |gi|2 Es/(N σ2

i ), i ∈ {1, . . . , M}.
Figure 1 shows the probability of missing-detection against

the average SNR for a fixed false-alarm probability equal
to Pf = 10−2. The results are obtained by considering
different noise variances at the fusion center, i.e. δ2

1 = 0.9,
δ2
2 = 1.3, δ2

3 = 1 and δ2
4 = 2, and by setting the number of

samples used in the detection interval equal to N = 20. We
underline that different noise variances account for different
CR sensing capabilities at the fusion center side, conferring
so generality to the analysis. The results show that the NC
strategy performs notably worse than the cooperative ones.
Moreover, the WL fusion-rule outperforms the SL one in
operative conditions of practical interest, namely, low SNR,
assuring so less interference to the primary user. Finally, the
LRT is confirmed to be the best decision rule at the price of
a huge computational complexity.

Figure 2 shows the missing-detection probability against the
false-alarm probability. The results are obtained setting N =
50 and assuming that the CR users are characterized by differ-
ent values of the average SNR, {−10.5, −11, −11.5, −12}
dB, in order to exploit different local sensing capabilities
that affect the fusion decision. Moreover the noise variances
at the fusion center are set equal to one, i.e δ2

i = δ2 =
1 ∀i ∈ {1, . . . , M}. The results confirm the suitability of the
proposed WL technique, which is able to assure better sensing
performances with respect to the SL one also in presence of
different sensing capabilities.

VI. CONCLUSIONS

In this paper, we have addressed the Spectrum Sensing
problem in CR networks by proposing a widely linear (WL)
cooperative strategy at a fusion center side where the CR user
statistics have been received by means of multipath fading
channels. The WL strategy has been designed to maximize a

modified deflection coefficient and it has been compared with
a strictly linear (SL) cooperative strategy designed according
to the same criterion. Numerical results show that the WL
fusion-rule outperforms the SL one in operative conditions of
practical interest assuring so less interference to the primary
user. Some interesting future works will be to design a
fully decentralized scenario and to extend our analysis to a
multipath fading channel among the primary user and the CR
users, considering potentially joint detection approaches.
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