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Abstract—Cooperative spectrum sensing techniques are mainly
based on two different decision approaches, according to the role
of the decision maker: i) in the Combining Decision approach, the
decision maker combines the sensing information collected from
its cooperators, without participating in the sensing of the mon-
itored band; ii) in the Sensing & Combining Decision approach,
the decision maker combines both the sensing information of its
cooperators and its own local sensing information. The choice
of the decision approach deeply affects the performance of any
cooperative spectrum sensing technique. However, the key issue
of choosing the decision approach that guarantees the higher
detection accuracy independently of the underlying cooperative
sensing architecture is still an open problem. For this, in this
paper, the criteria for an effective decision-approach selection are
analytically derived with the object of maximizing the detection
accuracy in presence of realistic channel propagation effects.
Specifically, through a theoretical analysis, it is proven that the
detection accuracy exhibits a threshold behavior as a function of
the adopted decision approach. Closed-form expressions of such a
threshold are analytically derived and practical insights for the
decision approach choice are provided. Finally, the theoretical
analysis is validated through simulations.

Index Terms—Cognitive radio, spectrum sensing, cooperative,
detection accuracy.

I. INTRODUCTION

SPECTRUM sensing is a key functionality of the Cognitive
Radio (CR) paradigm [1]. Through spectrum sensing,

unlicensed users, referred to as Secondary Users (SUs), can
identify and dynamically exploit the spectrum holes, i.e.,
the portions of the radio spectrum that are temporarily not
occupied by the licensed users, referred to as Primary Users
(PUs). The wireless-channel impairments, such as multipath
fading and shadowing, affect the sensing reliability. Thus,
recently, cooperative spectrum sensing has been proposed
as an effective way to improve the sensing performance by
exploiting the spatial diversity among the SUs. By coop-
eration, SUs share their local sensing information through
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links, referred to as reporting channels (RCs), and a decision
maker combines these sensing statistics to take the cooperative
decision about the presence of the PU [2]–[7].

The cooperative sensing techniques available in literature
are mainly based on two different decision approaches, ac-
cording to the role of the decision maker. In the first approach,
referred to as Combining Decision (CD), the role of the
decision maker is only to combine the sensing information
collected from its cooperators, without participating in the
sensing of the monitored band. Differently, in the second ap-
proach, referred to as Sensing & Combining Decision (SCD),
the decision maker combines not only the sensing information
of its cooperators, but also its own local sensing information.

Traditionally, the choice between the CD and SCD ap-
proaches is based on the adopted cooperative sensing archi-
tecture [3]. More in detail, the CD approach is adopted in cen-
tralized cooperative sensing architectures1, whereas the SCD
approach is adopted in distributed cooperative sensing archi-
tectures2. This choice is mainly historical, due to the applica-
tion of the classical centralized versus distributed paradigm in
CR scenarios. Nevertheless, in the appealing context of the CR
Ad-Hoc Networks (CRAHNs) [8], the aforementioned choice
to associate the CD and the SCD approaches to centralized
and distributed cooperative sensing architectures, respectively,
is not mandatory. Hence, any arbitrary cooperative sensing
technique can be implemented according to either the CD or
the SCD approach, regardless of the underlying cooperative
sensing architecture.

As we prove through the paper, the adoption of the CD
or the SCD approach deeply affects the performance of the
considered cooperative sensing technique, in terms of detec-
tion accuracy and, consequently, in terms of PU interference
avoidance [3]. However, the key issue of choosing the decision
approach that guarantees the higher detection accuracy inde-
pendently of the underlying cooperative sensing architecture
is still an open problem.

For this reason, in this paper, we derive the criteria for
an effective decision-approach selection. To the best of our

1Centralized cooperative sensing architecture denotes a cooperative sensing
based on a central entity, referred to as Fusion Center (FC), that handles the
entire cooperative process. In infrastructure-based networks, the CR base-
station is naturally the FC, whereas in CRAHNs any SU can act as FC [3].

2Distributed cooperative sensing architecture denotes a cooperative sensing
that does not rely on a central entity that handles the cooperative process, but
the task is distributed among the SUs acting as decision makers.
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Fig. 1. (a) CD approach; (b) SCD approach.

knowledge, this is the first work that addresses this issue.
Specifically, we prove that the detection accuracy of a

cooperative spectrum sensing technique exhibits a threshold
behavior as a function of the adopted decision approach: it
exists a threshold value that determines two different operating
regions, depending on the sensing and reporting channel
parameters. In one region, the higher detection accuracy is
assured by implementing the cooperative sensing technique
according to the CD approach, whereas in the other region, the
higher detection accuracy is guaranteed by the SCD approach,
regardless of the underlying cooperative sensing architecture
and the adopted sensing technique3.

The rest of the paper is organized as follows. In Sec. II, we
present the problem statement, along with the contributions of
the paper. In Sec. III, we describe the system model. In Sec. IV
we present intermediate results that will be used in Sec. V to
prove the existence of the threshold behavior in the detection
accuracy. We validate the analytical results by simulation in
Sec. VI. In Sec. VII, we conclude the paper, and, finally, some
proofs are demonstrated in the appendices.

II. PROBLEM STATEMENT AND CONTRIBUTIONS

In the following, we first present some definitions used
through the paper, then we formulate the problem statement
along with the contributions of the paper.

A. Problem Statement

Let us consider a typical cooperative sensing scenario in
which M SUs cooperate to take the decision about the PU
presence on the monitored band. In the rest of the paper, we
consider an equal number M of cooperative SUs in both the
CD and the SCD approaches for a fair comparison.

Definition 1. Combining Decision (CD) Approach. The de-
cision maker combines, according to a certain criterion, only
the local sensing data of its cooperators, without participating
in the sensing of the monitored band, as depicted in Fig. 1-(a).

Remark 1. Definition 1 implies that all the M sensing
statistics are sent from the SU neighbors to the decision maker
through the reporting channels, since the decision maker does

3In Sec. V, we prove that the adopted cooperative sensing technique
influences only the value of the threshold, not its existence.

not participate in the sensing of the monitored band. Thus, in
Fig. 1-(a), the sensing link between the decision maker and
the arbitrary PU is denoted as deactivated.

Definition 2. Sensing & Combining Decision (SCD) Ap-
proach. The decision maker combines, according to a certain
criterion, both the sensing data received from its cooperators
and its own local sensing data, as depicted in Fig. 1-(b).

Remark 2. Definition 2 implies that (M−1) sensing statistics
(rather than M ) are sent from the SU neighbors to the decision
maker through the reporting channels, since a sensing statistic
is locally available at the decision maker. Thus, in Fig. 1-
(b), the reporting channel between the decision maker and the
arbitrary SU1 is denoted as deactivated.

In Remarks 3 and 4 we discuss the applicability of the
CD and SCD approaches in both centralized and distributed
cooperative sensing architectures.

Remark 3. The CD is the traditional approach adopted in
centralized cooperative sensing architectures. In fact, in such
a case, the decision maker (SU0 in Fig. 1-a), acts only as FC
and the other SUs perform local sensing and report the results
back to SU0 [3]. Differently, adopting the SCD approach in
centralized cooperative sensing architectures constitutes a new
hybrid solution, in which the decision maker SU0 not only acts
as FC, but it also participates in the sensing of the band.

Remark 4. The SCD is the traditional approach adopted in
distributed cooperative sensing architectures. In fact, in such
a case, each SU exchanges its sensing information with its
neighbors and then it combines its local data with the received
sensing data for deciding on the PU presence4 [3]. Differently,
adopting the CD approach in distributed cooperative sensing
architectures constitutes a new hybrid solution, in which an
arbitrary SU combines the received sensing data, without
participating in the sensing of the monitored channel band.

Problem Definition:. To analytically single out the criteria es-
tablishing how to choose the decision approach that guarantees
the higher detection accuracy independently of the underlying
cooperative sensing architecture. From Definitions 1 and 2,
this problem can be reformulated as to analytically single out
the criteria establishing when it is more advantageous in terms
of detection accuracy to use the local sensing statistic of the
decision maker, by allowing it to participate in the sensing
process, than to involve another SU in the cooperative process.

B. Contributions

In this paper, we solve the aforementioned decision ap-
proach problem through a theoretical analysis, by adopting

4Traditionally, in distributed cooperative sensing architectures, the SUs
repeat the described process to converge to a unified decision [3]. In this
paper, we focus on enhancing the reliability of the decision made by each SU
by selecting the effective decision approach, since, clearly, this enhances in
turn the reliability of the possible unified decision. Moreover, we observe that
reaching a unified decision could be not practicable for two main reasons: i)
in dynamic PU environments, the long decision delays induced by the iterative
nature of the unified-decision techniques could not be tolerable; ii) if the RCs
are not ideal, the underlying assumption of the unified-decision techniques,
i.e., to have a reliable decision exchange among the SUs, is violated. Hence,
in these scenarios, enhancing the reliability of the decision made by each SU
is even more important.
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the realistic multipath frequency-selective channel model for
the RCs. To guarantee generality to the proposed analysis,
we consider three different cooperative sensing techniques,
implemented according to both the decision approaches: the
optimal Likelihood Ratio-Test (LRT) based on the Neyman-
Pearson criterion [9] used as benchmark, and two techniques,
based on a Linear (L) and Widely-Linear (WL) processing.

We observe that the CD design of a L and a WL cooperative
technique able to work in presence of temporal dispersive
RCs has been recently proposed in literature [4], [10], as we
discuss in Sec. IV. Differently, to the best of our knowledge,
no technique designed according to the SCD approach able to
work in presence of temporal dispersive RCs is available in
literature. Motivated by this, to carry out the theoretical com-
parison between the two decision approaches, in this paper we
also design both a L and WL cooperative techniques according
to the SCD approach for dispersive RCs (see Sec. IV).

In a nutshell, the contribution of the paper is threefold: i) we
design two cooperative techniques for the SCD approach, able
to counteract the RC temporal dispersion; ii) we analytically
derive the criteria for choosing the decision approach assuring
the higher detection accuracy, independently of the underlying
cooperative sensing architecture; iii) we analytically prove
that the detection accuracy exhibits a threshold behavior as
a function of the adopted decision approach, and we provide
the closed-form expression of the threshold value.

III. SYSTEM MODEL

Here5, we first describe the system model at each SU, then
the system model for both the CD and the SCD approaches,
by accounting for temporal dispersive RCs.

A. The Local Sensing Model

We consider a CR network with M cooperative SUs. The
base-band received signal xi(k) at the i-th SU is [3], [4]:

xi(k) =

{
vi(k) H0

gi s(k) + vi(k) H1

(1)

where s(k) is the PU’s transmitted signal, gi is the complex
channel coefficient that models the sensing channel (SC)
between the PU and the i-th SU, vi(k) ∼ CN (0, σ2

i ) is the
complex zero-mean Additive White Gaussian Noise (AWGN),
assumed circular (or proper) [12], i.e., E[vi(n) vi(m)] =
0, ∀n,m ∈ Z . Each SU adopts an energy detector as local

5Notations: H0 and H1 denote the hypotheses of absence and presence of
the PU, respectively; the fields of complex and real numbers are denoted with
C and R; matrices [vectors] are denoted with upper case [lower case] boldface
letters (e.g., X or x); the field of m× n complex [real] matrices is denoted
as Cm×n [Rm×n], with Cm [Rm] used as a shorthand for Cm×1 [Rm×1];
the superscripts ∗, T , H , −1 and † denote the conjugate, the transpose,
the Hermitian (conjugate transpose), the inverse of a matrix and the Moore-
Penrose inverse (generalized inverse) [11], respectively; the subscripts c and
sc denote the CD and the SCD approaches, respectively; Im ∈ Rm×m,

0m×n ∈ Rm×n and 1m ∈ Rm �
= [1, . . . , 1]T denote the identity matrix,

the null matrix and the unitary vector, respectively; trace(X) and rank(X)
represent the trace and the rank of the matrix X; R(X) and N (X) denote

the range and the null space of X; for any a ∈ Cm, ||a||22
�
=

√
aHa denotes

the Euclidean norm; A = diag(A11A22 . . .Ann) is a diagonal matrix with
elements Aii on the main diagonal; E[·] and Var[·] denote the statistical mean
and variance, respectively; Re[·] denotes the real part.

sensing technique, i.e., ui(q) = 1
N

∑qNs+N−1
k=qNs

|xi(k)|2 [13],
where N = �τ fs� is the number of samples available in the
sensing time τ , fs is the sampling frequency and Ns > N
denotes the period of the sensing process. According to the
Central Limit Theorem, for large N , ui(q) is approximated by
a Gaussian random variable (r.v.) under both the hypotheses

H0 and H1 [4], [13], [14], with mean E[ui(q)|Hj ]
�
= νi|Hj

and variance Var[ui(q)|Hj ]
�
= ζi|Hj

given by, respectively [4]:

νi|Hj
=

{
σ2
i H0

|gi|2Ĕs + σ2
i H1

, ζi|Hj
=

{
σ4
i

N H0

2 |gi|2Ĕsσ
2
i +σ4

i

N H1

(2)

where, Ĕs = Es/N =
∑N−1

k=0 |s(k)|2/N is the PU transmitted
energy normalized with respect to the sensing samples6 N .

B. The SCD Approach Model

Let us consider an arbitrary SU, say SU0, acting as decision
maker according to the SCD approach and combining M
sensing statistics. From Definition 2, it follows that (M − 1)
sensing statistics are received from (M − 1) cooperative SUs,
whereas one sensing statistic is locally available. Without loss
of generality, let us denote the (M − 1) cooperative SUs as
SU2, . . . ,SUM . The base-band signal at SU0 RF front-end,
received from the i-th SU, can be written as:

yi(l) =

{
u0(l), if i = 0∑Lgi

−1
n=0 ui(l − n)hi(n) + ni(l), if i ∈ {2, . . . ,M}

(3)
where l-th is the arbitrary sampling instant at the SU0 side,
ni(l) ∼ CN (0, δ2i ) is the complex, circular, zero-mean, spa-
tially un-correlated, AWGN at the SU0 side, {hi(n)}Lgi

−1
n=0 is

the finite multipath channel impulse response with length Lgi

that models the RC between the i-th SU and SU0, and u0(l) is
the SU0 local sensing statistic. It is reasonable to assume that
geographically distributed SUs experience independent fading.
Therefore, ui(l1) and uj(l2), i �= j, are spatially uncorrelated
under each hypothesis [4] and independent of the noise too. To
simplify the notation, Lg denotes the largest channel length,
i.e., Lg = maxMi=2 Lgi . At SU0, due to the dispersive RCs,
we jointly elaborate Le received samples for each SU, i.e.,

yi(l)
�
= [yi(l) yi(l− 1) . . . yi(l−Le+1)]T ∈ CLe , which, by

using (3), is equal to:

yi(l) =

{
H0 u0(l), if i = 0

Hi ui(l) + ni(l), if i ∈ {2, . . . ,M} (4)

In (4), for i �= 0, Hi ∈ CLe×(Le+Lg−1) is a Toeplitz upper
triangular matrix with first row [hi(0) . . . hi(Lg − 1) 0 . . . 0]
and first column [hi(0) 0 . . . 0]T , H0 ∈ RLe×(Le+Lg−1) is
the Toeplitz matrix with first row and first column equal

to [1 0 . . . 0]T , ui(l)
�
= [ui(l) . . . ui(l − Le − Lg + 2)]T ∈

RLe+Lg−1 and ni(l)
�
= [ni(l) . . . ni(l−Le +1)]T ∈ CLe . By

defining Hsc
�
= diag[H0 H], with H

�
= diag[H2 . . .HM ] ∈

6s(k) is assumed deterministic and unknown as in [4], [10], [14]. However,
if s(k) is modeled as a sequence of i.i.d. r.vv., ui(q) is still approximated
by a Gaussian r.v. [13], and the subsequent analysis continues to hold.
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C(M−1)Le×(M−1)(Le+Lg−1), usc(l)
�
= [uT

0 (l)u
T (l)]T , with

u(l)
�
= [uT

2 (l) . . .u
T
M (l)]T ∈ R(M−1)(Le+Lg−1), nsc(l)

�
=

[0T
Le

nT (l)]T , with n(l)
�
= [nT

2 (l) . . .n
T
M (l)]T ∈ C(M−1)Le ,

and y(l)
�
= [yT

2 (l) . . .y
T
M (l)]T , (4) is rewritten as7:

ysc(l) ∈ C
MLe

�
= [yT

0 (l) yT (l)]T = Hscusc(l) + nsc(l) (5)

By using (2) and (5), the mean μsc|Hj

�
= E[ysc(l)|Hj ] ∈

CMLe and the covariance matrix Cysc|Hj

�
= E[(ysc(l) −

μsc) (ysc(l) − μsc)
H |Hj ] ∈ CMLe×MLe of the Gaussian

random vector ysc(l) are equal to, respectively:

μsc|Hj
= Hsc E[usc(l)|Hj ] = Hsc ηsc,Hj

(6)

Cysc|Hj
= Hsc Cusc|Hj

HH
sc +Rnsc (7)

In (6), ηsc|Hj

�
= E[u(l)|Hj ] = [ηT

0|Hj
ηT
Hj

]T , with ηHj

defined as ηHj

�
= [ηT

2|Hj
. . .ηT

M|Hj
]T and ηk|Hj

=

νk|Hj
1{Le+Lg−1}. In (7), Rnsc

�
= E[nsc(l)n

H
sc (l)] ∈

RMLe×MLe and Cusc|Hj

�
= E[(usc(l) − ηsc)(usc(l) −

ηsc)
H |Hj ] ∈ RM(Le+Lg−1)×M(Le+Lg−1) are the noise and

the sensing covariance matrices equal to:

Rnsc = diag[0Le×LeRn2 . . .RnM ]
�
= diag[0Le×Le Rn] (8)

with Rni

�
= E[ni(l)n

H
i (l)] = δ2i I{Le×Le} and Rn ∈

R(M−1)Le×(M−1)Le
�
= diag[Rn2

. . .RnM
].

Cusc|Hj
= diag[Cu0|Hj

Cu2|Hj
. . .CuM |Hj

]

�
= diag[Cu0|Hj

Cu|Hj
] (9)

with Cui|Hj

�
= E[(ui(l) − ηi)(ui(l) − ηi)

H |Hj ] =

ζi|Hj
I{Le+Lg−1} and Cu|Hj

�
= diag[Cu2|Hj

. . .CuM |Hj
]. By

exploiting (5), Cysc|Hj
in (7) is equivalently expressed as:

Cysc|Hj
=

[
Cy0|Hj

0Le×(M−1)Le

0(M−1)Le×Le
Cy|Hj

]
(10)

where

Cy0|Hj
∈ R

Le×Le
�
= H0 Cu0|Hj

HH
0 = ζ0|Hj

I{Le} (11)

Cy|Hj
∈ C

(M−1)Le×(M−1)Le
�
= HCu|Hj

H
H
+Rn (12)

Finally, since the pseudo-covariance matrix Cy∗
sc|Hj

�
=

E[(ysc(l) − μ) (ysc(l) − μ)T |Hj ] ∈ CMLe×MLe of ysc(l) is
not null, ysc(l) is improper [12], and Cy∗

sc|Hj
is given by:

Cy∗
sc|Hj

= HscCusc|Hj
HT

sc =

[
Cy0|Hj

0Le×(M−1)Le

0(M−1)Le×Le
Cy∗|Hj

]
(13)

where, we exploited the circular property of nsc(l), i.e.,
Rn∗

sc
= 0, Cy0|Hj

is given in (11) and, finally,

Cy∗|Hj
∈ C

(M−1)Le×(M−1)Le = HCu|Hj
H

T
(14)

7The transmissions of different SUs are assumed orthogonal, [4], [10], [14].

C. The CD Approach Model

Let us consider now SU0 acting as decision maker according
to the CD approach and combining M sensing statistics. From
Definition 1, all the M sensing statistics are received from
the M cooperative SUs, denoted without loss of generality as
SU1, . . . ,SUM . Hence, the base-band signal at SU0 RF front-
end received from the i-th SU can be written as:

yi(l) =

Lgi
−1∑

n=0

ui(l−n)hi(n)+ ni(l), i ∈ {1, 2, . . . ,M} (15)

Remark 5. (15) differs from (4) for the presence of the
SU1 sensing statistic and the absence of the decision maker
sensing statistic u0(l). In fact, according to Definition 1, the
decision maker SU0 does not participate in the sensing of
the monitored band and another SU, labeled without loss
of generality as SU1, is involved in the cooperative sensing
process. We underline that the number of cooperators is fixed
to M in both the approaches for a fair comparison. Clearly,
the definitions of H, u(l) and y(l), given above, are kept
unchanged since they involve the cooperative SUs common to
both the approaches, i.e., SU2, . . . ,SUM .

Similarly to Sec. III-A, by denoting with H1 ∈
CLe×(Le+Lg−1) the Toeplitz upper triangular matrix with
first row [h1(0) . . . h1(Lg − 1)0 . . . 0] and first column

[h1(0)0 . . . 0]
T , Hc

�
= diag[H1 H], uc(l)

�
= [uT

1 (l)u
T (l)]T ,

nc(l)
�
= [nT

1 (l)n
T (l)]T , (15) is reformulated as follows:

yc(l) ∈ C
MLe = [yT

1 (l) yT (l)]T = Hcuc(l) + nc(l) (16)

The mean μc|Hj
∈ CMLe and covariance matrix Cyc|Hj

�
=

E[(yc(l) − μc)(yc(l) − μc)
H |Hj ] ∈ CMLe×MLe of the

Gaussian vector yc(l) are equal to:

μc|Hj

�
= E[yc(l)|Hj ] = Hc E[uc(l)|Hj ] = Hc ηc,Hj

(17)

Cyc|Hj
= HcCuc|Hj

HH
c +Rnc

=

=

[
Cy1|Hj

0Le×(M−1)Le

0(M−1)Le×Le
Cy|Hj

]
(18)

In (17), ηc|Hj

�
= E[uc(l)|Hj ] = [ηT

1|Hj
ηT
Hj

]T . In (18), Cy|Hj

is given by (12), Rnc
∈ RMLe×MLe

�
= E[nc(l)n

H
c (l)] =

diag[Rn1
Rn] and

Cy1|Hj
∈ C

Le×Le = H1 Cu1|Hj
HH

1 +Rn1
(19)

Finally, the no-null pseudo-covariance matrix Cy∗
c |Hj

�
=

E[(yc(l)− μc)(yc(l)− μc)
T |Hj ] ∈ C

MLe×MLe of yc(l) is:

Cy∗
c |Hj

= HcCuc|Hj
HT

c =

[
Cy∗

1|Hj
0Le×(M−1)Le

0(M−1)Le×Le
Cy∗|Hj

]
(20)

with Cy∗|Hj
reported in (14) and Cy∗

1 |Hj
= H1 Cu1|Hj

HT
1 .

IV. COOPERATIVE SPECTRUM SENSING TECHNIQUES

Here, after brief descriptions of the cooperative WL, L and
LRT techniques, we specialize them for both the CD and SCD
approaches in presence of temporal dispersive RCs.
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A. The Widely Linear Cooperative Technique

A WL cooperative technique consists in processing jointly,
according to a certain criterion, the received vector at the radio
front-end of an arbitrary SU and its conjugate version [4],
[10], regardless of the decision approach. Hence, by defining

the augmented received vector as ya(l)
�
= [yT (l)yH(l)]T ∈

C2MLe , and the augmented processing vector as fT
�
=

[tT qT ], the WL test statistic can be written as:

dwl(l) = tH y(l) + qH y∗(l) = fH ya(l) (21)

with q = t∗, since f exhibits the conjugate symmetric property
for real sensing data {ui(q)}, [4]. For this, dwl(l) results real.

Remark 6. In (21), y(l) is ysc(l) given by (5), if the SCD
is adopted, otherwise y(l) is yc(l) given by (16). In the fol-
lowing, we omit the subscripts “c” and “sc” for describing the
WL strategy regardless of the considered decision approach.

Since y(l) and y∗(l) are Gaussian, dwl(l) is Gaussian as

well, with mean μwl|Hj

�
= E[dwl(l)|Hj ] and variance ϕ2

wl|Hj

�
=

Var[dwl(l)|Hj ] equal to, respectively:

μwl|Hj
= fH E[ya(l)|Hj ]

�
= fH μ̃Hj

(22)

ϕ2
wl|Hj

= fHE[(ya(l)− μ̃)(ya(l)− μ̃)H |Hj ]f
�
= fHCya|Hj

f

(23)

By denoting with Ha
�
= [HT HH ]T , μ̃Hj

∈ C2MLe in (22)
can be equivalently expressed as:

μ̃Hj

�
= E[ya(l)|Hj ] = Ha ηHj

= [μT
Hj

μH
Hj

]T (24)

where, H, ηHj
and μHj

are given by (5) and (6) if the
SCD is adopted, otherwise they are given by (16) and (17).

By denoting with Rna

�
= diag[Rn Rn] ∈ R2MLe×2MLe , the

augmented covariance matrix Cya|Hj
∈ C

2MLe×2MLe in (23)
of the received vector ya can be equivalently expressed as:

Cya|Hj
= HaCu|Hj

HH
a +Rna =

[
Cy|Hj

Cy∗|Hj

C∗
y∗|Hj

C∗
y|Hj

]
(25)

with8 Cy|Hj
and Cy∗|Hj

given by (10) and (13) for the SCD,
otherwise by (18) and (20). Then, the decision on the PU
presence is taken by comparing dwl(l) with a threshold γwl:

dwl(l) �H1

H0
γwl (26)

where γwl can be set to obtain a targeted false-alarm prob-
ability [4]. Clearly, the performance of the WL technique
depends on the selected optimization criterion used to design
f . According to [4], we single out f by maximizing the Deflec-
tion Coefficient (DC), i.e., the variance-normalized distance
between the expectations of dwl(l). To avoid undetermined
solutions, the DC is maximized under the f unit-norm con-

8Since a covariance matrix is positive definite, except in some degenerate
cases of no interest, it is reasonable to assume the covariance matrices Cy|Hj

and Cy∗|Hj
invertible, in both the adopted decision approaches.

straint:

max
f

{
m2

wl(f)
�
=

[μwl|H1
− μwl|H0

]2

ϕ2
wl|H1

}
=

= max
f

[fH(μ̃H1
− μ̃H0

)]2

fHCya|H1
f

, subject to fHf = 1 (27)

1) The WL Technique for the CD Approach: By adopting
the CD approach, the solution of (27) coincides with the
solution derived in [4] for a centralized cooperative sensing
architecture. In fact, as underlined in Sec. II, by using the
CD approach in a centralized cooperative sensing architecture,
Definition 1 agrees with the traditional decision approach.
Hence the system model (16) formally coincides with the
system model presented in [4]. For the sake of completeness,
here we report the mentioned solution:

fwl-c =

[
twl-c

t∗wl-c

]
=

C−1
yc,a|H1

(μ̃c|H1
− μ̃c|H0

)

||C−1
yc,a|H1

(μ̃c|H1
− μ̃c|H0

)||22
(28)

with Cyc,a|H1
and μ̃c|Hj

given by (25) and (24), respectively
(Remark 6). The maximized DC assured by fwl-c is equal to:

m2
wl-c(fwl-c) = (μ̃c|H1

− μ̃c|H0
)HC−1

yc,a|H1
(μ̃c|H1

− μ̃c|H0
)

(29)

2) The WL Technique for the SCD Approach: By adopting
the SCD approach, we can not proceed as in [4] to determine
the solution of (27), since Cysc,a|Hj

∈ C
2MLe×2MLe is

rank-deficient, and hence, not invertible (Proposition 1). In
Propositions 1 and 2, we show intermediate results, used in
Theorem 1 to derive the solution of (27).

Proposition 1. The rank of the augmented covariance matrix
Cysc,a|Hj

is (2M − 1)Le.
Proof: See Appendix A.

We observe that the rank-deficiency of Cysc,a|Hj
is a conse-

quence of the stacked procedure (Appendix A and footnote 8).

Proposition 2. The optimized WL processing vector fwl-sc,
maximizing the deflection coefficient when the SCD approach
is adopted, is the solution of the following constrained maxi-
mization problem:

max
f sc

m2
wl-sc(f sc) = max

f sc

[fHsc (μ̃sc|H1
− μ̃sc|H0

)]2

fHsc Cysc,a|H1
f sc

,

subject to

{
f sc ∈ R(Cysc,a|H1

)

fHsc f sc = 1
(30)

Proof: See Appendix B

Theorem 1. The optimized WL processing vector fwl-sc, max-
imizing the deflection coefficient when the SCD approach is
adopted, has the following expression:

fwl-sc =

[
twl-sc

t∗wl-sc

]
=

C†
ysc,a|H1

(μ̃sc|H1
− μ̃sc|H0

)

||C†
ysc,a|H1

(μ̃sc|H1
− μ̃sc|H0

)||22
(31)

where C†
ysc,a|H1

is the Moore-Penrose inverse [11] of the
augmented covariance matrix (25) and μ̃sc|Hj

is given by (24).
Proof: See Appendix C
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By substituting (31) in the DC expression, it results that the
maximized DC is equal to:

m2
wl-sc(fwl-sc) = (μ̃sc|H1

− μ̃sc|H0
)HC†

ysc,a|H1
(μ̃sc|H1

− μ̃sc|H0
)

(32)

B. The Linear Cooperative Technique

A L cooperative technique consists in processing linearly,
according to a certain criterion, the received vector at the radio
front-end of an arbitrary SU [4], regardless of the adopted
decision approach. By denoting with w the processing vector
and accounting for Remark 6, the L complex test statistic is:

d(l) = wH y(l) (33)

The PU decision is taken by comparing the real part of d(l)
with a decision threshold γl [4]:

Re[d(l)] �H1

H0
γl (34)

where the real-part operator accounts for the real-nature of the
transmitted symbols {ui(q)}. Since y(l) is Gaussian, Re[d(l)]
is Gaussian too. By following similar reasonings as in [4], the
mean μl|Hj

and the variance ϕ2
l|Hj

of Re[d(l)] are equal to:

μl|Hj

�
= E[Re[d(l)]|Hj ] = Re(wH μHj

) (35)

ϕ2
l|Hj

�
= Var[Re[d(l)]|Hj ] =

wHCy|Hj
w + Re[wHCy∗|Hj

w∗]
2

(36)

In (35), μHj
is given by (6) for the SCD approach, otherwise

by (17). In (36), Cy|Hj
and Cy∗|Hj

are given by (10) and
(13) for the SCD approach, otherwise by (18) and (20). As
for the WL case, w is designed to maximize the DC:

max
w

m2
l (w) = max

w

{ |wH(μH1
− μH0

)|2
wHCy|H1

w

}
subject to wHw = 1 (37)

1) The L Technique for the CD Approach: For the reasons
underlined for the WL case, by adopting the CD approach, the
solution of (37) coincides with the one derived in [4]. For the
sake of completeness, here we report the mentioned solution:

wl-c =
C−1

yc|H1
(μc|H1

− μc|H0
)

||C−1
yc|H1

(μc|H1
− μc|H0

)||22
(38)

where μc|Hj
and Cyc|Hj

are reported in (17) and (18),
respectively. The maximized DC assured by wl-c is equal to:

m2
l (wl-c) = (μc|H1

− μc|H0
)HC−1

yc|H1
(μc|H1

− μc|H0
) (39)

2) The L Technique for the SCD Approach: By adopting the
SCD approach, differently from the WL case, we can proceed
similarly to [4] to determine the solution of (37), since Cysc|Hj

in (7) is invertible (footnote 8). For the sake of brevity we omit
every step and we report only the result:

wl-sc =
C−1

ysc|H1
(μsc|H1

− μsc|H0
)

||C−1
ysc|H1

(μsc|H1
− μsc|H0

)||22
(40)

with μsc|Hj
and Cysc|Hj

given by (6) and (7), respectively.
By substituting (40) in the DC definition, it results that the

maximized DC is equal to:

m2
l-sc(wl-sc) = (μsc|H1

− μsc|H0
)HC−1

ysc|H1
(μsc|H1

− μsc|H0
)

(41)

C. The LRT-Based Cooperative Technique

According to the Neyman-Pearson criterion, the optimum
test consists in comparing the likelihood ratio of y(l) with a
threshold to make the decision on the PU presence [9].

1) The LRT-Based Technique for the CD Approach: The
LRT-based statistic dc-LRT(l), after some algebraic manipula-
tions, assumes the quadratic form:

dc-LRT(l) = yH
c,a(l)

[
C−1

yc,a|H0
−C−1

yc,a|H1

]
yc,a(l)+

+ 2Re
[(

μ̃H
c|H1

C−1
yc,a|H1

− μ̃H
c|H0

C−1
yc,a|H0

)
yc,a(l)

]
(42)

with Cyc,a|Hj
and μ̃c|Hj

given by (25) and (24). To derive
(42), we used the PDF expression [15] of improper Gaussian
random vectors and accounted for the definition of yc,a(l).

2) The LRT-Based Technique for the SCD Approach: The
LRT-based statistic dsc-LRT(l), after some algebraic manipula-
tions, assumes the quadratic form:

dsc-LRT(l) = yH
sc,a(l)

[
C†

ysc,a|H0
−C†

ysc,a|H1

]
ysc,a(l)+

+ 2Re
[(

μ̃H
sc|H1

C†
ysc,a|H1

− μ̃H
sc|H0

C†
ysc,a|H0

)
ysc,a(l)

]
(43)

In (43), since Cysc,a|Hj
is rank-deficient, we used the degener-

ate PDF expression [16] of improper Gaussian random vectors.

Remark 7. Since, as well known, finding the optimal thresh-
old for the LRT test is not mathematically tractable, to prove
that the LRT-based technique exhibits the threshold behavior
as a function of the adopted decision approach we proceed
numerically in Sec. VI.

V. THE DECISION APPROACH THRESHOLD BEHAVIOR

Here, we prove the main result of this paper: the detection
accuracy exhibits a threshold behavior as a function of the
adopted decision approach, regardless of the underlying co-
operative sensing architecture. Then, the analytical results are
discussed at the end of the section.

A. Threshold Behavior for the WL Cooperative Technique

To prove the main result of Sec. V-A, i.e., Theorem 2,
Proposition 3 is needed. For this, let us introduce the following
definitions of the matrices Ω ∈ C(M−1)Le×(M−1)Le and
Ωc ∈ CLe×Le :

Ω
�
=

(
Cy|H1

−Cy∗|H1
(C∗

y|H1
)−1C∗

y∗|H1

)−1

Ωc
�
=

(
Cy1|H1

−Cy∗
1 |H1

(C∗
y1|H1

)−1C∗
y∗
1|H1

)−1 (44)

with Cy|Hj
, Cy∗|Hj

, Cy1|Hj
and Cy∗

1 |Hj
given by (12), (14),

(19) and (20), respectively.

Proposition 3. The optimized WL sub-vectors twl-c and twl-sc

for the CD and SCD approaches, given in (28) and (31),
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respectively, can be expressed as:

twl-c =
Σwl-c (ηc|H1

− ηc|H0
)√

2 ||Σwl-c (ηc|H1
− ηc|H0

)||22
twl-sc =

Σwl-sc (ηsc|H1
− ηsc|H0

)√
2 ||Σwl-sc (ηsc|H1

− ηsc|H0
)||22

(45)

with ηc|Hj
and ηsc|Hj

reported in (17) and (6), respectively,
and Σwl-c and Σwl-sc equal to (46) and (47), respectively,
reported at the top of the next page. In (46) and (47), Cy0|Hj

is given in (12), H and H1 are defined in Sec. III.
Proof: See Appendix D.

Theorem 2. The WL cooperative technique implemented ac-
cording to the SCD approach assures higher (lower) detection
accuracy than the WL cooperative technique implemented
according to the CD approach if and only if θwl > 1 (θwl < 1),
where θwl is a positive9 scalar quantity reported in (48) at the
top of the next page. In (48), νk|Hj

and ζk|Hj
are given by

(2).
Proof: See Appendix E.

Remark 8. As proved in Appendix E, when θwl = 1 the
detection accuracy assured by the WL cooperative technique
implemented according to the CD approach coincides with the
detection accuracy assured by the WL technique implemented
according to the SCD approach. Thus, θwl = 1 constitutes the
searched threshold value of the WL detection accuracy.

Corollary 1. The threshold θwl (48) depends only on the
statistics and the channel characteristics of SU0 and SU1.

Proof: It follows directly from the proof of Theorem 2
given in Appendix E.

Remark 9. The results of Corollary 1 agree with the intu-
ition. In fact, the (M − 1) cooperative SUs, denoted with
SU2, . . . ,SUM , affect the performance of both the CD and
SCD implementations of the WL technique in the same
way. This means that, although the performance of both the
implementations improves as the number M of cooperative
SUs grows, the threshold value does not change, as confirmed
by the numerical results in Sec. VI.

Remark 10. From (48), it is immediate to verify that if
Lg1 → ∞ (with Le < ∞), i.e., if the RC established in the
CD approach between SU1 and SU0 has a infinite memory,
θwl → 0. This means that the CD approach outperforms
the SCD one, i.e., it assures higher detection accuracy than
the SCD approach, regardless of the SU1 sensing channel
conditions. In other words, it is always more advantageous
in terms of detection accuracy involving another SU in the
cooperative process rather than using the local sensing statistic
of the decision maker SU0, independently of the sensing chan-
nel conditions. This surprising result suggests that frequency-
selective fading on the RC introduces degrees of freedom that
the CD approach is able to exploit. In practice, it is enough
Lg1 >> 1, in the order of 10 in operative conditions of
practical interest, to assure this behavior (see Sec. VI).

Remark 11. From (48), it results that if the noise power on
the SU0 sensing channel goes to infinity, σ2

0 → ∞, θwl → 0,

9The positive nature of θwl is discussed in Appendix E.

i.e., the CD approach assures higher detection accuracy than
the SCD one, regardless of the SU1 RC conditions. Hence, it
is more convenient involving SU1 in the cooperative process
rather than using the local statistic of SU0, affected by deep
noise. Clearly, if σ2

1 → ∞, θwl → ∞, i.e., the CD approach
behavior is inverted with respect to the one described. In
practice, it is enough σ2

1 >> σ2
0 , to assure this behavior in

operative conditions of practical interest (see Sec. VI ).

Remark 12. When the noise power δ21 of SU1 at SU0 side
goes to infinite, i.e., δ21 → +∞, θwl → +∞ as well, i.e.,
the SCD approach outperforms the CD one. This suggests
that if the RC noise power increases significantly, it is more
advantageous using the sensing statistic of SU0, not affected
by the RC impairments, than involving another SU in the
cooperative process, independently of the SC conditions. In
practice, it is enough δ21 >> 0 to assure this behavior in
operative conditions of practical interest (see Sec. VI).

Corollary 2. If Lg1 → 1, i.e., if the RC established between
SU1 and SU0 in the CD approach is not temporal dispersive,
we have:

lim
Lg1→1

θwl =
|g0|4 ζ−1

0|H1

|g1|4 2 |h1|2
2 |h1|2 ζ1|H1

+δ21

(49)

Proof: By using (19), (20) and H1 = h1 ILe when Lg1 →
1, (49) is achieved.

Remark 13. From (49) it results that:

lim
δ21→0

{
lim

Lg1→1
θwl

}
=

|g0|4 ζ−1
0|H1

|g1|4 ζ−1
1|H1

(50)

Therefore, when the RC between SU1 and SU0 is ideal, the
detection accuracy threshold depends only on the sensing
channel propagation effects of SU0 and SU1, as expected.

B. Threshold Behavior for the L Cooperative Technique

To prove the main result of Sec. V-B, i.e., Theorem 3,
Proposition 4 is needed.

Proposition 4. The optimized L vectors wl-c and wl-sc for
the CD and the SCD approaches, given in (38) and (40),
respectively, can be expressed as:

wl-c =
Σl-c (ηc|H1

− ηc|H0
)

||Σl-c (ηc|H1
− ηc|H0

)||22
wl-sc =

Σl-sc (ηsc|H1
− ηsc|H0

)

||Σl-sc (ηsc|H1
− ηsc|H0

)||22

(51)

with ηc|Hj
and ηsc|Hj

reported in (17) and (6), respectively,
and Σl-c and Σl-sc equal to:

Σl-c =

[
C−1

y1|H1
H1 0Le×(M−1) (Le+Lg−1)

0(M−1)Le×(Le+Lg−1) C−1
y|H1

H

]
(52)

Σl-sc =

[
C−1

y0|H1
H0 0Le×(M−1) (Le+Lg−1)

0(M−1)Le×(Le+Lg−1) C−1
y|H1

H

]
(53)

Proof: The proof follows after some algebraic manipula-
tions, by exploiting (38) and (40) and by using the lemma for
the inverse of a partitioned matrix [17].
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Σwl-c =

[
Ωc H1 −C−1

y1|H1
Cy∗

1|H1
Ω∗

c H
∗
1 0Le×(M−1) (Le+Lg−1)

0(M−1)Le×(Le+Lg−1) ΩH−C−1
y|H1

Cy∗|H1
Ω

∗
H

∗

]
(46)

Σwl-sc =

[
1
2 C

−1
y0|H1

H0 0Le×(M−1) (Le+Lg−1)

0(M−1)Le×(Le+Lg−1) ΩH−C−1
y|H1

Cy∗|H1
Ω

∗
H

∗

]
(47)

θwl
�
=

(
ν0|H1

− ν0|H0

)2
ζ−1
0|H1

Le

2
(
ν1|H1

− ν1|H0

)2
1T
{Le+Lg−1}Re

[
HH

1

(
Ωc H1 −C−1

y1|H1
Cy∗

1 |H1
Ω∗

cH
∗
1

)]
1{Le+Lg−1}

(48)

Theorem 3. The L cooperative technique implemented ac-
cording to the SCD approach assures higher (lower) detec-
tion accuracy than the L cooperative technique implemented
according to the CD approach, if and only if θl > 1 (θl < 1),
where θl is a positive scalar quantity equal to:

θl
�
=

(
ν0|H1

− ν0|H0

)2
ζ−1
0|H1

Le(
ν1|H1

− ν1|H0

)2
1T
{Le+Lg−1}H

H
1 C−1

y1|H1
H11{Le+Lg−1}

(54)
Proof: The proof is achieved by reasoning as for Theo-

rem 2 and by using (51).

Remark 14. Similarly to the WL case, when θl = 1 the
detection accuracy assured by the L cooperative technique
implemented according to the CD approach coincides with the
detection accuracy assured by the L technique implemented
according to the SCD approach. Thus, θl = 1 constitutes the
searched threshold value of the L detection accuracy.

Corollary 3. The threshold θl (54) depends only on the
statistics and the channel characteristics of SU0 and SU1.

Proof: It follows directly from Theorem 3.

Remark 15. The results of Corollary 3 agree with the
intuition. In fact, the (M − 1) cooperative SUs, denoted
with SU2, . . . ,SUM , affect the performance of both the CD
and SCD implementations of the L technique in the same
way. This means that, although the performance of both the
implementations improves as the number M of cooperative
SUs grows, the threshold value does not change, as confirmed
by the numerical results in Sec. VI. Moreover, Remarks 10,
11 and 12 hold also for the L cooperative technique.

Corollary 4. If Lg1 → 1, i.e., if the RC established between
SU1 and SU0 in the CD approach is not temporal dispersive,
we have:

lim
Lg1→1

θl =
|g0|4 ζ−1

0|H1

|g1|4 |h1|2
|h1|2 ζ1|H1

+δ21

(55)

Proof: The proof follows the same guidelines used for
Corollary 2.

If δ21 → 0, θl is given by (50) and Remark 13 still holds.

C. Result Discussion

Stemming from the developed analysis, we can make some
considerations. For example, if the local noise levels on
the SCs and/or the RCs are known a priori (possibly from
experimental measurements when the primary system is turned
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Fig. 3. Pdet vs Pf , M = 4, Lg = 4, N = 40.

off, or from some previous experience), then it is possible to
have a-priori insights to choose the decision approach for an
arbitrary cooperative technique. In other words, having some
a-priori information on the environment provides guidelines on
the decision approach to adopt. This is very important, since
the choice between the two approaches affects not only the
detection accuracy of an arbitrary cooperative sensing tech-
nique, but also the entire CR network efficiency/performance,
involving crucial trade-off reasonings. In fact, in the CD
approach, the decision maker is not involved in the sensing
process, thus being able to perform other CR tasks during
its cooperators’ sensing time. However, since another SU is
involved in the cooperative process, the coordination cost in-
creases. Differently, in the SCD approach, the decision maker
is directly involved in the sensing process. Consequently, the
coordination cost decreases but the decision maker cannot
perform other CR tasks during its cooperators’ sensing time.
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VI. PERFORMANCE EVALUATION

Here, we validate the derived analytical results by extensive
Monte Carlo simulations. Specifically, first, we validate the
proposed WL and L cooperative sensing techniques imple-
mented by adopting the SCD approach10, then we validate the
existence of the threshold behavior in the detection accuracy as
a function of the adopted decision approach, for all the sensing
techniques considered in Sec. IV. Each experiment consists in
106 independent Monte Carlo runs, and in each run the noise
samples, the sensing channels {gi}Mi=1 and the tap values of the
FIR filters, modeling the RCs, are randomly and independently
generated according to a zero-mean complex Gaussian distri-
bution. For simplicity, s(k) = 1. The average SNR at each

10The WL and L cooperative sensing techniques implemented by adopting
the CD approach do not need to be validated, since as highlighted in Sec. IV,
they perform as the techniques in [4].

SU is defined as [4], [14]: {SNRi}Mi=1 = E[|gi|2]Es/(N σ2
i ).

Experiment 1: Fig. 2 shows the detection probability Pdet

versus (vs) the SNR, for a fixed value of the false-alarm
probability Pf = 10−2 and for two different values of Le

11.
The noise variances of each SU at SU0 side are set equal to
δ22 = 0.1, δ23 = 0.2 and δ24 = 0.4. Moreover, an additional non-
cooperative (NC) sensing technique is considered, in which
SU0 takes the decision based only on its local energy. The
results show that the cooperative techniques perform notably
better than the NC one, as expected, and that the WL detector
outperforms the L one in operative conditions of practical

11Let us recall the main notations adopted through the paper: Le is the
number of jointly elaborated received samples for each SU, N is the number
of samples available in the sensing time, M is the number of cooperative SUs,
Lgi is the length of the finite multi-path channel impulse response between

the i-th SU and SU0, Lg
�
= maxMi=2 Lgi , δ2i is the noise variance for the

i-th RC, and finally σ2
i is the noise variance for the i-th sensing channel.
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interest, i.e., for low SNR values, assuring so less interference
on the PU. The WL gain is justified by its capacity to exploit
the information contained in the statistical pseudocovariance
of the received signal. Plus, for both the Le values, the WL
detector performs almost comparable with the optimal LRT,
but with a significantly lower computational complexity.

Experiment 2: Fig. 3 shows Pdet vs Pf , with the same
simulation setting of Experiment 1. The SNR is different for
each SU to analyze how different sensing capabilities can
affect the global decision, and it is set as: SNR0 = −8 dB,
SNR2 = −8.6 dB, SNR3 = −9.2 dB, SNR4 = −10 dB. The
results confirm the performance gain of the WL detector with
respect to the L one, and the capability of the cooperative
strategies, implemented by adopting the SCD approach, to
counteract the channel impairments.

In the following, we conduct several experiments to sub-
stantiate the threshold behavior of the detection accuracy as a
function of the adopted decision approach, by varying different
sensing and reporting channel parameters encapsulated in
the non-linear forms (48) and (54). For all the experiments,
Pf = 10−2, N = 60.

Experiment 3: Figs. 4, 5 and 6 show Pdet vs the ratio σ2
1/σ

2
0

between the noise variances of SU0 and SU1 on the SCs,
for all the considered cooperative sensing techniques and for
different values of Le, when M = 3. The results are obtained
by fixing SNR0 = −8 dB, i.e., by fixing σ2

0 , and letting σ2
1

to vary. The SNR and the noise variances are set as follows:
SNR2 = −8.6 dB, SNR3 = −9.2 dB, δ21 = 0.8, δ22 = 0.2 and
δ23 = 0.4. In the figures, the red squares denote the points in
which the two decision approaches perform the same, i.e, the
threshold values in terms of σ2

1/σ
2
0 . The results confirm the

presence of the threshold behavior for the detection accuracy,
regardless of the considered cooperative sensing technique.
In particular, for all the considered techniques, when Le

increases, the threshold value in terms of σ2
1/σ

2
0 decreases.

This agrees with the intuition, in fact, when Le increases, the
SCD approach benefits from processing an increased number
of local sensing statistics not affected by the RC impairments.
Hence, for smaller values of σ2

1/σ
2
0 , the SCD is able to

outperform the CD. Moreover, it is confirmed the validity of
Remark 11 for all the considered cooperative techniques.

Experiment 4: Figs. 7, 8 and 9 show Pdet vs σ2
1/σ

2
0 , for

different values of M , when Le = 2, SNR4 = −10 dB,
δ24 = 0.6, and the remaining parameters are set according to

Experiment 3. For all the cooperative techniques, the results
show that when the number M of cooperative SUs increases,
the threshold value in terms of σ2

1/σ
2
0 does not change. This

agrees with the analytical results (Corollary 1 and 3), assuring
that cooperative SUs different from SU0 and SU1 affect the
performance of both the decision approaches in the same way.

Experiment 5: Figs. 10, 11 and 12 show Pdet vs δ21 , i.e.,
vs the SU1 noise variance at SU0 side, for all the considered
cooperative sensing techniques and for different values of Lg1 ,
when M = 3 and M = 4, Le = 1, and σ2

1/σ
2
0 = 1. The SNRs

are set according to Experiment 2 and the noise variances
of the remain SUs are set equal to δ22 = 0.2, δ23 = 0.4
and δ24 = 0.6. Clearly, the performances of the cooperative
techniques implemented by adopting the SCD approach do
not depend on Lg1 and δ21 , as confirmed by the performance
curves parallel to the abscissa axis. The results show that when
Lg1 increases, the threshold value in terms of δ21 increases
as well, in agreement with Remark 10 and Corollary 3 for
all the considered cooperative techniques. This means that
when Lg1 increases, the CD approach assures higher detection
accuracy than the SCD one for a wider range of δ21 values. It
is confirmed that the multipath fading on the RC introduces
degrees of freedom that the cooperative strategies implemented
according to the CD approach are able to exploit.

Experiment 6: Finally, Figs. 13, 14 and 15 show Pdet vs
σ2
1/σ

2
0 , when Lg1 → 1, i.e., when the RC between SU0 and

SU1 is not temporal dispersive, for different values of the SU1

noise power δ21 at the SU0 side, M = 3 and Le = 1 (the SNRs
and {δi}3i=2 are set as in the previous experiment). The results
confirm again the presence of the threshold behavior for the
detection accuracy, regardless of the considered cooperative
sensing technique. Moreover, when δ21 increases, the threshold
value in terms of σ2

1/σ
2
0 decreases, as expected. This means

that the SCD approach outperforms the CD one for smaller
value of σ2

1/σ
2
0 . In fact, when δ21 increases, the propagation

conditions on the RC between SU1 and SU0 worsen, and
therefore, it is enough a small degradation of the SU1 sensing
conditions (increased σ2

1) to have a significant performance
loss by adopting the CD approach with respect to the SCD
one (Remark 12).

VII. CONCLUSIONS

Cooperative spectrum sensing techniques are mainly based
on two different decision approaches, according to the role
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of the decision maker: the Combining Decision approach and
the Sensing & Combining Decision approach. The choice of
the decision approach deeply affects the performance of any
cooperative spectrum sensing technique. Thus, in this paper,
by accounting for the effects of realistic channel propagation,
a theoretical analysis has been developed to single out the
criteria for choosing the decision approach that maximizes
the detection accuracy of an arbitrary cooperative technique,
regardless of the underlying cooperative sensing architecture.
Specifically, it has been proved that the detection accuracy
exhibits a threshold behavior as a function of the adopted
decision approach, i.e., it exists a threshold value depend-
ing on the sensing and reporting channel parameters that
determines two different operating regions. In one region,
the higher detection accuracy is assured by implementing the
cooperative sensing technique according to the Combining
Decision approach, whereas in the other region, the higher
detection accuracy is guaranteed by the Sensing & Combining
Decision approach, regardless of the underlying cooperative
sensing architecture. Closed-form expressions of the threshold
are analytically derived, and practical insights for the decision
approach selection have been provided.

APPENDIX A
PROOF OF PROPOSITION 1

By exploiting (25), Cysc,a|Hj
results rank-deficient, since

2Le rows (equivalently 2Le columns) are equal. In fact, the
first Le rows (Le columns) of both Cysc|Hj

in (10) and Cy∗
sc|Hj

in (13) are equal to the real matrix Cy0|Hj
in (11). By ac-

counting for footnote 8, after some algebraic manipulations, it
is easy to show that Cysc,a|Hj

admits the full-rank factorization
[11]: Cysc,a|Hj

= FΨ, i.e., it can be rewritten as product
of a full-column rank matrix F ∈ C(2M Le)×(2M−1)Le and
a full-row rank matrix Ψ ∈ R(2M−1)Le×2MLe , given by,
respectively, (56) and (57), reported at the top of the next
page.

F
�
=

⎡⎢⎢⎣
0Le×(M−1)Le

Cy0|Hj
0Le×(M−1)Le

Cy|Hj
0(M−1)Le×Le

Cy∗|Hj

0Le×(M−1)Le
Cy0|Hj

0Le×(M−1)Le

C∗
y∗|Hj

0(M−1)Le×Le
C∗

y|Hj

⎤⎥⎥⎦ (56)

Hence, the Moore-Penrose inverse of Cysc,a|Hj
is equal [11]

to: C†
ysc,a|Hj

= (FΨ)† = ΨH(ΨΨH)−1(FHF)−1FH .

Since rank(Cysc,a|Hj
) = rank(C†

ysc,a|Hj
Cysc,a|Hj

) =

trace(C†
ysc,a|Hj

Cysc,a|Hj
), being C†

ysc,a|Hj
Cysc,a|Hj

idempotent

[11], it results: rank(Cysc,a|Hj
) = trace((ΨΨH)−1ΨΨH) =

trace(I(2M−1)Le
) = (2M − 1)Le.

APPENDIX B
PROOF OF PROPOSITION 2

Since R(Cysc,a|H1
) = R(CH

ysc,a|H1
) and N (Cysc,a|H1

) are
complementary orthogonal subspaces [11], any vector f sc ∈
C2M Le can be uniquely decomposed as f sc = fR(Cysc,a|H1

) +
fN (Cysc,a|H1

). The DC is not affected by fN (Cysc,a|H1
) since

(μ̃sc|H1
− μ̃sc|H0

) ∈ R(Hsc,a) ⊆ R(Cysc,a|H1
), with μ̃sc|Hj

in
(24). Hence, the processing vector fwl-sc maximizing the DC
can be equivalently obtained by solving the problem (30).

APPENDIX C
PROOF OF THEOREM 1

Since the solution of (30) belongs to R(Cysc,a|H1
) (Propo-

sition 2), and C†
ysc,a|H1

Cysc,a|H1
= PR(Cysc,a|H1

), with
PR(Cysc,a|H1

) the orthogonal projector on R(Cya|H1
) [11], it

results:

C†
ysc,a|H1

Cysc,a|H1
f sc = f sc ⇔ f sc ∈ R(Cysc,a|H1

) (58)

Hence, by using (58) and the Cauchy-Schwartz’s inequality
in the DC expression one obtains (59), reported at the top
of the next page, where the equality holds if C

1/2
ysc,a|H1

f sc =

ξC
1/2
ysc,a|H1

C†
ysc,a|H1

(μ̃sc|H1
− μ̃sc|H0

) ⇔ f sc = fwl-sc =

ξC†
ysc,a|H1

(μ̃sc|H1
− μ̃sc|H0

). The constraint fHsc f sc = 1 is

satisfied by ξ = 1/||C†
ysc,a|H1

(μ̃sc|H1
− μ̃sc|H0

)||22, which is
real to assure the conjugate symmetric property of f sc.

APPENDIX D
PROOF OF PROPOSITION 3

Sensing & Combining Decision approach case: For Propo-
sition 1, Cysc,a|H1

has at least one non-singular submatrix
X11 ∈ C(2M − 1)Le×(2M − 1)Le such that: PCysc,a|H1

Q =[
X11 X12

X21 X22

]
, where P and Q are permutation matrices,

[11]. By defining P
�
=

[
0(2M−1)Le×Le

I(2M−1)Le

ILe 0Le×(2M−1)Le

]
∈

R2M Le×2M Le and Q
�
= PT , it results:

X11 =

⎡⎣[ Cy|H1
0(M−1)Le×Le

0Le×(M−1)Le
Cy0|H1

] [
Cy∗|H1

0Le×(M−1)Le

]
[
C∗

y∗|H1
0(M−1)Le×Le

] [
C∗

y|H1

]
⎤⎦

(60)

X21 =
[
0Le×(M−1)Le

Cy0|H1
0Le×(M−1)Le

]
= XT

12

X22 = Cy0|H1
. (61)

By substituting (60) and (61) in the Noble’s equality

[11], and by denoting with C†
ysc,a|H1

�
=

[
Φ11 Φ12

Φ21 Φ22

]
,

after some algebraic manipulations, we obtain: Φ11 =

Φ∗
22 =

[ 1
4C

−1
y0|H1

0Le×(M−1)Le

0(M−1)Le×Le
Ω

]
, Φ12 = Φ∗

21 =[
1
4C

−1
y0|H1

0Le×(M−1)Le

0(M−1)Le×Le
−C−1

y|H1
Cy∗|H1

Ω
∗

]
, with Ω given in (44).

By exploiting (31), the WL subvector twl-sc is expressed as:

twl-sc =
(Φ11Hsc +Φ12H

∗
sc)(ηsc|H1

− ηsc|H0
)√

2 ||(Φ11Hsc +Φ12H
∗
sc)(ηsc|H1

− ηsc|H0
)||22

(62)

The proof is achieved by substituting Φ11 and Φ12 in (62)
and by using the expression of Hsc.

Combining Decision approach case: By exploiting (28), and

by denoting with C−1
yc,a|H1

�
=

[
A11 A12

A21 A22

]
, the WL subvector

twl-c can be expressed as:

twl-c =
[A11 Hc +A12 H

∗
c ] (ηc|H1

− ηc|H0
)√

2 ||[A11 Hc +A12 H
∗
c ] (ηc|H1

− ηc|H0
)||22

(63)
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Ψ
�
=

⎡⎣0(M−1)Le×Le
I(M−1)Le

0(M−1)Le×Le
0(M−1)Le×(M−1)Le

ILe 0Le×(M−1)Le
ILe 0Le×(M−1)Le

0(M−1)Le×Le
0(M−1)Le×(M−1)Le

0(M−1)Le×Le
I(M−1)Le

⎤⎦ (57)

m2
wl(f sc) =

|(C1/2
ysc,a|H1

f sc)
HC

1/2
ysc,a|H1

C†
ysc,a|H1

(μ̃sc|H1
− μ̃sc|H0

)|2
fHsc Cysc,a|H1

f sc
≤ (μ̃sc|H1

− μ̃sc|H0
)HC†

ysc,a|H1
(μ̃sc|H1

− μ̃sc|H0
) (59)

By accounting for the inverse of a partitioned matrix [17], it
results: A11 = [Cyc|H1

−Cy∗
c |H1

(C∗
yc|H1

)−1C∗
y∗
c |H1

]−1 and
A12 = −C−1

yc|H1
Cy∗

c |H1
A∗

11. By substituting (18), (20), A11,
A12 in (63), the proof is achieved.

APPENDIX E
PROOF OF THEOREM 2

The proof is carried out by comparing the WL deflection
coefficients (29) and (32) assured by the CD and the
SCD approach, respectively, since, under the gaussian
hypothesis, a larger deflection coefficient corresponds to a
major detection accuracy [4], [9], [14]. To this aim, (29)
and (32) can be rewritten, respectively, as: m2

wl-c(fwl-c) =

2
√
2 ||Σwl-c (ηc|H1

− ηc|H0
)||22Re

[
(μc|H1

− μc|H0
)H twl-c

]
and m2

wl-sc(fwl-sc) = 2
√
2 ||Σwl-sc (ηsc|H1

−
ηsc|H0

)||22Re
[
(μsc|H1

− μsc|H0
)H twl-sc

]
. By substituting

(45) in these expressions, after some manipulations, one
obtains (64) and (65), reported at the top of the next
page, where, the positive common term, i.e., 2Re{(ηH1

−
ηH0

)TH
H
(ΩH − C−1

y|H1
Cy∗|H1

Ω
∗
H

∗
)(ηH1

− ηH0
)},

depends on the (M − 1) SUs different from SU0 and SU1.
Consequently,

m2
wl-sc � m2

wl-c ⇔(
ν0|H1

− ν0|H0

)2
ζ−1
0|H1

Le � 2
(
ν1|H1

− ν1|H0

)2
1T
{Le+Lg−1}

Re
[
HH

1

(
Ωc H1 −C−1

y1|H1
Cy∗

1|H1
Ω∗

c H
∗
1

)]
1{Le+Lg−1}

(66)

where both the members are positive, due to the DC definition.
From (66), it results (67), reported at the top of the next page.
Hence, by denoting with θwl the positive quantity defined in
(48), (67) is equivalent to m2

wl-sc � m2
wl-c ⇔ θwl � 1.
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