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ABSTRACT. We prove existence of quasi-periodic solutions with two frequencies of
completely resonant, periodically forced nonlinear wave equations with periodic spa-
tial boundary conditions. We consider both the cases the forcing frequency is: (Case
A) a rational number and (Case B) an irrational number.
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1. Introduction

We prove existence of small amplitude quasi-periodic solutions for completely reso-
nant forced nonlinear wave equations like

(11) { UVt — Ugz + f(wlt,v) =0

v(t,x) = v(t, z + 2m)
where the nonlinear forcing term
flwit,v) = a(wit)v* ! 4+ O(v*?), d>1,deN"
is 27 /w;-periodic in time. We shall consider both the cases

e A) the forcing frequency w; € Q
e B) the forcing frequency wy € R\ Q.

Existence of periodic solutions for completely resonant forced wave equations was
first proved in the pioneering papers [R1], [R2] (with Dirichlet boundary conditions) if
the forcing frequency is a rational number (w; = 1 in [RI]-[R2]). This requires to solve
an infinite dimensional bifurcation equation which lacks compactness property; see
[BN], [C], [BBil-[BBil] and references therein for other results. If the forcing frequency
is an irrational number existence of periodic solutions has been proved in [PY]-[Md:
here the bifurcation equation is trivial but a “small divisors problem” appears.

To prove existence of small amplitude quasi-periodic solutions for completely reso-
nant PDE’s like ([Tl) one generally has to deal with a small divisor problem as well;
however the main difficulty is to understand from which solutions of the linearized
equation at v = 0,
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quasi-periodic solutions branch-off: such linearized equation possesses only 27-periodic
solutions ¢, (t + )+ q_(t — x) where ¢, (-), ¢_(-) are 2m-periodic (completely resonant
PDE).

Here is the main difference w.r.t non-resonant PDE’s for which a developed existence
theory of periodic and quasi-periodic solutions has been established, see e.g. [K], [Wal,
[CW], [P], [BI] and references therein.

For completely resonant autonomous PDE’s, existence of periodic solutions has been
proved in [LS], [BP], [BBI], [BB2], [BB3], [GMP], [GP], and quasi-periodic solutions
with 2-frequencies have been recently obtained in [P1]-[P2] for the specific nonlinearities
f =u®+ O(u®). Here the bifurcation equation is solved by ODE methods.

In this paper we prove existence of quasi-periodic solutions with two frequencies wy,
wy for the completely resonant forced equation ([LII) in both the two cases: Case A):
wy € Q; Case B): w1 € R\ Q.

The more interesting case is w; € Q (case A) when the forcing frequency w; enters
in resonance with the linear frequency 1. To find out from which solutions of the
linearized equation quasi-periodic solutions of ([T branch-off, requires to solve an
infinite dimensional bifurcation equation which can not be solved in general by ODE
techniques (it is a system of integro-differential equations). However, exploiting the
variational nature of equation (L] like in [BBI]-[BB2], the bifurcation problem can
be reduced to finding critical points of a suitable action functional which, in this case,
possesses the infinite dimensional linking geometry [BR].

1.1. Main results. We look for quasi-periodic solutions v(t,z) of equation ([LIl) of

the form

(12) { v(t, z) = u(wit, wst + x)

u(p1 + 2k1m, 0o + 2kom) = ulep1, p2), Vki, ke € Z

with frequencies
w = (u}l,WQ) = (wla I+ 5) )

imposing the frequency ws = 1 + ¢ to be close to the linear frequency 1.

Writing 0y — Oy = (0p — 0;) © (O + 0,) we get
(1.3) [wlﬁm + (wg — 1)8802} o [wlﬁm + (wo + 1)8¢2}u + flp1,u) =0
and therefore
(1.4) [w%@il + (w3 — 1)83;2 + 2w1w28¢18¢2}u(<p) + f(e1,u) =0.

We assume that the forcing term f: T xR — R

fo1,u) = asg_1(1)u? 1 4+ O(u*?), deNt d>1
is analytic in « but has only finite regularity in ;. More precisely
o (H) f(p1,u):=> 100, 1 ax(p1)uf, d € Nt d > 1 and the coefficients ax(¢;) €

H*(T) verify, for some 7 > 0, >-2°,, , |ag|gr* < co. The function f(py,u) is
not identically constant in ;.
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We look for solutions u of (C4)) in the Banach space?

Hos = {u(gp) = we? o af =0 and |uly, = Z |ae2lo]1,]® < +oo}

lez2 lez2

where [l1] :== max{|l1],1} and 0 > 0, s > 0.
The space H, s is a Banach algebra with respect to multiplications of functions (see
Lemma Tl in the Appendix), namely

Uy, U2 S HO,S - UU2 S HO’,S and |u1u2|a,s S C|u1|a,s|u2|a,s .
We shall prove the following Theorems.

Theorem A. Let w; = n/m € Q. Assume that f satisfies assumption (H) and
asq—1(p1) # 0, Vo1 € T. Let B, be the uncountable® zero-measure Cantor set

B, = {a € (—co,e0) : |l +els| > |7—| Vi, by € Z\{O}}
2
where 0 < v < 1/6. _
There exist constants T > 0,5 > 2,2 >0, C > 0, such that Ve € B, |e|y™! < &/m?,
there exists a classical solution u(e,p) € Hzs of [I4) with (w1,w2) = (n/m, 1+ ¢)
satisfying

1 —m?|e
(15) ule,9) — el a(e)| <ol
ag,8 "}/u)l

Ckas

for an appropriate function q. € Hys \ {0} of the form () = ¢ (p2)+ G- (2mp; —
nes).

As a consequence, equation (L) admits the quasi-periodic solution v(e,t,x) =
u(e, wit, Hwat) with two frequencies (wy,ws) = (n/m, 14+¢) and the mapt — v(e,t,-) €
H?(T) has the form*

2

v(e, t,x) — |e|@D [q+<x +(1+e)t) + g ((1— et — nx)] o = 0(%|g|2?31>) .

At the first order the quasi-periodic solution v(e, ¢, x) of equation (ICTl) is the superpo-
sition of two waves traveling in opposite directions (in general, both components ¢, ,
q— are non trivial).

The bifurcation of quasi-periodic solutions looks quite different if wy is irrational.

Theorem B. Letw; € R\Q. Assume that f satisfies assumption (H), fozﬂ asq—1(1)dp1
# 0 and f(p1,u) € H¥(T), s > 1, for all u.

2Given z € C, z* denotes its complex conjugate.
3The proof that B, N (0,20) and B, N (—&p,0) are both uncountable Yey > 0 is like in [BP].
We denote H(T) := {u(yp) = D ez wel? o ar =da-y, [ul o (1) = D ien || e < +o0}.
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Let C, C D = (—eg,&0) % (1,2) be the uncountable zero-measure Cantor set’

w
cw)eD: i ¢Q, LedQ, |whtel>—L
(16) €= wa L] + [l2]
. =
il + 2+ e)lo| > ——— . V11,1, € Z\ {0}

1] + [la]

Fiz any 0 < 5 < s — 1/2. There emist positive constants €, C, @ > 0, such that,
V(e,w1) € C, with |e|y™t < & and 5]0% asq—1(p1) dpr > 0, there exists a nontrivial
solution u(e, ¢) € Hzs of equation (1)) with (wi,ws) = (w1, 1+ ¢€) satisfying

< Tty
0,5 Y

(1.7) ule, @) — [e]78 G(p2)

for some function q.(p2) € H?(T) \ {0}.

As a consequence, equation (L) admits the non-trivial quasi-periodic solution v(e,t, x) :=
u(e, wit, T +wot) with two frequencies (wy,ws) = (w1, 14¢€) and the map t — v(e,t,-) €
H?(T) has the form

et w) = g e+ ()| = Oy el ).
He(T

Remark 1. Imposing in the definition of C, the condition wy /ws = w1 /(1+¢) € Q we
obtain, by Theorem B the ezistence of periodic solutions of equation (I1). They are
reminiscent, in this completely resonant context, of the Birkhoff-Lewis periodic orbits
with large minimal period accumulating at the origin, see [BaB|, [BBV].

Remark 2. (Non existence) In Theorem B, existence of quasi-periodic solutions
could follow by other hypotheses on f, see remark[d. However the hypothesis that the
leading term in the nonlinearity f is an odd power of u is not of purely technical nature.
If f(p1,u) = a(e)u? with D even and fozﬂ a(p1) dey # 0, then, YR > 0 there exists
g0 > 0 such that Vo > 0,5 > s —1/2, V(e,wy) € C, with |e| < €y, equation (I.F]) does
not possess solutions u € Hy5 in the ball |u|,s < Rle|Y P~V see Proposition 3.

To prove Theorems A-B, instead of looking for solutions of equation () in a

shrinking neighborhood of 0, it is a convenient devise to perform the rescaling
u — ou with 8 = |e|/2eD

enhancing the relation between the amplitude § and the frequency wy = 14 e. We
obtain the equation

(1.8) Lou+ef(or,u,6)=0
where, see (L3),
Lo = [0 + 20, 0 w10, + (24 2)0,]
= [u)fﬁil + 2‘*’18@18&02} +e [(2 + 5)6392 + 2‘*’18@18&02}

5See Lemma BCI1
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and

(1.9) f(p1,u,d) = sign(a)% = sign(e) (an,l(%)uw’l + Sagg(pr )u*® + .. )

and sign(e) := 1 if wy > 1 and sign(e) := —1 if wy < 1.

To find solutions of equation ([CV) we shall apply the Lyapunov-Schmidt decompo-
sition method which leads to solve separately a “range equation” and a “bifurcation
equation”.

In order to solve the range equation (avoiding small divisor problems) we restrict e
to the uncountable zero-measure set B, for Theorem A, resp. (¢,w;) € C, for Theorem
B, and we apply the Contraction Mapping Theorem; similar non-resonance conditions
have been employed e.g. in [LS], [BP], [BBI]-[BB2], [Md], [P1].

To solve the infinite dimensional bifurcation equation we proceed in different ways
in case A) and case B).

As already said, in case A) we follow the variational approach of [BBI],[BB2] noting
that the bifurcation equation is the Euler-Lagrange equation of a “reduced action
functional” which turns out to have the geometry of the infinite dimensional linking
theorem of Benci-Rabinowitz [BR]. However we can not directly apply the linking
theorem because the reduced action functional is defined only in a ball centered at the
origin (where the range equation is solved). Moreover the infinite dimensional linking
theorem of [BR] requires the compactness of the gradient of the functional, property
which is not preserved by extending the functional in the whole infinite dimensional
space.

In order to overcome these difficulties we perform a further finite dimensional reduc-
tion of Galerkin type inspired to [BB3|] on a subspace of dimension N, with N large
but independent of ¢, see the equations (23))- (24)- ().

We shall have to solve the (Z4))-(ZH) equations in a sufficiently large domain of ¢;
(Lemma Z3)), consistent with the | - |1 bounds on the solution ¢; of the bifurcation
equation that can be obtained by the variational arguments, see Lemma 26l

Another advantage of this method is that allows to prove the analiticity of the
solution w in the variable 5.

In case B) the bifurcation equation could be solved through variational methods as
in case A). However there is a simpler technique available. The bifurcation equation
reduces, in the limit ¢ — 0, to a super-quadratic Hamiltonian system with one degree
of freedom. We prove existence of a non-degenerate solution by phase-space analysis.
Therefore it can be continued by the Implicit function Theorem to a solution of the
complete bifurcation equation for & small.

The paper is organized as follows. For simplicity of exposition we prove first Theorem
A in the case w; = 1. We deal with the general case w; = > € Q at the end of section
In section Bl we prove Theorem B.

Acknowledgments: The authors thank Luca Biasco and Philippe Bolle for useful
comments. Part of this paper was written when the second author was at SISSA.
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2. Case A: w; €Q

Equation (L) becomes, for w; =1
(2.1) Lou+ef(or,u,6)=0
where

L. = [am + 58@} o [am (24 g)@m]
= |62, +20,,0,,] + <2+ ), +20,,0,] = Lo+eLy.

To fix notations we shall prove Theorem A in the case agq_1(p1) > 0 and € > 0, i.e.
sign(e) > 0.

By the assumption (H) on the nonlinearity f and by the Banach algebra property
of H, s the Nemitskii operator

1
u — f(gOl,’UJ,(S) S COO(BP,HO—7S), 0<s< 5

where B, is the ball of radius pd ! in H, s and p is connected to the analiticity radius
r of f (note that since ax(p1) € H'(T) then ax(-) € Hos, Vo > 0,0 < s < 1/2).

Equation (7)) is the Euler-Lagrange equation of the Lagrangian action functional
U, € CY(Hys, R) defined by

V) = %(%u)? F O )@n) + P 002 1 e(0,0)(0,0) — 2P (01, 0.0)

where F(p1,u,0) := [, f <p1,£ §)d¢ and

Uo(u) := /T2 5(8¢1u)2 + (Opy 1) (0p,u0)

0w0) = [ B0 + @ 0)@) — Floru0)

To find critical points of W, we perform a variational Lyapunov-Schmidt reduction
inspired to [BBI]-[BB2], see also [AB].

2.1. The Variational Lyapunov-Schmidt Reduction. The unperturbed functional
Uy : Hss — R possesses an infinite dimensional linear space @) of critical points which
are the solutions ¢ of the equation

Log = 0, (9, +20,,)a = 0.
The space () can be written as

Q={a=> ae™ €Hos| @=0 for hili+2b)#0}.
lez?
In view of the variational argument that we shall use to solve the bifurcation equation
we split () as
Q=0+ ®Q®Q-
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where®
Qs = {qEQ : @l:0f0r5¢A+}:{Q+ = Q+(<P2)EH3(T)}
Qo = {QO € R}

Q- = {q €Q : g=0forl¢ Af} = {qf = q (21 —¢2), ¢ () € HS’S(T)}
and
(22) A, = {mzz =0, z#o}, A ::{leZz 1+ 20 =0, z;éo}.
We shall also use in () the norm
lql7n = ‘%ﬁ{l(r) +q5 + |q,|§{1(T) ~ Z G (|I*+1).
leA_U{0}UA 4+
We decompose the space H, s = ) @ P where
P - {p =S pe? € Hoy | =0 for L(2+0) = 0} .

lez?
Projecting equation (EZ1]) onto the closed subspaces () and P, setting u = ¢+p € H,
with ¢ € Q) and p € P, we obtain

{Ll[qH Hof(e1,q+p,0) =0 (@)
Lcp] +ellpf(pi,q+p,0) =0 (P)

where Ilg : Hys — @, IIp : H, s — P are the projectors respectively onto () and P.

In order to prove analiticity of the solutions and to highlight the compactness of the
problem we perform a finite dimensional Lyapunov-Schmidt reduction, introducing the
decomposition

Q=0Q:19Q
where
Q=) i={a=Y ac" € Q}, Q=N = {a= Y @' e}
lI|<N [I|[>N

Setting ¢ = ¢1 + ¢2 with ¢1 € Q1 and g2 € ()2, we finally get
(2.3) Lilg:] + o, | fler,q1 + 2 +p,6)| =0 <= dV.(u)[h] =0 Vhe @ (@)

(2.4) Li[go] +1lg, | f(w1,q1 + g2+ p,9)

(25) Lelpl +ellp| fle1.q1 + @2 +p,6)| =0 <= dV.(u)[h] =0 YVhe P (P)

=0 <= dU.(uh]=0 YVhe Qs (Q,)

where Ilg, : H,, — @; are the projectors onto Q); (i = 1,2).

We shall solve first the (Qy)-(P)-equations for all |¢;|g: < 2R, provided e belongs
to a suitable Cantor-like set, || < g(R) is sufficiently small and N > Ny(R) is large
enough (see Lemma 23]).

6HG(T) denotes the functions of H?(T) with zero average. H*(T) := {u(p) = ez We?
Uf =iy, |ulgesmy = ez |tule?![l]* < +oo} and Hy*(T) its functions with zero average.
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Next we shall solve the (Q1)-equation by means of a variational linking argument,
see subsection 4

2.2. The (Q2)-(P)-equations. We first prove that L. restricted to P has a bounded
inverse when ¢ belongs to the uncountable zero measure set

B, = {e € (—co,e0) © |l +els| > ﬁ Vi by € Z\{O}}
2
where 0 < v < 1/6. B, accumulates at 0 both from the right and from the left, see
[BP].
The operator L. is diagonal in the Fourier basis {e? | [ € Z%} with eigenvalues
Dl = (ll + 8[2)(l1 + (2 + 8)[2).

Lemma 2.1. For € € B, the eigenvalues D of L. restricted to P, satisfy

|Dl|: l1+€l2 (l1+2l2)+€l2 >y Vll#O, l1+2l27£0

As a consequence the operator L. : P — P has a bounded inverse L' satisfying

h
g"ﬂ, VheP.

2.6
(2.6) e S

L[]

Proof. Denoting by [z] the nearest integer close to z and {z} = = — [z], we have that
D >1 if both I # —[812] and [ + 2I, 7£ —[EZQ]. If 1= —[812] then

.
D 2 izl = {eh)) 2 7

In the same way if [; + 2l = —[ely] we have |D;| > ﬁ(|2[2‘ —{elb}) > 7. d

Lemma 2.2. The operator L : Q2 — Q2 has bounded inverse Lfl which satisfies

o
os ~ N2~

(2.7) Ly '[h]

Proof. L, is diagonal in the Fourier basis of Q: e? with [ € A, U {0} UA_ (recall
E32)) with eigenvalues

(2.8) d=02+e)3 if L,=0 and dy=(-2+¢)l5 if I}, +2,=0.
The eigenvalues of L restricted to Qa(N) verify |d)] > (2 — ) N? and (Z7) holds. O

Fixed points of the nonlinear operator G : Qo ® P — Q2 @ P defined by

G(q2, ;1) == ( — L' g, fle1,q1 + qa +p,6), =L Mpf(p1,q1 + g2 + p, 5))

are solutions of the (Q)y)-(P)-equations.
Using the Contraction Mapping Theorem we can prove:
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Lemma 2.3. (Solution of the (Q:)-(P) equations) VR > 0 there exist an integer
No(R) € NT and positive constants o(R) > 0, Co(R) > 0 such that:

(2.9)  Via|m <2R, Ve € B, |e|y ' <eo(R), VN > No(R) : 0<oN <1,

there exists a unique solution (q2(q1),p(q1)) = (q2(e, N, q1),p(e, N, 1)) € Q2 P of
the (Q2)-(P) equations satisfying
Co(R)
N2’
Moreover the map ¢ — (q2(q1), p(q1)) is in CY(Bag, Qo ® P) and

)l < Colmley il Jastainl] | < S5

Proof. In the Appendix. O

(210) ‘Q2<87N7 QI>|U,S S

‘p(87 N7 q1>|a,s S CO(R)|5|771 .

(2.11)

\hlgp Vhe Q.

2.3. The (Q;)-equation. Once the (Q)3)-(P)-equations have been solved by (¢2(q1),
p(q1)) € Q2 @ P there remains the finite dimensional (Q;)-equation

(2.12) Ly[q] + HQlf(SOL @1+ q2(q1) +p(q1),0) =0

The geometric interpretation of the construction of (g2(q1), p(q1)) is that on the
finite dimensional sub-manifold Z = {¢; + ¢2(q1) + p(q1) : |@1| < 2R}, diffeomorphic
to the ball

Bor i ={q1 € Q1 : |q1|m < 2R},

the partial derivatives of the action functional ¥, with respect to the variables (g2, p)
vanish. We claim that at a critical point of W, restricted to Z, also the partial derivative
of U, w.r.t. the variable ¢; vanishes and therefore that such point is critical also for
the non-restricted functional ¥, : H,; — R.

Actually the bifurcation equation ([ZIZ) is the Euler-Lagrange equation of the re-
duced Lagrangian action functional

O. v Bop C Q1 — R, Q. n(qr) = Ve(q1 + @2(q1) +0(q1)) -

Lemma 2.4. &, y € CY(Bsyr,R) and a critical point ¢ € Bag of O, v is a solution of
the bifurcation equation (ZI3). Moreover ®. n can be written as

(2.13) . y(q1) = const + 5<F(q1) + 72€7N(q1)>

where

c 2d
M) = [ 200 + 000)0nt) — aracr (o)

=
[V
[\

Ren(q1) ::/ F(o1,q1,6 =0) — F(o1,q1 + @2(q1) +p(q1),9)
’]I‘Q

+ %f(%, 0+ @2(q1) + p(ar), 0)(a2(q1) + plar))
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and, for some positive constant C2(R) > C1(R),
_ 1
(2.14) Rex(@)l < Ca(R)(3+]eh 1*@)
(215)  [Riy@l] < GRS +1eh™ + ) IHlm,  VheQu.

Proof. In the Appendix. O

The problem of finding non-trivial solutions of the ()1-equation is reduced to finding
non-trivial critical points of the reduced action functional ®. y in Bsp.

By ([ZI3), this is equivalent to find critical points of the rescaled functional (still
denoted ®. y and called the reduced action functional)

2d

216) () = Tla) + Rewln) = (Ala) = [ aars(ony) + Relan)

2d

where the quadratic form

A(Q) = /]1“2 <2 _;_ 8) (a‘PQQ>2 _'_ (a‘Pl Q)(aQOQQ)

is positive definite on (), negative definite on ()_ and zero-definite on )y. For ¢; =
4+ + G+ q- € Qn,

o o
(2.17) Alq) = Alg+ +q +q-) = Algy) + A(g-) = 7+|Q+|%{1 - 7|Q—|%{1

for suitable positive constants o, a_, bounded away from 0 by constants independent
of e.
We shall prove the existence of critical points of ®. x in Byg of “linking type”.

2.4. Linking critical points of the reduced action functional ®.,. We can
not directly apply the linking Theorem because ®. y is defined only in the ball Byp.
Therefore our first step is to extend ®. y to the whole space Q).

Step 1: Extension of ®. ;. We define the extended action functional 557]\7 € Cl(Ql, R)
as

S, n(qr) = T(q1) + Ren(@1)
where 7:\;/5,N Q1 — Ris

2
Gl
Renla) = AR, (g,

and A : [0,4+00) — [0,1] is a smooth, non-increasing, cut-off function such that

AMz)=1 x| <1
{ Ax) =0 |x| >4

IN(z)] < 1.

By definition 557]\; =&, yon Bg:={q¢ € Q1 : |¢1|m; < R} and EIV>57N = T outside
BQR.
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Moreover, by (ZI4)-(TIH), there is a constant C3(R) > C3(R) > 0 such that
V|Q1‘H1 S 2R

218)  [Rex(a)l £ GR)(5+ | + 1)
219)  |Riy@]| < GRS+l + ) Hl,  VheEQr.

In the sequel we shall always assume

1
Cs(R) (5 + lely ™t + m) <1.

Step 2: &)57 n verifies the geometrical hypotheses of the linking Theorem.

Q& Q,

Q, s

FIGURE 1. The cylinder W~ and the sphere S* link.

Lemma 2.5. There exist e-N-y-independent positive constants p, w, ri, r9 > p, and
0 < e1(R) < go(R), Ni(R) > No(R) such that, V|e|y! < e1(R), VN > Ni(R)

(i) ‘55,N(CJ1) >w>0,VYq €5 := {Ch €EQNQy:|qlm = P};
(ii) ée,N(ql) <w/2,V¥q € OW~ where W~ is the cylinder

W= {611 =qo+q-+re", Jgotqlm <r, ¢ enNQ, gpeR, € [0,7“2]}
and ey = cos(py) € Q1 N Q.. Note that p,w are independent of R.

In the following k;, k+ will denote positive constants independent on R, N, ¢ and ~.
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Proof. (i) Vg, € Q1 N Q4 with |¢. | = p < R we have

2d
= q
Bolas) = Bonle) = Ale) = [ oaale)h; + Rexla)
T2
o _ 1
(2.20) > %pz — K1 p? — (5 + lely™t + m)Cg(R).

Now we fix p > 0 small such that (o p?/2) — k1p*¢ > o p?/4. Next, for (6 + |e|y~ 1+
N7)C3(R) < ayp?/8 we get by [20)

(6% .
Ponl(ar) =P =w>0, Vg eQunQ" with |gf=p.

(ii) Let
B, = {q1:q0+q_+7“26+ with |qo + q—|m < 71,q- GQlﬂQ_} C oW~
B, = {q1:q0+q,+re+ with |+ ¢-|m =r1,¢- € Q1N Q_, T€[07T2]} c oW~

and choose ry,7y > 2R. For ¢ = qy+q_ +rey € By U By

P n(q) =T(nn) = Alqr) — /1r2 aza—1(p1)(qo + q— + re;)*

o +q_ +rey )
— Sl A - [ s () BT LT
2 - 2d
o _
(2.21) < —7|q|§{1+r2A(e+)—a/2(qo+q+re+)2d
T

because asq_1(1)/2d > o > 0. Now, by Holder inequality and orthogonality

d
[t tre = ([ @ta+rer)
T2 T2

d
— /@2</ q§+q3+r261)
T2

> k3(qgp + 1)t > ka(gah 4 )
and by (2ZI]) we deduce

a_
Bonlao+a +res) < (mar? = rgr®®) = (Sl + mgad?)

Now we fix ry large such that k73 — k3r3? < 0 and therefore

. n(q1) < Kirs — Kars? <0 Vq, € By .

Next, setting M := max,e(o,r,) (k7% — r3r??), we fix 71 large such that

o
7|Q—|?{1+/€3qu2M Vi0g- +q@l=n

and therefore

a_
O n(n) <M — <7\Q—\§{1 + qugd> <0 Vg1 € By .
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Finally if ¢; = ¢_ + qo:

Boxln) = Ala) =~ [ auale)D + Ren(a)
T2
(2.22) < [Ren(@)] < Cs(R)(S + |ely™ + N72)
and so D n(q1) < w/2 if C5(R)(6+ |ely ™ + N72) < w/2. O

We introduce the minimax class
S = {wec,*(W,Q) | ¢=1d on aw—}.

The maps of S have an important intersection property, see e.g. Proposition 5.9 of
IR3).

Proposition 1. (ST and W~ link with respect to S.)
PpesS = YW )NSt#0.

Define the minimax linking level

/C&N = irelg qrél%}E @e,N(¢(91)) :

By the intersection property of Proposition [I] and Lemma Z3(7)

max O n(¢(q)) > min S n(@) >w>0 VeS8

G EW= q1eST
and therefore

Ken>w>0.
Moreover, since Id € § and (I8
Ken < max &)e,N<QI) < max (F((h) +7€5,N(Q1)>
W= qeEW—

q1€

o o
(2.23) < max <—+\q+\fq1 + —q_|In +/ /ﬁqfd> +1< Koo < +0
qQeEw 2 2 T2

where K, is independent of N, e,y since the constants r1, 7, in the definition of W~
are independent of N, e, ~.

We deduce, by the linking theorem the existence of a (Palais-Smale) sequence (g;) €
Q1 at the level K. y, namely

(2.24) S.n(gy) = Ko, @Ly(g) = 0.

Step 3: Existence of a nontrivial critical point. Our final aim is to prove that the
Palais-Smale sequence g; converges, up to subsequence, to some non-trivial critical

point g, # 0 in some open ball of (); where ¢, y and ®. y coincide.

Lemma 2.6. There exists a constant R, > 0, independent on R-¢-N-y, and functions
0 < e9(R) < &1(R), No(R) > Ni(R) such that for all |e|y™! < e3(R), N > Ny(R)
the functional ®. N possesses a non-trivial critical point g, € Q1 with critical value
. N (7)) = Ken, satisfying |qy|m, < R..
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Proof. Writing ®. x(q) = I'(q) + R-n(q) we derive, by ([ZI8)-([ET9)
~ 1~ 1 ~ 1~
D.vlay) = 5P n(a)le] = Tla) = 5T(@)l0) + (Ren(a) = 3R (@)las))
1 1 ~ 1~
= (3 5g) [, 1@+ (Renla) - 5RLx(0)l0])
1 1
> a3 g0) [ = G+l N AGER)
2 2d/) Jp
Therefore, by ([Z2Z3)-([Z24)
(2.25) Koo + 1+ g5z > 51/ qud = Falgj 78
T2

We also deduce, by (ZZH), Holder inequality and orthogonality
2\ d
Koo +1+lglm > liz(/Q (C]+,j +qo; + Q—,j> )
T

d
— [ @) 2 )
T

and therefore

1/2d
(2.26) g0] < a1+ lgslm )
By (ZI8)-(ZI9) and Holder inequality
L n(g)larg] = aularlh, - /T a2 (p1)6;" 4y + Rn(9))la]

> addanly, —msltesln [P 64y e NGl
T

21) > wolarglm (anslm — g4 - 1) .
By ([Z27) and [Z2Z3), using that <I>E ~(¢g;) — 0 and simple inequalities, we conclude
gl < /{7<1 4 gl (2d 1)/2d> .
Estimating analogously &’ ~(@)]q- ;] we derive
gl < H8<1+| 4 (2d 1)/2d>
and by (Z26) we finally deduce

1/2d 2d 1)/2d
9| = |qog| + |asjlm + la—jlm < 59( + g g2+ gl G ) :

We conclude that |¢;| g, < R. for a suitable positive constant R, independent of ¢, N,
R and ~.
Since () is finite dimensional ¢; converges, up to subsequence, to some critical point

q, of 5E,N with |, |n, < R.. Finally, since . 5(q;) = K. x > w > 0 we conclude that
q, # 0. U
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We are now ready to prove Theorem A in the case w; = 1.
Proof of Theorem A for wy = 1. Let us fix
R:=R,+1 andtake |e|y ' <ey(R):=F.
Set N := Ny(R) > No(R).
Applying Lemma 2.3 we obtain, for

1
O<o < ——
~ Ny(R)

a solution (g2(q1),p(q1)) € (Q2(N) @ P) NHo,s of the (Q2)-(P) equations V|q |, < 2R.
By Lemma [0 the extended functional ®. n(g;) possesses a critical point g; # 0 with
|@1m, < Re < R. Since ®. x(q1) coincides with ®. y(q;) on the ball By we get, by

Lemma 4], the existence of a nontrivial weak solution g, + ¢2(q,) + p(q,) € Hos of
equation (Z1]). Finally

w=[e] 2D [g, + x(@,) + p(@)| = e [g. + p(a)]

solves equation ().

The solution G, := q; + ¢2(q,) of the (Q)-equation belongs to @ N H, 42 by the
regularizing properties of L', see in Lemma formula (ZH).

Since p := p(gq,) solves

(2.28) (a;l+2(1+e)amam)p S [(2+e)a§2p+np Flonu,8)] €Hyy Y0O<o <o
and the eigenvalues of 02 + 2(1 + )0, 0, restricted to P satisty, for e € B,,

|11
> L

and we deduce that p € Hyr 541 for all 0 < ¢” < ¢’ and |9, plo»s = O(le|y™"). Now,

again by (Z23),
5= —2(1 4 )00 P — € [(2 + )02, p+Tlpf(p1, u, 5)] € Hpy YO<T <0

Vi 42040, 1 #0

L [(z1 420y + 5212]

therefore p € Hz 510 and |plz.sio = O(lely™!). ([CH) follows with 5 := s+ 2 > 2.

By (C2), the function v(e,t,z) = u(e, t,z + (1 + €)t) is a solution of equation ()
with w; = 1. The frequency ws = 1 +¢ ¢ Q since ¢ € B,. To show that v(e,t, )
is quasi-periodic it remains to prove that w depends on both the variables (¢, p2)
independently.

We claim that ¢ ¢ Qo ® Q_, i.e. T (p2) € Q4 \ {0}, and therefore u depends on
©y. Indeed by Lemma 2.6 we know that &, x(G) > w > 0 and |1 r) < R. On the
other hand, by ([Z22) in Lemma 2.5 ®, y(¢_ + o) < w/2, for all |¢_ + qo|m < R, so

that necessarily ¢ ¢ Qo ® Q_.
We claim that any solution u of (1]) depending only on @9, namely solving

(2.29) (24 )u"(p2) + fp1,ulp2), 6) = 0,
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is u(p2) = 0 . Indeed, by definition,

52((1_1)]‘1(9017”7 5) = f(splv 5”) = Z ak(wl)(éu)k
k=2d—1
(recall sign(e) = 1). Consider now a smooth zero mean function g(y;) such that

fozﬂ ax(p1)g(p1) # 0 for some k (recall that by assumption (H) some of the ax(yp2) are
not constant). By ([Z2Z9) we have

2+ )" (o) / " glpn)den + / " for, ul2), 8)glior)dios = 0

which implies, by the assumption (H) on f,

(2.30) > Gt [ anlenatenda =o.

k=2d—1

The function G(z) := > 37, ; biz" with by, := fozﬂ ar(¢1)g(p1)dep; is a nontrivial ana-
lytic function. Therefore equation ([Z30), i.e. G(du(ps)) = 0, cannot have a sequence
of zeros accumulating to 0. So, for § small enough, u(p2) = 0. O

Proof of Theorem A for any rational frequency w; = = € Q. Consider now equation (LX)
with w; = n/m where n, m are coprime integers.
The space @, formed by the solutions of 9, (0, + 20,,)q = 0 can be written as

0= {q =3 G € Hoy | =0 for Ii(nl; +2mly) # 0}
lez?
and is composed by functions of the form
q(¢) = ¢1-(p2) + ¢-(2mer — np2) + o -
Let P be the supplementary space to ) and perform the Lyapunov-Schmidt decom-

position like in (Z3)-(Z4)-E3).

For ¢ in the Cantor set B,, the eigenvalues

D, = (ﬁh + €l2> (251 + 21y + €lz>
m m
of the linear operator L. can be bounded, arguing as in Lemma B11 by
|(nly 4+ emls)(nly 4+ 2mly + emly)| 2

|Dl‘ = 5 D) Vll #0, nll—|—2ml2 7£0
m m
As a consequence
1 m2 | h’|a s
LA < 5 =, Vh e P,
and, in solving the (Q2)-(P) equations as in Lemma 3], we obtain the new restriction
_ eo(RR
el < 2 N> Ny(R)

and the bound (compare with ZI0)) [p(¢1)ls.s < Co(R)|e|lytm?.
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The corresponding reduced action functional has again the form (ZI3)-(2I6) with
the different quadratic part

Algr) = Alr + a0 +a-) = Algs) + Ala) = Slar i —n?-la-lin

and therefore it still possesses a linking critical point ¢; € Q.

To prove the bound (ICH) note that the eigenvalues of w2, + 2wi(1 + €)0,,0,,
(w1 = n/m) restricted to P satisfy, for € € B,,
(nly + 2lom) + £2lsm S wi |l |y

m = 2|ly|m?

anl + 2m12 7A 0, l2 7é 0

wi |l

and therefore p € Hy oo and |pls.sra = O(|e|m?/wiy). D

3. Case B: w; ¢Q

We now look for solutions of equation (L8) when the forcing frequency w; is an
irrational number.

To fix notations we shall prove Theorem B when fozﬂ asq—1(1)dp1 > 0 and therefore
e >0, ie. sign(e) =1.

Fixed 0 <3 < s —1/2, the Nemitskii operator u — f(¢1,u,d) € C*(B,, H,3) since,
if ap(p1) € H*(T), then ax(-) € Hos, Vo >0,0<35<s—1/2.

For ¢ = 0 equation ([CH) reduces to

(3.1) w10, (wla% v Qam)q —0
and its solutions ¢ form, by the irrationality of w;, the infinite dimensional subspace
(3.2) Q= {q € Hos : Opq = 0} = {q =q(p2) € H"(T)} :

To find solutions of (L) for € # 0, we perform a Lyapunov-Schmidt reduction and
we decompose the space

HU,E = Q ®P
where Q = H?(T) and
P = {p = Zﬁleilw € Ho’7§ | ﬁl =0 for ll = 0} .
lez?

Projecting equation ([LH) onto the closed subspaces ) and P, setting u = ¢+p € H,5
with ¢ € @, p € P we obtain

(3.3) @+e)i+To[flpna+pd)] = 0 (@
(3.4) Lol +eTp|f(pra+p.0)] = 0 (P)
where § = 03,2(], Il : H,5 — @ is the projector onto @,

1 2
Mou)(es) = 5= [ ulorea) don,
T Jo

and IIp = Id — @ is the projector onto P.
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We could proceed now as in the previous section performing a finite dimensional
reduction and applying variational methods. However, in this case, the infinite dimen-
sional (Q)-equation can be directly solved by the Implicit Function Theorem in a space
of analytic functions.

For this, it is useful to consider the parameter ¢ (and ¢ = §*¢=V) in the right hand
side of (B4, as an independent parameter § = 7, ¢ = n*®~Y and to solve the equation

(3.5) Lelp)+ 7D Tp | f(o1,a+ pym)] =0 (P,)

for (e,w;) in the Cantor set C, and for all n small. In this way we highlight the
smoothness of the solution p(n, e, -) of the (P,)-equation (B3) in the variable 7.

3.1. Solution of the (P,)-equation. We first prove that the operator £, : P — P
has a bounded inverse when (g, w;) belongs to the Cantor set C, defined in (L.

Lemma 3.1. For any ¢y > 0 the Cantor set Cy is uncountable.

Proof. Consider the set C of couples z;, x5 € B, such that:
T € (—€1,61), X2 € <1+81,2—61), 11+ ¢Q, 1 -1¢Q.

where €1 = €4/2. C is an uncountable subset of R? since for all z; € B., the conditions
Tt e ¢ Q exc_lude only a countable set of values x,. The Lemma follows since
C, contains ¢ ~'C where ¢ : (g,w1) — (¢/wi, (2 + €)/w;) is an invertible map for
(87("-)1) S <_807€0> X (172) U

The operator L. has eigenvalues D; = (w1l + €la)(wily + 215 + €ly).

Lemma 3.2. For (e,w;) € C, the eigenvalues D; of L. restricted to P satisfy
(36) |Dl‘ = ’(wlll -+ 8[2)((4.)1[1 + 215 + 8[2) >, Vi 7£ 0.

As a consequence, the operator L. : P — P has a bounded inverse L' satisfying
L' [p)

Proof. Estimate [B0) is trivially satisfied if —l; # =l and —l; # 2w—+1612. Now, if
—li = [Zlo], then [(2 + €)la+ wili| > |2 + )l — elp| — 1 > |l5|. Therefore, using
lwily 4 ela| > v/|l2|, we get (BH). The same estimate (B8) holds if —i; = [2w—+15l2] since,

in this case, |wily +ela| > [(2+ €)ly —elo] — 5 > |lo]. O

S ‘p|0,§

0,8

(3.7)

, Vpe P .

Fixed points of the nonlinear operator G : P — P defined by

G(n,p) := -V L Mp f (o1, q + p, 1)

are solutions of the (P,)-equation.
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Lemma 3.3. Assume (c,w;) € C,. VR > 0 there exists no(R), Co(R) > 0 such
that Y|qlgem < R, 0 < ny™¢ < no(R), with ¢ = 1/2(d — 1), there exists a unique
p(n,q) € PN H,s solving the (P,)-equation ([33) and satisfying

(3.8) p(1,9)|05 < Co(R)y* @Dy

and the equivariance property

(3.9) p(n,40)(p1,02) = (1, Q) (pr, 02 = 0), VO €T

where qo(p1, 2) = q(p1, 02 — 0). Moreover p(-,-) € C1((0,m0(R)) x Q; P).

Proof. In the Appendix. O

3.2. The (Q)-equation. Once the (P,)-equation has been solved by p(n, ¢) € P there
remains the infinite dimensional bifurcation equation

(3.10) (2+¢)G+ g f<(p17Q+p<777Q)777)] =0.

Recalling (L), the (Q)-equation (BIM) evaluated at n = 0 reduces to the ordinary
differential equation

(3.11) (2+¢e)j+ (aga1) =0

2m
where (azg_1) == (1/27) [ aza—1(1) der.
Equation (BI1]) is a superlinear autonomous Hamiltonian system with one degree of
freedom and can be studied by a direct phase-space analysis.

Lemma 3.4. There exists @ > 0 such that, equation (ZI11) possesses a 2m-periodic,
analytic solution G(ps) € H(T). Morevoer, q(p2) is non-degenerate up to time trans-
lations, i.e. the linearized equation on q

(3.12) (24 e)h 4 (2d — 1){az4-1)7 @ Vh =0
possesses a one-dimensional space of 2m-periodic solutions, spanned by .

Proof. Up to a rescaling, equation (BI1l) can be written as & = —V’(x) with potential
energy V (z) := z??. All solutions of such system are analytic and periodic with period

1

4F2d~

N

The equation T'(E) = 27 has a solution ¢(¢2) which is in H?(T) for some appropriate
o > 0. The non-degeneracy of the corresponding 2m-periodic solution follows by

T
ar _,

1 1 _3 1 dx
dE (8 B 1>E2d /0 /2(1 — 22d) 70

and the next Proposition proved in the Appendix.
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Proposition 2. Suppose the autonomous second order equation —i = V'(x), © € R,
possesses a continuous family of non-constant periodic solutions x(E,t) with energy E
and period T'(E) satisfying the anysocronicity condition %SEE) # 0. Then x(E,t) is non-
degenerate up to time translations, i.e. the T'(FE)-periodic solutions of the linearized
equation

(3.13) —h = DV (z(E,t))h
form a one dimensional subspace spanned by (Oyx)(E,t).

0

From now on we fix R := [g|g=(r) + 1 in Lemma and take 0 < ny~¢ < no(R).
By Lemma B4 and (Bd), we can construct solutions of the infinite dimensional
bifurcation equation (BI0) by means of the Implicit Function Theorem:

Lemma 3.5. There exist 0 < n; < no(R), C1 > 0 such that for all 0 < ny=¢ < 1y,
equation (ZI0) has a unique (up to translations) solution G,(p2) € H°(T) satisfying

@y — | a=(ry < Cilnl.

Proof of Theorem B. Setting again 6 =1, ¢-(v2) + p(g, ¢-) solves (LX) and

ule, @) = el (p2) + ple, )|

is a non trivial solution of (C4). The bound (L) follows by (BF)). As in Theorem A
the solution u depends on both the variables (¢1, ¢2). Finally, the solution v(e, t, z) :=
u(e, wit, x + wyt) of (ILJl) is quasi-periodic since, by the definition of C,, wy/wy = wq/
(1+¢)¢Q O

Remark 3. To prove existence of solutions of (L3), i.e. (L), it is sufficient that the
second order equation (1) possessess a continuous, nonisocronous family of non-
constant periodic orbits one of them having period 2m/j, see Proposition [3.

The hypothesys that the leading term in the nonlinearity f is an odd power of u is
not of technical nature. The following non-existence result holds:

Proposition 3. (Non-existence) Let f(¢1,u) = a(p1)u? with D even and fo% a(p1)
dp1 # 0. VR > 0, there exists g > 0 such that Vo > 0,5 > s — 3, V(e,w1) € C,
with |e| < eg, equation (I4) does not possess solutions u € H,5 in the ball |ul,5 <
R|e|V/(P~1),

Proof. We first rescale equation (CA) with u — |¢|'/(P~Dy obtaining
(3.14) Lou+ |elalo)u” =0.

Write any solution u. € B,5(R) == {u € H,5 : |ul,5 < R} of BId) as u. = ¢- + pe
with ¢. € Q, p. € P. p. satisfies the (P)-equation L.p + |e|[lIpa(p;)u? = 0 and
therefore |p.|,s < C(R)|e|. Then, for ¢ small enough, p. = p(e, ¢.) where p(e, q.) is
constructed as in Lemma B3 and satisfies the estimate |p(e, ¢-)|o5 < C \6Hq€|g(,m.
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The projection ¢. satisfies the (Q)-equation

(3.15) (2 + €)i- + sign()Tg [a(1) (4 + p(e, )" =0

and therefore [g.|go2(r) < C(R).

We claim that ¢. — 0 in H’(T) (and so in H,5) for ¢ — 0. Indeed, from any
subsequence ¢., we can extract by the compact embedding H%*(T) < H°(T) another
convergent subsequence ¢., such that ¢., — g € H°(T). By (BIH), we deduce that

24 + sign(e){a)g” =0

where (a) := fozﬂ a(p1) deyp # 0. Such equation does not possess non-trivial periodic
solutions for both sign(e) = £1, i.e. € > 0 and € < 0, and we conclude that g = 0.

We finally prove that equation (B:I5) does not possess non-trivial periodic solutions
in a small neighborhood of the origin.

Linearizing equation ([BIH) at ¢ = 0 we get (2 + £)h = 0 whose solutions in H(T)
are the constants. We can perform another Lyapunov-Schmidt reduction close to 0
decomposing H?(T) = {constants} @ {zero average functions}, namely ¢. = p + w.
By the Implicit function Theorem we get that for any constant |p| < pg small enough
(independently of €) there exists a unique zero average function w, with |w,|ge(r)y =
O(p?) solving

2+ )i, + [ale1)(p + 1w, + p(e,0)” = (ale)) (0 +w, +p(e,0)”)] = 0.

Hence p is such that

0 = (alen)(p+w, +p(z, )" ) = {a)p” + olp”) .

This implies p = 0 since (a) # 0 and so ¢. = p+ w, = 0. O

4. APPENDIX
Lemma 4.1. H,, is a Banach algebra for o,s > 0.
Proof. By the product Cauchy formula
Uy = Z ( Z uj_kvk> i
jEZ2  keZ?

and therefore

D S 1115 B RN B ST TN S T

JEZ? keZz? JEZ2 kez?
< D fud Y fugeele ]
kez?  jez?
< 2 Z || e71k2l [k ] Z gl 2R — Ey]® = 2% |ul o | 0] s
kez? JEZ?

since e?l2l < eoliz=kelealkel and [4,] < 2[j; — ki1][ky] for all k, j € Z2. O
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Proof of Lemma 223 Let us consider
B = {(QQ,p) S QQ @P |q2|a,s S P1, |p|a,s S ,02}

with norm |(¢2,p)lo,s = |@2|os + |Plos- We claim that, under the assumptions (ZJ)
there exists 0 < p1, po < 1, see (EH), such that the map (g2,p) — G(qo,p;q1) is a
contraction in B, i.e.:

(i) (g2,p) € B = Glq, p:q1) € B;
(i) |1G(q2, 05 1) — G(@2: D 1)]oys < (1/2)|(q2, p) = (@,D)|es, Y(q,p), (G p) € B.

In the following r; will denote positive constants independent on R, N and € (i.e. on
§ = ‘8‘1/2(d—1))_

By (Z1) and the Banach algebra property of H, s
G1(q2, 05 01)|o0s = |L71HQ2JC<<P17 Q1+ G2+ D, 0)os
<|q1 2d-1 4|12 1+|p2d 1)

provided that 0 < § < §p(R). Similarly, for ¢ € B,, by (Im),

(4.1)

IN

1Go(q2: i 1) |os = €L pf(01, @1 + G2+ Py )]s
(4_2) S HQ‘gh/ <|Q1 2d— 1+|q |2d 1+|p‘2d 1)
For all ¢; € Q1(N) and since 0 < s < 1/2
@ilos = Z |Go.ta €712 + G-, 1, €71 [—215)°

[l2|<N
/2 1 \1/2
< e Z |G0.15 | + 102151 [[—202]° </€3[< Z |Go.1, | (1] ) <ZW>
lia|<N lla] <N ez 2
R 1/2 1 1/2

@3) 4 (X oal?) (X grmm) | < alalie

[l2|]<N I2€Z

whenever 0 < oN < 1.
Substituting in @I)-E2) we get V|qi|m < 2R, V|galos < p1, V[plos < p2

(4.4) 1G1(g2 0 )los < KENT7 <R2d_1 +pp P%CH)
(4.5) 1Go(q2, 03 1) |os < Hislely™! (RQd Pt T 1) :
Now, setting Cy(R) := k5 R~ we define

2CH(R _
(16) o= 2B iRy,

By (4, () there exists No(R) € N* and €o(R) > 0 such that VN > Ny(R) and
Vlely™ < eo(R)
1G1(q2, 1 1) |os < 1 1G2(42, p; q1) o5 < p2
proving (i). Item (ii) is obtained with similar estimates.
By the Contraction Mapping Theorem there exists a unique fixed point (g2(q1), p(q1)) :=

(g2(e, Nyqu), p(e, Nyq1)) of G in B. The bounds (ZI0) follow by (EHl).
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Since G € C1(Q2® P x Q1; Q2 ® P x Q1) the Implicit function Theorem implies that
the maps Q1 3 ¢1 — (q2(¢, N, 1), (e, N, q1)) are C*.
Differentiating (g2(q1), p(a1)) = G(g2(1), p(ar), ¢1)

G(q)[h] = —Li Mg, (0uf) (1. a1 + @2(q1) + p(q1). 6) (h + ¢3(q1)[h] + p’(ql)[h])
P(q)[h] = —eL o, (0uf)(e1, a1 + @2(q1) + plar), 6) <h + ¢3(qu)[h] + p’(ql)[h])

and using (Z7), (20) and the Banach algebra property of H, s

45(@) Bl < CORIN (1o + b (an) llos + 11/ () ]l )
17 (@) Pllos < CRYel™ (1hlos + laha) [l + 16/ (0) Bl )
which implies the bounds (ZTTI) since

1—-C(R)N—2 —C(R)N—2
det

vV
DO —

—C(R)lehy™  1-C(R)ely™

for C(R)(|e|y~! + N~2) small enough and (E3).

Proof of Lemma[Z4 By [Z4), (Z3) we have that, at u := ¢1 + ¢2(q1) + p(q1),
(4.7) dV.(u)[h] =0 Vh € Q2 and dV (u)[h] =0 Yh e P.

Since ¢5(q1)[k] € Q2 and p/(q1)[k] € P Vk € Q1, we deduce
A0 (1) k] = AW () b+ ah(an) K] + P/ (@) K] = dWe(w)lk] Vi € Qu

and therefore u := ¢1 + p(q1) + g2(q1) solves also the (@Q1)-equation ([Z3).
Write W, (u) = g (u) — € [ Fg1,u, ) where

U@ (u) 1= /1r2 %(&aluf + (1 4€)(0p,u)(Op,u) + @

(am u)2

is an homogeneous functional of degree two. By homogeneity:

1

(4.8) U (u) = éd\llf) (u)[u] — 6/11‘2 F(p1,u,0).

By @4), B3) (ie. @1)

(4.9) AU (q + @2(q1) + p(a))[a2(qr) + plar)] = 8/@1*2 flp1,u,0)(qa(q1) + plar)) -
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Substituting in ([F) we obtain, at u = ¢; + q2(q1) + p(q1)

Boxln) = el p(a) + () = AV Wl +p(a) + ()] —= [ Plorud)

= %d\lf,?)(ql)[ql] _6/11‘2 F(p1,u,6) + %f(sol,uﬁ)(qz(ql) +p(q1))

= VYo(q) + 8/T2 2 ;r ) (0o 01)? + (0, 01) (D 1) — F (01,1, 0)

+ 3 Flor0) @aa) + plar)) = const + (T (@) + Ren(@)

because Wy(q;) = const.

By (ZI0) the bounds (ZI4)-(ZT1H) follow.

Proof of Lemma[B3  The existence of p(n, q) € H,s can be proved as in Lemma 2.3
using the Contraction Mapping Theorem. The smoothness of p(n, q) follows by the
Implicit Function Theorem since G(n, p) is smooth in 7 and q.

By the invariance of equation (BH) under translations in the ¢y variable the function

p(1,q) (1, p2 — 0) solves
p(n’ q) (Spl’ Y2 — 9) + n2(d71) ‘CQIHPf<()017 do + p(na Q)(Qpla Y2 — 0)7 77) =0

and, therefore, by uniqueness () holds.

Proof of Proposition[d  Write x(E,t) = y(w(F)t, F) where y(¢, E) is 2m-periodic in
¢ and w(E) = 27/T(E). The functions (0,z)(E,t) and
dw(E)
dE

are two linearly independent solutions of the linearized equation BI3)). (0yx)(E,t) is
2m-periodic while, since

dw(T) _,dE(T)

d E

(if not z(E,t) would be constant in t), (Ogx)(E,t) is not 2m-periodic. We conclude
that the space of T'(E)-periodic solutions of (BI3) form a 1-dimensional linear space
spanned by (0x)(E,t).

(4.10) (Opz)(B,t) =t

(Oy)(W(E)L, E) + (Ory)(w(E)t, E)

=21T(F)
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