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Abstract: We prove the existence of periodic solutions in a class of nonlinear partial
differential equations, including the nonlinear Schrodinger equation, the nonlinear wave
equation, and the nonlinear beam equation, in higher dimension. Our result covers cases
of completely resonant equations, where the bifurcation equation is infinite-dimensional,
such as the nonlinear Schrodinger equation with zero mass, for which solutions which
at leading order are wave packets are shown to exist.

1. Introduction

1.1. A brief survey of the literature. The problem of the existence of finite-dimensional
tori, i.e. of quasi-periodic solutions, for infinite-dimensional systems, such as nonlinear
PDEs, has been extensively studied in the literature. A particularly significant example
is the nonlinear Schrédinger equation (NLS)

v, — Av+pv = f(z, v v, (1.1)

with periodic boundary conditions; here A is the Laplacian on T?, & > 0 is the “mass”,
and the function f is real-analytic in a neighbourhood of the origin, where it vanishes.
For instance f(z, |[v]?) = |v|? gives the cubic NLS, which is a widely studied model
appearing in many branches of physics, such as the theory of Bose-Einstein condensation,
plasma physics, nonlinear optics, wave propagation, theory of water waves [1]. Another
physically interesting case is the NLS “with potential”, where the mass is substituted by
a multiplicative potential V (). However many results on quasi-periodic solutions are
on simplified models, such as

v, — Av+ Myv = f(x, |[v[>) v, (1.2)

where M,; is a “Fourier multiplier” i.e. a linear operator, depending on a finite number of
free parameters o, which commutes with the Laplacian. The free parameters (as many
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as the fundamental frequencies of the solution) are chosen in such a way as to impose
suitable Diophantine conditions on the “frequencies” of the linearised equation, i.e. the
eigenvalues of —A + M.

Up to recent times, the only available results on quasi-periodic solutions for PDEs
were confined to the case of one space dimension (D = 1). In this context the first
results were obtained by Wayne, Kuksin and Poschel [27,28,30,35], for the nonlin-
ear Schrodinger equation (1.2) and the nonlinear wave equation (NLW) with Dirichlet
boundary conditions, by using KAM techniques. Later on, Craig and Wayne in [16]
proved similar result, for both Dirichlet and periodic boundary conditions, with a rather
different method based on the Lyapunov-Schmidt decomposition and a Newton scheme.
The case of periodic boundary conditions within the framework of KAM theory was
then obtained by Chierchia and You [15].

When looking for periodic solutions, one can work directly on Eq. (1.1) and use
the mass as a free parameter. However, if the mass vanishes, then the system becomes
completely resonant, i.e. all the frequencies of the linearised equation are rationally
dependent and there are infinitely many linear solutions with the same period. This
makes the problem much harder — already in the case of periodic solutions. The com-
pletely resonant case was discussed by several authors, and theorems on the existence of
periodic solutions for a large measure set of frequencies were obtained by Bourgain [10]
for the NLW with periodic boundary conditions, by Gentile, Mastropietro and Procesi
[22] and by Berti and Bolle [4] for the NLW with Dirichlet boundary conditions. In
[23], we constructed, for the NLS with Dirichlet boundary conditions, periodic solu-
tions which at leading order are wave packets. The existence of quasi-periodic solutions
for the completely resonant NLW with periodic boundary conditions has been proved
by Procesi [32] for a zero-measure set of two-dimensional rotation vectors, by Baldi and
Berti [3] for a large measure set of two-dimensional rotation vectors, and by Yuan [36]
for a large measure set of — at least three-dimensional — rotation vectors.

Finding periodic and quasi-periodic solutions for PDEs in higher space dimensions
(D > 1) is much harder than in the one-dimensional case, mainly due to the high
degeneracy of the frequencies of the linearised equation. The first achievements in this
direction were due to Bourgain, and concerned the existence of periodic solutions for
NLW [8] and of periodic solutions (also quasi-periodic in D = 2) for the NLS [9]. The
case of quasi-periodic solutions in arbitrary dimension was solved by Bourgain [11] for
the NLW and the NLS with a Fourier multiplier as in (1.2). Bourgain’s method is based
on a Nash-Moser algorithm.

A proof of existence and stability of quasi-periodic solutions in high dimension was
given by Geng and You, using KAM theory. Their result holds for a class of PDEs, with
periodic boundary conditions and with nonlinearities which do not depend on the space
variable. Both conditions are required in order to ensure a symmetry for the Hamiltonian
which simplifies the problem in a remarkable way. Their class of PDEs includes the non-
linear beam equation (NLB) [19] and the NLS with a smoothing nonlinearity [20]

v, — Av+ Myv = W(f(|¥(@)*)¥()),

where W is a convolution operator. This equation has been studied in the mathemati-
cal literature (see for instance [31]), because it allows some simplifications, but it does
not appear to be a physically interesting model. Their approach does not extend to the
NLS with local nonlinearities like (1.2), mainly because it would require a “second
Melnikov condition” at each iterative KAM step, and such a condition does not appear
to be satisfied by the local NLS.
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Successively, Eliasson and Kuksin [17], by using KAM techniques, proved the
existence and linear stability of quasi-periodic solutions for the NLS, with local nonlin-
earities. In their paper the main point is indeed to prove that one may impose a second
Melnikov condition at each iterative KAM step. However, their result does not extend to
other PDEs, because, in general (see for instance the case of the NLW in D > 1), it can
be too hard to impose a second Melnikov condition — even on the unperturbed eigen-
values. In Eliasson and Kuksin’s paper only finite regularity (in the space variables) is
found for the solutions. This is a drawback which does not arise in Bourgain’s approach
[11], where an exponential decay of the Fourier coefficients is obtained.

Again very recently, Berti and Bolle [7] proved the existence of periodic solutions
for PDE systems with C* nonlinearities — all the other papers are in the analytic set-
ting. They use a Nash-Moser algorithm suited for finitely differentiable nonlinearities,
already employed in the one-dimensional case [5], and they find solutions belonging to
suitable Sobolev classes.

In [24] we studied the NLS with nonlocal smoothing nonlinearities, and we proved
the existence of periodic solutions. In particular we discussed the completely resonant
case, for which we obtained for D = 2 “wave packet” solutions similar to those found in
[23] in the one-dimensional case. The main purpose of [24] was to extend the Lindstedt
series method — based on renormalisation group ideas and originally introduced in [21] —
to high dimensional PDEs in a simple nontrivial case, i.e. the nonlocal NLS. The proofs
however strongly rely on the fact that the nonlinearity is nonlocal and does not cover the
local NLS.

In the present paper we prove an “abstract theorem” on the existence of Gevrey-
smooth periodic solutions for a wide class of PDEs with analytic nonlinearities satisfying
some “abstract conditions”. This class of PDEs contains the local NLS as well as the
NLB and the NLW; formal statements of both assumptions and results will be given
in Sect. 2. Our approach is based on a standard Lyapunov-Schmidt decomposition —
which separates the original PDEs into two equations, traditionally called the P and
QO equations — combined with renormalised expansions a /a Lindstedt to handle the
small divisor problem. Although the general strategy, at least as far as the small divisor
problem is concerned, is similar to [24], we wish to stress that working with local non-
linearities as in (1.1) makes the small divisor problem much more delicate and requires
some substantial work to overcome the consequent difficulties. Moreover, not only the
result in the present paper is more general, but the proofs are simpler and more compact.
More details will be given along the proofs.

As a first application of our abstract theorem we recover various known results dis-
cussed in the aforementioned literature. Then — this is the main original result in our
paper — we apply the abstract theorem to the completely resonant (i© = 0) local NLS and
NLB equations and prove the existence of “wave packet” solutions in the spirit of [23].
Again, proving existence of “wave packet” solutions for the local NLS is much more
challenging than for the nonlocal case discussed in [24]. Indeed the proof is completely
different — see Subsect. 1.3 for a comparison.

In the following Subsect. 1.2 we provide an informal overview of the main hypotheses
and of the Lindstedt series method. Then in Subsect. 1.3 we describe the main appli-
cations, with particular attention to the completely resonant cases. We conclude this
section by mentioning that periodic solutions are also found in the literature for NLS on
RP with an external confining potential; see for instance [13,25,34]. In principle, one
could expect that confining potentials have an effect similar to that of imposing Dirichlet
boundary conditions on a finite domain, but the setting is rather different: the potentials
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are taken to depend on a small length scale %, and in the limit # — O the considered
NLS reduce to (1.1). Thus, the unperturbed equation is the same, but on a completely
different domain (the full space). For this class of equations solitonic solutions, periodic
in time and exponentially decaying in space, are constructed in the quoted references.

1.2. Informal presentation of the main result and techniques. To describe the main
hypotheses, consider equations of the form

D@u(x) = ef wx), u(x)), x=(r,z), (1.3)

where (for instance) x € TP*!, ¢ is a small real parameter, D(¢) is a linear operator
depending on ¢, and f (u, &) is an analytic function, possibly depending also on z and ¢,
which is superlinear at u = 0. We shall see that our class of Egs. (2.7) and (2.8) reduce
to the form (1.3) after some rescaling.

We require three properties on Egs. (1.3), which we call Hypotheses 1 to 3 (see Sect. 2
for a precise formulation). Informally, the properties are the following:

1. D(e) is diagonal in the Fourier basis with real eigenvalues 8, (¢) which are smooth
in both v and ¢ and satisfy appropriate bounds on the derivatives.

2. The Q equation at ¢ = 0 (bifurcation equation) has a non-degenerate solution which
is analytic in space and time.

3. For each ¢ the set of “singular” frequencies &(¢) := {v € ZP+ 1 18,(e)| < 1/2} is
of the form &(¢) = U;cnAj(¢) where the A j(¢) are disjoint finite sets which are
“well separated” and “not too big”.

Properties 1 and 3 are assumptions on the linear part, while Property 2 is an assump-
tion on the nonlinearity. In particular the solution of the bifurcation equation identifies
the solution of the linearised PDE from which the solution of the full PDE branches off.

Property 1 can probably be weakened to cover cases in which D(e) is not diagonal
in the Fourier basis but its eigenfunctions are still “well localised” with respect to the
Fourier basis (namely the Fourier coefficients of the eigenfunctions have a uniform expo-
nential decay). Property 2 is required to solve the bifurcation equation by the implicit
function theorem. Also this hypothesis could be weakened; see for instance [6] for a
discussion of weaker hypotheses in the case of the NLW in dimension D = 1. Prop-
erty 3 was introduced by Bourgain to prove the existence of periodic solutions for the
NLS in high dimension [9]. This hypothesis is essential for our proof; a similar, weaker
hypothesis appears in [7].

Assuming Properties 1 to 3 we prove our main result, which is the Main Theorem in
Sect. 2, by a “renormalised series expansion”. The proof of the theorem is performed
through two steps, formally described by Propositions 1 and 2 in Subsect. 4.3.

To illustrate our method, write Egs. (1.3) in Fourier space,

Sv@uy =cfy,  fo= folluy, iy}yezpa), (1.4)

where u, and f, are the v'" Fourier coefficients of u(x) and f (u(x), ii(x)), respectively.
Then one studies (1.4): the presence of the small parameter ¢ suggests to look for a recur-
sive solution, and hence to write the solution-to-be in the form of a series expansion in
powers of €. This is a very natural approach for any problem in perturbation theory, and
leads to a graphical representation of the solution order by order in terms of trees; see the
diagrammatic expansion described in Sect. 5.3 and, in particular, Definition 5.7. Thus,
the solution can be given a meaning as a formal power series, provided an irrationality
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condition is assumed on the eigenvalues 6, (¢); cf. Lemma 5.10 with M = L = 0 in
Subsect. 5.3.

On the other hand the convergence of the series fails to be proved, and is likely not to
hold. This fact suggests to modify Egs. (1.4) into new equations which have a solution
in the form of an absolutely convergent series (which is not a power series in €). First
of all we introduce some notation by rewriting (1.4) as

P()U = F, (L.5)

where n = &, U 1= {uyp},eyn+1, F = {fo},ezp+1, and D(e) = diag{s,(e)},czn+-
Then, we change (1.5) by considering ¢ and n as two independent parameters, and
adding “corrections” which are linear in U, that is

(DE)+#4)U =nF+LU, (1.6)

where . # = ./ (¢) and L = L(n, ¢) are self-adjoint matrices (called “counterterms”)
with the only restriction that .#, v (¢) = Ly (17, €) = 0if v, v’ do not both belong to
the same A j (¢) for some j. For technical reasons, we shall write ./ (¢) = x1(e) M x1(¢),
where the matrices X7 (&) impose the restriction described above, and M is a matrix of
free parameters.

As amatter of fact, the description above does not mention some technical intricacies.
For instance we shall need 7 to be a suitable fractional power of ¢ (depending on the
leading order of the nonlinearity). Moreover for convenience we shall double Egs. (1.6).
Hence both .# and L will carry two further indices; see (2.10) and (4.3).

The reason why we introduce counterterms which are linear in U is that the terms
which give problems in the naive power series expansion for (1.5) can be eliminated by
adding a linear term to F' (this is in the same spirit as Moser’s modifying term theorem
[29] in KAM theory for finite-dimensional systems). In fact, the terms which may be
an obstacle in proving the convergence of the formal power series are classified in a
relatively simple way through the language of the diagrammatic expansion. Assume for
the time being that M = 0. Then it is possible to choose L = L(7, ¢) as a convergent
power series in 7 in such a way that the formal power series for the solution of the
modified Eq. (1.6) converges, provided the eigenvalues §, (¢) satisfy some Diophantine
conditions.

Of course, there remains the major problem that the modified Eq. (1.6) with M =0
and L # 0 is not the original (1.5). Then we introduce M # 0, and show that for any
M it is possible to determine L = L(n, &, M) as a function of M in such a way that
Eqgs. (1.6) turn out to be solvable. The proof proceeds essentially in the same way as for
M = 0, provided ¢ and M are in an appropriate Cantor set so that the eigenvalues of
9 (¢) + ./ satisfy some Diophantine conditions (cf. Definition 5.21 and Lemma 5.24 in
Subsect. 5.4). In particular, in order to be able to impose such conditions we shall use
in a decisive way the block structure of the matrix .Z .

This first step is essentially the content of Proposition 1 in Subsect. 4.3. Of course
only if n = ¢ and .# = L(n, ¢, M) the modified equation reduces to the original one.
Thus, once the first step is accomplished, we are left with the problem of solving the
compatibility equation L(n, ¢, M) = .. This will be done by showing that, at the cost
of further shrinking the set of allowed values for ¢, one can choose M = M (¢) in such
a way to solve the compatibility equation. This second step in the proof corresponds to
Proposition 2 in Subsect. 4.3.
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1.3. Applications of the abstract theorem. In Subsect. 3.1 we consider the NLS, NLW
and NLB equations in the non-resonant case (under a Diophantine condition on the mass)
and recover the known results on the existence of periodic solutions.

In Subsect. 3.2 — this represents the main novelty of this paper — we discuss cases
in which the bifurcation equation is infinite-dimensional, such as the zero-mass NLS
and NLB. In the resonant case the linearised equation has an infinite-dimensional space
of periodic solutions with the same period, so that in principle we have at our disposal
infinitely many linear solutions with the same period which may be extended to solu-
tions of the nonlinear equation. Indeed we find a denumerable infinity of solutions with
the same minimal period even in the presence of the nonlinearity. More precisely, we
prove the existence of periodic solutions which at leading order involve an arbitrary
finite number of harmonics not too far from each other, and which therefore can be
described as distorted wave packets. Solutions of this kind are very natural in the case of
completely resonant PDEs, where all harmonics are commensurate in the absence of the
nonlinearity. An essential ingredient for the existence of such solutions is the particular
form of the bifurcation equation: the proof strongly relies on the fact that the leading
order of the nonlinearity is cubic and gauge-invariant.

In this latter case the most challenging problem is proving Property 2 in Subsect. 1.2,
i.e. the non-degeneracy of the solutions of the bifurcation equation. The problem of
the existence of periodic and quasi-periodic solutions in completely resonant systems
in higher dimension was already considered by Bourgain in [9], where he constructed
quasi-periodic solutions with two frequencies, in D = 2, for the resonant NLS with
periodic boundary conditions (in contrast with the non-resonant case, where the Fourier
multiplier allows to find quasi-periodic solutions with any number of frequencies). How-
ever, the non-degeneracy problem is especially complicated in the case of the Dirichlet
boundary condition, which we explicitly consider in this paper. To prove non-degeneracy,
we require that the nonlinearity does not depend explicitly on the space variables — this
is a sufficient condition. Moreover we use a combinatorial Lemma, proved in [24], and
some results in algebraic number theory.

In [24], we proved the existence and non-degeneracy of the “wave packet” solutions
of the bifurcation equation for the nonlocal NLS, but only in the case D = 2. For higher
dimension we required some additional condition, which in practice should be checked
case-by-case. In fact, the problem was reduced to that of inverting a finite number of
matrices of finite — but very big — dimensions, so that a computer-assisted check should
be relied upon.

Moreover even in D = 2, the proof of the non-degeneracy of the bifurcation equation
given in [24] does not extend to the local NLS. The proof in this paper is completely
different and much simpler, at the cost of requiring that the nonlinearity does not depend
on the space variables. Moreover the result holds in any dimension D.

2. Formal Statement of the Main Result

In this section, we give a rigorous description of the PDE systems we shall consider,
and a formal statement of the results that we shall prove in the paper. Throughout the
paper we shall call a function F(z, x), with 2 = (x1,...,2p) € RP and t € R, even
[resp. odd] in « — or even [resp. odd] tout court — if it is even [resp. odd] in each of its
arguments ;.

Let S be the D dimensional square [0, 1P, and let 3S be its boundary. We consider
for instance the following class of equations:
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[(i8,+P(—A)+,u)v= f(z,v,9), (t,2)eRxS, o

v(t,z) =0 (t,z) € R x 3S,

where A is the Laplacian operator, P : Ry — R, is a strictly increasing convex C*
function with P(0) = 0, P(—A)e”* = P(|m|*)e"*( - denotes the scalar product
in R?), u is a real parameter which — we can assume — belongs to some finite interval
(0, o), with o > 0, and x — f(z, v(¢, x), v(z, x)) is an analytic function which is
super-linear in v, v and odd (in x) for odd v(¢, ), i.e.

f(@,v,0) = Z ars(@) V0, N >1, (2.2)

r,s€ENr+s>N+1

with a, s (x) even for odd r + s and odd otherwise; notice that the leading order of the
nonlinearity is N + 1. We shall look for odd 27 -periodic solutions with periodic boundary
conditions in [—7, 7]P.

We require for f in (2.2) to be of the form

f(x,v,0) = %H(m, v, v) + g(x, v), H(xz,v,v) = H(x, v, v). (2.3)

We also consider the class of equations

(3 + (P(=D)+ ) v = f(z,v), (t,z) eRxS, 0.4
v(t,z) =0, (t,x) € R x9S, '
and finally the wave equation
(al‘l‘_A+M)v=f(x7v)7 (t9x)€RXS7 (25)
v(t, x) =0, (t,z) e R x 38, ’

where f(x, v) is of the form (2.2) with s identically zero and a,(x) := a,o(z) real (by
parity a,(z) is even for odd r and odd for even r).

We shall consider also (2.1), (2.4) and (2.5) with periodic boundary conditions: in
that case, we shall drop the condition for f to be odd.

Solutions of the linearised equations are superpositions of oscillations, e.g. in case
(2.1) they are of the form

D vl Q= P(Imf?) + s

meZP

and similar expressions hold for the other equations. For all these classes of equations
we prove a.e. in u the existence of small periodic solutions with frequency w close to a
given linear frequency wy = €2,, and in an appropriate Cantor set of positive measure.
For concreteness we shall focus on the linear oscillation withm = (1, 1, ..., 1), which
yields the frequency wg = P (D) + u for (2.1) and (2.4) and wg = / P(D) + u for (2.5);
of course, the analysis could be easily extended to any other harmonics. For P(z) = x
and 1 = 0 the system becomes completely resonant: in this case all the harmonics are
commensurate with each other. We shall concentrate on the NLS and NLB, and shall
prove that there exist periodic solutions which look like perturbations of wave packets,
i.e. of superpositions of linear oscillations peaked around given harmonics.
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We introduce a smallness parameter by rescaling

UNy(wt, ), >0, (2.6)

v(t,r) =¢
with w = P(D) + u — ¢ for (2.1) and (2.4) and w* = P(D) + u — ¢ for (2.5).
We shall formulate our results in a more abstract context, by considering the following
classes of equations with Dirichlet boundary conditions:

D(e)u =ef (x,u, i, e/N), (t,2)eTxS,

D Iu(l, 2) =0, (t,2) € T x9S, (2.72)
D(e)u =ef (x,u, /Ny,  (t,z)eTxS,

{n [u(t, z) =0, (t,z) € T x S, (2.75)

where T := R/277Z and D(¢) is a linear (possibly integro-)differential wave-like oper-
ator with constant coefficients depending on a (fixed once and for all) real parameter wy
and on the parameter ¢.

We can treat the case of periodic boundary conditions in the same way:

O DE)u=cf(zuiacec/Ny, @z eTxTP, (2.82)
) D(e)u = ef (x, u, e'/N), (t,z) € T x TP, (2.8b)

with the same meaning of the symbols as in (2.7).

In Case (I) we assume that f(x, u, u, eVNyisa rescaling of a function f(x, u, u)
defined as in (2.2) and satisfying (2.3). In Case (II) we suppose D(¢) real and f real for
real u, so that it is natural to look for real solutions u = u.

For v € ZP*! set v = (vo,m), with vy € Zand m = (v, ...,vp) € ZP and
|v| = |vo| + |m| = |vo| +|v1|+...+|vp|. Forx = (¢t,x) = (t, z1,...,2p) € RP+! set
V-X = Vot +m-x = vot+vx1+. . .+vpxp. Setalso Z, = (0}UNand ZP+ = 7P\ {0)}.
Finally denote by §(i, j) the Kronecker delta, i.e. §(i, j) = 1 ifi = j and §(i, j) =0
otherwise. Given a finite set 2l we denote by |2l| the cardinality of the set. Throughout
the paper, for z € C we denote by z the complex conjugate of z.

Since all the results of the paper are local (that is, they concern small amplitude
solutions), we shall always assume that the hypotheses below are satisfied for all
sufficiently small.

Hypothesis 1 (Conditions on the linear part).

1. D(e) is diagonal in the Fourier basis {ei""‘}veZDH with real eigenvalues &y () which
are C* in both v and «.

2. Forall v € ZP*', one has either 8,(0) = 0 or |8,(0)] > yo|v|~™, for suitable
constants yp, to > 0.

3. Forall v € Zf” one has 10:8y(e)| < cz|v|0 and, if |8y(e)| < 1/2, one has
[0:8y ()| > c1|v|C as well, for suitable e-independent constants cg, c1, ca > 0.

4. For all v € ZP* such that |8,(e)| < 1/2 one has |3:9y8y(e)| < c3|v|0~!, for a
suitable e-independent constant c3 > 0.

5. In Case (I) we require that if for some ¢ and for some vy, vy € ZP*! one has
[8v, (&), 18w, ()| < 1/2, then |vy — va| < |v) + 2l
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We now pass to the equation for the Fourier coefficients. We write

ut,x)y= Y uye”, (2.9)
yeZD+1
and introduce the coefficients u‘jf by setting u} := uy and u;, := u,. Analogously we

define

fo = flud,n) =1 @ u i), = D la@u ]y

r,seENr+s=N+1

+ DN ay @]y,

r,s€Nir+s>N+1

where {u} = {u‘l’;}"EZ:'ED+1 , []y denotes the Fourier coefficient with label v, and we set

4
fif == fvand f, := f,. Naturally f7 depends also on the Fourier coefficients of the

functions a, (), which we denote by a, 5 ,,, with m € 7P we set a;f sm = Gr.sm and
arfx’m = Arsm-
Then in Fourier space Eqgs. (2.7) and (2.8) give
Su(eyuy =efy (u}, e'/N), v ezPH, (2.10)
and in the case of Dirichlet boundary conditions we shall require uj = —u§ ., for
alli = 1,..., D, where S;(v) is the linear operator that changes the sign of the i th
component of v.
Remark 2.1. The reality condition on H in (2.3) reads
(s+1)as_+1’r_1’m =ra;r’x’_m. 2.11)

Moreover, by the analyticity assumption on the nonlinearity, one has
y ytieity p y.

lars.m| < A{“e”mm| for suitable positive constants A; and A; independent of r

and s.

Remark 2.2. We have doubled our equations by considering separately the equations for
u} and uy — which clearly must satisfy a compatibility condition. In Case (II) one can
work only on u}, since u, = u”,. In other examples it may be possible to reduce to
solutions with u, real for all v € ZP*1 but we found it more convenient to introduce
the doubled equations in order to deal with the general case.

Following the standard Lyapunov-Schmidt decomposition scheme we split ZP*!
into two subsets called 3 and £ and treat the equations separately. By definition we
call 9 the set of those v € ZP*! such that §,(0) = 0; then we define P = Z "\ Q.
Equations (2.10) restricted to the 3 and Q subset are called respectively the P and Q
equations.

Hypothesis 2 (Conditions on the Q equation).

1. Forallv € Q one has Ay(¢) := e~ 16, (¢) = ¢ > 0, where c is e-independent.
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2. The Q equation at ¢ = 0,
y(O)ug = f7({u?},0), veq,
has a non-trivial non-degenerate solution
gt ) = Z ude”x,
ve)

where non-degenerate means that the matrix

oo’ _ : n_ o
Jv’v/ —)\.V(O)(S(V,V)(S(O',U) a U/({C] }70)

I/lv,

. . 0 _ - ‘ —olv—v’
is invertible. Moreover one has |uy”| < Age ™" and ‘(] oo | < Age= o=,

for suitable constants Ao and Ag.

Remark 2.3. The solution of the bifurcation equation, i.e. of the Q equation at ¢ = 0,
could be assumed to be only Gevrey-smooth. Note also that, even when £ is infinite-
dimensional, the number of non-zero Fourier components of q(o) (t, x) can be finite.

The non-degeneracy condition in Hypothesis 2 is required in order to apply implicit
function arguments. In principle the assumption can be weakened; see for instance
[6]. However, to find optimal conditions is a very difficult task, already in the finite-
dimensional case; see for instance [14], where the case of hyperbolic lower-dimensional
tori with one normal frequency is investigated for finite-dimensional quasi-integrable
systems.

Definition 2.4 (The sets S(¢), &S, and R). Let &g be a fixed positive constant. For
e €[0,e9]l we set S(e) :={v € P : |8p(e)| < 1/2} and & = Ug¢(0,¢,1S (€). Finally we
call R the subset P\ G.

Remark 2.5. Note that v € R means that |5, (¢)| > 1/2 for all ¢ € [0, go].

The following definitions appear (in a slightly different form) in the papers by
Bourgain. We shall use the formulation proposed by Berti and Bolle in [7], in terms
of equivalence classes, because it will turn out to be very convenient.

Definition 2.6 (The equivalence relation ~). Let 8 and Cy be two fixed positive con-
stants. We say that two vectors v,v' € &(g) are equivalent, and we write v ~ v/,
if the following happens: one has |5, (€)|, |8y (€)| < 1/2 and there exists a sequence
{vi,...,vg}in &(¢), withvy = v and vk = v/, such that

1 Cy
|8v, (8)| < X vk — Va1 | < 7(|vk|+|vk+1|)’3, k=1,...,K—1.

Denote by Aj(e), j € N, the equivalence classes with respect to ~.

Remark 2.7. The equivalence relation ~ induces a partition of G(¢) into disjoint sets
{Aj(e)}jen. Note also that, if v, v' € A (e), then it is not possible that for some &’ one
hasv € Aj (¢/) and v' € Aj,(¢') with ji # jo.
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Hypothesis 3 (Conditions on the set &(¢): separation properties).

There exist four e-independent positive constants «, B, C1, Ca, with o small enough
and B < a, such that the sets Aj(e) constructed according to Definition 2.6 satisfy
[A(e)] < Clp‘j?‘(e), where p;(e) = minveAJ.(S) |v|, forall j € N.

Remark 2.8. The condition that o be small will be essential in the following. On the con-
trary we could also allow 8 > « and this would also simplify the forthcoming analysis.
However we prefer to consider directly the more relevant case § < o because this is the
case which arises in all applications. The relation between « and g is dictated by the
explicit application one has in mind. On the contrary, it would be interesting to look for
optimal bounds on the constant « in Hypothesis 3.

Lemma 2.9. Hypothesis 3 implies the following properties:
C
1. dist(A;(e), Aji(e)) > 72 (pj©) +py@©)  Vj,j € Nsuchthat j # j,

2. diam(Aj(e)) < C1Cop*P(e) V) €N,
3. max |v] <2pi(e VjeN,
veA_,-(a)' | < 17]( ) J
and, furthermore, we can always assume that 2°0~1C1C, p‘ffﬁ < ¢pj, withics < c1/4,
where the constants c| and c3 are defined in Hypothesis 1.

Proof. Properties 1-3 follow immediately from Definition 2.6. Indeed, the bound
[Aj(e)] < C1p3‘ (¢), used in Definition 2.6, yields |v| < 2p;(e) for all v € Aj(e).

Then diam(A(¢)) < C1p7C2(4pf(e))/2 and, for v € Aj(e) and v’ € Aj/(e) with
Jj # Jj'sonehas v —v'| = Co(Iv| + V') /2 = Ca(pj(e) + pjr(e))f /2. B

Remark 2.10. The sets Aj(e) are locally constant, in the sense that for almost all
€ € [0, go] there exists an interval J containing & such that Aj(e) = A;(€) for all
eeld.

Definition 2.11. Given f : TP*! — C define the norm
fle=swp IfleP with  foo= D A @12

veZP+! peZ D+l
‘We can now state our main result.

Main Theorem. Consider a PDE in the class described by (2.7) and (2.8), such that the
Hypotheses 1, 2 and 3 hold. Then there exist two positive constants g and «, a Cantor
set € C [0, eo], and a function u(t, x) = u(t, x; &) with the following properties:

1. u(t, x; &) is 2w -periodic in time, Gevrey-smooth both in time and in space, and C 1
in¢e € [0, gols

2. forall e € [0, 9] one has |u(t, T, 8) — q(o)(t, a:)’K < Ceg, where q(o) is defined in
Hypothesis 2;

3. u(t,x;¢e) solves the PDE for ¢ € €;

4. the set € has density 1 at e = 0.

The result above provides only Gevrey regularity. In [24] we could prove analyticity
of the periodic solutions of the non-local NLS only in the non-resonant case. We leave
as an open problem whether the solution in the Main Theorem is analytic in time and/or
space.
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3. Applications

3.1. Non-resonant equations. Letus prove that Egs. (2.1), (2.4), and (2.5) — in particular
the NLS, the NLB and the NLW — comply with all Hypotheses 1 to 3 in Sect. 2 and
therefore admit a periodic solution by the Main Theorem.

3.1.1. The NLS equation.

Theorem 3.1. Consider the nonlinear Schrodinger equation in dimension D
i0,v — Av+puv = f(x,v,v),

with Dirichlet boundary conditions on the square [0, 71, where i € (0, up) C R
and f(x,v,v) = |v|2v + 0(|v|4), that is f is given according to (2.2) and (2.3), with
N =2 a1 =1anda,s =0forr,s suchthatr+s = 3 and (r,s) # (2, 1). Then there
exist a full measure set 9N C (0, o) and two positive constants ey and k such that the
following holds. For all u € 9N there exists a Cantor set €(u) C [0, o, such that for
all ¢ € E(u) the equation admits a solution v(t, x), which is 2w /w-periodic in time and
Gevrey-smooth both in time and in space, and such that

. D)2
v(t, r) — /eqoe sinz| ...sinxp| <Ce, w=D+pu—e, |qgl= (5) )
K

The set € = E(u) has density 1 at ¢ = 0.

With the notations of Sect. 2 one has 8, (¢) = —wn + |m|* + , with @ = wo — € and
wp = D+ . Then itis easy to check that all items of Hypothesis 1 are satisfied provided
w is chosen in such a way that | — won + |m|*| > yo|n|~™. This is possible for y in a
full measure set; cf. Eq. (2.1) in [24]. Then Hypothesis 1 holds with co = ¢y = ¢c3 =1
and c; = 1/4/1 + 4wyp.

The subset £ is defined as Q := {(n,m) € Z*P :n =1, |mj| =1Vi =1,...D},
and one can assume ¢ to be real, so that, by the Dirichlet boundary conditions, 9 is in
fact one-dimensional, and u,, , = £qo for all (n, m) € Q. The leading order of the Q
equation is explicitly studied in [24], where it is proved that Hypothesis 2 is satisfied.

Finally, Hypothesis 3 has been proven by Bourgain [9] (see also Appendix A6 in
[24]).

Of course, Theorem 3.1 refers to solutions with m = (1,1, ..., 1), but it easily
extends to solutions which continue other harmonics of the linear equation; see com-
ments in [24].

Also, the condition on the nonlinearity can be weakened. In general N can be any
integer N > 1, and no other conditions must be assumed on the functions a, s () beyond
those mentioned after (2.2). In that case (for simplicity we consider the same solution
of the linear equation as in Theorem 3.1), the leading order of the Q equation becomes
q0 = sign(s)AQqéV (again by taking for simplicity’s sake gq to be real), where Ag is a
constant depending on the nonlinearity. If Ag is non-zero, this surely has a non-trivial
non-degenerate solution gq either for positive or negative values of ¢. In general the
non-degeneracy condition in item 2 of Hypothesis 2 has to be verified case by case by
computing Ag.
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3.1.2. The NLW equation.

Theorem 3.2. Consider the nonlinear wave equation in dimension D,
0v — Av+pv= f(z,v),

with Dirichlet boundary conditions on the square [0, 712, where u € (0, no) C Rand
f(z,v) = v3+0 "), thatis f is given according to (2.2), withs = 0, N = 2, azo = 1.
Then there exist a full measure set M C (0, wo) and two positive constants €g and k such
that the following holds. For all i € M there exists a Cantor set E(u) C [0, eol, such
that for all ¢ € () the equation admits a solution v(t, x), which is 2i /w-periodic in
time and Gevrey-smooth both in time and in space, and such that

4\ (D+1)/2
lu(t, 2)—go/e coswt sinzy ...sinzp <Ce, w={D+p—¢, qo= (5) .
The set € = E(w) has density 1 at ¢ = 0.

In that case one has 8, (¢) = —w?n? + |m|* + i, with w* = wé —¢and a)g = D> +p.

Once more, it is easy to check that Hypothesis 1 is satisfied provided w is chosen in a
full measure set, withco =c; =c3 =landc; = 1/(1 + 4a)(2)).

The subset 9 is given by Q := {(n,m) € Z"*P :n = %1, |m;| =1Vi =1,...D},
and, if one chooses to look for solutions that are even in time, then £ is one-dimensional.
The Q equation at ¢ = 0 can be discussed as in the case of the nonlinear Schrodinger
equation. For instance for f as in the statement of Theorem 3.2 the non-degeneracy
in item 2 of Hypothesis 2 can be explicitly verified. Again, the analysis easily extends
to more general situations, under the assumption that the Q equation at ¢ = 0 admits
a non-degenerate solution. For a fixed nonlinearity, this can be easily checked with a
simple computation.

Hypothesis 3 has been verified by Bourgain [8], under some strong conditions on w.
Recently the same separation estimates have been proved by Berti and Bolle [7], by only
requiring that > be Diophantine.

3.1.3. Other equations. The separation properties for the NLS equation imply similar
separation also for the nonlinear beam (NLB) equation

dev+ (A + )% v = fx,v),

and in that case we can also consider nonlinearities with one or two space derivatives.
As in the previous cases one restricts p to some full measure set, and Hypothesis 1
holds with ¢co = ¢3 = 2, ¢p = 1 and ¢; = 1/4/1 + 2wyp. This implies that the subset £
is one-dimensional, provided we look for real solutions which are even in time.
The same kind of arguments holds for all equations of the form (2.1) and (2.4). The
separation of the points (i, |m|?) in ZP*! implies, by convexity, also the separation of
(m, P(Im|?)), with P (z) defined after (2.1).
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3.2. Completely resonant equations. Here we describe an application to completely
resonant NLS and NLB equations, namely Egs. (2.1) and (2.4) with P(x) = z and
n = 0, and with Dirichlet boundary conditions (the case of periodic boundary condi-
tions is easier for fully resonant equations). Since the equation is completely resonant
we need some assumption on the nonlinearity in order to comply with Hypothesis 2.
We set f(z,v,v) = |v|2v for the NLS and f(x, v) = v3 for the NLB (the NLB falls in
Case (II) and we look for real solutions), but our proofs extend easily to deal with higher
order corrections which are odd and do not depend explicitly on the space variables.
In the case of the NLS we say that the leading term of the nonlinearity is cubic and
gauge-invariant.!

The validity of Hypothesis 1 can be discussed as in the non-resonant equations of
Subsects. 3.1. The separation properties (Hypothesis 3) do not change in the presence
of a mass term, and they have been already discussed in the non-resonant examples of
Subsect. 3.1. Thus, we only need to prove the non-degeneracy of the solution of the Q
equation. Since the nonlinearity does not depend explicitly on = we look for solutions
such that u, € R. We follow closely [24], but we set wg = 1. This is done for purely
notational reasons, and is due to the fact that a trivial rescaling of time allows us to put
wo = 1.

3.2.1. The NLS equation. The subset 1 is infinite-dimensional, i.e. Q := {(n,m) €
N x ZP : n = |m|*}. We set Un,m) = qm = am + 0(&'/?) for (n, m) € Q and restrict
our attention to the case g, € R. At leading order, the Q equation is (cf. [24])

2
Im|~am = E AmyAmy A - 3.1
miy,my,m3
mi+moy—m3=m
(mi—m3z,my—m3)=0

Note that in the case of [24], the left-hand side of (3.1) was |m|**% D 1a,,, with s a
free parameter; then (3.1) is recovered by setting s = 0 and rescaling by 1/+/D the
coefficients g, .

By Lemma 17 of [24] — which holds for all values of s — for each Ny > 1 there exist
infinitely many finite sets M, C ZP with Ny elements such that Eq. (3.1) admits the
solution (due to the Dirichlet boundary conditions we describe the solution in Z2)

0, m e ZP\M,

ay, = 1

o 3o (M=t 20 ImP), me M,

m'eM,
with ¢; = 2P+1/2P+(Ny — 1) + 3P). The set M, defines a matrix J on Z” such that

2
(JQ)m =|m|” -2 E leamzam3 -2 E Am Amy nga (3.2)
mi,my,m3 mj>mj,m3
mi+my—m3=m mi+my—m3=m
(m1—m3,mp—m3)=0 (m1—m3,my—m3)=0

where m| > mj refers, say, to lexicographic ordering of Z”; see in particular Egs. (8.5)
and (8.7) of [24].

1 Le. the equation up to the third order is invariant under the transformation v — vel? for any @ € R.
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Moreover we know (Lemma 18 of [24]) that the matrix J is block-diagonal with
blocks of size depending only on Ny, D: we denote by K (Ny, D) the bound on such a
size. Whatever the block structure, the matrix J has the form diag(|m|2) + 2T, where
all the entries of T are linear combinations of terms g, g, ; With integer coefficients. If
we multiply J by z := (ZD+1 32)(2P+(Ny — 1) + 3P) — which is odd — we obtain a
matrix J := diag (z|m| )+2T, where all the entries of T are integral linear combinations
of the square roots of a finite number of integers. Let us call the prime factors of such
integers po = 1, p1, p2, - . ..

Definition 3.3 (The lattice ZP). Let ZP := (1,0, ...,0) + 2ZP be the affine lattice of
integer vectors such that the first component is odd and the others even. Let ZE , beits
intersection with Zf. Of course, for all m € ZID one has |m|? odd.

Since we are working with odd nonlinearities which do not depend explicitly on the
space variables we look for solutions such that u,, , = 0ifm ¢ Z]D .

Let 1, p1, ..., px be prime numbers (as above), and let ap, ..., ag be the set of all
products of square roots of different numbers p;,ie.a; =1, a2 = \/p1, a3 = \/p1p2,
etc. It is clear that the set of integral linear combinations of a; is a ring (of algebraic
integers). We denote it by a. The following Lemma is a simple consequence of Galois
theory [2]. For completeness, the proof is given in Appendix A.

Lemma 3.4. The numbers a; are linearly independent over the rationals.
Immediately we have the following corollary (I denotes the identity).

Corollary 3.5. In a consider 2a, i.e. the set of linear combinations with even coefficients.

e 2ais a proper ideal, and the quotient ring a/2a is thus a non-zero ring.
o if a matrix M with entries in a is such that M — I has all entries in 2a, then M is
invertible.

The point of Corollary 3.5 is that the determinant of M = [ + 2M, with the entries
of M in a,is 1 + 2, with o € a. Hence, by Lemma 3.4, 2« # =£1.

Lemma 3.6. For all Ny and for all M, C Z + the matrix J defined by M, is invert-
ible. Its inverse is a block matrix with blocks of dimension dependlng only on Ny, D so
that for some appropriate C one has (J~ )m,m/ < Cif|m —m'| < K(Ny, D), while
(Jfl)m,mr = 0 otherwise.

Proof. We use Corollary 3.4, the fact that the matrix J has entries in a and the fact that
zlm|? is odd for all m € ZD m|

Now, we can state our result on the completely resonant NLS.
Theorem 3.7. Consider the nonlinear Schrodinger equation in dimension D,
iy — Av = f(v, ),

with Dirichlet boundary conditions on the square [0, w1°, where f is given according
to (2.2) and (2.3), with N = 2, a1 = 1, ars = O for r,s such that r + s = 3 and
(r,s) # (2, 1), and a, s () independent of x for r +s > 3 (so that in particular a, s = 0
for even r +s). Then for any Ny > 1 there exist sets M. of Ng vectors in Zf and real
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amplitudes {ay, }me pm, Such that the following holds. There exist two positive constants
eo and k and a Cantor set € C [0, eol, such that for all ¢ € € the equation admits a
solution v(t, x), which is 21w | w-periodic in time and Gevrey-smooth both in time and in
space, and such that, setting

qo(t, ) = 2P Z ame™ sinmyzy .. sinmprp, w=1—¢,  (3.3)
meM,

one has

v(t, 2) — Veqo(x, wt)|, < Ce.
The set € has density I at ¢ = Q.

3.2.2. The beam equation. We set w* = a)(z) — ¢ = | — ¢ (recall that we are assuming

wo = 1 by a suitable time rescaling). The subset Q is given by Q := {(n, m) € Nx ZP :
In| = |m|*}. We set Upm = q, forn = |m|? and Upm = ¢, forn = —|m|*. We can
require that g, = g,, = gy, for all m (we obtain a solution which is even in time). Since
we look for real solutions, this implies that g, € R if D is even and ¢, € iR if D is
odd. Since the nonlinearity does not depend explicitly on x, we can look for solutions
Un,m such that m e Z? (see Definition 3.3).

Finally the separation properties of the small divisors do not depend on the presence
of the mass term, so that we only need to prove the existence and non-degeneracy of the
solutions of the bifurcation equation.

The Q equation at leading order is

4 D 2 :
|m| am = (_1) amlamzam3v
mi+moy+m3=m
£ |2 |ma Pk |m3 |* ==k |m|?

where we have set |, | = an + 0(81/2).

Lemma 3.8. The condition +|mi|*> + |m2|*> + |m3)?> = £\m|?, for mi,m € ZP, is
equivalent to (my + mz, my + m3) = 0.

Proof. The condition |m1|?+|ma|?+|m3|> = (m1+ma+m3)?is equivalent to (my, mo+
m3) + (ma, m3) = 0, which is impossible since the left hand side is an odd integer. The
same happens with the condition |m1|2— |m2|2— |m3|2 = (m +ma+m3)?. Thus, we are
left with [m1 |2 +|m2|> —|m3|> = (m1+my+m3)?, whichimplies (m|+m3, ma+m3) = 0.

O

Lemma 3.8 implies that the bifurcation equation, restricted to 7P is identical to that

of a smoothing NLS with s = 2; cf. [24]. Indeed by recalling that g, = (—1)°g_,, one
has

4
|m|*a, = E Ay Ay Ay - (3.4
mi+my—m3=m
(my—m3,my—m3)=0
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Then we can repeat the arguments of the previous subsection. By Lemma 17 of [24]
— which holds for all values of s — for each Ny > 1 there exist infinitely many finite sets
M, C Zf? , with Ny elements such that Eq. (3.4) has the solution

0, m € ZP\M,

am = )
" 3D+ 3D ml* =i D mI*), me M,
m'e My

with ¢ = 2P+1 2P+ (Ng — 1) + 3P).

The matrix J is defined as in (3.2), only with |m|* on the diagonal. We know (Lemma
18 of [24] does not depend on the values of s) that the matrix J is block-diagonal
with blocks of size bounded by K (Ng, D) (defined as in Subsect. 3.2.1). Whatever the
block structure, the matrix J has the form diag(|m|4) + 2T, where all the entries of
T are linear combinations of terms a,, am; with integer coefficients. If we multiply
J by z = QP+ — 3D)(2D+1(N0 1+ 3D) — which is odd — we obtain a matrix
J = d1ag(z|m|4) + 2T, where all the entries of T are linear combinations of the square
roots of a finite number of integers; finally z|m|* is clearly odd and we can apply
Lemma 3.4 to obtain the analogue of Lemma 3.6. Thus, a theorem analogous to Theo-
rem 3.7 is obtained, with go(¢, =) in (3.3) replaced with

qo(t, z) = 2P+ Z am cos |m|’t sinmyz; ...sinmprp, o =1-—¢.
mEM+

We leave the formulation to the reader.

4. Technical Set-up and Propositions

4.1. Renormalised P-Q equations. Group Egs. (2.10) for v € G as a matrix equation.
Setting

U=(G)cs: V=005 0=l F=(A15s
P(e) = diag {5"(5)}1;56 , 4.1

the P equations spell
P(E)U=¢eFU,V,Q,&"/N), “2)
S =e8,'(e) f(U.V.Q.6"V), veR o= '

with a reordering of the arguments of the coefficients f;7. Note that also the first line in
(4.2) could be written for components as the second line (and it would look exactly like
the second line); however we find more convenient the shortened writing for v € G.

We shall proceed as follows. We introduce an appropriate “correction” to the left
hand side of (4.2). We shall consider self-adjoint matrices .# (¢) := {.#,, (5)}3";,:6i ,

such that, for each fixed ¢, ./ (¢) is block-diagonal on the sets A ; (¢) (cf. Definition 2.6),
namely . ‘”7, (¢) # 0 can hold only if v, v’ € A (e) for some ;. Note that in order to

have u* = u, we must require that ///ff, = ///_0 .
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Definition 4.1 (The set & and the matrix ). Call = {1/4 > y > 0:||8,(0)| — y| >
)70/|v|f° forallv e Z*D“}, for suitable constants yy, 79 > 0. For y € &, we introduce
the step function x1(x) such that x1(x) = 0if |x| > y and x1(x) = 1 if |x| < v,
and set xo(x) = 1 — Xl(az) We then introduce the (s- dependent) diagonal matrices
x1 = diag{y; (51:(5))}‘,66 and Xo = dlag{XO(Sv(S))}vee

Remark 4.2. One has & # (). Moreover, for any interval 3 C (0, 1/4), the relative
measure of the set 4{ N & tends to 1 as yp tends to 0, provided 7y is large enough.

Remark 4.3. Notice the difference with respect to [24], where the functions x; (x) were
smooth. This new definition will allow us to strongly simplify notations and proofs in
the forthcoming analysis. In particular one has X7 = ¥ and X1Xo = 0, with O the null
matrix. Roughly speaking, this will allow us to invert matrices without mixing singular
and regular frequencies.

Definition 4.4 (Resonant sets). A set N = {vy, ..., v} C & is resonant if there exists
¢ € 0,&] and j € N such that vy, ...,v, € Aj(e). A resonant set {vy, va} with
m = 2 will be called a resonant pair. Given a resonant set N = {v{,...,v,} we

call Cp the set of all v € & such that N U {v} is still a resonant set. Finally set
Cpr(e) :={v' € Cnr: |18y (e)| < 7}, with y introduced in Definition 4.1.

Define the renormalised P equation as

_ N
[(@(8) +. VU =yNFU,V,0, )+ LU, w3

ug =N 8, e) FS(U,V, Q,m), v e,

where 7 is a real parameter, while .#Z = {///::, }‘; Z e_G and L = {Lv 3, }‘; o e_é are
self-adjoint matrices with the properties:
’ !
PN . o' ==+,
1. A = XIMXI, where M = {Ml‘f;’, }(5(:66’
ag, (7
2. My, = Lv y =0if {v,» '} is not a resonant pair;

3. M” —M“’ =% and L%, —L“’ .

v,y

Remark 4.5. Property 1 above implies that ./ has an e-dependent block structure, which
will be crucial in the convergence estimates. On the other hand we need to introduce
free (i.e. e-independent) parameters. Thus, we introduce the elements of the matrix M as
e-independent parameters, with the only restriction that they satisfy the e-independent
Properties 2 and 3. Eventually we shall manage to fix M as a function of the parameter
¢, thatis M = M (e). Moreover an important property for the measure estimates will be
that M (¢) depends smoothly on ¢, at least in a large measure set.

The renormalised Q equation is defined as

=> S UV 0, veQ o=+ (4.4)

vVeQo =+

Remark 4.6. By looking at (4.3) and (4.4) it would be tempting to introduce 2 x 2 matrices
M, and (J! ).y instead of carrying along the subscripts o, o’ through all the equa-
tions. However, in the following, to introduce the diagrammatic expansion and check
some symmetry properties, we shall have to write everything by components: hence it
will be more convenient to keep also the o labels, in order not to introduce too many
notations.
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The parameter n and the counterterms L will have to satisfy eventually the identities
(compatibility equation)

n=eN. =L (4.5)

We proceed in the following way: first we solve the renormalised P and Q equa-
tions (4.3) and (4.4), then we impose the compatibility equation (4.5).

4.2. Matrix spaces. Here we introduce some notations and properties that we shall need
in the following.

Definition 4.7 (The Banach space By ). We consider the space of infinite-dimensional

/ I /
self-adjoint matrices {MS:, }‘;:,e_é such that M:S, = 0 if {v, v’} is not resonant. For

0,k > 0 we equip such a space with the norm

Klv—v'|P
b

!
M|, ,:= sup sup ‘M‘w e

v,v/
vveSo,0'=%

so obtaining a Banach space that we call B ,. For L a linear operator on By , define
the operator norm

|LM |y, p
Llop = sup ———L.
Mel’j’,w, |M|K,p

Definition 4.8 (Matrix norms). Let A be a d x d self-adjoint matrix, and denote with
A, j) and . (A) its entries and its eigenvalues, respectively. We define the norms

. 1
|Alo i= max [AG, ))I, Al := —=Vtr(A?),  ||All; ;= max |Azl,,
1<i,j<d [zl2=<1

vd
where, given a vector = € R%, we denote by |x| its Euclidean norm.

Lemma 4.9 Given a d x d self-adjoint matrix A, the following properties hold.

The norm || A|| depends smoothly on the coefficients A(i, j).

One has ||All/v/d < |Alos < Vd||All

One has maxi<i<q M7 (A)|/v/d < ||A]| < maxj<j<q AP (A)].

For invertible A one has dai A~ (', j') = —A7 G, i) A7V, j/) and da, Il
= A(, j)/dIlAll.

Rl S e

Here and henceforth we shall write A = Z(¢) + .# in (4.3).

Definition 4.10 (Small divisors). For v € & define A”(e) as the matrix with entries
X1 8y (8)) AYV52 such that vy, vy € Cy(e) and o1, 09 = % If |8y (8)] <7 (cf. Defini-
tion 4.1), define also d”(¢) := 2|Cy(e)| and py(¢) = min{|v’| : v/ € Cy(s)}. For real
positive &, define the small divisor

1
Pi(e)

if A is invertible, and set x,(g) = 0 if A is not invertible.

Ty(e) =

[aren].
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Remark 4.11. Note that for v € A () one has py(¢) = p;(¢e), dy(e) < 2|Aj(e)], and
AV () = AY (¢) for all v € Cy(¢). This shows that dy(¢), zy(e) and p,(e) are the
same for all v/ € C,(¢). Note also that, if v € Aj(e) for some j € N, then one has
Cy(e) = e Aj(e) : 16y (e)| < y}. Hypothesis 3 implies dy (¢) < 2C p; (¢).

Definition 4.12 (The sets D¢, D1(y), D2(y), and D(y)). We define Do = {(e, M) :
e €10, e0l, |IM|, < Coeo}, for a suitable positive constant Cy, and, for fixed T, 11 > 0
andy <y, weset ©1(y) = {(e, M) € Do : xy = y/py(e) forallv € G}, Dr(y) =
{(e. M) € Do : 18w ()| — 7| = y/Iv|" forallv € &}, and D(y) = D1(y) N Da(y).

Definition 4.13 (The sets Zar(y) and fN‘(y) ). Given a resonant set N we define
In(y) = {e € [0,80] : v _€ Cprsuchthat ||6y(e)| — y| < ylv|™™ }, and set
In(y) ={(e, M) € Dp:e € In(y))

4.3. Main propositions. We state the propositions which represent our main technical
results. The Main Theorem in Sect. 2 is an immediate consequence of Propositions 1
and 2 below.

Proposition 1. There exist positive constants Ko, K1, k, p, no such that the following
holds true. For (¢, M) € ©(y), there exists a matrix L(n, e, M) € By, ,, such that the
following holds:

1. For each ¢ the matrix L(n, &, M) is block-diagonal so as to satisfy L(n, e, M) =
xX1L(n, &, M) 1. Moreoverthe L(n, &, M) is analytic inn for |n| < no, and uniformly
bounded for (¢, M) € D(y) as

IL(p. &, M), < In™ Ko.
2. There exists a uniquely determined solution u$(n, M, &) of Egs. (4.3) and (4.4),
which is analytic in ) for || < no, and such that for all v € ZP* and o = +,

_ 1/2
S (n, M, &)| < |l Koe™ """,

3. The matrix elements LU’Z,/(n, e, M) can be extended on the set Do\ vy (y) to

C! functions L (n &, M), such that LEGJ (n,e, M) = L Z/ (n, &, M) for all
(e, M) € 33(2)/) Moreover for all (e, M) € Do\Zw,vy(¥), lhe matrix elements

Ea o’
v’v, (n, &, M) satisfy the bounds

E _ P
LET (e, )| < e VK,

Eo,o’ T
0Ly 07 (. e, M)| < eV IV K |y,

18,LE% (., e, M)| < e <"V N VK

v,y

4. For all (¢, M) € Do\ ULy yy(y), where the union is taken over all the resonant
pairs {v, v'}, one has

L e | <> 33

ve&v'eCy, o,0'=%

0,00 LEm e, M) < VK.
v,v/ K,p
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5. The functions u$(n, &, M) can be extended on the set ®¢ to C ! functions uE”

(n, &, M), such thatuf"(r;, e, M) =u§, e, M)forall (¢, M) € D(2y) and
uEo (e M)| < |V Kye M1

uniformly for (¢, M) € Dy.

Remark 4.14. In our analysis we choose M € B, , because eventually we obtain
L € By, p, but — as the bound on the M-derivative in Item 4 of Proposition 1 suggests —
we could also take M in a larger space, say Boo with norm | Moo = Sup,, /e SUPy /=1

\M; ’3,, |. InTtem 3 of Proposition 1 we need to work on the matrix elements Lzz/l (n, &, M)
since the extensions hold for (g, M) in the (v, v)-dependent sets Do\Zy, vy (¥).

Once we have proved Proposition 1, we solve the compatibility equation (4.5) for
the extended counterterms LE (¢!/N | &, M), which are well defined provided we choose
e < gy, with gg = n(l)v.

Proposition 2. There exist functions ¢ — (e, Mf’;’,/ (&) from [0, e9] — Do, with an
appropriate choice of Cy in Definition 4.12, such that the following holds.

1. Fore € Iy, v/}(y) one has M:’:,/(s) = 0, while for ¢ € [0,e0\Z{v.v)(v) the

elements Mv V' (8) are C, verify the equation
MO (&) = LET /N e, M(e)), (4.6)
and satisfy the bounds

—k|v— v‘/’
‘Mv W (8)’ < Krge™

0155 (0| < Ka (1+epp(e) ™=,

for a suitable constant K».
2. The functions uf(a) = uf*(sl/N, e, M(g)) are Clin [0, g].
3. Theset €2y) :={e € [0, 0] : (¢, M(e)) € D(2y)} has density I at ¢ = 0, namely
meas(E(2y) N (0, €))
m

e—>0% &

=1

4.4. Proof ofthe Main Theorem. By Items 1 and 2 in Proposition 1 forall (¢, M) € D(y)
we can find a matrix L(n, &, M) so that there exists a unique solution u (1, &, M) of
(4.3) and (4.4) for all |n| < no, for a suitable 1705 and for gy small enough. By Items 3

and 5 in Proposition 1 the matrix blocks Lv W (77, €, M) and the solution u$ (n, &, M)
can be extended to C! functions — denoted by LEo! (n,e, M) and uf"(n, e, M)

v,y

— for all (¢, M) € CDO\I{,, v}(y) and for all (¢, M) € Dy, respectively. Moreover
LEod (n, e, M) = L"g,(n,e M) and uEo(n, e, M) = uG(n, e, M) for all (¢, M) €

v 4
D(Q2y).
Equation (4.3) coincides with our original (4.2) provided the compatibility equa-
tion (4.5) is satisfied. Now we fix g9 < 1}’ so that LE(e!/"N, e, M) anduf (/N e, M)

are well defined for || < go. By Item 1 in Proposition 2, there exists a matrix M (&) which
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satisfies the extended compatibility equation (4.6). Finally by Item 3 in Proposition 2
(we need Item 4 in Proposition 2 to prove it) the Cantor set &(2y) is well defined and
of large relative measure. )

Set € = €Q2y) and u(x; &) = >,z uk (e)e”*. The function u(t, z; ¢) is Cline
fore € [0, 9] by Item 2 in Proposition 2. Moreover it is 277 -periodic and Gevrey-smooth,
and satisfies the bound in Item 2, by Item 5 in Proposition 1.

For all ¢ € ¢ the pair (g, M(¢)) is by definition in ®(2y), so that by Item 3 in
Proposition 1 one has Ly, (e'/N, e, M(e)) = Lﬁv,(el/N,e, M(g)) and by Item 5
in Proposition 1 one has u$ EYN e, M(s)) = uf"(sl/N, g, M(g)), and hence
us (eY/N, &, M(g)) solves (4.3) for n = e!/N_ So, by Item 1 in Proposition 2, M(e)
solves the true compatibility equation (4.5) for all ¢ € €. Then u(z, x; ¢) is a true
nontrivial solution of (4.3) and (4.4) in €.

5. Tree Expansion

5.1. Recursive equations. In this section we find a formal solution u$, L of (4.3) and
(4.4) as a power series on 1; the solution u¢, L depends on the matrix M and it will be
written in the form of a tree expansion.

We shall introduce the trees in abstracto, by giving the rules how to construct them,
that is, essentially, how to associate labels to unlabelled trees. Then, we shall show that
both the solution 1§ and the matrix L can be expressed in terms of labelled trees. Of
course, the easiest way to see that the construction makes sense is to try to express u$ and
L in terms of trees and then check that some constraints and relations must be imposed
on the tree labels.

We assume for u$ (n, &, M) for all v € P and for the matrix L(z, &, M) a formal
series expansion in 7:

o
ul(n, &, M) = an 7 Lae My=> FL®, (5.1)

with the Ansatz that L(k)o’a = 0 if either j1(8y(¢))x1(8y (£)) = O or the pair {v, v’} is
not resonant, so that L = ;L. We set also u(k)g =O0forallk < Nandv,v € B,

and the same for Lf, l‘,’ " forv, v € 6.
For v € Q we set
o0
uG . e, M) =uy + > nkuy’ (5.2)
k=N
with u(0)+ ( and u(o) uf,o) (cf. Item 2 in Hypothesis 2 for notations). Again we
setu,(,k)a —OforO <k < Nandv € Q.
Inserting the series expansions (5.1) and (5.2) into (4.3) we obtain
(k—N)o
uf,k)azv—, veR, o=d=,
5, (e) oo
u = Z (JhHoe fv(,k)g , veN, o=,
v'e,o'=+ ’ (5-3)

k—N
(2(e) +. ) UD = F&=) 4 X" [y k=n),
r=N
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5.2. Multiscale analysis.

Definition 5.1 (The scale functions). Let x be a non-increasing function C*° (R, [0, 1]),
such that x(x) = 0ifx > 2y and x(x) = 1 if x < y, with y given in Defini-
tion4.12; moreover one has |0, x (x)| < Fy_lforsomepositive constant . Let xp(x) =
x(2Mhx) — x @"2) for h > 0, and x_1(x) = 1 — x(x).

Remark 5.2. In contrast to the functions y; in Definition 4.1, the scale functions xj are
smooth. Indeed, in this case smoothness is important, because we shall need to derivate
such functions. On the other hand, the fact that the functions y; are sharp implies that
the matrix A~! has the same block structure as A.

Recall that for each ¢ the matrix A = Z(¢) + .4 is block diagonal with a diagonal
part whose eigenvalues are larger than y > y and a list of C1 p§ (¢) x C p$ (¢) blocks
A" containing small entries. In the following if A” is invertible — i.e. if z, # 0 — we
will denote the entries of (A”)~! by (A=1)7', even though it may be possible that the
whole matrix A is not invertible.

Definition 5.3 (Propagators). For v, v' € &, we define the propagators

Gin)
X1 (@0 () 118N T G @) A™NT,ifi = 1 and (s (e)) # 0,
= 1%0(8:(8)) 8, (e), ifi=0,v=v,0=0andh=—1,
0, otherwise.

In terms of the propagators we obtain

AN =" Gin, (5.4)

i=0,1 h=—1

which provides the multiscale decomposition. Notice that if (A’l)g’g,/ # 0 then

Ty(e) = zy (&) (see Remark 4.11), so that the matrices G; j are indeed self-adjoint.

Remark 5.4. Only the propagator G ; can produce small divisors while the propagator
Go,—1 is diagonal and of order one. Hence, there exists a positive constant C such that
we can bound the propagators as

Gotlw=Cr™ |Gugy| =2 ey f Ve, 69)

where the condition dy(¢) < 2C1p$(¢) — cf. Remark 4.11 — and Item 2 of Lemma 4.9
have been used.

We write L® in (5.1) as

oo
kYo, K)oy,
LYW =" yulav, @)L, (5.6)
h=—1
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L;,k) L(k)‘fl o2

the matrix with entries hovivy -

for all resonant pairs {v1, v, }; we denote by
we set

. Finally

o
v =3 > vl (5.7)

i=0,1 h=—1
so that (5.3) gives
EREDID N i ved o=
veQo'=+
® (k—N)o
o v
= Vv € 9‘{, = :I:,
”” 5y (©) o (5.8)
oo k—N
U = GinF M 456, 10G1, >, D LPul " i=0.1, h= -1,
hi=—1r=N

which are the recursive equations we want to study.

5.3. Diagrammatic rules. A connected graph G is a collection of points (vertices) and
lines connecting all of them. We denote with V(G) and L(G) the set of nodes and the
set of lines, respectively. A path between two nodes is the minimal subset of L(G) con-
necting the two nodes. A graph is planar if it can be drawn in a plane without graph lines
crossing.

Definition 5.5 (Trees). A tree is a planar graph G containing no closed loops. One can
consider a tree G with a single special node vq: this introduces a natural partial order-
ing on the set of lines and nodes, and one can imagine that each line carries an arrow
pointing toward the node vy. We can add an extra (oriented) line £y exiting the special
node vy, the added line £o will be called the root line and the point it enters (which is not
a node) will be called the root of the tree. In this way we obtain a rooted tree 0 defined
by V(0) = V(G) and L(0) = L(G) UXLy. A labelled tree is a rooted tree 0 together with
a label function defined on the sets L(0) and V (0).

We shall call equivalent two rooted trees which can be transformed into each other
by continuously deforming the lines in the plane in such a way that the latter do not
cross each other (i.e. without destroying the graph structure). We can extend the notion
of equivalence also to labelled trees, simply by considering equivalent two labelled trees
if they can be transformed into each other in such a way that also the labels match.

Given two nodes v, w € V(0), we say that v < w if w is on the path connecting v to
the root line. We can identify a line with the nodes it connects; given a line £ = (w, v)
we say that £ enters w and exits (or comes out of) v, and we write £ = £,,. To help
himself follow the diagrammatic construction, one can visualise the trees with the root
to the left and the end-nodes to the right; in particular given a line (w, v) one has v < w,
with the endpoint w to the left of the endpoint v.

Given two comparable lines ¢ and £, with £1 < £, we denote with P (€1, £) the path
of lines connecting ¢1 to £; by definition the two lines £ and £; do not belong to P(¢1, £).
We say that a node v is along the path P (€1, £) if at least one line entering or exiting v
belongs to the path. If P(£1, £) = ¢ there is only one node v along the path (such that
£ enters v and £ exits v).
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Definition 5.6 (Lines and nodes). We call internal nodes the nodes such that there is
at least one line entering them; we call internal lines the lines exiting the internal
nodes. We call end-nodes the nodes which have no entering line. We denote with L(6),
Vo(0) and E (0) the set of lines, internal nodes and end-nodes, respectively. Of course
V() = Vo(6) U EO).

As anticipated at the beginning of Subsect. 5.1, we first introduce the trees as abstract
structures and prove thereafter that the quantities of interest can be expressed in terms of
trees. For further details and to better understand the general strategy of the construction,
we refer to the more pedagogical discussion in [24]. In fact, we first develop a naive
but very natural tree expansion for the solution. Such an expansion would work for any
choice of L if the solution were analytic in €. However in our case we do not expect
that analyticity holds, so we modify the expansion into a new one (renormalised expan-
sion), where we fix L appropriately (see Definition 5.21) in such a way to eliminate the
contributions which would cause the divergence of the series.

We associate with the nodes (internal nodes and end-nodes) and lines of any tree 6
some labels, according to the following rules.

Definition 5.7 (Diagrammatic rules). Let 0 be a tree. We associate with 0 the following
labels:

1. With each internal line £ € L(0) one associates a label q, p or r. We say that £ is a
p-line, a q-line or an r-line, respectively, and we call Ly(0), L,(0) and L,(0) the
set of internal lines £ € L(0) which are g-lines, p-lines and r-lines, respectively.

2. With each line £ € L(0) one associates the type label iy = 0, 1 and the scale label
hy e NU{—1, 0}.

3. With each line £ € L(0) except the root line £y one associates a sign label oy = =+.

4. With each internal line £ € L(0) one associates the momenta (v, v,) € 7P+ «
ZD+1.

5. With each line £ € L(0) exiting an end-node one associates the momentum v .

6. For each node v there are p, > 0 entering lines. If p, = 0thenv € E@), if py > 0
then either py = 1 or p, > N + 1 and v € V(0), where N is introduced in (2.1). If
L(v) is the set of lines entering v one has p, = |L(v)|.

7. With each end-node v € E(6) one associates the mode label v, € £, the order
label k, = 0, and the sign label o, = +.

8. With each internal node v € Vy(0) one associates the mode label m, € 7P, the
order label k,, € N, and the sign label o, = =+, and one defines r, as the number of
lines £ € L(v) with o, = oy, and one sets s, = py — I'y.

The following constraints and relations will be imposed on the labels.

9. Given an internal node v € Vo (0), if py = 1 let £1 be the line entering v and € be
the line exiting v. Then £ and £ are both p-lines. Moreover one has iy, = iy = 1
and {v},, vy, } is a resonant pair.

10. If a line £ € L(0) is not a p-line one sets iy = 0.

11. Ifaline € € L(0) hasiy =0, then hy = —1.

12. Let £ € L(0) be an internal line. If € is a p-line with iy = 0, then vy = v},. If Lis a
p-line with iy = 1, then {vy, v} is a resonant pair. If £ is a q-line, then v¢, v}, € Q.
If € is an r-line, then v, = v, € R.

13. If € exits an end-node v € E(0), then one sets v = v, and oy = 0.

14. If two p-lines € and €' have iy = iy = 1 and are such that {v¢, vy, vy, v} is a
resonant set, then |hy — hy| < 1.



888 G. Gentile, M. Procesi

15. If € is the line exiting v and £y, - - - , £, are the lines entering v one has

vy = (0.my) +0y (00, vy, + -+ +0p, ve,) = 0.my) +0, D opvy,
t'eL(v)

which represents a conservation rule for the momenta.

16. Given an internal node v € Vy(0), if py = 1 one has k, > N, while if p, > N one
has ky = py — 1.

17. With each end-node v € E(0) one associates the node factor n, = u,
2 in Hypothesis 2 and (5.2) for notations.

18. Given an internal node v € Vy(0), if py > 1 one associates with v the node factor
Ny = arL sp,my» Where ar s.m Satisfies Eq. (2.11), while if p, = 1 one associates with

kl} Us
(o)orot, , still to be defined (see Definition 5.21 below),

hy v(,v |
where £ and £ are the lines exiting and entering v, respectively.

19. One associates with each line £ € L(0) a line propagator g, € C with the following
rules. If € is a p-line exiting the internal node v one sets g¢ := (Giy,n,), )t U” ,ifLis

© )U” s cf. Item

v the node factor n, = L

an r-line one sets gy := 1/8y,(€), if £ is a g-line exiting the internal node v one sets
ge =" l)al oy , if £ exits an end-node one sets g, = 1.
l

20. One defines the order of the tree 0 as

kO) = > k.

veV(0)

the momentum of 6 as the momentum v, of the root line €, and the sign of 6 as the
sign oy, of the node vo which the root line exits.

Remark 5.8. The “line propagators” defined in Item 19 are not to be confused with the
“propagators” tout court introduced in Definition 5.3. In fact, the line propagator coin-
cides with the propagator when the latter is defined, but there are lines with which no
propagator is associated.

Definition 5.9 (The sets of trees (-)f,k)'7 and ©). We call @,(,k)g the set of all the nonequiv-
alent trees of order k, momentum v and sign o, defined according to the diagrammatic

rules of Definition 5.7. We call ©® the sets of trees belonging to @,(,k)g for some k > 1,
o ==+ andv e ZP*,

The reason for introducing these sets of trees is summed in the following result.

Lemma 5.10 Forany given counterterm L € By, , suchthat L = X1 LY, the coefficients

f,k)g can be written in terms of trees

w = S ([T o) TT e

peo®e \(eL®) vev©)

Proof. The proof is easily obtained by standard arguments in Taylor series expansions.
For instance, one can proceed by induction, using the diagrammatic rules and definitions
given in this section; we refer to Lemma 3.6 of [24] for details. O

However, in general we cannot prove the convergence of the series (5.2) for arbitrary
L. This compels us to change the expansion, in such a way that suitably fixing L all the
dangerous contributions disappear from the expansion.
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5.4. Clusters and resonances.

Definition 5.11 (Clusters). Given atree 6 € @,(,k)Cr a cluster T on scale h is a connected
maximal set of nodes and lines such that all the lines £ have a scale label <h and at least
one of them has scale h; we shall call ht = h the scale of the cluster. We shall denote
by V(T), Vo(T) and E(T) the set of nodes, internal nodes and the set of end-nodes,
respectively, which are contained inside the cluster T, and with L(T) the set of lines
connecting them. Finally k(T) = Zvev(T) ky will be called the order of T.

Aninclusion relation is established between clusters, in such a way that the innermost
clusters are the clusters with lowest scale, and so on. A cluster T can have an arbitrary
number of lines entering it (entering lines), but only one or zero line coming out from it
(exiting line or root line of the cluster); we shall denote the latter (when it exists) with
£. Notice that, by definition, |V(T)| > 1 and all the entering and exiting lines have
ip =1.

Next we introduce the notion of resonances. The resonances identify the clusters
which, if not eliminated, would produce a runaway accumulation of small divisors (and
hence the divergence of the algorithm to construct the solution). The idea will be to
choose the matrices L in such a way to eliminate (iteratively) the resonances.

Definition 5.12 (Resonances). We call resonance on scale h a cluster T onscale ht = h
such that

1. the cluster has only one entering line ZIT and one exiting line L1 of scale hg, > h+2,

2. one has that {v}, , v} is a resonant pair and min{|v 1 |, [v, [} > 2=2)/7
T T T T

3. forallt e P(¢] ,p) with i = 1 the pair {v), VZIT} is not resonant,
4. forall ¢ € L(T)\P(£} , Lr) the pair {vz, velT} is not resonant.

The line £ of a resonance will be called the root line of the resonance.

Definition 5.13 (The sets of trees ’R;lkial;f’/ and R). For k > N, h > 1 and a resonant
pair {v, v'} such that min{|v|, |v'|} = 2"=2/T we define R;lklgf// as the set of trees with

. . . k
the following differences with respect to @f, o,

1. There is a single end-node, called e, with node factor n. = 1 (but no label no labels
V. NOT Op).

2. The line £, exiting e is a p-line. We associate with £, the labels vy, = v', oy = o,
and i¢, = 1 (but no labels v, nor hy), and the corresponding line propagator is
ge, = X168y (€)).

3. Theroot line £y is a p-line. We associate with £ the labels ig, = 1 and v’ZO = v (but
no labels vy, nor hy,), and the corresponding line propagator is g¢y, = x1(8y(€)).
Let vg be the node which the line £ exits: we set oy, = 0.

4. One has maxeer (9)\{o, e} hg =h.

5. Ift € P(Le, £o) is such that {v/,, v'} is resonant, then iy = 0.

6. Fort ¢ P(L., Lo) one has that {v,, v'} is not a resonant pair.

We call R the sets of trees belonging to R;lklaf//

v, v € G such that {v, v'} is resonant and min{|v|, |v'|} > 2(=2)/7,

forsomek >1,h > 1,0,0" =+, and
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Definition 5.14 (Clusters for trees in R). Given a tree 6 € R, a cluster T on scale
ht < his a connected maximal set of nodes v € V(0) and lines £ € L(0)\{{o, £.} such
that all the lines € have a scale label < ht and at least one of them has scale hr.

Note that if 6 € R;Lklafl, then for any cluster 7 in 6 one necessarily has hr < h.

Definition 5.15 (Resonances for trees in R). Given a tree 0 € R, a cluster T is a
resonance if the four items of Definition 5.12 are satisfied.

Remark 5.16. There is a one-to-one correspondence between resonances 7' of order k

and scale i with v,; = v', v, =, 0y = 0,0, =0’ (here vy is the node which £,
T T T

exits) and trees 6 € RWaa op [24], Sect. 3.4 and Fig. 7.

h,v,v >

Definition 5.17 (The sets of renormalised trees G)%C’)f , ’R%‘);::;,, Opr and Rp). We
®(k)a R(k)o,a/

define the set of renormalised trees O ", and Rohvy G5 the set of trees defined as

!
@E,k)a and R;lklo;f , respectively, but with no resonances and no nodes v with p, = 1.

Analogously we define the sets O g and Rp.

In the following it will turn out to be convenient to introduce also the following set
of trees.

Definition 5.18 (The set of renormalised trees S %‘),f ’va;, and Sg).Fork > N, h > 1 and
v, v' € Gsuchthat |v'| > 202/ we define the set of renormalised trees Sg()ha’vg;, as the
set of trees with the following differences with respect to Rg);: f /v, (see Definition 5.13).
Items 1 and 2 are unchanged.
3’ One assigns to the line £ the further label hy, < h, and requires |v| > 2y =27,
4’ One has maxeer (0)\{€.} hg =h
Items 5 and 6 are unchanged.
The set Sg is defined analogously as Rg.
Remark 5.19 Note that it € RE7" " then Val(6) = Val(6') with 6’ € S©77  such
that sy, = h — 1. Thus, it is enough to study the set Sg in order to obtain bounds for
trees in Rg.

Definition 5.20 (Tree values). For any tree or renormalised tree 0 call

val@) = [ [] g )| 1 m

teL(0) veV(0)

the value of the tree 6. To make explicit the dependence of the tree value on ¢ and M,
sometimes we shall write Val(0) = Val(0; e, M).

(k)o,0’
h,v,v

Definition 5.21 (Counterterms). We define the node factors L
inition 5.7) by setting

(cf. item 21 in Def-

ko,o’
LnT = > > val), o0 ==, (5.9)
h<h—1 QER(k)D'.D'/
R.h vy

forallk > N, all h > 1, and all resonant pairs {v,v'}. The counterterms L are then
expressed in terms of (5.9) through (5.1) and (5.6).
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/ o' —
K)o, there exists a tree §' € R(k) °>7% such that

Lemma 5.22 For any tree 6 € Ry", Rohv'v

Val(9) = Val(®).

Proof. Given a tree 6 € RW" - onsider the path P = P(L,, L), and set P =

R,h,v,v
{€1, -y}, withlg = €1 = ... = by > ny1 = L, (if P = @, set N = 0 in the
forthcoming discussion). For k = 0, ..., N, denote by vy the node which the line ¢
exits and by Lo(vx) the set L(vg)\{€x+1} (cf. Item 1 in Definition 5.7).

(k)—o',—

g - .
Ry inthe following way:

We construct a tree ' € R

1. We shift the sign labels down the path P and change their sign, so that oy, — —oy,

and oy, — —oy,,, fork =0, ..., N.In particular £y acquires the label —o,,, while
£, loses its label o, (which with the opposite sign becomes associated with the node
UN )

2. The end-node e becomes the root, and the root becomes the end-node e. In particular
the line ¢, becomes the root line, and the line £o becomes the entering line, so that
the arrows of all the lines ¢ € P are reverted, while the ordering of all the lines and
nodes outside P is not changed.

3. For all the lines £ € P we exchange the labels v, v%, so that v;, — v’ek and
v/zk — vy fork=1,..., N, andwesetvjée =v and vy, = v.

4. Forallk =0,..., N wereplace my, — —0y,0¢,,My,.

By construction, the tree 6’ belongs to R%()h_ :, . “, and all line propagators and node

factors of the lines and nodes, respectively, which do not belong to PP remain the same.

. . . !
Moreover, the line propagator of each ¢, € P in 0 is (Gifk’hék)"kj’lz;( k

oy, 0y, . . .
= (G"lk!h@k)"ii;e"fk , hence it does not change with respect to the line propagator of

the corresponding line in 6. For each node vy, the conservation law

!/
v = (0, =0y,00,my) — 0, | —ouvy, + D owve (5.10)
£'€Lo(vg)

is assured by the conservation law (cf. Item 15 in Definition 5.7)

!/
vy, = 0.my) +0oy |0, ve, + D, owve (5.11)
'eLo(vk)

for the corresponding node vy in #: simply multiply (5.11) times oy, 0¢,,, in order to
obtain (5.10).

Finally we want to show that the product of the combinatorial factors times the node
factors of the nodes vy, ..., vy do not change. Take anode v = vi, fork =0,..., N,
and call ), and s] the number of lines ¢ € Lo(v) with op = o, and oy = —oy,
respectively. Set oy, = o and oy,,, = o’.

Consider first the case o’ = o. In that case in 6 one has r, = r|, + 1 and s, = s,
and the combinatorial factor contains a factor r,, because there are r, lines £ entering
v withoy = 0. In 60’ one has 0, - —o,ry — s, + 1,5, > r, and my, —> —m,
(because oo’ = 1). Moreover the corresponding combinatorial factor contains a factor
(sy + 1) because there are s, + 1 lines £ entering v with oy = —o. Therefore, taking
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into account also the combinatorics, the node factor associated with the node v in 6 is
(sy + Das_vil,rv—l,—mv =1y afwsmmv, i.e. the same as in 6, by the condition (2.11).

Now, we pass to the case 0 = —o’. In that case in 6 one has r, = 7, s, = s, + 1. In
0’ one has the same values for r, s, and o,, so that, by using also that —oo'm, = m,
in such a case, the node factors a;", ,», do not change. Of course the combinatorial
factors do not change either.

In conclusion, one has Val(9) = Val(9’), which yields the assertion. O

Remark 5.23. By Lemma 5.22 we have that the matrix L;lk) is self-adjoint, and Defini-
tion 5.21 together with (5.6) implies that we can write

o0 o
k ’
LETT =" Caww(e)) D Val@), Cu(@)= > xn(@). o ==
h=—1 geR B0’ h=h+2

R.hwv

for all k > N, all h > 1, and all resonant pairs {v, v'}. By construction x,(g) = (&)
whenever L0 # 0, so that also L® is self-adjoint. Finally we have that L% =

h,v,v
K1 L© %1 (cf. the definition of the line propagators ge, and gy, for trees 0 € R%(,);Z : v
in Definition 5.13).
Lemma 5.24. One has
uy’? = > val@®), o ==, (5.12)

seols
forallk > 1 and all v € 7P+

Proof. For any given counterterm L, the coefficients uf,k)c can be written as sums over

tree values

w7 = > Val(®).

gelr

This can be easily proved by induction, using the diagrammatic rules and definitions
given in this section; we refer to Lemma 3.6 of [24] for details. Then, defining the count-
erterms according to Definition 5.21, all contributions arising from trees belonging to

the set ®f,k)” but not to the set @%O: cancel out exactly — see Lemma 3.13 of [24] for

further details — and hence the assertion follows. O
6. Bryuno Lemmas and Bounds
Given a tree 6 € Op, call 3(6, y) the set of (¢, M) € D such that for all £ € L,(6)

with iy = 1 one has

—he—1,, < < 7—hetl _
[2 y < law ()] <277y e # 1, 61

|2y, (&) = v, he =—1,
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and for all £ € L,(0) one has

|ESVI(8)| S )7’ |8v2(8)| S }77 l:l = 17 (62)
7 < 18n, (©)]. iy =0.
Here y is the constant introduced in Definition 4.12.
Define also (0, y) C Dy as the setof (¢, M) € D¢ such thatforall £ € L,(0) with
ig = 0 one has |8,,(¢) & y| = y/|ve|™, while for all £ € L,(6) with iy = 1 one has

Y 185(e) £ 7| > —— ¥v € Cy, U Cr. (6.3)

Py, (&) ~ v

'TV( (8) 2

for some 7, 71 > 0. Note that the second condition in (6.3) does not depend on M.

Analogously, given a tree 8 € Sg, we call 3(6, y) the set of (¢, M) € Dy such that
(6.1) holds forall £ € L, (0)\{£., £o} withiy = 1 and (6.2) holds for all £ € L, (¢), and
we call 5(6, y) the set of (g, M) € D such that (6.3) holds for all £ € L,(0)\{L., o}
with iy = 1, while for all £ € L ,(9) with iy = 0 one has |8y, () L y| > y/|ve|™.

Remark 6.1. If (¢, M) € 3(0, y) then Val(0; &, M) # 0, while (&, M) € D (0, y) means
that we can use the bounds (6.3) to estimate Val(6; &, M). Analogous considerations hold
for trees 6 € Sg.

Remark 6.2. If for some ¢ one has Val(9; e, M) # 0 and for two comparable lines
¢, ¢ € L(0) the pair {v, vy} is resonant, then all the set {v¢, v}, vy, v}, } is resonant.
This motivates the condition in Item 14 in Definition 5.7.

Remark 6.3.If 6 € R%‘?,‘Z’;;/ is such that Val(6; e, M) # 0, then v, v’ € Aj(e) for

some J, so that p,(¢) = py(e) and |v —v'| < C1C2pf,’+ﬁ(e) < ClCzp,z,"‘(e). More-
over py(e) < |v|, [v'| < 2py(e). Such properties follow from Hypothesis 3 — cf. also
Lemma 2.9.

Definition 6.4 (The quantity Ny (0)). Define Nj,(0) as the number of lines £ € L(0)
with ip = 1 and scale hy > h.

Definition 6.5 (The quantity K (0)). Define

K@) =k@)+ D Imyl+ D Ive—vil+ D [wl,

veVp(0) teLy () veE(©9)
where k() is the order of 0.

Lemma 6.6 There exists a constant B such that the following holds:

1. Forall ® € Og and all lines £ € L(0) one has |vy| < B(K (9))1+4.

2. Ift € Sy, foralllines € € L(O)\(P (L, £o)U{lo, £.}) one has |ve| < B(K (8))'+*,
while for all lines £ € P (L., £o) U {€o} one has |v}| < B(|ve,| + K (8))+4*.

3. Given a tree 0 let £,0' € L(0) be two comparable lines, with £ < ', such that
ig =iy = landip =0 for all the lines £" € P(L, ). If |v, — vy| > BK ()4
then one has Val(0) = 0 for all ¢.

4. If6 € Sg, £ € P, Ly) U {£y} and, moreover, iy = 0 for all lines ' € P(L,, {),
then |v}| < |ve,| + B(K (0)) 1+
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Proof. Let us consider first trees 6 € ®r. The proof is by induction on the order of the
tree k = k(0). For k = 1 the bound is trivial. If the root line £ is either a g-line or
an r-line or a p-line with iy, = 0, again the bound follows trivially from the inductive
bound. If £y is a p-line with iy, = 1, call vy the node such that £y = £,, and 6y, . .., 6;
the subtrees with root in vg. By the inductive hypothesis and Hypothesis 3 one obtains,
for a suitable constant C and taking B large enough,

1+4 20(1+4
el < [myy| + B (K(0) — 1 — myy]) ™ + C (Imyy| + BIK(0) — 1 — myy ) >

< B(K(9))'**,

which proves the assertion for ® in Item 1.

As a byproduct also the bound for Sy is obtained, as far as lines £ ¢ P(£,, £o) U
{€o, L.} are concerned. The bound |v,| < B(|vy, [+K (6))'** forthe lines £ € P (L, £y)U
{€o} can be proved similarly by induction. Thus, also Item 2 is proved.

Given two comparable lines £, £’ such that ig» = 0 for all lines £” € P(¢, £'), then
by momentum conservation one has min{|v/€ — vy, |v;j +vy|} < B(K(0))'™* in Case
(I) and |v/g —vp| < B(K (6))"** in Case (II). This proves the bounds in Item 3 in Case
(ID) and in Item 4 for both Cases (I) and (II).

In Case (I), if iy = iy = 1 and max{|6v}(£)|, 18y, (&)} < 1/2, then |v,’Z —vp| <
|v}, + v | by Item 5 in Hypothesis 1. On the other hand if iy = i,y = 1 and max{IS‘,Z e,
18y, (e)|} > 1/2, one has Val(8; ¢, M) = 0. Hence Item 3 follows also in Case (I). O

The following bound will allow us to bound the tree values. This bound, and the
analogous bound in Lemma 6.12, will be called a Bryuno Lemma, by analogy with the
kind of bounds used in the Siegel-Bryuno arguments in the case of Siegel’s problem;
see [12,18,33].

Lemma 6.7. Given a tree 0 € O such that ©(0,y) N30, y) # @, forall h > 1 one
has

Nu(0) < max{0, ¢ K (6)2@MB/2t _ 13,
where c is a suitable constant.

Proof. Define Ej, := ¢~ 12(=28/27 So, we have to prove that Nj; () < max{0, K(0)
E;' -1y

If a line £ is on scale & > 0 then y/pj, (¢) < zy,(¢) < 27"y by (6.1) and (6.3).
Hence

B(K(0)> = BIK(0)'™" = |ve| = py,(e) > 277,
by Lemma 6.6, so that
KO)E;" > cB~1/22h=D/2rC=mp/2t 5 5

for ¢ suitably large. Therefore if a tree 6 contains a line ¢ on scale 4 one has
max{0, K(@)E, ' — 1} =K@)E, ' —1>1.

The bound N (0) < max{0, K(0)E), - 1} will be proved by induction on the order
of the tree. Let £ be the root line of § and call 04, ..., 6,, the subtrees of & whose root
lines €1, ..., £, are the lines on scale hy; > h—1andiy, = 1 which are the closest to £g.
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If he, < h we can write Ny (0) = Np(01) + - - - + Ny(6,), and the bound follows by
induction. If hg, > h then £y, - - - , £,, are the entering lines of a cluster 7 with exiting
line £¢; in that case we have Ny, (6) = 1+ Ny, (61)+. . .+ Np(6,,). Again the bound follows
by induction for m = 0 and m > 2. The case m = 1 can be dealt with as follows.

If {v%o, vy, } is aresonant pair, then either there exists aline ¢ € P (€1, £p) withi, = 1
such that {"/e’ vy, } is a resonant pair or there must be a line £ € L(T)\'P(¢1, £p) with
{";15 v¢, } aresonant pair. In fact, the first case is not possible: indeed, also {"20’ v%} would
be resonant (cf. Remark 6.2), so that |hy — hg,| < 1 (cf. Item 14 in Definition 5.7), and
hence the contradiction 2 —2 > hy > hyy—1 > h — 1 would follow. In the second case,
one has |vjz| > Py, (e) > 2h=2)/T hence if 0’ is the subtree with root line ¢, then one
has K (9) — K(0)) > K(0') > 2E}, and the bound follows once more by the inductive
hypothesis. B

If {vjZ , V¢, } is not a resonant pair, call £ the line along the path P (¢4, £9) U {£1} with
i;=1 closest to £o. Since i; = 1 and by hypothesis h; < h — 1 then {v;, vy} isnot a
resonant pair (see Item 14 in Definition 5.7). Call T the set of nodes and lines preceding
¢ and following £, and define K (T) = K () — K(6)) and K(T) = K(8) — K(9),
where 0 is the tree with root line £. Set also ¥ = v;and vy = vzo. One has 2|v — vg| >

Ca(pi(e) + py, (e)f > Czp,'?o (¢) (see Lemma 2.9), so that by Lemma 6.6 one finds
- 1 1
B(K(©) = K(6* = BK(T)* = [ —vo| = 5C» Pho(e) = G207,

Hence (K (6) — K (01)E, ' = K(T)E; ' > K(T)E,' > 2, provided c is large enough.
This proves the bound. O

Lemma 6.8. There exists positive constants &y and Dy such that, if € > &y in Defini-
tion 4.10, then for all trees 0 € O and for all (¢, M) € D(6,y) N 3(0, y) one has

IVal(@)] < Die™ @ TT pi,* ), (6.42)
LeL(0)
ip=1
9:Val@)] = Die @ [T 3, ¢, (6.4b)
LeL(0)

ig=1

22 2

veS&v'eCy o,0'=%

< Die™ KO TT po ). (6.40)

LeL(®)
ip=1

0z Val(®)

Proof. The propagators are bounded according to (5.5), so that for all trees 6 € @%‘?v
one has

[Val(@)| < C* H e—A2lmy| H e—tolve—vi|

veVo() LeLy(60)

o]

[ I )2 (T 290) [T pf @ pisce),

veE(0) h=ho+1 lgL(?)
=
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for arbitrary h( and for suitable constants C and ag. For (¢, M) € D0, y) N 3(0, y)
one can bound Ny, (0) through Lemma 6.7. Therefore, by choosing & large enough the
bound (6.4a) follows, provided & — ap > 0 and « is suitably chosen.

When bounding 9, Val(6), one has to consider derivatives of the line propagators, i.e.
0:g¢. If £ is an r-line then |0 g¢| is bounded proportionally to |v;|°, whereas if £ is a
p-line, then the derivative produces factors which admit bounds of the form

Cpii () 22 pSo(e) pyy (o), 6.5)

for suitable constants C and ay; see the proof of Lemma 4.2 in [24] for details (and use
Item 3 in Hypothesis 1).

The extra factor 2¢ can be taken into account by bounding the product of line prop-
agators with

o0
22h0k H 22hNh 9) )
h=ho+1

One can bound |vy| < B(K(0))2, and use part of the exponential decaying factors
e A2lmil - e=Roe=vil and e Ml o control the contribution 3,y ) Iyl
+ ZeeLq(e) [ve — vy | + ZveE(G) [vy| to K(0) (cf. Definition 6.5). Then, if & is large
enough, so that £ — a; > 0 for all possible values of a; in (6.5), the bound (6.4b)
follows.

Also the bound (6.4c) can be discussed in the same way. We refer again to [24] for
the details. 0O

Remark 6.9. Note that for (e, M) € D (6, y) the singularities of the functions y; are
avoided, so that d; x1(y,(g)) = 0 for all £ € L(0). Note also that the bound (6.4c) is
not really needed in the following.

Lemma 6.10. There are two positive constants By and B3 such that the following holds:

1. Given atree 0 € Sg such that Val(0; e, M) # 0, if K(0) < szfz/ez(e) then for all
lines £ € P(l,, Lo) one has iy = 0. Moreover for all such lines ¢, if{vﬁz, vy, } is not
a resonant pair, then one has |8y, ()| > 1/2.

2. Givenatree6 € Rp suchthatVal(9; e, M) # 0, one has
with p depending on o and B.

vy, — Ve, | < B3(K©O)'7,

Proof. Suppose that 6 € Sl(ekf’f ;

sequently with {v/e, v’} not resonant (cf. Definition 5.18). Let £ be the one closest to £,;

, and P(£,, £o) contains lines £ with iy = 1 and con-

thus, one has |V/Z —v/| > C3(|v’z-| + P > Cgpf,(s) = C3p€(e), so that we can apply

Item 3 in Lemma 6.6 to obtain B(K ())% > C pf (&), for some positive constant C. This
proves the first statement in Item 1. The proof of the second statement is identical, since
|8y, (€)| < 1/2 implies that v, € A j () for some ji, so that if {v}, v’} is not a resonant
pair then v’ ¢ Aj (), and therefore |v}, — v'| > C3pf/ (&).

To prove Item 2, notice that |v — v/| < C1C2pff+’3 (¢) (cf. Remark 6.3). If K(0) >
Baph/?(e) then K (8) > Clv — v/|B/2@B) If K(0) < Byph/*(e) then P (L., £o) has
only lines with iy = 0, so that by Item 3 in Lemma 6.6 one finds |v — v'| < BK (0)2.

O
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Lemma 6.11. Given a tree 0 € S such that (6, y) N30, y) # 0, if Ny(0) = 1 for
some h > 1, then CK(O)Z(Z_h)’S/ZT > 1, with ¢ the same constant as in Lemma 6.7.

(k)o,o’
~ R.,h,v,v
such that |v’| > 20i=2)/7  Assume N, () > 1 forsome h > h > 1.

If there is a line £ € L(0), which does not belong to P := P (£, £p), such that
h¢ > h, then one can reason as at the beginning of the proof of Lemma 6.7 to obtain
K@) E;" > 2, with Ej, = ¢~ 120:=28/27 > |,

Otherwise, there are lines £ € P on scale hy > h, and hence such that iy = 1 and,
consequently, {v), v’} is not a resonant pair. Let £ be the one closest to £, among such

lines; thus, one has |v:£- —v'| > C3p€,(8), so that one obtains B(K (6))% > Cpf/(e) >

Proof. Consider atree § € S forsomek >1,h>1,0,0' =+andv,v € &

CZU_‘_z)ﬁ/ T, for some positive constant C. So, the desired bound follows once more.
O

Lemma 6.12. Given a tree 6 € Sg such that ’)5(9, y)N 3(9, y) # W, forallh > 1 one
has

Ni(9) < c K (6)2%7 P2,
where c is the same constant as in Lemma 6.7.

Proof. Consider a tree 0 € S;ek);’vav, forsomek >1,h>1,0,0' = +andv,v € &

such that |v| > 2(=2/7,

For k(6) = 1 one has Nj(0) < 1, so that the bound follows from Lemma 6.11.

For k(6) > 1 one can proceed as follows. Let £ be the root line of 0 and call
01, ..., On the subtrees of & whoserootlines ¢4, ..., £, are the lines on scale iy, > h—1
and iy, = 1 which are the closest to £¢. All the trees 6; such that ¢; ¢ P (€., £o) belong to

some O )= with k; < k.If K (8) > Byph/* () (cf. Lemma 6.10) it may be possible that
aline, say £y, belongs to P (£, £o), so that Val(8;) = g, Val(8}), with 6/ € Sl(e"l,];"l;f’v’,
with h; < h,o; = + and k| < k.

If hyy < h one has N,(6) = Np(61) +--- + Njp(6p), so that the bound N, (0) <
K@O)E, ! follows by the inductive hypothesis.

If hyy > h one has N(0) = 1+ Np(61) + -+ Ny(0y). For m = 0 the bound can
be obtained once more from Lemma 6.11, while for m > 2 at least one tree, say 6,,,

belongs to @%c?,,i for some k’ and v’ so that we can apply Lemma 6.7 and the inductive
hypothesis to obtain

Nu®) = 1+ (K@) ++ -+ K@) '+ (KO By = 1)
S K@)+ + KOn-)) By + KO E,' < KOE,

which yields the bound.

Finally if m = 1 one has N,(0) = 1 + Nj,(61). Hence, if £; ¢ P (L., £o), again the
bound follows from Lemma 6.7. If on the contrary £; € P({,, £g), one can adapt the
discussion of the case m = 1 in the proof of Lemma 6.7. O
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Lemma 6.13. There exist positive constants k, &1 and Dy such that, if ¢ > & in Defini-
tion 4.10, then for all trees 6 € Ry and for all (e, M) € ©(6,y) N 3(0, y), by setting
= v%o and v’ = vy,, one has

IVal(®)| < Df27 e =" TT py S o), (6.6a)
LelL(9)
ip=1
18:Val(0)] < D¥27" po(e) e 1" TT piS e, (6.6b)
LeL(0)
ip=1
DI )8Ma1.anal(9)‘§D’f2—he—K\V—v’|P 1 »& @, ©60
v1€& 1r€Cy, 01,00=% " LeL(®)

ig=1
with p as in Lemma 6.10.

Proof. Set for simplicity P = P (£, o) and

SO = D Iml+ D =i+ D Il

veVp(0) LeLy(0) veE(0)
ne = [T e} | T o) [T e
veVp(6) LeLy(0) veE(0)

Ifo R%‘?Z’i;, forsomek > 1,h > 1,0, 0’ = £ and {v, v’} resonant, then N, () > 1,
sothat K (8) = k+X(9) > C2"P/? forsome constant C, whichimply 1 < 2~"CkT1(0),
for some constant C. This produces the extra factor 27,

ByItem2inLemma6.100nehas (B; ' [v—v'|)* < K (6),sothat 1 <e™"='I"C*T1(6),
for some constant C. The factor I1(f) can be bounded by using part of the factors
e~ A2lmol o—Rolvul apnd e_)“)l"‘f_"/l', associated with the nodes and with the g-lines. This
proves the bound (6.6a),

To prove the bound (6.6b) one has to take into account the further e-derivative act-
ing on the line propagator g,, for some ¢ € L(6). If the line £ does not belong to
P then one can reason as in the proof of (6.4b) in Lemma 6.8. If £ € P one has to
distinguish between two cases. If there exists a line £ € P such that i; = 1, then
K@) > szf/z(s) by Item 1 in Lemma 6.10, so that, by Item 2 in Lemma 6.6, one
has py,(e) < [v)| < B(Ive, |+ K(0)™* < B2py(e) + K(©)'** < C(K(©6)*F,
for some constant C. If iy = 0 for all lines £ € P then, by Item 3 in Lemma 6.6, one
has py, () < [v)| < |vg, |+ B(K (6))2. Then Item 3 in Hypothesis 1 implies the bound
(6.6b).

To prove (6.6¢) one has to study a sum of terms each containing a derivative 9 M2 9t

forsome ¢ € L(09).1f¢ € P wedistinguish between the two cases. If K (6) > szfﬂ(g),
the sum over vy, v, has the limitations |[v; — vy| < Cpff:'ﬂ (&), vy —vg| < Cpf,‘;'ﬂ (&)
and |ve| < (v, | + BK ()™ < C(K(6))*#, for some constant C: hence the sum
over v1, v produces a factor C(K (9))0 for suitable constants C and C’, and one has

(K(©)€ < CT1(), for some constant C. If K () < Byph/?(e), then iy = 0 for all
lines £ € P, so that the line propagators g, do not depend on M. Finally if ¢ ¢ P then one
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has |v/| < B(K (0))1+40‘, so that the sum over v1, v is bounded once more proportion-

ally to (K(@))C,, for some constant C’, and again one can bound (K(Q))C/ < Ck11(0),
for some constant C. O

Remark 6.14. Both Lemmas 6.12 and 8.2 deal with the first derivatives of Val(6). One
can easily extend the analysis so to include derivatives of arbitrary order, at the price of
allowing larger constants & and D — and a factor p;°(¢) for any further s-derivative.
Therefore, one can prove that the function Val(9) is C" for any integer r, in particular
for r = 1, which we shall need in the following — cf. in particular the forthcoming
Lemma 7.2.

7. Proof of Proposition 1

Definition 7.1. (The extended tree values). Let the function x—1 be as in Definition 5.1.
Define

valf @) = | T] xatzo@lps, e || [T ] x-dise@l=71iv™

LeL(®) ZeL(G)veC{v W
ip=1 ig=1 e
X H x-1(l18v, (&) = 71 Ive|™) | Val(0) (7.1
€L, (6)
ig=0

for0 e @%()v, and

Valf (9) = [T  x1daew@lpy )

LeL(O)\{Lo, L}
ig=1

x 11 [T x-iaise@l =71 pi(e))
ZEL(Q)\{fOﬂEe} "ec{vg,v/’é}
=

X [T x1se, @1 —=7lHvel™) | Val©) (7.2)
LeL, ()
ip=0, VK¢C{‘,_V/)

for6 e R%(‘)h,v‘v,. We call Val® (9) the extended value of the tree 6.

The following result proves Proposition 1.

Lemma 7.2. Given 6 € R%(); f »» the function Val(9) can be extended to the function

(7.1) defined and C" in Do\Ziv, v} (v), such that, defining the “extended” counterterm
LEoo according to Definition 5.21, with Val(0) replaced with ValE (9), the following

v,y

holds:
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1. Possibly with different constants &1 and Ky, ValZ (6) satisfies for all (¢, M) €
Do\Ziv, v} (y) the same bounds in Lemma 6.13 as Val(0) in D(y).
2. There exist constants &1, K1, k, p and no, such that, if ¢ > & in Definition 4.10,

LE2 satisfies, for all (s, M) € Do\Ziv,vy(v) and In| < no, the bounds

v,v/

LEa,a’ Ea,a’ —kc|v—v'|P
v,y )

’
< |V Ke <, < InIV K1 pQe

‘anLEaa <N|77|N lK e—KIV vl"

v, v

Z Z ‘3 “lasz:j/o

v1€6,01=%v2€Cy, ,02=%

3. Valf(0) = Val(0) for (¢, M) € D(2y) and Val* (8) = 0 for (¢, M) € Do\D(y).

Analogously, given 6 € @%(?3 , the function Val(0) can be extended to the function (7.2)

defined and C" in ®, such that, defining uf ® as in Lemma 5.24 with Val(0) replaced

with Valf (9), the following holds:

1. Possibly with different constants & and K, Val£ () satisfies for all (¢, M) € Dy
the same bounds in Lemma 6.8 as Val(0) in D (y).

2. There exist constants &1, K1, k and no such that, if ¢ > & in Definition 4.10, uf"
satisfies, for all (e, M) € ®¢ and |n| < no, the bounds

172

’
eK|va ‘ﬂ S |n|NK1

uy 7| < [n|" Kye ™V

forall v € Z.P+1,
3. Valf(0) = Val(®) for (¢, M) € D(2y) and ValE (9) = 0 for (¢, M) € Do\D(y).

Proof. We shall consider explicitly the case of trees 6 € R%‘): f - The case of trees

0 e O(k)f can be discussed in the same way.

Item 3 follows from the very definition. The bounds of Item 1 can be proved by
reasoning as in Sect. 6, by taking into account the further derivatives which arise because
of the compact support functions x_; in (7.2). On the other hand all such derivatives
produce factors proportional to p,‘fﬁ (e) for some constant ap (again we refer to [24]
for details); in particular we are using Item 2 in Hypothesis 1 to bound the derivatives
of 8y, (¢) with respect to . Therefore by using Lemma 6.7 and possibly taking larger
constants & and K the bounds of Lemma 6.13 follow also for the extended function
(7.2).

Finally the bounds on L in Item 2 come directly from the definition. Indeed,

EO’O’

the counterterms L are expressed in terms of the values Val(f) according to

Remark 5.23, and the factor 271 is used to perform the summation over the scale labels.
Hence we have to control the sum over the trees.

Let us fix €. For each v € E(0) the sum over |v, | is controlled by using the exponen-
tial factors e ~*0/"v|_ For each line ¢ € L(9) the labels "2 are fixed by the conservation
rule of Item 12 in Definition 5.7, while the sum over v gives a factor Cj py, (¢) for the
p-lines (see Item 2 in Hypothesis 3), and it is controlled by using the exponential factors
e 20—l for the g-lines. The sums over iy and &, can be bounded by a factor 4. Finally
the sum over all the unlabelled trees of order k is bounded by C¥ for some constant C.
Thus, the bounds on L . are proved.

Finally, the C'! smoothness follows from Remark 6.14. 0O
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8. Proof of Proposition 2

The following result proves Items 1 and 2 in Proposition 2. Here and henceforth we
write L = L(n, &, M) and LY = LE(, &, M), and we fix n = ¢!/N,

Lemma 8.1. There exists constants ey > 0 such that there exist functions M;T;T/ (e) =

M;’,’z/ (¢) well defined and C' for & € [0, e0]\Z(y.p'}(y), such that the “extended” com-
patibility equation

MG e = L7 Y o, M(e))

v,
holds for all & € (0, £0)\Z(y.v'(¥)- The functions ut° (e!/N, e, M(e)) are C' in [0, &o].
Proof. By definition we set M:”;’,/ (g) = 0 for all & such that j1(8y(¢)) x1(8y (¢)) = 0.

Consider the Banach space B of lists {Mf ’f,/ (&)}, with {v, v’} a resonant pair, such that
each MU’U/(e) is well defined and C! in ¢ € [0, e0]\Z(p.»}(¥), and Mi’j/(e) = 0 for

_ v,v/
S I{v,v’}()’)-
By definition {L flf’,lfz ("N, e, (M7, (e)})} is well defined as a continuously dif-

ferentiable application from B in itself, since, for each tree 6 € R%();: lv’rzvz, the value

Valf (9) by definition smooths out to zero the value of each line propagator g in the cor-
responding intervals 7, v YRy ;) (7). Again by definition L£(0,0,0) = 0and
[0pm L (0, 0, 0)|op = 0, so that we can apply the implicit function theorem. Analogously
one discusses the smoothness of the functions uf 7 (e!/N e, M(¢)). O

Lemma 8.2. Let A = A(e) be a self-adjoint matrix piecewise differentiable in the
parameter €. Then, if A\ (A) and ¢V (A) denote the eigenvalues and the (normalised)
eigenvectors of A, respectively, the following holds:

1. One has |29 (A(g))| < |IA(e)]l2.
2. The eigenvalues 1D (A(e)) are piecewise differentiable in «.
3. One has [0:2 D (A(e))| < [|8:A(e)]|2-

Proof. See [26] for Items 1 and 2. Moreover, for each interval in which A is differen-
tiable, let A, be an analytic approximation of A in such an interval, with A, — A as
n — oo: then the eigenvalues d)(’) (A,) are piecewise differentiable [26], and one has

0204, = 0. (69, 4,967) =204 (60, 60) + (6, 8. 4,6)
= (6. 8. 4,6").
which yields Item 3 when the limit n — oo is taken. O

For M € B, , wecanwrite #/ = 1My = @j A j, where .Z; are block matrices,
so that we can define |.Z|; = sup; |.#; |2, with ||.#; || given as in Definition 4.8.

Lemma 8.3. For M € By , one has ||.# ||, < Cgg for some constant C depending on k
and p.
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Proof. 1t M € By, then # = @ ; 4, with .#; a block matrix with dimension d;
depending on j, and .Z;(i,i’) = M“,";’,/, for suitable v, v, o, o’ such that IMS’;T,/| <

/
Deoe ¥I"=V'1” for some constant D. Therefore

dj
|5, Vel = s 30 1566 D] 4366 0] )
1 &
=3 l;r‘lzagli St |GG (|x(i/)|2+ |x(i”)|2)

i",i"=1

d; 2
< max ZW(Z 2l Z |3, /’>|Z|w(l = [ X6l
i=1

zlp<1
S i"=1 i'=1

which yields the assertion. O

Lemma 8.4. Let A, B be two self-adjoint d x d matrices. Then
d
20+ B) =20 = > 0|
j=1

foralli =1,...,d.
Proof. The result follows from Lidskii’s Lemma; cf. [26]. O

Define &; = {¢ € [0, 0] : xy(e) > 2y/pi(e) Vv € G} and & = {¢ € [0, go] :
16y (&) — 7| = 2y/|v|™ Vv € G}, and set € = & N &,.

We can denote by A§ (A), withv € & and o0 = &, the eigenvalues of the block matrix
A=+ .4 .1f |6,(e)| = y, then AJ (¢) = 8y(e). Moreover for each ¢ € [0, g9] and
each v € G such that |§,(e)| < y, there exists a block A”(¢) of the matrix A, of size
dy(g) < 2C1p§(e) such that )»‘jf (A) depends only on the entries of such a block. This
follows from Lemma 5.24 and Remark 5.4.

Therefore we have to discard from [0, 9] only values of ¢ such that |§,(e)| < y
for some v € &: for all such v the matrix A”(¢) is well defined, and one has 1§ (A) =
35 (Ap(e)).

One has, by Item 3 in Lemma 4.9,

zy(e) > min ’A(’)(A"(s))‘ min m1n A9,

§ i=1,....d o=+ (81)
py(g) i=Ldy(®) Py 5 (e) veCy(e)

so that, by using that A7, (AP(e)) = Ay (A"/(s)) = A9,(A) for all v € Cy(¢), we shall
impose the conditions

A5 (AY(e))] = o Ifz ve6, o=x, (8.2)

for suitable y» > 2y. Thus, the conditions (8.2), together with the bound |v| < 2py ()
(cf. Remark 6.3), will imply through (8.1) the bounds (6.3) for xy (¢).
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Define
Ry = [s € [0, e0] : [AJ(A)| < Ini/lzfz ] veB, o=+, (8.3)
with 7o = © — &, so that we can estimate
meas([0, £0]\€1) < D > meas(K]). (8.4)
veG o=+

Moreover, by defining

2
ﬁ,,,(,=[ee[o,go]:|5v(e)—a;7|< y], veCy, jeN, o=+ (8.5

~pm
with 71 to be determined, one has

meas([0, e0]\€2) < D~ D" meas(9y,0). (8.6)

yeZD+l o==%

Lemma 8.5. There exist constants wy and w; such that ﬁvi = @ for all v such that
lv] < wo/eg”. There exist constants yo and y1 such that $y + = ¥ for all v such that

vl < yo/eq'.

Proof. We start by considering the sets 8 for v € & and 0 = £. If [6,(¢)| < y one
can write A”(¢) = diag{8, (0), 8,/(0)} + B (¢), which defines the matrix B (¢)
as

v/ea, (e)

v = 1 / —_ / azé v
B (e) = diag{dy (¢) — dy (0)}1,/66”(8) + M (e),
where M (¢) is the block of M (¢) with entries My ''2 (¢) such that vy, v2 € Cy(e). By
Lemma 8.4, one has

dy(e)
5 =8,0] = D OB E)| <20 @IB @, ves, o=+,
i=l1

(8.7)

where we have used Remark 4.11 to bound d, (¢).

One has |§,(0)] > yo/Iv|™ > y/(2py(e))™ by Item 2 in Hypothesis 1, whereas
IBY(&)ll2 < c2pyp(e))Peg + |[MP(e)|l2, by Items 1 and 2 in Hypothesis 1, and
IMP ()2 < IM(&)]l2 < Coeo by Lemma 8.3. Therefore (8.7) implies

25(A)] = @ — Cp*i(e) e,

Y0
y (€)™
for a suitable constant C, so that, by setting w; = co + 1 + 79 and choosing suitably the
constants y», T and wy, one has I)»,T(A)I > 10/2Q2py (€)™ > 1 /pi* () for all v such
that [v| < wo/g;".
For the sets $, », one can reason in the same way, by using that y € & (cf. Defini-
tion4.1). O

Lemma 8.6. Let £ > &) and g9 = név be fixed as in Lemma 7.2. There exist constants
y, T and t1 such that meas([0, 9]\ &) = o(&p).

Proof. First of all we have to discard from [0, o] the sets ), . It is easy to see that one
has
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2y 2
[v[™ clv|o”

meas(§y o) <

for some positive constant C, so that, by using the second assertion in Lemma 8.5, we find

Z Z meas(Ny,o) < Z Z meas(Hy.o) < CSgI(THCO_D_l)’

veSo==%1 veS o==*l1
vI=yo/e;"

for some constant C, provided 71 + co — D > 1, so that we shall require for 7] to be
suchthat 7y +co — D > land y1(t1 +co — D — 1) > 1.

Next, we consider the sets ﬁf For all v € & consider AY(¢) and write A”(¢) =
8y(e)I + BY (¢), which defines the matrix B (¢) as

v — i , _ o=% v
B"(¢) = diag{6y (e) — 85 (2))7 5 | +M"(©),

with M" (¢) defined as in the proof of Lemma 8.5. . ‘

Then the eigenvalues of AV (¢) are of the form A (A” (¢)) = 8, () + LD (BY(¢)), so
that for all ¢ € [0, 9]\Zy(y) one has

> 188w (e)] — || 3. B” ()|

‘ag,\“)(A”) .

where Item 3 in Lemma 8.2 has been used. One has [9:8,(¢)| > ¢1|v|, by Item 2
in Hypothesis 1, and (|9, B (¢)ll2 < max,, ¢ . 108y (&) = p(e))| + |0 M” (e)|l2 =<

£C3Py(e) p,c,o_l(e) + g0Cpy(¢), for a suitable constant C, as follows from Item 4 in
Hypothesis 1, from Hypothesis 3 (see Lemma 2.9 for the definition of ¢), from
Lemma 7.2, and from Lemma 8.1. Hence we can bound 9,4 (A")| > ¢i|vo|€/2
for gg small enough.

Therefore one has

2 2 —
meas(R;) < | J|/t22 o] (C|v|(0t+/3)(D+1)) , (8.8)
v cl|v

for some constant C, where the last factor C|v|@*) P+ arises for the following reason.
The eigenvalues A (A) are differentiable in ¢ except for those values € such that for
some v’ € Cy one has |8,/(¢)| = 7 and |8y (¢)| < . Because of Item 3 in Hypothesis 1
all functions §,/(¢) are monotone in ¢ as far as |8,/ (¢)| < 1/2, so that for each v’ € C,
the condition |8,/ (¢)| = ¥ can occur at most twice. The number of v’ € C, such that the
conditions |8,/ (¢)] = y and |8,(¢)| < y can occur for some ¢ € [0, ] is bounded by
the volume of a sphere of centre v and radius proportional to [v|%*# (cf. Lemma 5.24).
Hence C|v| @A P+ counts the number of intervals in [0, eg]\Zy ().
Thus, (8.8) yields, by making use of the first assertion of Lemma 8.5,

8 el —_ —_ —
Z Zmeas(ﬁg) < z _V|v|—fz—00 (C|v|2“) < Cgowl(T2+Co 2a=D-1)
C1

veSo==% peZ D+l
wy
[v[>wo/e,

for some positive constant C, provided 72 +cop —20 — D =t+co— 200 — D — & > 1,
so that (8.4) implies that meas([0, 9]\ &) < Csé”l(TZJrCO_D_D.

Therefore, the assertion follows provided min{zy, 72 — 2o} > D —co + 1, y1 (171 +
co—D—1)>1landwi(to+co—20—D—1)>1. 0O
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A. Proof of Lemma 3.4
Lemma 3.4 is a consequence of the following elementary proposition in Galois theory.

Proposition. If py, ..., px are distinct primes then the field

F=Ql/p1, VP2, - Pk

obtained from the rational numbers Q by adding the k square roots ,/p; has dimension
2k over Qwith basis the elements Hie[ \/Di as I varies on the 2k subsets of{1,2,...,k}.

The group of automorphisms® of F which fix Q (i.e. the Galois group of F/Q) is an
Abelian group generated by the automorphisms t; defined by 7;(/p;) = (— 1)0GJ) NITE

Proof. We prove by induction both statements. Let us assume the statements valid for

Ply--.» pi—i and let F" := Q[ /P1, /P2, .-, /Pik_1] so that F = F'[./pi]. We first

prove that ./pr ¢ F’. Assume it to be false. Since (,/px)? is integer, each element —
say t — of the Galois group of F’/Q must either fix ./py or transform it into —./px (by

definition 7(px) = T(/P,)* = pr).
Now any element b € F’ is by induction uniquely expressed as

b= Z GIH\/E» ar € Q.

{12, k—1}  iel

If h of the numbers a; are non-zero, it is easily seen that b has 2" transforms (changing
the signs of each of the a;) under the Galois group of F’. Therefore b = ,/p, if and
only if & = 1, that is one should have ,/py = m/n Hie[ Jpi-1 C{1,2,... k—1}for
m, n integers. This implies that pyn* = m? [1;c; pi which is impossible by the unique
factorisation of integers. This proves the first statement.

To construct the Galois group of F/QQ we extend the actionof 7; fori =1, ..., k—1

by setting 7;(\/px) = /Pk. Finally we define the automorphism 7 as % (/p;) =
(_1)5(k,j)mforj =1,...,k. O

Acknowledgement. We thank Claudio Procesi and Massimiliano Berti for useful discussions. The paper was
written while M. Procesi was supported by the European Research Council under FP7.

References

1. Ablowitz, M., Prinari, B.: Nonlinear Schrodinger systems: continuous and discrete. Scholarpedia
3(8), 5561 (2008)

2. Artin, M.: Algebra. Englewood Cliffs, NJ: Prentice Hall, 1991

3. Baldi, P, Berti, M.: Periodic solutions of nonlinear wave equations for asymptotically full measure
sets of frequencies. Atti Accad. Naz. Lincei Cl. Sci. Fis. Mat. Natur. Rend. Lincei Mat. Appl. 17(3),
257-277 (2006)

4. Berti, M., Bolle, Ph.: Cantor families of periodic solutions for completely resonant nonlinear wave
equations. Duke Math. J. 134(2), 359419 (2006)

5. Berti, M., Bolle, Ph.: Cantor families of periodic solutions of wave equations with C' k nonlinearities.
Nonlinear Diff. Eqs. Appl. 15(1-2), 247-276 (2008)

6. Berti, M., Bolle, Ph.: Cantor families of periodic solutions for wave equations via a variational principle.
Adv. Math. 217(4), 1671-1727 (2008)

7. Berti, M., Bolle, Ph.: Sobolev periodic solutions of nonlinear wave equations in higher spatial dimensions.
Preprint, 2008

2 Te. the linear transformations t such that T(uv) = t(u)t(v).



906 G. Gentile, M. Procesi

8. Bourgain, J.: Construction of periodic solutions of nonlinear wave equations in higher dimension. Geom.
Funct. Anal. 5, 629-639 (1995)

9. Bourgain, J.: Quasi-periodic solutions of Hamiltonian perturbations of 2D linear Schrodinger equa-
tions. Ann. of Math. 148(2), 363-439 (1998)

10. Bourgain, J.: Periodic solutions of nonlinear wave equations. In: Harmonic analysis and partial differen-
tial equations (Chicago, IL, 1996), Chicago Lectures in Mathematics, Chicago, IL: University Chicago
Press, 1999, pp. 69-97

11. Bourgain, J.: Green’s Function Estimates for Lattice Schrodinger Operators and Applications. Ann.
Math. Studies 158, Princeton, NJ: Princeton University Press, 2005

12. Bruno, A.D.: Analytic form of differential equations. I, II. Trudy Moskov. Mat. Obs¢. 25, 119-262 (1971);
ibid. 26, 199-239 (1972)

13. Buslaev, V.S., Perelman, G.S.: Nonlinear scattering: the states which are close to a soliton. J. Math.
Sci. 77(3), 3161-3169 (1995)

14. Cheng, Ch.-Q.: Birkhoff-Kolmogorov-Arnold-Moser tori in convex Hamiltonian systems. Commun.
Math. Phys. 177(3), 529-559 (1996)

15. Chierchia, L., You, J.: KAM tori for 1D nonlinear wave equations with periodic boundary condi-
tions. Commun. Math. Phys. 211(2), 497-525 (2000)

16. Craig, W., Wayne, C.E.: Newton’s method and periodic solutions of nonlinear wave equations. Comm.
Pure Appl. Math. 46, 1409-1498 (1993)

17. Eliasson, L.H., Kuksin, S.: KAM for non-linear Schridinger equation. Ann. of Math., to appear,
available at http:/pjm.math.berkeley.edu/editorial/uploads/annals/accepted/080510-Eliasson/080510-
Eliasson-v2.pdf

18. Gallavotti, G.: Twistless KAM tori. Commun. Math. Phys. 164(1), 145-156 (1994)

19. Geng, J., You, J.: A KAM theorem for Hamiltonian partial differential equations in higher dimensional
spaces. Commun. Math. Phys. 262(2), 343-372 (2006)

20. Geng, J., You, J.: KAM tori for higher dimensional beam equations with constant potentials. Nonlinear-
ity 19(10), 2405-2423 (2006)

21. Gentile, G., Mastropietro, V.: Construction of periodic solutions of nonlinear wave equations with Dirich-
let boundary conditions by the Lindstedt series method. J. Math. Pures Appl. (9) 83(8), 1019-1065 (2004)

22. Gentile, G., Mastropietro, V., Procesi, M.: Periodic solutions for completely resonant nonlinear wave
equations with Dirichlet boundary conditions. Commun. Math. Phys. 256(2), 437-490 (2005)

23. Gentile, G., Procesi, M.: Conservation of resonant periodic solutio.ns for the one-dimensional nonlinear
Schrodinger equation. Commun. Math. Phys. 262(3), 533-553 (2006)

24. Gentile, G., Procesi, M.: Periodic solutions for the Schrodinger equation with nonlocal smoothing non-
linearities in higher dimension. J. Diff. Eqs. 245(11), 3095-3544 (2008)

25. Gang, Zh., Sigal, I.M.: Relaxation of solitons in nonlinear Schrodinger equations with potential. Adv.
Math. 216(2), 443-490 (2007)

26. Kato, T.: Perturbation Theory for Linear Operators. Berlin-New York: Springer-Verlag, 1976

27. Kuksin, S.B.: Nearly Integrable Infinite-Dimensional Hamiltonian Systems. Lecture Notes in Mathemat-
ics 1556, Berlin: Springer-Verlag, 1993

28. Kuksin, S.B., Poschel, J.: Invariant Cantor manifolds of quasi-periodic oscillations for a nonlinear
Schrodinger equation. Ann. of Math. 143(1), 149-179 (1996)

29. Moser, J.: Convergent series expansions for quasi-periodic motions. Math. Ann. 169, 136176 (1967)

30. Poschel, J.: Quasi-periodic solutions for a nonlinear wave equation. Comment. Math. Helv. 71(2),
269-296 (1996)

31. Poschel, J.: On the construction of almost periodic solutions for a nonlinear Schrodinger equation. Erg.
Th. Dynam. Syst. 22(5), 1537-1549 (2002)

32. Procesi, M.: Quasi-periodic solutions for completely resonant non-linear wave equations in 1D and
2D. Discrete Contin. Dyn. Syst. 13(3), 541-552 (2005)

33. Siegel, C.L.: Iteration of analytic functions. Ann. of Math. 43, 607-612 (1942)

34. Soffer, A., Weinstein, M.L.: Resonances, radiation damping and instability in Hamiltonian nonlinear wave
equations. Invent. Math. 136, 9-74 (1999)

35. Wayne, C.E.: Periodic and quasi-periodic solutions of nonlinear wave equations via KAM theory.
Commun. Math. Phys. 127(3), 479-528 (1990)

36. Yuan, X.: Quasi-periodic solutions of completely resonant nonlinear wave equations. J. Diff. Eqs.
230(1), 213-274 (2006)

Communicated by G. Gallavotti


http://pjm.math.berkeley.edu/editorial/uploads/annals/accepted/080510-Eliasson/080510-Eliasson-v2.pdf
http://pjm.math.berkeley.edu/editorial/uploads/annals/accepted/080510-Eliasson/080510-Eliasson-v2.pdf

	Periodic Solutions for a Class of Nonlinear Partial Differential Equations in Higher Dimension
	Abstract:
	Introduction
	Formal Statement of the Main Result
	Applications
	Technical Set-up and Propositions
	Tree Expansion
	Bryuno Lemmas and Bounds
	Proof of Proposition 1
	Proof of Proposition 2
	Proof of Lemma 3.4
	References


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /SyntheticBoldness 1.00
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 524288
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org?)
  /PDFXTrapped /False

  /Description <<
    /ENU <>
    /DEU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [5952.756 8418.897]
>> setpagedevice


