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Abstract—Due to the worldwide ongoing pressure to mas-
sively exploit the Sub-6 GHz spectrum for the deployment of
independently-operated and heterogeneous networks, innovative
solutions for the network coexistence are deeply required. Hence,
in this paper, we design a self-organizing strategy with the aim
of minimizing the coexistence interference among heterogeneous
networks sharing the Sub-6 GHz spectrum. The design is
performed under the constraints of promoting a selfless network
utilization and avoiding any direct communication among the
heterogeneous networks. For this, we develop an analytical
framework, grounded on the nest-site selection behavior observed
in honeybee swarms, to model the coexistence problem among
multiple heterogeneous networks. Specifically, first, different
heterogeneous networks are mapped into different populations
and the allocation of a Sub-6 GHz band to a network is mapped
into the population commitment. Then, the evolution of the
commitment process is described through a multi-dimensional
differential system. We analytically study the stability of such
a system at the equilibrium, and we derive the conditions
that assure the optimal allocation of the available Sub-6 GHz
bands among the different heterogeneous networks. Finally, the
proposed strategy is validated through an extensive performance
evaluation.

Index Terms—Sub-6 GHz, Heterogeneous Networks, Coexis-
tence, Self-Organization, Collective Decision.

I. INTRODUCTION

Despite the growing interest in higher spectrum bands such

as millimeter wave (mmWave) and terahertz (THz) bands, it is

worldwide recognized that the sub-6 GHz spectrum will play

a crucial role for enabling mobile broadband communications

within the next years [2], [3], [4], [5]. Recently, Huawei

[6] reported that the Sub-6 GHz band will be “the primary

working frequency” for the fifth generation (5G) of wireless

networks. In June 2016, Qualcomm [7] announced a new 5G

radio prototype working on the same band. In January 2017,

Intel [8] unveiled a new 5G transceiver operating in both sub-

6 GHz and mmWave bands, with initial support for the 3.3-

4.2 GHz portion. Meanwhile, researchers and regulators [2],

[9], [10] are actively working to find innovative solutions to

efficiently use the sub-6 GHz spectrum, also by unlocking

access to spectrum bands traditionally reserved to applications
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such as military, radar, and satellite. Examples include: i)

worldwide, the 700 MHz band (694-790 MHz), the L-Band

(1427-1518 MHz) and part of the C-Band (3.4-3.6 GHz), and

ii) in some countries, further bands such as 470-694/698 MHz,

3.3-3.4 GHz, 3.6-3.7 GHz and 4.8-4.99 GHz.

In this dynamic scenario, it is very evident that the tradi-

tional authorized/licensed spectrum access model is ineffective

[2], [11], and more efficient spectrum access models are

required [3], [4] as the opportunistic access model [11], [12].

According to such a model, unlicensed users are allowed

to opportunistically exploit temporal/spatial spectrum holes

in a licensed band, given that the licensed communications

are protected from harmful interference. The adoption of the

opportunistic access paradigm is not limited to the 3.8-4.2 GHz

band. Indeed, it represents the standard paradigm for the TV

white space band (470-790 MHz) [13], [14], [15] and the 3.5

GHz band [16], and researchers are investigating its adoption

also in radar bands [2].

According to the above argumentation, it is expected that, in

the near future, multiple independently-operated and heteroge-

neous networks (HNs) will coexist within the same geograph-

ical area by opportunistically sharing one or multiple portions

of the Sub-6 GHz spectrum. Indeed, the coexistence of these

autonomous HNs requires innovative solutions for handling

the coexistence interference. In fact, the heterogeneous inter-

ference is considerably much harder to handle than the same-

technology interference [17], since the communication and

coordination among HNs is precluded by the differences in

terms of network architectures, hardware capabilities, wireless

technologies, and protocol standards [18].

Hence, in this paper, we design a self-organizing coexistence

strategy, with the aim of minimizing the coexistence interfer-

ence among multiple HNs concurrently and opportunistically

operating within the same Sub-6 GHz spectrum portion.

The design is performed under two constraints: promoting

a selfless network utilization of the spectrum and avoiding

any direct communication among the HNs. For this, we

model the coexistence problem among HNs as an optimal

decentralized decision making problem, whereby a decision

must be made to occupy the channel leading to the least coex-

istence interference. We introduce an analytical framework and

a decentralized solution inspired by theoretical/experimental

studies of the nest-site selection behavior of honeybees [19],

[20]. Similarly to bees in a swarm searching and collectively

deciding the best site where to build their hive, nodes in

a HN search and collectively decide the best channel in

which to communicate. Coexistence is achieved when mul-

tiple swarms/HNs minimally interfere with each other. To
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this end, first, the different HNs are mapped into different

populations, and the allocation of a channel to a HN is mapped

into the commitment of the considered population. Then, the

evolution of the population commitment is described with a

multi-dimensional differential system. Through the paper, we

analytically derive the equilibrium points of the differential

system. Furthermore, we study the stability of the derived

equilibria, and we derive the conditions for the strategy to

guarantee an optimal spectrum allocation, i.e., the spectrum

allocation minimizing the coexistence interference as detailed

in Sec. IV-A. Finally, we conduct extensive numerical sim-

ulations by considering different performance criteria under

different experimental conditions. The rest of the paper is

organized as follows. In Sec. II, we introduce the network

model along with some preliminaries. In Sec. III, we design

the strategy. In Sec. IV, we analytically analyze the strategy

optimality, whereas in Sec. V we carry out a discussion

about the strategy implementation. In Sec. VI, we validate

the theoretical analysis through a case study, and, finally, in

Sec. VII, we conclude the paper.

A. Related Work and Contributions

Very recently, heterogeneous interference has been an im-

portant topic of research.

In [21], the authors proposed a cognitive coexistence scheme

to enable spectrum sharing between unlicensed LTE networks

and Wi-Fi networks, with the attractive feature of near-optimal

spectrum access achieved with guaranteed fairness between

unlicensed LTE and WiFi. In [22], the authors investigated

the problem of LTE and WiFi coexisting in unlicensed spec-

trum. Specifically, they proposed three different coexistence

mechanisms, and they showed that LTE can coexist with

WiFi given that some LTE parameters are properly adapted.

In [23], the authors studied the coexistence issues between

IEEE 802.15.4g Smart Utility Networks and WiFi Networks,

and they proposed a coexistence scheme based on cognitive

radio technologies. In [24], the authors presented a network

architecture to support the coexistence of WiFi and LTE cel-

lular networks sharing the unlicensed spectrum. The proposal

includes an interference avoidance scheme based on cellular

networks estimating the density of nearby WiFi transmissions

to facilitate the unlicensed spectrum sharing. Coexistence

between WiFi and LTE in unlicensed bands has been studied

also in [25], [26], [27], [28], [29], [30], [31]. The above works

focused on the coexistence between two specific wireless

technologies, and the proposed coexistence strategies strongly

depend on the adopted layer-2 and -3 technologies. Moreover,

they mostly require a certain form of communication and

coordination between the different networks. In [17], the

authors studied the coexistence problem from a different point

of view, by proposing a strategy where coexisting networks

cooperatively mitigate the interference to/from each other

through interference cancellation to enhance everyone’s per-

formance. However, the proposal requires a strong cooperation

among the coexisting networks and further studies on how to

incentive such a cooperation are still required. In [32], the

TV white space sharing among heterogeneous networks is

modeled as a multi-objective optimization problem, and the

authors designed an evolutionary centralized algorithm for the

considered problem.

The most related papers to the work proposed in this

manuscript are [33], [34]. In [33], the authors designed a

coexistence strategy based on ecological species competition

for TV White Space spectrum. However, in such a work the

authors assumed the presence of a centralized coexistence

manager and they required a certain degree of communication

among the coexisting networks. In [34], the authors designed

an optimal strategy for heterogeneous coexistence in TV

White Spaces in absence of direct communications among the

coexisting networks. However, the designed strategy is selfish,

i.e., it maximized the expected throughput for the considered

network by neglecting the impact of the strategy on the

remaining networks. Differently from all the aforementioned

works, we design a coexistence strategy:

- seamless, i.e., independent of (and not requiring any a-

priori information about) the underlying wireless tech-

nologies;

- promoting a selfless network utilization of the spectrum;

- self-organizing, i.e., allowing each HN to reach a spec-

trum decision without the need of central entities or direct

communications with the coexisting HNs.

These features are very demanding. In fact, so far, com-

plete interoperability based on over-the-air communications

among heterogeneous wireless technologies, regardless the

involved technologies, is still missing [34]. The coexisting

strategies available in literature are singled out accordingly

to specific technologies, e.g., LTE/WiFi coexistence in the

unlicensed band, and/or they resort to centralized entities to

handle the coordination. Hence, an appealing characteristic

of any heterogeneous coexistence strategy is to avoid direct

communications among HNs, i.e., the capacity to face with

dissimilar wireless technologies/standards. Moreover, selfish

behaviors degrade the overall network performance [35], by

allowing the detention of the communication resources only

to specific HNs (e.g. the ones characterized by the best channel

conditions or the highest transmitted power), so penalizing the

remaining coexisting HNs. Hence, an appealing characteristic

of any heterogeneous coexistence strategy is to be selfless

to lead to a harmonious, efficient and fair utilization of the

communication resources.

II. SYSTEM MODEL AND PRELIMINARIES

We consider multiple independently-operated HNs oper-

ating within the Sub-6 GHz spectrum accordingly to the

opportunistic spectrum access model. We denote with N =
{1, 2, . . . , N} and C = {1, 2, . . . , C} the sets of coexisting

HNs and available sub-6 GHz channels, respectively. Without

loss of generality and in agreement with current regulations

[13], [36], hereafter it is assumed that C is acquired through

a geo-location database. The results derived in the following

continue to hold if the set C is acquired differently, e.g. through

traditional spectrum sensing techniques, since the proposed

framework does not rely on the particulars of the adopted

spectrum access technique.
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TABLE I
ADOPTED NOTATION

Symbol Definition

N set of coexisting secondary HNs
C set of available Sub-6 GHz channels
qnc quality of the c-th channel for the n-th HN

In
c (t) the interference perceived by the n-th HN on channel c at

time t
ψn
c (t) fraction of nodes belonging to the n-th HN committed to

channel c at time t
ψn
u (t) fraction of nodes belonging to the n-th HN uncommitted at

time t
γnc (t) (spontaneous) c-th channel commitment rate for the

uncommitted fraction of the n-th population at time t
αn
c (t) (spontaneous) abandon rate for the fraction of the n-th

population committed to channel c at time t
ρnc (t) c-th channel recruitment rate for the fraction of the n-th

uncommitted population at time t
σn
ℓ
(t) inhibition rate induced by the fraction of the n-th

population committed to channel ℓ the at time t

Each HN in N selects one of the channels in C through

the concept of commitment. Specifically, the n-th HN is

modeled as a population of agents or nodes. We assume that

an agent coincides with a node, and we will use the two

terms as synonymous in the following. This assumption is

not restrictive: the results derived in the following continue to

hold either if: i) multiple agent instances are executed within a

single node, or ii) a single agent characterizes several nodes,

as long as the agent communication demand is consistently

scaled. Each node contributes to the channel selection process

through its commitment state. Accordingly, a node in favor

of using the c-th channel is said to be committed to such

a channel, otherwise, it is said to be uncommitted. Once

the entire population (or a sufficient fraction as detailed in

Sec. V-B) representing the n-th HN is committed to the same

channel, then such a channel is selected by the HN for its

communication needs. In the following, we denote with ψnc (t)
the fraction of the n-th population committed to channel c at

the time t, and with ψnu (t) the corresponding uncommitted

fraction.

The commitment process, i.e., the preference of the arbitrary

n-th network toward the c-th channel, depends on several

factors, such as the network throughput demand and the

channel data rate, which in turns depends on the particulars

of the wireless communication system adopted by each HN as

well as the signal-to-noise ratio experienced on such a channel

plus the interference experienced on the same channel. As

instance, channels with different data rates can be equally

preferable as long as they both accommodate the network

demand. In the following, we gather some definitions used,

while Table I summarizes the notation adopted within the

manuscript.

Definition 1. (Channel Quality) We model the quality of

channel c perceived by the n-th network in absence of co-

existence interference through the dimensionless non-negative

quantity qnc ∈ [0, 1], referred to as channel quality. Hence,

qnc = 0 represents the adverse channel whereas qnc = 1 denotes

the ideal channel for the n-th network.

Definition 2. (Coexistence Interference) The dimensionless

non-negative quantity Inc (t) represents the coexistence in-

terference perceived by the n-th HN on channel c at time

t. Hence, Inc (t) = 0 denotes the absence of interference,

whereas Inc (t) = 1 denotes channel c being saturated by the

transmissions of the coexisting HNs.

Through the general concepts of quality and interference,

we abstract from the particulars (modulation, power control,

propagation, etc.) of the wireless technology adopted by each

HN, focusing so our attention on the coexistence strategy

design and performance. The abstraction from the particulars is

very common in literature [32], [34], since it leads to tractable

mathematical analyses without any loss of generality. In fact,

by substituting in qnc and Inc (t) physical-layer compliant

expressions, the analysis conducted within the manuscript

continues to hold, since it does not rely on these specific

expressions.

Both the channel quality and the coexistence interference

need to be calculated to practically implement the proposed

coexistence strategy. Hence, in Sec. V we present a possi-

ble choice to calculate both quantities. As an example, the

channel quality is obtained by opportunely normalizing the

Shannon capacity achievable by the n-th network on channel

c. Nevertheless, as said, the conducted analysis does not rely

on the specific choice made for the estimation/calculation

procedure, due to the abstraction from the particulars allowed

by the general concepts of quality and interference. Hence, any

alternative for estimating the aforementioned quantities can be

adopted without affecting the generality of the analysis.

III. STRATEGY DESIGN

In this Section we design the proposed coexisting strategy.

Specifically, we first map the different HNs into different pop-

ulations, and the allocation of a channel to a HN into the com-

mitment of the considered population. Then the commitment

dynamics among different populations are carefully designed

to effectively account for the trade-off between selfish behavior

and fair sub-6 GHz spectrum allocation. To this aim, the

evolution of the population commitment is modeled through a

multi-dimensional differential system, according to which each

population commitment is driven by four different processes

as described in Sec. III-A. According to this evolution, each

HN distributively, autonomously and adaptively selects to use

one of the available channels once its entire population (or a

sufficient fraction) is committed to the same channel.

A. Population Dynamics

To design the coexisting strategy, we exploit a recently

proposed framework for collective decision-making in pres-

ence of a single population [19], [20], by generalizing it

to a multi-dimensional framework through the introduction

of multiple concurrent populations and by accounting for

the peculiar communication issues characterizing a coexisting

network scenario in the Sub-6 GHz spectrum. The framework

is grounded on experimental/theoretical studies of the nest-

site selection behavior observed in honeybee swarms (Apis

mellifera) [37], [38], [39].
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Fig. 1. The n-th population (HN) dynamics for two channels. ψn
u represents

the fraction of uncommitted agents, whereas ψn
1

and ψn
2

represents the
fraction of agents committed to channel 1 and 2. Time dependence omitted
for the sake of simplicity.

Specifically, let us consider N different HNs and C avail-

able channels in a certain network coexisting area. As shown

in Fig. 1, the commitment dynamic (i.e., channel preference)

of each population (i.e., each HN) is proposed to evolve

according to four concurrent processes:

i) abandonment: the nodes of the n-th HN committed to

channel c ∈ C spontaneously abandon the commitment

(i.e., become uncommitted) at rate αnc (t);
ii) commitment: the uncommitted nodes of the n-th HN

spontaneously commit to channel c ∈ C at rate γnc (t);
iii) inhibition: the nodes of the n-th HN committed to channel

c ∈ C are inhibited (i.e., become uncommitted) by nodes

of the same HN committed to channel ℓ ∈ C, ℓ 6= c, at

rate σnℓ (t);
iv) recruitment: the nodes of the n-th HN committed to

channel c ∈ C recruit uncommitted nodes belonging to

the same HN at rate ρnc (t).

Stemming from the above processes, we propose to model

the overall dynamics of the N different HNs through the

system of C×N coupled differential equations in (1), with the

N population conservation equations given in (2) forcing the

commitment dynamics within feasible bounds, i.e., imposing

the sum of the fraction of nodes ψnc (t), ψ
n
u (t) being equal to

one for each population:

ψ̇nc (t) =γ
n
c (t)ψ

n
u (t)− αnc (t)ψ

n
c (t) + ρnc (t)ψ

n
c (t)ψ

n
u(t)+

− ψnc (t)
∑

ℓ 6=c
σnℓ (t)ψ

n
ℓ (t), ∀c ∈ C, n ∈ N (1)

ψnu(t) =1−
∑

c∈C
ψnc (t), n ∈ N (2)

Two different types of dynamics can be recognized: a) spon-

taneous dynamics independent of the population commitment

state, driven by γnc (t) and αnc (t); b) interactive dynamics

depending on the population commitment states, driven by

ρnc (t) and σnc (t).

B. Transition Rates Setting

From Sec. III-A, it results that the setting of the transition

rates drives the HN commitment dynamics and hence the

performance of the coexisting strategy. In this paper, we aim

at promoting a selfless utilization of the Sub-6 GHz spectrum

among multiple co-located HNs. Nevertheless, such a selfless

utilization must also be effective, i.e., it must avoid naive

selfless allocations in which some of the HNs decide not to

utilize any of the available channels. Stemming from all these

considerations, we adopt the following transition rate setting

and we show in Sec. IV the analytical performance of such a

setting:

γnc (t) ∝ qnc , αnc (t) ∝
1− ψnc (t)

qnc
Inc (t)

ρnc (t) ∝ qnc , σnℓ,ℓ 6=c(t) ∝ qnℓ

(3)

where qnc and Inc (t) are introduced in Defs. 1 and 2. First

of all, we note that all transition rates depend on the channel

quality qnc . This allows to properly define the intra-population

dynamics leading to the choice of a unique channel c for

the n-th HN, and providing the selfish pressure for using the

most favorable channel. More precisely, the commitment to

channel c—modeled by γnc (t) and ρnc (t)—increases linearly

with qnc . This choice is reasonable and valuable. In fact, the

more a channel is appealing, the more likely an agent should

commit to it, either spontaneously or by being recruited. The

abandonment rate αnc (t), instead, is inversely proportional

to qnc . Again, this choice is reasonable, since the more a

channel is appealing, the less likely an agent should abandon it.

Finally, the negative feedback modeled by σnℓ,ℓ 6=c(t) increases

linearly with qnℓ . The rationale is the following: the more

channel ℓ is appealing, the more likely an agent committed

to a different channel should be inhibited. All the transition

rates are constant except the abandonment rate αnc (t), which

is exploited to capture the inter-population dynamics. Indeed,

αnc (t) adaptively drives the system toward a fair interference-

aware channel selection by accounting for the presence of

different HNs communicating on the same channel through

the factor Inc (t). The rationale for this choice is the following:

the higher is the expected interference level affecting a given

channel, the more likely an agent should abandon the channel.

Hence, αnc (t) represents the selfless behavior forcing each

population toward a fair spectrum allocation. Furthermore,

αnc (t) increases linearly with 1−ψnc (t). The choice is rationale:

the more a population occupies a channel, the less it would

be prone to abandon it, leading to a null abandonment when

the population is completely allocated to the same channel.

In a nutshell, the commitment rate γnc (t) allows a population

to select the channel with higher quality. The recruitment rate

ρnc (t) and the inhibition rate σnc (t) drive the agents within

the same population to commit to the same channel, i.e.,

they represent the consensus pressure. The abandonment rate

αnc (t) adaptively drives the system toward a fair interference-

aware channel selection by accounting for the presence of

different HNs communicating on the same channel. In Sec. V,

we discuss on the realistic strategy implementation by giving

insights on how to calculate the required quantities.

IV. THEORETICAL ANALYSIS

Here, we analytically assess the performance of the pro-

posed strategy through the stability theory, by first deriving
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the equilibrium points of the strategy and then by assessing

their stability.

A. Preliminaries

Definition 3. (Equilibrium Point) Given the C×N differen-

tial equations in (1) under constraint (2) with transition rates as

in (3), an equilibrium point x = (x11, . . . , x
1
C , x

2
1, . . . , x

N
C ) ∈

[0, 1]CN is a constant solution of (1), i.e., ψ̇nc (t) = 0 when

ψnc (t) = xnc for any t > 0, c ∈ C and n ∈ N :

ψ̇nc (t)|ψnc (t)=xnc = 0, ∀n, c (4)

To have a tractable analytical problem and to abstract from

the particulars of the wireless propagation, we consider the

interference being proportional to the sum of the fraction of

nodes of different HNs committed to the same channel, i.e.:

Inc (t) ≈
∑

m 6=n
ψmc (t) (5)

and, in the following, we denote with Inc (x) the coexistence

interference perceived by the n-th HN on the c-th channel at

the equilibrium point x, i.e., Inc (x) ≈
∑

m 6=n x
m
c .

Remark. The rationale for this choice is the following: the

more are the nodes of the different HNs committed to a

given channel, the higher is the expected interference level

affecting such a channel. Although the aforementioned choice

is reasonable, in Sec. VI, we validate the proposal against the

theoretical analysis conducted here, by comparing the strategy

approximating the interference as in (5) with the strategy

accounting for the effective level of interference.

Definition 4. (Consensus Indicator) Let us denote with

1nc (x) the binary variable indicating whether the n-th HN is

fully committed to the c-th channel at the equilibrium x, i.e.

1nc (x) = 1 if xnc = 1 and 1nc (x) = 0 otherwise (indeed,

from (2), we have that if it exists c̃ ∈ C : xnc̃ = 1, then

xnc = 0 ∀ c 6= c̃.). In the following, 1(x) denotes the N × C
matrix collecting the consensus indicators for each HN and

for each channel at the equilibrium x.

Definition 5. (Spectrum Allocation) An equilibrium point x

denotes a valid spectrum allocation solution of the proposed

strategy if each HN reaches full consensus, i.e., if for any

n ∈ N it exists an arbitrary c̃ ∈ C : 1nc̃ (x) = 1.

Remark. In Def. 5, the full consensus constraint is required

to assure that all the nodes of a HN communicate on the same

channel, once the strategy converges toward a solution. Indeed,

a pair of nodes of a HN, which want to communicate with

each other, should rendezvous on a common channel before

carrying on data transmissions.

Definition 6. (Optimal Spectrum Allocation) Any valid

spectrum allocation is referred to as the optimal spectrum

allocation x̃ if it maximizes the overall channel quality by

accounting for the channel interference, i.e., it maximizes the

following metric:

Q(x) =
∑

c∈C

(
∑

n∈N
(1− Inc (x))q

n
c 1

n
c (x)

)

(6)

In the following we consider three different scenarios: 1)

a single network and two Sub-6 GHz channels; 2) two HNs

and two Sub-6 GHz channels; 3) N HNs and C available

Sub-6 GHz channels. Scenarios 1 and 2 seldom happen in

real applications. Nevertheless, we consider them before the

general case represented by Scenario 3 since the mathematical

analysis is very challenging and not previously conducted.

Hence, analyzing first Scenarios 1 and 2 allows us to gen-

eralize easier the analysis of Scenario 3, i.e., for an arbitrary

number of networks.

B. Scenario 1: Single Network

Here, we consider a single network and two available Sub-

6 GHz channels. We assume, without lack of generality,

q11 ≤ q12 , i.e., the first channel being not preferable with

respect to the second one. According to Def. 6, the optimal

spectrum allocation is the one assuring that the network is

fully committed to the second channel, i.e., x̃ = (0, 1). By

defining k
△
= q11/q

1
2 , the following results hold.

Lemma 1. (Equilibria) The set E of the equilibrium points

of the proposed strategy is:

E =

{

{x0;x1} if 0 < k ≤ 1√
2

{x0;x1;x2(k)} if 1√
2
< k ≤ 1

(7)

with x0 = (0, 1), x1 = (1, 0), and x2(k) =
(
x11(k), x

1
2(k)

)

shown in Fig. 2 and given by:

x11(k) =
1

2

(

1

k
+

2

1 + k + k2
+

√

1

k2
+

4

(1 + k + k2)2
− 2

)

x12(k) =
−k + kx11(k)

2

−k − x11(k)− kx11(k)
(8)

Proof: See Appendix A

Remark. The set E is composed by two disjointed equilib-

rium regions depending on the value of k, with threshold

equal to 1/
√
2. This is a valuable result: the equilibria do

not depend on the individual values of q11 and q12 but rather on

the ratio between the two values. In other words, one single

parameter, namely, k, drives the system evolution, as proved in

Proposition 1. Furthermore, the equilibrium point x0 is the op-

timal spectrum allocation x̃ since: i) there exists a consensus,

i.e., all the agents are committed to the same channel; ii) the

consensus is reached toward the most preferable channel, i.e.,

the second channel. Differently, x1 represents a suboptimal

allocation, since there exists a consensus but not toward the

preferred channel unless k = 1, when both x0 and x1 represent

the optimal spectrum allocation being the channel qualities

equivalent. Finally, x2 does not allow to reach a full consensus,

as show in Fig. 2. Hence, x2 is not a valid allocation.

Proposition 1. (Stability) x0 is an asymptotically stable equi-

librium point for any k ∈ (0, 1]. Differently, x1 is an asymp-

totically stable equilibrium point for any k ∈ (1/
√
2, 1], and

an unstable equilibrium point for any k ∈ (0, 1/
√
2]. Finally,

x2 is an unstable equilibrium point for any k ∈ (1/
√
2, 1].

Proof: See Appendix B
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Fig. 2. Scenario 1: values of the components of
the equilibrium point x2(k) = (x1

1
(k), x1

2
(k))

as a function of k.

Fig. 3. Scenario 2: values of the com-
ponents of the equilibrium point x4(k) =
(x1

1
(k), x1

2
(k), x2

1
(k), x2

2
(k)) as a function of k.

Fig. 4. Scenario 2: values of the com-
ponents of the equilibrium point x5(k) =
(x1

1
(k), x1

2
(k), x2

1
(k), x2

2
(k)) as a function of k.

Fig. 5. Scenario 1: phase portrait for k = 1/2
colored according to the vector field norm. Gray
trajectory starting from initial conditions (0.9, 0).

Fig. 6. Scenario 1: phase portrait for k = 3/4.
Gray and black trajectories starting from initial
conditions in the ǫ-neighborhood of (0.8, 0).

Fig. 7. Scenario 1: phase portrait for k = 1.
Gray and black trajectories starting from initial
conditions (0.01, 0) and (0, 0.01) respectively.

Stemming from Proposition 1, we have two cases.
1) k ∈ (0, 1/

√
2] ⇐⇒ 0 < q11 ≤ q12/

√
2: The system

always evolves toward x0, i.e., toward the optimal spectrum

allocation x̃, regardless of the initial conditions ψ1
1(0) and

ψ1
2(0) unless the system is unreasonably forced to evolve

starting from the unstable equilibrium point x1 by setting

ψ1
1(0) = 1. This is evident in Fig. 5, which shows the phase

portrait of the proposed strategy for k = 1/2 ∈ (0, 1/
√
2].

Specifically, each curve in Fig. 5 represents the time evolution

of the system in terms of the state variables (ψ1
1 , ψ

1
2), with the

arrow denoting the direction of the evolution and the color

depending on the norm of the vector field, i.e., the speed of

the evolution.
2) k ∈ (1/

√
2, 1] ⇐⇒ q12/

√
2 < q11 ≤ q12: The evolu-

tion of the system depends on the initial conditions ψ1
1(0)

and ψ1
2(0), as shown in Fig. 6. Specifically, since we have

two asymptotically stable equilibrium points x0 and x1, the

admissible state region 0 ≤ ψ1
1(t) + ψ1

2(t) ≤ 1 is split in two

separate subregions, divided by a curve passing through x2(k).
For any initial conditions belonging to the left subregion, the

largest one, the system evolves toward x0, as shown by the

gray trajectory in Fig. 6. Differently, for any initial conditions

belonging to the right subregion, the smallest one, the system

evolves toward x1, as shown by the black trajectory in Fig. 6.

Clearly, when the channel qualities are comparable, the two

subregions become comparable as well, as shown by Fig. 7

with k = q11/q
1
2 = 1. Finally, for any initial conditions placed

on the border between the two sub-regions, the system evolves

toward the saddle point x2(k). However, this case is not of

any practical interest since, even if the initial conditions are

chosen randomly, the event of having initial conditions placed

on the border occurs with a negligible probability.

Remark. In a nutshell, whenever 0 < q11 ≤ q1
2√
2

, i.e., whenever

there exist a clear difference in terms of quality between

the two available channels, the strategy assures the optimal

spectrum allocation represented by x0 for any setting of the

initial conditions. Differently, whenever
q1
2√
2
< q11 ≤ q12 ,

i.e., whenever the channel qualities become comparable, the

strategy is able to select the optimal allocation represented

by x0 if the initial conditions are properly chosen, i.e., if

ψ1
1(0) < x11(k) and ψ1

2(0) ≥ x12(k) with x11(k) and x12(k)
given in (8). It is worthwhile to note that x11(k) and x12(k) are

univocally determined by the value of k =
q1
1

q1
2

, i.e., by the ratio

between the two channel qualities. Hence, since as described

in Sec. V these qualities can be easily estimated by the HN,

the strategy is able to assure the optimal spectrum allocation

in any case.

C. Scenario 2: Two Networks

We consider now the case of two HNs and two available

Sub-6 GHz channels, with q11 ≤ q12 = q21 = q22 . This setting

models the following scenario of practical interest: i) both

the 1st and the 2nd channels are equally preferred by the 2nd

HN; and ii) the 2nd channel is the preferred choice for the

1st HN. According to Def. 6, the optimal spectrum allocation

is the one assuring the 1st HN fully committed to the 2nd

channel and the 2nd HN fully committed to the 1st channel,

i.e., x̃ = (x11, x
1
2, x

2
1, x

2
2) = (0, 1, 1, 0). By defining k

△
= q11/q

1
2,
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Fig. 8. Scenario 2: 3D-phase portrait for
k = 1/4. Grey and black trajectories starting
from with initial conditions (0.4, 0.5, 0.3, 0.5)
and (0.7, 0.2, 0.2, 0.7), respectively.

Fig. 9. Scenario 2: 3D-phase portrait for
k = 6/10. Grey and black trajectories starting
from with initial conditions (0.4, 0.5, 0.3, 0.5)
and (0.7, 0.2, 0.2, 0.7), respectively.

Fig. 10. Scenario 2: 3D-phase portrait for
k = 3/4. Grey and black trajectory starting from
initial conditions in the ǫ-neighborhood of x5.

the following results hold.

Lemma 2. (Equilibria) The set E of the equilibrium points

of the proposed strategy is:

E =







{x0,x1,x2,x3} if k ∈ (0,
√
3−1
2 ]

{x0,x1,x2,x3,x4(k)} if k ∈ (
√
3−1
2 ,

√
5−1
2 )

{x0,x1,x2,x3} if k ∈ [
√
5−1
2 , 1]

{x5(k)} if k ∈ (k0, 1]

(9)

with k0 being the positive real radix of
√
3− 7k2 − 6k3 + k5.

Specifically, we have x0 = (0, 1, 1, 0), x1 = (1, 0, 0, 1),
x2 = (0, 1, 0, 1), x3 = (1, 0, 1, 0), x4(k) =
(
x11(k), x

1
2(k), x

2
1(k), x

2
2(k)

)
shown in Fig. 3 with x21(k) = 0,

x22(k) = 1, x11(k) and x12(k) equal to:

x11(k) = −1 +
1

2k
+

1

2

√

(k − 1)2

k2(k + 1)2

x12(k) =
k2(x11(k)

2 − 1)

−k2 − kx11(k)− k2x11(k)

(10)

and, finally, x5(k) shown in Fig. 4 for the sake of brevity.

Proof: See Appendix C

Remark. Similarly to Sec. IV-B, we have the valuable result

of E composed by four regions depending on the value of

k
△
= q11/q

1
2 , i.e., the equilibria do not depend on the individual

values of q11 and q12 but rather on the ratio between the two

values. Furthermore, the equilibrium point x0 represents the

optimal spectrum allocation x̃ according to Def. 6. Indeed:

i) there exists a consensus, i.e., all the agents are commit-

ted to the same channel; ii) the HNs do not overlap, i.e.,

different networks are committed to different channels and

hence the coexistence interference is null (Inc (x0) = 0 when

1nc (x0) = 1); iii) each HN is committed to the highest-quality

channel. Differently, x1 represents a suboptimal spectrum

allocation since there exists a full non-overlapping consensus,

but the 1st network is not committed to the highest-quality

channel—unless k = 1, when both x0 and x1 represent

optimal allocations. Both x2 and x3 represent undesirable

spectrum allocations, since the two HNs overlap, causing so

a notable performance degradation. According to Def. 5, x4

represents an invalid spectrum allocation, since the 2nd HN is

fully committed to the 2nd channel but the 1st HN experiences

a partial commitment, with ratios significantly varying with k
as shown in Fig. 3. Finally, x5 represents an invalid spectrum

allocation as well, since both the HNs experience a partial

commitment, with ratios slightly changing with k as shown in

Fig. 4.

Proposition 2. (Stability) x0 is an asymptotically stable

equilibrium point for any k ∈ (0, 1]. Differently, x1 is an

asymptotically stable equilibrium point for any k ∈ (
√
3−1
2 , 1],

and an unstable equilibrium point for any k ∈ (0,
√
3−1
2 ].

Finally, the remaining equilibrium points are all unstable,

being x2, x3, x4(k) and x5 saddle points.

Proof: See Appendix D

Stemming from these results, we have two cases.

1) k ∈ (0, (
√
3− 1)/2] ⇐⇒ 0 < q11 ≤ q12(

√
3− 1)/2: The

system always evolves toward x0, i.e., the optimal spectrum

allocation x̃, regardless of the initial conditions {ψnc (0)}n=1,2
c=1,2

unless the system is unreasonably forced to evolve starting

from one of the unstable equilibrium points x1, x2 or x3.

This is evident in Fig. 8, which shows the 3-dimensional

(ψ1
1 , ψ

1
2 , ψ

2
2)-phase portrait — i.e., a 3-dimensional projection

of the 4-dimensional system-phase portrait for the sake of

practical representation — of the system for k = 1/4 ∈
(0,

√
3−1
2 ]. Specifically, each trajectory in Fig. 8 represents the

time evolution of the system in terms of the state variables

(ψ1
1 , ψ

1
2 , ψ

2
2), with the arrow denoting the direction of the

evolution and the color depending on the norm of the vector

field, i.e., the speed of the evolution. For any initial conditions

different from the unstable equilibrium points x1, x2 and x3,

the system evolves toward x0, as shown by both the gray and

the black trajectories. This is confirmed by the direction of the

arrows, toward 0 along ψ1
1 and ψ2

2 , and toward 1 along ψ1
2 .

2) k ∈ ( (
√
3 − 1)/2, 1] ⇐⇒ q12(

√
3 − 1)/2 < q11 ≤ q12:

The evolution of the system depends on the initial conditions,

as shown by Fig. 9. Specifically, since we have two asymp-

totically stable equilibrium points x0 and x1, the admissible

state region is split in two separate subregions. For any initial



1536-1276 (c) 2018 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission. See http://www.ieee.org/publications_standards/publications/rights/index.html for more information.

This article has been accepted for publication in a future issue of this journal, but has not been fully edited. Content may change prior to final publication. Citation information: DOI 10.1109/TWC.2018.2864734, IEEE
Transactions on Wireless Communications

8

Fig. 11. Scenario 3: value of xnc as function of
the inhibition factors a > 0 and b < 1.

Fig. 12. Scenario 3: value of ψ̇n
c (t) when

ψn
c (t) → (xnc )

− as function of the inhibition
factors a > 0 and b < 1.

Fig. 13. Scenario 3: value of xnc as function of
the inhibition factors a 6= 0 and b > 1.

conditions belonging to the first subregion, the system evolves

toward the optimal spectrum allocation x0, as shown by the

gray trajectory in Fig. 9. Differently, for any initial conditions

belonging to the second subregion, the system evolves toward

x1, as shown by the black trajectory in Fig. 9. Finally, there

exist other four unstable equilibrium points, i.e., x2, x3, x4(k)
and x5(k). However, they represent spectrum allocations of no

practical interest since, even if the initial conditions are chosen

randomly, the event of having the initial conditions placed in

their regions of attraction occurs with a negligible probability.

This is confirmed by Fig. 10, showing that the system evolves

toward either x0 or x1, even when the initial conditions are

placed within the ǫ-neighborhoods of the unstable equilibrium

point x5(k) when k = 3/4.

Remark. In a nutshell, whenever 0 < q11 ≤ q12(
√
3 − 1)/2,

i.e., whenever there exist a clear difference in terms of

quality between the two available channels, the strategy as-

sures the optimal spectrum allocation represented by x0 for

any setting of the initial conditions. Differently, whenever

q12(
√
3− 1)/2 < q11 ≤ q12 , i.e., whenever the channel qualities

become comparable, the strategy is able to select the optimal

spectrum allocation represented by x0 if the initial conditions

are properly chosen. However, the initial conditions depend on

the number of networks coexisting in a given network region.

Hence, since our proposal is completely blind with respect

to any a-priori information, we chose the initial conditions at

random. Nevertheless, since the volume of the homogeneous-

trajectory subregions depend on the network preferences, the

random choice of the initial conditions assures the selection

of the optimal spectrum allocation with high probability. This

valuable result is confirmed in Sec. VI-B with Fig. 15-B,

showing that the probability of selecting the optimal spectrum

allocation exceed 0.95. Clearly, if some a-priori information

is available, a proper choice of the initial conditions can be

made. However, we believe that the capability of our proposal

to converge towards the optimal spectrum allocation without

any a-priori information is a valuable feature of our proposal.

D. Scenario 3: General Case

Finally, we consider the generic case of N HNs accessing

C Sub-6 GHz channels. The analysis of such a large system

of coupled ODEs is particularly challenging and closed-form

expressions of all the components of the equilibria cannot be

derived. We anyway address this general case by looking at

the local dynamics for the fraction of agents of the generic n-

th network committed to the arbitrary c-th channel described

by the following differential equation:

ψ̇nc (t) = qnc (1− ψnc (t)− a) (1 + ψnc (t)) − aψnc (t)+

− ψnc (t)(1 − ψnc (t))
b

qnc
(11)

with a =
∑

i6=c ψ
n
i (t) ∈ [0, 1] and b =

∑

m 6=n ψ
m
c (t) > 0

denoting the overall intra- and inter-population dynamics. In

a nutshell, a denotes the overall effect of the nodes of the

same population committed to different channels trying to

force the nodes committed to c-th channel to change their

decision. Differently, b denotes the overall effect of the nodes

of different populations committed to the same channel trying

to force the nodes committed to c-th channel to change their

decision. Hence, a represents the internal force toward a

different decision, whereas b represents the external force

toward a different decision.

By setting qnc = 1, we have that the c-th channel is an ideal

channel for the n-th HNs.

Lemma 3. (Equilibrium Points) The set E of the ψnc -

coordinate at the equilibrium is given by:

E =







{xnc = 2a+b
2(b−1) + z} if a > 0 ∧ b < 1

{xnc = 1−a
1+2a} if a > 0 ∧ b = 1

{xnc = 2a+b
2(b−1) − z} if a > 0 ∧ b > 1

{xnc = 1} if a = 0

(12)

with z =
√

4−4a+4a2−4b+8ab+b2

4(b−1)2 .

Proof: See Appendix E

We discuss now the results of Lemma 3. In Fig. 11, we

report the value of the equilibrium xnc as function of both

the inhibition factors a 6= 0 and b < 1. We observe that, the

value of xnc mainly depends on a, i.e., the intra-population

inhibition. To analyze the stability of xnc , we must look at

the sign of (11), and it results that the system always evolves

toward xnc . In fact, whenever a > 0 and 0 ≤ b < 1 we obtain

ψ̇nc (t) < 0 ⇐⇒ ψnc (t) > xnc and ψ̇nc (t) > 0 ⇐⇒ ψnc (t) < xnc .
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This result is confirmed by Fig. 12, which shows the sign

of ψ̇nc (t) when ψnc (t) approaches xnc from left as a function

of a and b. Differently, when b > 1, as depicted in Fig. 13,

we observe that the value of xnc depends on both a and b.
Specifically, the value decreases with b, i.e., it decreases as

the number of agents belonging to a different population and

committed to channel c increases. As regards to the system

evolution, we have that xnc represents an attractor for the ψnc -

coordinate. Similar results hold for the other conditions when

b = 1, while the special case a = 0 corresponds to the n-th

HN fully committed to channel c.

Remark. In a nutshell, whenever b < 1, the population

dynamics mainly depend on the intra-population dynamics,

whereas whenever b ≥ 1 the population dynamics depend

also on the inter-population dynamics. Since closed-form

expressions of all the components of the equilibria cannot be

derived, a rigorous stability analysis can not be conducted.

However, we are able to show through simulations that the

random choice of the initial conditions assures the selection

of the optimal allocation with high probability (see Fig. 16 in

Sec. VI-C). As pointed out in Sec. IV-D, although a proper

choice of the initial conditions can be made when a-priori

information is available, we believe that the capability to

converge towards the optimal spectrum allocation without any

a-priori information is a valuable feature of our proposal.

V. STRATEGY DISCUSSION

A. Strategy Implementation

Here, we discuss some practical aspects for implementing

the proposed strategy in a real-world scenario. As said, we fo-

cus on designing an autonomous and fully-distributed strategy.

Hence, we aim at defining a strategy where:

i) the intra-population dynamics can evolve independently

from each other through local interactions, i.e., through

broadcast communications to neighbor nodes;

ii) the inter-population dynamics are driven by a process

directly available to each HN, i.e., no direct communi-

cations among different HNs are required.

iii) the dynamics drive the system toward a convenient and

fair solution, namely, a solution assigning to each HN a

channel satisfying its communication needs by account-

ing for the coexistence interference.

Stemming from this, without loss of generality since the results

derived through the paper can be easily extended to different

channel quality metrics, we define the channel quality qnc as

the 1-bounded ratio between the capacity νnc achievable by the

n-th HN over the c-th channel and the n-th network demand

in terms of data-rate dn, i.e.:

qnc = min

{

1,
νnc
dn

}

(13)

The rationale for the capacity normalization is to take into

account that channels with different capacities can be equally

preferable as long as they are able to accommodate the

network demand. By substituting (13) in (3), we have that three

(out of four) parameters piloting the commitment dynamics,

i.e., the channel capacity νnc , the average network demand dn

time scale: periodfocus: n-th HN

committed to the
arbitrary channel ci

committed period
︷ ︸︸ ︷

starting new

commitment process

committing period
︷ ︸︸ ︷

committed to the
arbitrary channel cj

quality qnci changes
new population

commitment

time scale: slotfocus: agent committed to channel ck

communicating

through channel ci

data
tx

hello
rx

sensing

channel ck

communicating

through channel ci

consensus reached: each
agent evolves in the new state

starting exchanging
local estimation

hello
tx

data
rx

data
tx

︸ ︷︷ ︸

silent slot

︸ ︷︷ ︸

slot for packet transmission & estimate broadcasting
︸ ︷︷ ︸

k-th round of the commitment process

Fig. 14. Schematic illustration of the time structure of the n-th HN (above)
and of the arbitrary agent belonging to the n-th HN and committed to the
generic channel ck (below). Time duration proportion among periods/slots not
respected for the sake of clarity.

and the commitment ratio ψnc (t), can be easily computed at

each HN through asynchronous broadcast messages to neigh-

bor nodes [40], stemming from information (i.e., measured

SNR and current agent’s demand) locally available at each

agent.

As regards to the fourth parameter piloting the commitment

dynamics, i.e., the coexistence interference Inc (t), a possible

estimation approach exploiting a dedicated sensing slot is

described in the following. The time horizon of the n-th

population is organized into a sequence of time periods, as

shown in the upper plot of Fig. 14. Within a committing period,

a channel, say channel ci, is distributively and autonomously

selected by the n-th HN, and during the subsequent committed

period the selected channel is used for data-packet transmis-

sion. A new committing period starts whenever the previously

selected channel ci does not satisfy the n-th HN commu-

nication needs, as instance when the perceived coexistence

interference increases.

Each committing period can be further decomposed into a

sequence of rounds as shown by the lower plot of Fig. 14. Each

round is organized into two time slots: a shorter sensing slot

followed by a considerably longer transmission slot. Within

the sensing slot, the n-th HN is silent (i.e., no communications

occur within the n-th HN), allowing so any agent committed

to a given channel, say channel ck, to easily estimate the

coexistence interference Inc (t) on such a channel by simply

sensing the channel. Differently, during the subsequent trans-

mission slot, data communications normally occur through the

previously selected channel, i.e., channel ci. Additionally, such

a slot is also used to transmit the asynchronous broadcast

messages for computing the parameters (νnc , dn, ψnc (t) and

Inc (t)) piloting the commitment dynamics. Clearly, at network

initialization (during the first round of the first period) the

channel is randomly selected.
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B. Challenges and Open Problems

The design of an autonomous and fully-distributed strategy

undoubtedly poses challenges and drawbacks, which we dis-

cuss in the following.

First, it is required that each HN remains silent during the

sensing slot to properly estimate the magnitude of the interfer-

ence Inc (t). This clearly affects the overall network throughput

as well as the possible (real-)time constraints of the data traffic.

Nevertheless, we believe that the advantage of avoiding inter-

HN communications is worth to incurring in such a drawback.

Furthermore, as extensively shown in the Cognitive Radio

literature, the duration of these silent slots can be narrowed

down to values in the order of few milliseconds every hundreds

of milliseconds or more [41], with a negligible impact on the

HN performance and making statistically unlikely the failure

of the interference magnitude estimation due to multiple HNs

simultaneously silent. Finally, by leveraging the latest Sub-6

GHz prototypes ability to simultaneously establish redundant

links [4], it is possible to assure a seamless connectivity while

sensing for the interference magnitude.

Another drawback is represented by the overhead due to

the messages broadcasted to neighbor nodes for distribut-

edly estimating the four parameters piloting the commitment

dynamics, i.e., νnc , dn, ψnc (t), and Inc (t). This overhead is

intrinsically related to the distributed feature of the designed

strategy. However, as shown in Sec. VI, the convergence

toward the optimal spectrum allocation is usually reached

with a reasonable number of rounds, and the overhead can

be further narrowed down by appending the local estimates

within the control packets usually broadcasted at layer 2/3.

Furthermore, the commitment dynamics can be affected

by the spatial distribution of nodes within a HN, especially

when cellular networks or very large multi-hop networks are

considered. Indeed, the design strategy, linking macroscopic

dynamics to individual agent rules, we present here assumes

a well-mixed system, whereby interactions among any node

within the HN is equally likely. When this assumption does

not hold, it is possible to implement specific measures to

simulate a well-mixed condition as much as possible [19].

Current theoretical studies to deal with spatial heterogeneities

at design time are under way [42], [43], and can be included

in the proposed design strategy in future work.

Finally, another aspect to be considered is the capacity of the

proposed strategy to converge towards a solution representing

a full consensus among its nodes, given in Def. 5. Stemming

from the analysis in [19], full consensus can be achieved only

if the rate of a node to spontaneously abandon commitment is

null, as there are no other mechanisms to change commitment

state when a population is fully allocated on the same channel.

In our design, the abandonment rate is null when either there

is no interference or full consensus has already been achieved,

as defined in (3). Hence, whenever abandonment remains

non-null, for any reason (e.g., there are fewer channels than

networks, hence some interference is always present, albeit

small), a strategy to reach full consensus is required. As

detailed in Sec. VI, we force full consensus by setting a

null abandonment rate either after a maximum allotted time,

or when a sufficiently high percentage of the population —

referred to as “quorum” — is detected on the same channel.

It is worth noting, however, that maintaining a non-null

abandonment rate may be valuable, as it preserves a dynamic

behavior of the nodes that can explore other alternatives as

they become available.

VI. PERFORMANCE EVALUATION

Here, we validate the theoretical analysis and demonstrate

the benefits provided by the designed strategy by implementing

a multi-agent simulation that reproduces the dynamics dis-

cussed in Sec. III [19]. We considered two different strategy

implementations. The interference implementation estimates

Inc (t) as the average ratio of time during which the channel

is interfered (see Sec. V). The distribution implementation

estimates Inc (t) as the the sum of the fraction of nodes of

different HNs committed to the same channel (see Sec. IV).

By comparing the two implementations, we can obtain infor-

mation about the validity of the theoretical analysis and the

suitability of our design. Given that the proposed strategy may

not lead to consensus when αnc (t) is not null, we introduce

the quorum threshold θn: whenever ∃c : ψnc (t) > θn, the

consensus on channel c is forced by setting the abandon-

ment term αnc (t) = 0. To evaluate the performance of the

proposed strategies, we consider two performance metrics: (i)

the convergence time tc, i.e., the time required to achieve a

stable allocation of HNs among the available channels; (ii)

the normalized overall quality d⋆ = Q(x)/Q(x̃), denoting

the ratio between the overall quality achieved by the spectrum

allocation x obtained with the proposed strategy as from (6)

and the overall quality achieved by the optimal spectrum

allocation x̃ as from Def. 6.

We compare the normalized overall quality d⋆ with the

one obtained by two centralized greedy algorithms: the best

greedy and the proportional greedy, denoted with db and dp

respectively. Both algorithms allow HNs to make a greedy

selection of the channel that maximizes the expected quality,

taking into account the coexistence interference on every

available channel in C [34]. For comparison with our strategy,

we assume that the channel selection process is iterated for a

fixed number of rounds R within a committing period. In each

round, each HN makes a centralized decision with probability

µ, hence simulating the asynchronous and independent deci-

sions made by HNs. With the best greedy strategy, each HN

selects the channel that maximizes the expected quality. With

the proportional greedy strategy, each HN selects a channel

with probability proportional to its expected quality. After

R rounds, the currently chosen allocation is selected. In this

work, we set µ = 0.1 and R = 5000.

Note that these centralized algorithms—being seamless al-

though not self-organizing—allow us to conduct a fair perfor-

mance comparison, also considering the lack of alternatives

in the literature about seamless self-organizing coexistence

strategies, as discussed in Sec. I-A. We further observe that

in all the considered experiments we assume the challenging

scenario of just two available channels. Indeed, the higher

the number of channels, the higher the opportunities for
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Fig. 15. Experiment 1. A: convergence time tc . B: normalized overall quality
d⋆ . C: overall quality ratio d⋆/db with respect to the best greedy strategy. D:
overall quality ratio d⋆/dp with respect to the proportional greedy strategy.

coexistence at the price of longer convergences times [39],

[44]. Moreover, in agreement with experimental studies (e.g.,

TV White Space [45]), the number of channels available for

the opportunist spectrum access is generally limited to a few,

especially in urban environments.

A. Experiment 1: two networks

Two HNs, each composed of 100 nodes, compete for two

channels, c1 with varying capacity ν1 ∈ {0.6, 0.7, 0.8, 0.9, 1}
and c2 with fixed capacity ν2 = 1. One HN has fixed

demand d1 = 1, while the other has variable demand d2 ∈
{0.6, 0.7, 0.8, 0.9, 1}. We obtain 25 different configurations

and, for each, we compute average figures over 500 indepen-

dent runs, setting the quorum threshold θn = 1. Indeed, with

two networks and two channels, it is always possible to have an

interference-free allocation and the proposed strategy always

reaches full consensus. The results are displayed in Fig. 15,

where we display only the results obtained with the distri-

bution implementation, those obtained with the interference

implementation being very similar.

With the above setting, we can explore various experimental

conditions. When ν1 ≥ d2, we have that q21 = 1, hence we are

in the conditions analyzed in Sect. IV-C with k = q11 . In such a

case, we have for k >
√
3−1
2 the existence of a bi-stable regime

with a suitable interference-free allocation that completely

fulfills the demand, and a second suboptimal interference-free

allocation (apart from the case k = 1 where both allocations

are optimal). In particular, when k =
√
5−1
2 ≈ 0.62, the

macroscopic analysis predicts a phase transition, hence we

expect to see different behaviors around this value. Conversely,

whenever ν1 < d2, there is no allocation that completely

satisfies the HNs demands. Nevertheless, the designed strategy

is able to achieve consensus also in this case, although after a

slightly longer time, as shown in Fig. 15-A. Indeed, fairly

low values of the convergence time tc are required (about

0.15s in average by assuming updates every τ = 1ms), but

a slightly longer time is needed when ν1 < d2, suggesting

that a convergence is more difficult in presence of sub-optimal

conditions.

The normalized overall quality d⋆ is shown in Fig. 15-B.

Here, we observe an optimal behavior for ν1 = 1 or d2 = 1,

corresponding to the symmetric condition with equivalent

channels or identical demands, in which any interference-free

allocation is good. The proposed strategy allows to break the

symmetry in all these conditions. Elsewhere, we note a depar-

ture from optimality due to finite-size stochastic fluctuations,

which bring the system in the basin of attraction of the sub-

optimal stable point x1. Notably, we have a slightly higher

performance for ν1 = 0.6 and d2 = 0.6, which corresponds to

k = 0.6. In this case, the additional unstable equilibrium point

x4(k) favors convergence to the optimal allocation. In any

case, the error is always within 5% of the optimal allocation,

with the minimum value d⋆ ≃ 0.97 for d2 = 0.8 and ν1 = 0.7.

Finally, in Fig. 15-C and 15-D, we compare the proposed

strategy with the two centralized greedy algorithms through

the ratios q⋆/qb and q⋆/qp, respectively. We note that the

proposed strategy has the same or better performance in all

configurations, with a larger advantage over the proportional

greedy strategy when ν1 > d2. Overall, these results confirm

the appropriateness of the designed strategy and highlight the

close match with the analytical results from Sec. IV-C.

B. Experiment 2: three networks

A more challenging scenario involves three HNs competing

for two channels. Here, two HNs must share the same channel,

hence interfering with each other, albeit minimally if the

channel capacity is sufficiently large. We consider varying

channel capacities and HN demands. The former are defined

in the same way as in Sec. VI-A. The latter are defined as

follows: d1 = 0.8, d2,3 = d2+d3 ∈ {0.6, 0.7, 0.8, 0.9, 1} with

d2/d3 = 2/3. Here, we use a threshold θn = 0.75 for any n,

to allow termination as abandonment is not null for those HNs

that share the same channel. With Fig. 16, we provide results

for both implementations, i.e., distribution and interference.

Results show that the proposed strategy presents good per-

formance, featuring quick convergence and a good quality d⋆.

Time-wise, the results for distribution clearly indicate that con-

ditions where ν1 > 0.8 require a longer time to reach a good

allocation (> 0.3s, see Fig. 16-A). In these conditions, the

two channels have similar capacity and breaking the symmetry

with three HNs appears slower. Similarly, the normalized

overall quality is lower, as shown in Fig. 16-B. The situation is

reversed for the interference implementation, which presents

a shorter convergence time when d2,3 < ν1 (Fig. 16-E) and

generally a better normalized quality than distribution (Fig. 16-

F). This is because the distribution implementation is based

on information about the fraction of other populations on the
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Fig. 16. Experiment 2. A-D: distribution implementation. E-H: interference implementation. A,E: convergence time tc. B,F: normalized overall quality d⋆ .
Comparison with the best greedy (C,G) and the proportional greedy strategy (D,H).
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proportional (d⋆/db and d⋆/dp). Error-bars are too small to be visible on the scale of the plot.

channel they occupy, which can overestimate the interference

that they may produce. Specifically, by correctly estimating the

interference among HNs on the same channel, it is possible

to obtain a lower convergence time (tc ≈ 0.22s in average for

interference vs. tc ≈ 0.25s for distribution), a better allocation

of the HNs (d⋆ ≈ 0.94 for interference vs d⋆ ≈ 0.89 for

distribution). The comparison with the centralized strategies

is also shown in Fig. 16. We note that in this more complex

problem, the best greedy strategy achieves slightly better

results than the decentralized strategies, with d⋆/db ≈ 0.92
and d⋆/db ≈ 0.96 (see panels C and G in Fig. 16). The pro-

portional greedy strategy, instead, is generally outperformed

by our decentralized designs (see panels D and H in Fig. 16).

It is worth noting, however, that such a small advantage for the

best greedy strategy is based on the aggregated knowledge of

the interference expected on each available channel, which is

a rather costly assumption that does not affect our strategies,

which, being decentralized, can rely on the interference that

each node individually senses on the channel it is committed

to.

C. Experiment 3: five networks

Here, we consider a crowded scenario where five HNs

compete for two channels. We consider HNs with fixed

demand: di = 0.2i − 0.1, i = 1, . . . , 5, with a total demand

dt =
∑

i d
i = 2.5. We consider one channel with varying

capacity ν1 ∈ {0.5, . . . , 1.5} and a second channel with fixed

capacity ν2 = 1.5, so that the total capacity can be either lower

or higher than the total demand. We plot the results in Fig. 17.

In the left panel, we show the differences in terms of tc for the

two implementations with a log-scale on the y-axis, and similar

considerations of Sec. VI-B hold. Specifically, the interference

implementation leads to roughly constant convergence times

for the various experimental configurations (tc ≃ 0.3s on

average).

The normalized overall quality of the proposed strategy is

also good, being in average d⋆ ≈ 0.94 for distribution and

d⋆ ≈ 0.9 for interference. We note here that distribution
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performs slightly better than transmission. This is because with

this crowded setup, there is always interference perceived on

both channels, and therefore the transmission implementation

has more difficulties in choosing the optimal allocation with

respect to the distribution implementation, which instead can

rely on the detailed information about the fraction of nodes of

other networks. This has importance especially when the total

capacity of the two channels is lower than the total demand

(ν1 < 1), implying that a strong interference is present. The

comparison with respect to the centralized greedy strategies

presents a similar picture as in Sec. VI-B, with the greedy

best strategy performing slightly better—although with a small

advantage—and the greedy proportional strategy being often

worse than the decentralized strategies.

VII. CONCLUSIONS

In this paper, we proposed a self-organizing strategy to

minimize the coexistence interference among heterogeneous

networks operating in the Sub-6 GHz spectrum. The proposed

strategy jointly promotes a selfless network utilization of

the spectrum and avoids any direct communication among

the heterogeneous networks. Specifically, we developed an

analytical framework grounded on the nest-site selection be-

havior observed in honeybee swarms to model the coexistence

problem among multiple heterogeneous unlicensed networks.

We analytically studied the equilibria of the proposed strategy,

and we derived the conditions for the strategy to guarantee an

optimal spectrum allocation, i.e., the spectrum allocation mini-

mizing the coexistence interference. The proposed strategy has

been validated through an extensive performance evaluation,

which confirmed the close match between analytical results

and multi-agent simulations, suggesting that the proposed

approach for the design of a self-organizing strategy is viable.

APPENDIX A

PROOF OF LEMMA 1

The decision process time-evolution is described by the

following bi-dimensional system:

ψ̇1
1(t) = q11 ψ

1
u(t)

(
1 + ψ1

1(t)
)
− q12ψ

1
1(t)ψ

1
2(t)

ψ̇1
2(t) = q12 ψ

1
u(t)

(
1 + ψ1

2(t)
)
− q11ψ

2
1(t)ψ

1
1(t)

(14)

with ψ1
1(0) and ψ1

2(0) denoting the initial conditions. Note

that the lack of interference from additional HNs leads to a

null abandonment rate. By substituting (2) in (14), we obtain:

ψ̇1
1 = q11(1 − ψ1

1 − ψ1
2)
(
1 + ψ1

1

)
− q12ψ

1
1ψ

1
2

ψ̇1
2 = q12(1 − ψ1

1 − ψ1
2)
(
1 + ψ1

2

)
− q11ψ

1
1ψ

1
2

(15)

where we omit the time dependence for the sake of notation

simplicity. According to Def. 3, any equilibrium point x is a

constant solution of the differential equations in (15). Hence,

by imposing ψ̇1
1 and ψ̇1

2 equal to zero and by accounting for

the definition of k, from (15) we obtain:

k(1− ψ1
1 − ψ1

2)
(
1 + ψ1

1

)
− ψ1

1ψ
1
2 = 0

(1− ψ1
1 − ψ1

2)
(
1 + ψ1

2

)
− kψ1

1ψ
1
2 = 0

(16)

and, after some algebraic manipulations, we derive the equi-

libria set E given in (7).

APPENDIX B

PROOF OF PROPOSITION 1

To analyze the stability of each equilibrium point, we

first derive the expression of the Jacobian matrix J
△
=(

1
q1
2

∂ψ̇1

i

∂ψ1

j

)

i,j∈C
with 1

q1
2

positive normalizing factor and k
△
=

q11/q
1
2 :

J =

(
−ψ1

2 − k(2ψ1
1 + ψ1

2) −ψ1
1 − k(1 + ψ1

1)
−1− (1 + k)ψ1

2 −(1 + k)ψ1
1 − 2ψ1

2

)

(17)

Then, we assess the eigenvalues of J at the equilibrium

points given in (7) by deriving the values of λ satisfying the

equation |J(x) − λI| = 0. As regards to x0, the set σJ(x0) of

eigenvalues is σJ(x0) =
{

−(k + 3±
√

(k + 1)(5k + 1))/2
}

with both the eigenvalues real negative for any k ∈
(0, 1]. Hence, x0 is an asymptotically stable equilibrium

point. As regards to x1, the set σJ(x1) is σJ(x1) =
{

−(3k + 1±
√

(k + 1)(k + 5))/2
}

with one eigenvalue real

negative for any k ∈ (0, 1] and the other eigenvalue real neg-

ative for k ∈ (1/
√
2, 1] and non-negative for k ∈ (0, 1/

√
2].

Hence, x1 is an asymptotically stable equilibrium point when

k ∈ (1/
√
2, 1], and a saddle point (i.e., unstable equilibrium

point) otherwise. Similarly, as regards to x2(k), we have one

eigenvalue real negative for any k ∈ (1/
√
2, 1] and the other

eigenvalue real positive for any k ∈ (1/
√
2, 1]. Hence, x2 is

a saddle point for any k ∈ (1/
√
2, 1].

APPENDIX C

PROOF OF LEMMA 2

The time-evolution of the decision process is described by

the following 4-dimensional system:

ψ̇nc (t) =q
n
c ψ

n
u(t) (1 + ψnc (t))− qnc̄ ψ

n
c (t)ψ

n
c̄ (t)+

− ψnc (t)

qnc
(1− ψnc (t))ψ

n̄
c (t)), c, n ∈ {1, 2} (18)

with the operator (̄·) defined as x̄ = 2 if x = 1, x̄ = 1
otherwise. By substituting (2) in (18) and after some algebraic

manipulations, we derive the equilibria set E given in (9).

APPENDIX D

PROOF OF PROPOSITION 2

To analyze the stability of each equilibrium point, we first

derive in (19) shown in the next page the expression of

the Jacobian matrix J
△
=
(

1
q1
2

∂ψ̇li
∂ψm

j

)l,m∈N

i,j∈C
with 1

q1
2

positive

normalizing factor and k
△
= q11/q

1
2 .

Then, we assess the eigenvalues of J at the equilibrium

points given in (9) by deriving the values of λ satisfying the

equation |J(x) − λI| = 0. As regards to x0, the set σJ(x0) of

eigenvalues is constituted by (−5±
√
13)/2 and (−1− 3k −

k2 ±
√
1− 2k + 3k2 + 6k3 + 5k4/2k with both the eigenval-

ues negative for any k ∈ (0, 1]. Hence, x0 is an asymptotically

stable equilibrium point. As regards to x1, the set σJ(x1)

is σJ(x1) =
{
(−5±

√
13)/2, (−2− 3k ±

√
8 + 4k + k2)/2

}

with tree eigenvalues negative for any k ∈ (0, 1] and one eigen-

value negative for k ∈ (
√
3−1
2 , 1] and non-negative for k ∈
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J =






ψ2
1

k
(−1+2ψ1

1
)−(ψ1

2
+k(2ψ1

1
+ψ1

2
)) −ψ1

1
−k(1+ψ1

1
)

ψ1
1

k
(−1+ψ1

1
) 0

−1−(1+k)ψ1

2
−(1+k)ψ1

1
+2ψ1

2
(−1+ψ2

2
)−ψ2

2
0 (−1+ψ1

2
)ψ1

2

(−1+ψ2

1
)ψ2

1
0 2ψ2

1
(−1+ψ1

1
)−ψ1

1
−2ψ2

2
−1−2ψ2

1

0 (−1+ψ2

2
)ψ2

2
−1−2ψ2

2
−2ψ2

1
−ψ1

2
+2(−1+ψ1

2
)ψ2

2




 (19)

(0,
√
3−1
2 ]. Hence, x1 is an asymptotically stable equilibrium

point when k ∈ (
√
3−1
2 , 1], and a saddle point (i.e., unstable

equilibrium point) otherwise. As regards to x2, the set σJ(x2)

is σJ(x2) =
{

(−3±
√
13)/2, (−2− k ±

√
k
√
8 + 5k)/2

}

with two eigenvalues negative for any k ∈ (0, 1], one eigen-

value positive for any k ∈ (0, 1] and one eigenvalue negative

for k ∈ (
√
5−1
2 , 1] and non-negative for k ∈ (0,

√
5−1
2 ].

Hence, x2 is a saddle point for any k ∈ (0, 1]. Similarly,

it results σJ(x3) constituted by (−3 ±
√
13)/2 and (1 − k −

3k2 ±
√
1 + 2k + 3k2 + 6k3 + k4)/2k with two eigenvalues

negative for any k ∈ (0, 1] and two eigenvalues positive for

any k ∈ (0, 1]. Hence, x3 is a saddle point for any k ∈ (0, 1].
As regards to x4(k), we do not report the set σJ(x4(k)) for

the sake of brevity. However, we have at least one eigenvalue

positive for any k ∈ (
√
3−1
2 ,

√
5−1
2 ). Hence, x4(k) is a saddle

point for any k ∈ (
√
3−1
2 ,

√
5−1
2 ). Similarly, x5(k) is a a saddle

point for any k ∈ (k0, 1].

APPENDIX E

PROOF OF LEMMA 3

The time-evolution of the decision process for the fraction

of agents of the generic n-th network committed to the

arbitrary c-th channel is given in (11). After some algebraic

manipulations and by setting z =
√

4−4a+4a2−4b+8ab+b2

4(b−1)2 , we

derive the set E of the equilibrium points given in (12).
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