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We Consider the class of Hamiltonians:
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and the perturbing function f(q) is a rational function of €. We

prove upper and lower bounds on the splitting for such class of systems, in regions of the
phase space characterized by one fast frequency. Finally using an appropriate Normal

Form theorem we prove the existence of chains of heteroclinic intersections.
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2 M. Procesi

1. Presentation of the Model and Main Theorems

The general setting of this paper is the problem of homoclinic splitting and Arnol’d
diffusion in a priori stable systems with three or more relevant time scales. The
general strategy is the one proposed in [1] and [2] and in particular the application
to a priori stable systems proposed in [3] and further developed in [4]. More pre-
cisely we consider a class of close to integrable n degrees of freedom Hamiltonian
systems for which one can prove the existence of (n—1)-dimensional unstable KAM
tori together with their stable and unstable manifolds. We use a perturbative dia-
grammatic construction (proposed and developed in [3], [4] and [5]) to prove upper
bounds on the angles of intersection of the stable and unstable manifolds of a KAM
torus (homoclinic splitting). Such bounds are generally exponentially small in the
perturbation parameter and depend on the chosen torus and in particular on the
number of fast degrees of freedom. For systems with one fast degree of freedom
we prove as well lower bounds on the homoclinic splitting through the mechanism
of Melnikov dominance. Finally for such systems we prove the existence of “long”
chains of heteroclinic intersections; namely we produce a list of unstable KAM tori
T1,...,7y such that 77, 7;, are at distances of order one in the action variables and
the unstable manifold of each 7; intersects the stable manifold of 7; 1. This paper
is a generalization of the results of [4], [5], [6], therefore in proving our claims we
will rely heavily on intermediate results proved in the latter papers which we will
not prove again.
Consider the class of Hamiltonians

n—1 ~ n
1 1 - 2 _ 1—¢? _ . .-
3 E 12+§512+%+6 (cosg—1)— ¢ (cos2q—1)] +enf(q) E sin ;
j=1 i=1

(1.1)

where the pairs I € R", @[NJ € T" and p € R, § € T are conjugate action-angle
coordinates, 0 < ¢ < 1, f(§) is odd and analytic on the torus and p, € are small
parameters. We will consider them independent and then prove that one can prove
Arnold Diffusion for p < ¥, for an appropriate P.

This class of Hamiltonians is a model for a near to integrable system close to a
simple resonance where the dependence on the hyperbolic variables is not through
the standard pendulum, but still maintains various qualitative properties of the
pendulum. Namely we have a “generalized pendulum”,

2

v”  (cos2§— 1)}

p—-l—s{(cosd—l)—

2

which has an unstable fixed point in p = § = 0 with Lyapunov exponent A\ = ¢y/e.
Generally one rescales the time and action variables so that the Lyapunov
exponent is one:

I(t) =

(1.2)
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Such rescaling sends Hamiltonian 1.1 in

(I,A(e)I) p* 1 ) 1—c?
T+7+C_2 (CObq—l)—

(oos20-1)] +fl@) Y sintw) (13

where A(e) is the diagonal matrix with eigenvalues a; = 1 for i = 1,...,n — 1
and a, = €. So from now on we will work on Hamiltonian (1.3) and turn back to
Hamiltonian (1.1) only to prove the existence of heteroclinic chains. The system
(1.3) is integrable for y = 0. It represents a list of n uncoupled rotators and a
generalized pendulum (depending on the parameter ¢). We will denote the frequency
of the rotators (which determines the initial data I(0)) by w so that

I(t) =1(0) = A 'w, () =¢(0) +wt.

The initial data are chosen in an appropriate domain (physically interesting in the
variables I) so that there are at least three characteristic orders of magnitude for
the frequencies of the unperturbed system.

Definition 1.1. In frequency space we first consider the ellipsoid

Y= {x cR": me/ai = ZE}

i=1

where E is an order one constant® E ~ O.(1).

For notational convenience we split the frequency w in two vectorial components:
w = (%,8%)2) with w; € R™, we € R*"™™ and 0 < a < % Finally, given two
suitable order one constants R, r ~ O.(1), we consider the region

Q={weR":VeweX, r<|wii| <R and r<|ws| <R, &%wa;l> e,
5a|w2,n—m| ~ \/g} .

We have chosen the generalized pendulum so that its dynamics on the separatrix
is particularly simple,” namely

sinh(%t) + ic

1 ,
q(t) =2 arccotg (— sinh(:l:t)) ;e =
c
There are at least three characteristic time scales Oz (e~ 2), O (%), O.(v/) (coming
from the degenerate variable I,,) and 1 which is the Lyapunov exponent of the
unperturbed pendulum.

We will call 91, ...,4,, the fast variables and we will sometimes denote them
as Yp € T™. Conversely we will call 9,11, ..., 1, the slow variables g € T~ ™.

@Now and in the following we will say a(e) ~ Oc(f(¢)) if lim__, o+ % =L#0.

bThe motion on the separatrix can be easily obtained by direct computation; the main feature
is that the motion on the separatrix is such that e?¢(*) is a rational function of et. Here we are

considering the simplest class of examples, which contains the standard pendulum ¢ = 1.
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The perturbing function is a trigonometric polynomial of degree one in the
rotators 1 and a rational function® in e*?. We have decoupled the dependence of v
and ¢ only to simplify the computations. For each w € R™ the unperturbed system
has an unstable fixed torus,

p(t)=q(t) =0, I({t)=1(0)=A"w, o(t)=1(0)+wt.

The stable and unstable manifolds of such tori coincide and can be expressed as
graphs on the angles.

Definition 1.2. Given any~y € R, e <~ < O(¢2) and a fired 7 > n—1, we define
the set

sz{weﬂz|w-l|>#, VZGZ”/{O}}

of v, 7 Diophantine vectors in Q). Now we consider

. 11

and for all (w, p) € Q5 we set w, = (1 + p)w.
For all (w, p) € Q% and for all l € Z™ /{0} |w, - 1| > ﬁ, w € §, implies that w;
and wo are Diophantine as well; we will call Tr and Ts their exponents.

KAM like theorems (see [2], [5]) imply that there exists puo(e,7y) ~ €2 such
that if |u| < po and if (w, p) € O, there exists one and only one n-dimensional H -
invariant unstable torus T),(w, p) whose Hamiltonian flow is analytically conjugated
to the flow T* > ¥ — ¥ + w,t. Moreover one can parameterize the stable and
unstable manifolds of T),(w, p) by functions I *(w, ¢, q, ), analytic in the last three
arguments, with ¢,q € T" x [—37, 37]. Namely given

(w0, ¢, 1) = (I (w, 0,4, 1), P (w, 0,0, 1), 0,0) »
where the pendulum action is derived by energy conservation, the trajectory?:

2T (w0 q,p) i E>0

2(w, 0, q, 1, t) =
L2 (w o q,p) i E<0

tends exponentially to a quasi-periodic function of frequency w.

Remark 1.3. We have introduced the variable p in order to fix the energy of the
perturbed system,® namely given a list of w; € {2, one can find p(w;, ) such that all
the corresponding whiskered tori are on the same energy surface, see for instance [5].

¢Actually it is sufficient that the singularity of f(1(t), q(t)), which is nearest to the real axis is
polar and isolated.

d®?, is the evolution at time t of the Hamiltonian flow (1.3).

¢The final goal is to find heteroclinic intersections on the fixed energy surface, and so “Arnold
diffusion”, but in the following sections we will discuss only homoclinic intersections and so we
will drop the parameter p.
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Definition 1.4. We will study the difference between the stable and unstable man-
ifolds on an hyper-plane transverse to the flow (a Poincaré section), we choose the
hyper-plane ¢ = w and consequently drop the dependence on q. We call

1 _
G?((p,(,«)) = iaj(jj(gpawa 0 ) - Ij(@awa O+>)

the splitting vector and prove that Gjo-(go = 0,w) = 0. A measure of the transversality
18

AY = 05,G7(9)] =0
called splitting matriz.

We will prove the following theorems:

Theorem 1. The splitting matriz A° satisfies the formal power series relation!:
A~ ADB

where A, B are close to identity matrices and D° is the “holomorphic part” of the
splitting matriz; namely its entries are expressed as integrals over R of analytic
functions. Moreover the formal power series involved are all asymptotic.®

This statement was posed as a conjecture in [7] Paragraph 3.

Corollary 1.5. The preceding Theorem implies that Hamiltonian (1.3), in regions
of the action variables corresponding to m # 0 fast time scales, has exponentially
small upper bounds on the determinant of the splitting matriz:

c 1
|det A%| < Ce™ =8, with b= —,
2m

provided that u < e+,
Notice that Theorem 1 can be proved for much more general systems than model
(1.3).

Theorem 2. Consider Hamiltonian (1.3) in regions of the action variables corres-
ponding to m = 1 fast variables and for perturbing functions f(q) such that the
pole f(q(t)) closest to the imaginary azis, say t, is such that [Imt| = d < arc sinc.
Setting pn < ¥ with P = p/2 + 8 + 4n where p is the degree of the pole of f(q(t))
in t we prove that

d|wq| dlwy |

Cie™Pe Ve <|det A0| < Che™P2e™ vE
where Cy,Co,p1,pa are appropriate order one constants.
fWe denote formal power series identities with the symbol A ~ B.

&A formal power series Y u"an(e) is asymptotic if for all ¢ > 0 there exists @ > 0 such that for
all n < €79 then ap(e) < e~ @,
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Corollary 1.6. Under the conditions of Theorem 2 the Hamiltonian (1.1) has
heteroclinic chains, namely a set of N > 1 trajectories z(t),..., 2N (t) together
with N + 1 different minimal sets® Ty, ..., Tn such that for all1 <i < N

. lim dist(z%(t), ;1) =0 = tlim dist(2°(t), T;) .
Moreover one can construct such chains between tori T (w®; ), T (wP; 1) such that
wh weQc Qy and

|75 (we —wh)| ~ O.(1).

The techniques used for proving the Theorems are those proposed in [3] and
developed in [4] for partially isochronous three time scale systems with three degrees
of freedom. In this paper, particular attention is given to the formalization of the
tree expansions and of the “Dyson equation” and relative cancellations proposed in
[4]. This enables us to extend Theorem 1 to systems with n degrees of freedom and at
least two time scales; moreover the proof is definitely simplified and quite compact.
In this article we have considered completely anisochronous systems only to fix
an example; generalizing to partially (or totally, thus recovering the results of [8])
isochronous systems is completely trivial. Indeed Theorem 1 and hence Corollary 1.5
can be proved for very general systems, as we will show in a forthcoming paper.

Moreover we have generalized the class of perturbing functions and the “pen-
dulum” (the literature considers only trigonometric polynomials and the standard
pendulum); the latter generalizations are quite technical but nevertheless non-trivial
and interesting, we think, as the techniques we propose are easily generalizable and
give a clear picture of the limits of proving Arnold diffusion via Melnikov dominance.

2. Perturbative Construction of the Homoclinic Trajectories

One can use perturbation theory to find the (analytic for p < pg) trajectories on
the S/U manifolds of Hamiltonian' (1.3)

z(‘ﬁvwv t) = Z(H)kzk(%wa t) :

k

Namely we insert the expansion in y in the Hamilton equations of system (1.3),

Ij = —(p) cos v f(q), by = a;1;

n 2.1
15:C%sinq(l—(l—cz)cosq)—(u);sin%j—é(q% q=p, =y

h A closed subset of the phase space is called minimal (with respect to a Hamiltonian flow d)%) if
it is non-empty, invariant for fb’ib and contains a dense orbit. In our case the minimal sets will be
unstable tori 7 (/) with w(I) Diophantine.

INotice that the apex k on the functions I, 1) represents the order in the expansion in g NOT
an exponent. To avoid confusion, when we need to exponentiate we always set the argument in
parentheses.
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and find initial data I(w, ¢, s, 0F) (and consequently p(w, ¢, 4, 0%)) such that the
solution of (2.1) tends exponentially to a quasi-periodic function of frequency w.
Inserting in the Hamilton equations the convergent power series representation:

It o) =Y (WFIE(t ),  ©(top) =Y (W (te),
k=0 k=0
pt, o, 1) = Z(u) M), altien) =) + ) (WFUE(te)

~
Il

k=0 1

we obtain, for k£ > 0, the hierarchy of linear non-homogeneous equations,’

ff:Ff({w?}i:}?gk,,m, Pk =a;IF, forj=1,... n;

M=émm&m—u—ﬂwwﬂmw%%MWHw%m,%=w7

where the functions F} are defined as follows. Set: [] = %%kk( )| u=0; we have

k-1
Ff(t) = - [3% ! ( Z(ﬂ)hﬁh(f)ﬂ
h=1 k-1

k—1
- jO[awof()(Z(u)hwg(t)ﬂ , J=0,...,n
h=1 k

where 1 (t) is the vector YE), ... h(t),

2

-2
Sln2 7/’0) )

1@=memmfww1@m%4>

finally d;; denotes the Kronecker delta. For £ = 0 we obtain the unperturbed
homoclinic trajectory:

22(t) = (A7 w, p° (1), ¢ + wt, ° (1)),

(¢°(t),p°(t)) is the lower branch of the pendulum separatrix starting at q =
written in Eq. (1.4).

For k > 0 we have a linear non-homogeneous ODE that we can solve by variation
of constants. The fundamental solution of the linearized pendulum equation is given

by,
. .O
Wo Lo 1 1 .
W(t) = 0 wo = —o(t)zy where o(t) = sign(t)
wo Iy 2

IWhen it is not strictly necessary we will omit the prefixed initial data of the angles ¢ =

wl(o)v’ . '7¢n(0); 1110(0) =m
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0 c? cosh(t)
xo = 5 . 1T 95
¢ + sinh(¢)?

ol = o(t)xp
2c4
It is easily seen (see [3] or [5]) that one can choose an appropriate “primitive”
in the right hand side of the first column of Egs. (2.2) so that the solutions are
exponentially quasi-periodic.

(2(—=3 +4c?)t + sinh(2t) + 4(—1 + ¢*)? tanh(t)). (2.3)

2.1. Whisker calculus, the “primitive” 3t

Let us first define the function spaces on which we work, all the definitions and
statements of this Subsection and of the following one are proposed and explained
in detail in [3], we are simply reformulating them to suit our needs.

Definition 2.1. (i) H is the vector space (on C) generated by monomials of the
form

t o
m= a(t)GQxhez(W'“’t)"’ where he Z, velZ", jeN,
5!

r=e¢, a=0,1, o(t)=sign(t). (2.4)
)

(ii) Given two positive constants b and d, H(b,d) is the subset of functions f(t
analytic on the real azis in t # 0 that admit, separately for t > 0 and t < 0, a
(unique) representation,

k .
Ft) = Z'%'le;’“)(x,wwm (2.5)
j=0 7

()

with M;-’(t) (z, ) trigonometric polynomials in ¢ and the function M, not iden-

tically zero.
The Fourier coefficients M;-Ty(t) (x) are all holomorphic in the x-plane in a region
{0 <|z| < e} U {|argz| < d}
and have possible polar singularities at x = 0. k is called the t degree of f.

In Fig. 1 we have represented a possible domain of analyticity for the M, ;.
Notice that H is contained in all the spaces H (b, d); moreover if [t| > b, f(t) can
be represented as an absolutely convergent series of monomials of the type m,
separately for ¢t > b and ¢ < —b. One can easily check that the functional that acts
on monomials m of the form (2.4) as

J |t|jfp

_ ~a+l..h i(Yptwt) v :
e Z(j—p)!(h—iow~y)l’+1 if [l + [v] # 0
%t(m) _ p=0 (26)
gt |t .
I if |3+ |v] = 0

is a primitive of m.
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Fig. 1.

We can extend %, with [¢| > b, to a primitive on functions f € H(b,d) by
expanding f in the monomials m (we obtain absolutely convergent series) and
applying (2.6). Then if [t| < b we set

¢
St = g2 4 / : (2.7)
20(t)b
obviously the choice of 2b is arbitrary and this is still the same primitive of f.
In H(b,d) we can extend ! to complex values of ¢ such that ¢t € C(b,d) where

C,d):={teC:|Imt|<d, Ret|<b}U{teC:|Imt| <2m |Ret|>b},

is the domain in Fig. 1 in the t variables.
An equivalent (and quite useful) definition of 3% is

21U

t
Stf = ]{ du / . =T f(7)dr | (2.8)
o oco+1s

where o(t) = sign(Ret), t = t; +1s, with ¢1, s € R and the integral is performed on
the line Im 7 = s; finally the integrals in v have to be considered to be the analytic
continuation on v from u positive and large.

This definition is clearly compatible with the formal definition given above and
one easily sees that H(b,d) is closed under the application of ?.

Definition 2.2. H(b, d) is the subspace of H(b,d) of functions that can be extended
to analytic functions in C(b,d).

Notice that f is in Ho(b,d) if it is in H(b,d) and f(¢) is analytic at ¢t = 0.

Remark 2.3. If f € Hy(b,d) then generally Sf ¢ Hy(b,d) and has a discontinuity
in ¢ = 0. For instance if f € L, is positive, then

S = =97 = [ 540,
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We can construct operators which preserve Hy(b,d); let $= S0 — 30" and
Sy ift>0 S if £t <0
-9 ift<0 $+S ift>0.

The operator

preserves the analyticity.

Now let us cite two important properties of Hy(b,d), proved in [3].

Lemma 2.4. In Hy(b,d) we have the following shift of contour formulas:
Vf € Ho(b,d) and for all d > s € R,

(1) Sf(7) =Sf(7+1is),

t
s out+is —RO‘(T)(T+iS) is)d
G ]fm > /. Flr +is)dr.

p==1

2.2. The recursive equations

One can easily verify that f1(vo(t),qo(t)) and f°(qo(t)) are in Hg(a,d) (and
bounded at infinity) for some “optimal” values a,d corresponding respectively to
the maximal distance from the imaginary axis and the minimal distance from the
real axis of the poles of such functions. One can prove by induction, see [3] or [5] for
the details, that the solutions of Egs. (2.2) tend to quasi-periodic functions provided
that the initial data are chosen to be:

IF(p,w,0%) = Zu’“‘o FF, plp,w,0%) = Zu’“‘o

Moreover one can prove that ij(ga, w, t) has no constant component. Consequently
it is convenient to express the trajectories in terms of the “primitives” 3t in the
form (ag = 1):
K,k k k 01k 10k
()" (o, 1) = ()" a; QS Ff + 23G" + Gy
where 2} = 1, 25 = [t| for j # 0 while the z{ are defined in Eq. 2.3,

S SOOo (r)e) (1) 2 (o)) ()T (7], G = () Ja;Sai B

Qjlf]1=

For the proofs of these assertions see [3] or [5].
Notice that by our definitions,

Ii(p,07) = Ii(,0%) = 2a’1ZG°’“ =2a;'G}, 2Gj =p(p,07) —p(p,07).
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We define the formal power series

S G p) = GL9)j=0,..m, 1=0,1.
k

Notice that by the KAM theorem the G? are convergent series.

Remark 2.5. (i) We will often use formal power series and in particular formal
power series identities, namely identities which hold only at each order k in the
series expansion in u; we will mark such identities with the symbol A ~ B.

In Sec. 4.5 we will prove that the formal power series we use are “asymptotic”.
As a definition of asymptotic power series we will assume that a formal power series
> pan(g) is asymptotic if for all ¢ > 0 there exists @ > 0 such that, for alln <79,
an(g) < €79, This implies that we can control the first e~7 terms provided that
< e,

(i) Tt should be stressed that we do not need to prove convergence for all the
asymptotic power series involved in a given identity to obtain information on those
series which are known to be convergent (by the KAM theorem).

The following Proposition contains some important properties of the operators
@; all proved in [3].

Proposition 2.6 (Chierchia). (i) The operators Q; are “symmetric” on H(a,d):

S(fQi9) =g Qjf)-

(ii) Ho(a,d) is closed under the application of Q.

(ili) The operators Q; preserve parities and if f € Ho(a,d) is odd then Sf = 0.
(iv) If F,G € H(a,d) are such that the projection on polynomials, mpF - G, has no
constant component, then

Y G(1)d, F(r) = F(0°)G(07) — S F(7)d.G(T).
Proposition 2.6(iii) immediately implies the following (again proved in [3])

Corollary 2.7. For allk € N, j =0,...,n,i = 0,1, the function G;k(go) 8 zero
for ¢ = 0. In particular the splitting vector is zero for ¢ = 0 and the system has an
homoclinic point.

Proof. We proceed by induction; by Proposition 2.6(iii) G%'(¢ = 0) = 0 as it is
the integral of an odd analytic function. Consequently ¢ (» = 0,t) is both odd
and in Ho(a,d). Now we suppose that Gi"(¢ = 0) = 0 and 9" (¢ = 0,) is odd
and in Ho(a,d) for all h < k and j = 0,...,n. The function F} is an odd analytic
function of the angles ¢; (8y, f°) computed at ¢ = 3=, _, (1) 9" (¢ = 0,t) which
is again odd and in Hy(a,d). We can apply Proposition 2.6(iii) so G;k(go =0)=0
and ¥} (¢ = 0,1) is both odd and in Hy(a,d). 0
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3. Proofs of the Theorems
We define the formal power series:

Al =0,GY, forj=1,....n, & =0,G;, fora=0,1.
Notice that such series are known as a priori to be convergent only for a = 0.

Lemma 3.1. The stable and unstable manifolds are on the same energy surface so
that

Z GH(0) (I (0. 07) + Ii(,07)) = =G(@) (p(2,07) + p(0,07)) (3.1)

this relation implies that at the homoclinic point ¢ = 0,

I =0,0")A° = —5%(p = 0,07).

Proof. Equation (3.1) are simply the energy conservation at time ¢ = 0:

(I(,07), AI(p,0%)) 4+ p*(,07) = (I(¢,07), AL(,07)) + p*(,07),

the potential part of the Hamiltonian cancels as the perturbation depends only on
the angles. Finally we differentiate in ¢ and compute at the homoclinic point where
GY9 = 0 by Corollary 2.7. O

3.1. The formal linear equation

In the recursive construction of 7;, and consequently of G;-, we have distinguished
three “blocks”:

(0) 23GF*, (1) #;G3*, (2) (W) a;Q5(F}), (3.2)

as the G}h can be brought out of the integral we can say that ’l/J;-C and Gjo-k (j =
1,...,n) are polynomials in the Glrh withl =0,....n, h=1,...,k—1,r=0,1.
This can be seen as a formal power series identity:

GORFHORDY (ZN}’{](@ F(p) +nl g)
r=0,1 =1
+ quadratic terms +--- [r] = |r —1].

Following [4] we differentiate this relation in the parameter ¢ and evaluate it on
the homoclinic point where G; ~ 0, this leads to a linear formal identity for A°:

A ~ D + N'A? + NOA! +n'6° + 006" (3.3)

where DY; = 9, J | o=0-

Notice that we do not have an explicit expression for the matrices N* and n'
although we have a recursive algorithm for the coefficients of the series expansion;
we will use trees to find such explicit expressions. We can notice however that D°
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is the holomorphic part of the splitting matrix, namely it is obtained by using only
the holomorphic block (2) of (3.2) in the construction of the homoclinic trajectory.
We insert the energy conservation relations in Eq. (3.3):

1 -
<1 — .ZV1 + mnl.[(@ = 070+)>A0 ~ DO + NOAl =+ n051 . (34)

The tree representation of the trajectories leads to the following Propositions
all proved in the next Sections:

Proposition 3.2. The following formal power series relations hold:
(i) D° ~ N°, (i) n° ~ gD%,

(iii) Do is the Hessian of a function SO at the homoclinic point: D?j =
8¢i8¢j50(<p)|¢:o.

This Proposition generalizes to Hamiltonian (1.3) similar results of [4].
Relations (i) and (ii) inserted in (3.4) directly imply that:

1 - 1
(1—Nl+mn1[(§0:0,0+))A0 NDO(1+A1 + 5&)51). (35)

Proposition 3.3. One can use the tree representation to find appropriate bounds
on the order k terms of the series expansion of the formal power series of Eq. (3.5).
If we denote by MP* the order k term of the u expansion of a formal power series
M, we have:

max(|N'*, [p*(p = 0,0%)[, [} (o = 0,07)|, |8*], [AT]) < (k) (Ce~H)*.
Moreover the Fourier coefficients of the function S % :
SH@) = Y ePrEt),
vezr:|v|<k
respect the inequalities

5% ()] < {

p+7

(kD)o (Ce= "2 ke~ lwvld
(k!)cl Ckg*ke*‘w'ﬂc

where C, ¢ < d are appropriate order one constants, ¢ = 47 + 4 (7 is the Dio-
phantine exponent of w) finally p is the degree of the pole nearest to the real axis of

F@°(®))-

Proof of Theorem 1. Proposition 3.3 implies that the formal series of relation
(3.5) are asymptotic for N < =% with |u| < pg = Ce 94+ Then the formal
relation (3.5) is an equality for the truncated series M =" (let us call A the formal
matrix on the left of A® and B the one on the right of D°):

N
ASNAOSN _ DOSNBSN + O(ﬁ) .
Ho



May 7, 2003 15:6 WSPC/148-RMP 00165

14 M. Procesi

Both ASY and B=Y are close to identity and so have order one determinants. This
proves Theorem 1 and consequently the conjecture posed in [7], namely that the
leading order of the splitting determinant is given by its analytic part det D°. O
Proof of Corollary 1.5. Let us now set m = 7 + 1, where 7 is the Diophantine
exponent of wi|wy - vp| > yr|ve| ™ > m (m is the number of fast degrees of
freedom). We choose N = Cye~2m (where Cy < (vr/|w2|)27) if a = 0) so that we
can remove the absolute value in e ¢/l and for all frequencies v such that vg # 0:

|50 ()] < (k)rehe vamym=T ekl

)

we can sum on the frequencies v : vy # 0 in

D?f = Z I/il/jSOk(I/)

lv|<k
with ¢; or ¢; fast.
n—m
~.—1/2m ~ ~.—1/2m
D?Jk < (k,!)mk.B‘s—ke—cs Z ec\w2\l < (k")cl (OE—l)ke—cs
0<I<k
So we can sum the asymptotic series D for k < N and v < g t2(7+0/m
N
min (|det 1)0§N|7 (ﬁ) ) < 06—55*1/277; .
Ho
Finally we can take any m > m and 7 > n — 1 so we choose m~! = m™! —
(log(e=2)) ™! (similarly 7+ 1 = n+ (log(e 7)) ™) so that e~ 1/2™ = ¢=1e=1/2m and
git2(r+1)/m > Cel+2n/m for some order one C. O

If we have only one fast variable we can give better bounds on det D°, namely
we use

|§Ok(y)| < (k}')cl (OE—# )ke—\w.y|d

and the fact that for one fast frequency
w1
o1 2 ) = el

provided that 1 # 0 and N < ce~2 (with ¢ < |wi|/|ws] if @ = 0), so by summing
up the formal power series we have that:

1) )

N
D?JSN = D?jl + ZD%
k=2

. ~ p+T
where if |u| < Ce®z 27

N N

~ |wq|dv ~

DD <Y (uCTETINE T [T < (uOT e ] (36)

k=2 k=2 0<v1 <k

the term in square brackets appears only if 72 =1 or 5 = 1). So to prove Theorem
h i brack lyifi=1 j=1).S Th 2

we have to show that for u < e” the first order D?jl dominates.



May 7, 2003 15:6 WSPC/148-RMP 00165

Ezxponentially Small Splitting and Arnold Diffusion 15

3.2. Lower bounds on the Melnikov term

The first order of Dy is
D = =0y Im[/ e (Fao(1) = F(0)) |

namely the integral of an even, analytic, exponentially decreasing function. If j # 1
we bound this integral with an order one constant.

Lemma 3.4. The singularities of F(t) = f(q°(t)) come in groups of eight (in
|Im t| < 7); namely if to is a singularity so are

—1o, :t'EQ , Tto+im, :|:Z?() + .

The residues of f(qo(t)) at such points are related in particular if the Laurent series
of F at t; is

> gkt —t)*,

k>—p

then gi(t;) = —(=1)"gr(~1;).

Proof. We are simply using the fact that f(q) is real and odd and that z = ¢%(®)
has two preimages ¢ and —t + ém. This implies in particular that F(t) = —F(—t) =
F(t).k ]

In the assumptions of Theorem 2 we have imposed that there is one' couple
(to, —to) of poles closest to the imaginary axis coming from f(qo(t)) rather than
f%(qo(t)). Then f(0) = 0 as f is odd, and by definition f(q(t)) has two poles on
the line [Im ¢| = d, so if wy; > 0 we shift the integration to a line Im ¢ =1 > d, not
e close to any singularity (if w; < 0 we shift to Im ¢t = -1 < —d).

}Im[ /- e“”f(qo(t))] > 2n|Re[Res(e' ' (f (g0 1), o)

+Res(e' V' (f(go(t)), —Fo)|

. w

— 0o

(3.7)

the last integral is again the integral of a bounded e independent function so we
bound it by an order one constant. The residue at the poles can be computed:
)kfl

> (k_%w(gk(to) — (=1)*gk(to))

k=1,p

KThe symbol f(z) := f(Z).
INaturally we could deal with any finite number of poles with this property.
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which is real and generally greater than

7\w1\d _p—1

Ce VE% 2, (3.8)

Proof of Theorem 2. We choose |u| < eP/2+8+4% 5o that (3.8) dominates on
(3.6). O

3.3. Heteroclinic intersection for systems with one fast frequency

In the following we will consider systems with one fast frequency and in the a priori
stable variables of Hamiltonian (1.1). We can fix y = ¥ and ensure Melnikov
dominance, as discussed in the previous sections. This means that we have lower
and upper bounds on the splitting determinant (and on the eigenvalues of the
splitting matrix) of the type:

_1
2

=

€

acPe™ ¢ < det Ao(w) < be Pe

The coefficients p, a, b, ¢ depend on the perturbing function f.
We consider the function:

F(p,wo,w) = I, (¢, w, p(w)) = L (£, w0, p(wo))

= cve(I, (o, w, p(w)) — LF (0, w0, p(wo)))

where w, wy € €1,. Notice that

F
F(0,wo,wp) =0, det Z—(O,wo,wo) =272 det A(wy) .
P

Hence from the implicit function theorem there exists a function ¢(w,wq,¢) for
which

F#(tp(w,wo,a),w,wo) = Oa

provided |w — wp| is small enough. Fixed wy standard computations (see [5]) show
that the smallness condition is

1
lw — wo| < Ce™Pe=2e2 2

To prove the existence of heteroclinic intersections, we have t? prove the existence
of a chain of KAM tori at distances of order B = O.(e~“¢ ?) for some C > 2c,
namely we have to adapt to our anisotropic setting (one fast and many slow time
scales) the classical techniques discussed in detail in [2] or [5].

Proposition 3.5. There exists a list of Diophantine frequencies w1, ... ,wp € €1,
such that:

. _Ciem % ey 1

(1) Velwi —wist| < e 7 (if) 72 My (w1 — wa)| ~ O:(1), (3.9)

where I1,, is the projection on the nth component. To each of the frequencies w;
is associated a preserved unstable invariant torus of Hamiltonian (1.1), T (w;, pi)
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(with p; € [—3,3]) of frequency \/Ep;wi. The scaling factor p; is chosen so that all
the invariant tori are on the same energy surface, as explained in Remark 1.3.

To prove the Proposition we proceed in two steps:

(1) Define an appropriate set Q of Diophantine frequencies respecting condi-
tion (3.9).
; ; : 11
(2) Prove the existence of unstable KAM tori of frequency: \/epw for p € [—3, 7]
and w € . We will only sketch the proof of this second point.

[N

016_

Definition 3.6. Given an order one C1 > 2¢, set Ay = e~ and consider the

set:

Ay

(a) Velw- 1| > i VieZ"/{0}:1l1 £0
Q:={we:

£2
(0) Velw 1 = W
As there is only one fast time scale the condition w € 2 can be given only on the
slow variables, while the fast variable is obtained by “energy conservation” w € ¥

(¥ is the ellipsoid of Definition 1.1), namely we consider a function F': R"~! — 3

Viezm/{0}:1; =0

n—1

— 2 —
F(zx):= 2E—E xi—e a2, wmo,...,Tn p,
i=2

so that given § = % +a (% < B <1)and R, r, Ry, r1, 72, appropriate order one
constants™ and defining:

Q:={®eR":0c 2 €Q}, wehaveQ=F(B(R,7)NM)
where B(R,r) C R"! is the spherical shell” of radiuses ¢’ R, ¢’r and
M:={weR" " :ery <w, <eRy, w; > roel i=2,...,n—1}.

As we always deal with © = \/ew we will omit the tilde rescaling all the relations.
The Jacobian of F' in B(R,r) N M is bounded from above and below by order one
constants so that given a measurable set® S C Q meas(F~1(S)) ~ meas(S).

Condition (b) naturally defines subsets of B(R, )N M. Moreover we can project
the set respecting condition (a) on the subspace of the slow variables. Call this set
04 C B(R,T) N M.

Let us call S(x) the (n — 2)-dimensional sphere centered in the origin and of
radius e’z. We take 2r < R and consider R so that

R1/2<R<R1, T—l

”
— = . 1
R>R (3.10)

MThis condition automatically imply 7 < y/ew1 < R, notice that we are not using the same
notation as in (1.1), here w; is always the ith component of w.

"We call spherical shell of radiuses b, a the (n — 1)-dimensional domain {z € R*~! : a < |z| < b}.
°The symbol ~ means that the two measures are of the same order in .
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Definition 3.7. Consider the sets
Sy :={w € S(R) : e(Ry — (R1 — R)/4) Sw, < e(R+ (R — R)/4), w; > 126”
Vi#n},
S3:={we S(R):eR; <w, <eR, w;>re’, Vi#n}.

M N S(R) D S3 D Sy; and the sets all have measure of order ¢™=3)8+1,

Given a set X € S(R), its cone C(X) is the set of semilines stemming from
the origin and reaching points of X. We consider truncated cones T'(X) :=C(X) N
B(R,7), and, for anyr < a <b< R, Ty ,(X) =T(X) N B(b,a).

Notice that by (3.10) if X € Ss, then T(X) € M N B(R,r).

Remark 3.8. Recall that given a measurable set X € S(R), the cone of X is
measurable and measT'(X) ~ ¢” meas(X), meas T, ,(X) ~ % (b — a) meas(X).

_1
Definition 3.9. Given Ay = e~ %2 ? with 2¢ < Cy < C; and for all s € R,
1 < s <4R/r, we consider the sets:

se?

Qa(s) = {w € B(R,r):|w-1] > G

ViezZ" {0} |I| < A;l} :

se?

Q3(s) = {w € B(R,r):|w-1] > 1 Vie Z”_l/{O}}.
Remark 3.10. Standard measure theoretic arguments imply that the sets (;(s)N
S(R))°NS(R) all have measure of order £(®~3)5+2; this implies as well that (Q;(s)N
S5)¢ N Sy has measure of the same order and the same holds for intersections with
S3 and for (Q2(s) N Q3(s) N S2)Y N Sy. We will repeatedly use such relations.

Lemma 3.11. (i) Given a point w € Q2(2R/r) N Sa, the whole solid ball B,(w) of
center w and radius p = e2A3"T is contained in Qo(R/7) and its intersection with
S(R) is contained in Ss.

(ii) The whole truncated cone T(Qa(R/r) N S3) is in Q2(1), same for Q.

Proof. (i) First notice that any (n — 2)-dimensional “ball”, B,(z) N S(R) € Ss if
x € Sy. Now consider w € Q2(2R/r)N Sz and a vector x € R"~! on the unit sphere:
I > ot

, as <

> Al =lpl Z w1 — p——
l(w+pz) 1] > ||w- 1] = |l|p] > |w I(‘ Plo] lw-1] = 2Re2

and |I] < Ag, setting p = e2A37" we have 0 < p% )3
(ii) Given a point z € Q3(R/r)NS(R) (or in z € Q3(R/r)NS(R)) then rz/R €
S(r). Moreover for r/R <t < 1:
Re?2 g2

te -l =tlx-1]| > =—.
|x | |£C |—T/R,r|l|7- |l|T O
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Lemma 3.12. The set Qo(R/r) N S(R) is union of a finite number of disjoint
convex domains. Each domain is contained in a (n—2)-dimensional “ball” of radius
CseP Ay for an appropriately fized order one Cs.

Proof.

(Q2(R/r) N S(R))

Re? Re?
— n—1. (.. n=1. (.. __—
= S(R) ) <{xER (z 1)>T|Z|T}u{xeR S(z-1) < TW}),
lezn—1!
[E®

now the intersection of sets such that each connected component is convex has the
same property. Suppose, by contradiction, that there are points 1, xo € Qa(R/r)N
S(R) such that the arc x7x5 is all in Qo(R/r) N S(R) and has length greater than
2R~1/nePA,. Let (z1,22) be the plane generated by the vectors x;, oo, and on
it consider the sector S of unit vectors orthogonal to x1 2, this sector has angle
¥ = 2y/nAs. The product space of (x1,75)" with the sector S is a multi-cylinder
in which there cannot be entire vectors I € Z"~! with |I] < A5

Now we consider the intersection of the multi-cylinder with the sphere |z| =
Ayt —2y/n, on (x1,29) it is an arc of length greater than 2/n so that a ball of
radius /n is contained in the multi-cylinder. Now in each ball of radius y/n there
is at least one entire vector. Namely let x be the center of the ball then [z] (entire
part of each component) is entire and |z — [z][o < 1. O

Let N be the number of connected domains of Qa(R/r) NS(R) contained in S.
Each domain contains an (n — 2)-dimensional “ball” of radius p = e2A43"7, so that
N < A;(”*2)(T+1)6ﬂ(n—2)—2n+5.

Let us now consider the Cantor set Q3(R/r) N S3, by Remark 3.10 we have that
(Q3(R/r)N S3)¢ N Ss has measure of order £("~3)8+2 This implies that Q3(R/r) N
S5 N Qa(R/7) is not empty and the measure of (Q3(R/r) N Ss N Qa(R/7))C N Sy is
of order ¢("~3)8+2,

Lemma 3.13. There exists a connected domain D of Qa(R/r) NSy such that
meas(D N Q3(R/r)) > Ag”_z)(ﬂ'l)“ .

Proof. Suppose the assertion to be false, then calling D;, ¢ = 1,...,N the
connected domains:

N
meas S5 ~ meas(Qa(R/7) N S3NQ3(R/7)) = Z meas(D; N Q3) < Ag"_Q)(TH)HN
i=1
which is absurd. |

Then we can use Lemma 3.11(ii) and consider the truncated cone T'(D) C Qa(1),
by Lemma 3.13 P = T'(D) N Q3(1) has measure of order Aé1+7)(n_2)+185; namely
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the Cantor set P contains all radial segments having an endpoint in D N Q3(R/r)
and the other on S(r).

Consider an (n — 1)-dimensional ball of radius p ~ %A, centered on a point
x € D and which contains D (such ball exists by Lemma 3.13). Given h = [2(:5);)],
consider the points x; = t;x with ¢; =1 —3/2ip h > i € Ny and let us cover T'(D)
with a finite number of balls B; of radius p and centered on points x;.

Setting p = 2C3eP Ay we have that B; N B; is empty if |i — j| > 1 and each
B; N B; 41 contains a truncated cone Ty, p, (D) with b; — a; > p/4. We consider

the sets P; = Ty, ,(D) N Q3(1), by Lemma 3.13 each P; has measure of order
EﬁAgl+T)(n_2)+2.

Now we consider the Cantor set (24 whose complementary set in M N B(R,r)
has measure of order 5("_2)ﬂ+1A1. Its intersection with P; has measure of order
sﬁAéHT)(n*mH, provided that 4; < Agﬂ)("ﬁ)%. Consider a list w; € P, N
Qy; for each i we have that w;, wsir1 € Biy1 so the list respects condition 3.9(i)
moreover

min y, > R —2Ce?A; and maxy, < iRl + 208 A,
y€ By yEBy, R
for some order one C so the list respects condition 3.9(ii).

In the Appendix A.2 we have proved, generalizing similar results of [9], that

there exists a symplectic transformation, well defined in a region W of the phase

space (I,1), which sends Hamiltonian (1.1) in the local normal form:

SULAT) £ VEGH(PQVE) + ugr (65,1 P.Q) +0fu(6, L P,Q)  (311)
where a = 06(6—05‘%)
both in the fast direction J; and in the degenerate one J,, namely there exists
points wi, wy € W such that |I1;, (w1 — wz)| = O<(1). We can then prove a KAM
theorem for the Hamiltonian (3.11) for p < &*
choosing (A1)? < a. Roughly speaking, KAM theorems are proved by performing
an infinite sequence of symplectic transformations defined in a set of nested domains

for any order one C. W is of order one in the actions

with the frequencies w in Q by

whose intersection is not trivial. Each approximation step reduces the order of the
perturbation quadratically and is well defined provided an appropriate smallness
condition is verified. Roughly speaking, such condition is of the type: uy=2 <« 1
where p is the small parameter and -y is the Diophantine constant of the frequency
w of the preserved torus. To apply this scheme to Hamiltonian (3.11), we first
perform a finite number of approximation steps on the slow variables with J; as
a parameter; the small denominators involved are |wg - | on which we have the
stronger Diophantine condition so that the approximation scheme works provided
that pe~* < 1. Eventually we will reduce the p perturbation to order o and then
continue with the classical KAM scheme on all the variables, now the smallness
condition is aA1_2 < 1. This completes the proof of Proposition 3.5.
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4. Tree Representation
4.1. Definitions of trees

We briefly review the tree representation of the homoclinic trajectory. The defini-
tions contained in this Subsections are all adapted from [10].

Definition 4.1. A graph G consists of two sets V(G) (vertices), E(G) (edges)
such that E(Q) is a subset of the unordered pairs of distinct elements of V(G). We
will always consider finite graphs, i.e. graphs such that N(G) = |V(G)| is finite.
Two wvertices i, j € V(G) are said to be adjacent if (i,7) € E(G). It is customary to
write n € G in place of n € V(G) and (i,7) € G in place of (i,7) € E(G).

Two graphs Gy, Gy are equal if and only if they have the same vertex set and
the same edge set.

Definition 4.2. A path joining the vertices i, j € G is a subset P;; of E(G) of
the form

Pij = {(i,v1), (v1,02), .., (K, J) } -

A graph G is connected and without loops if for all i, j € G, there exists one
and only one path that connects them. Such graphs are called trees. Their vertices
are called nodes and their edges are called branches.

A tree T such that the set V(T') = {1,2,...,N(T)} is called a numbered tree.

Definition 4.3. A labeled tree is a tree A plus a label £ 4(v) > 0 which is generally
a set of functions fi(v) defined on the nodes.

When possible we will omit the subscript A in the functions f?.

Definition 4.4. Two labeled trees X, Y are isomorphic if there is a bijection, say
h, from V(X) to V(Y) such that for all a € V(X), Lx(a) = Ly (h(a)). Moreover
(a,b) € E(X) if and only if (h(a),h(b)) € E(Y). We say that h is an isomorphism
from X to Y. Notice that since h is a bijection h™' is well defined and is an iso-
morphism from Y to X. We will call symmetries or automorphisms of X, the
isomorphisms from X to X.

It is often convenient and more compact to represent a tree by a diagram, with
points for the nodes and lines for the branches, as in Fig. 2.

In this diagrams the positions of the points and lines do not matter — the only
information it conveys is which pairs of nodes are joined by a branch. This means
that the two diagrams in Fig. 2 are equal by definition.

Fig. 2.



May 7, 2003 15:6 WSPC/148-RMP 00165

22 M. Procesi

Strictly speaking these diagrams do not define graphs, since the set V' is not
specified. However, if the diagram has N points, we may assign distinct natural
numbers 1,2, ..., N to the points (which we still call nodes), so obtaining a labeled
numbered tree. Then it is easily seen that the two trees in Fig. 2 are isomorphic.

Definition 4.5. We will call diagrams the equivalence classes of labeled trees via
the relation A = B if and only if A and B are isomorphic.

An obvious consequence of this definition is that, La(v) and N(A) are well
defined on the equivalence classes.

We can choose a representative A’ of the equivalence class A by giving a
numbering 1,2, ..., N(A) to the nodes of A.

Remark 4.6. Given an equivalence class of labeled trees A and a numbering A’,
the group of automorphisms of A’ can be identified with a subgroup of the group
of permutations on N(A) elements Sy(4); we denote such subgroup by S(A").

S(A’) is the subgroup of the permutations o € Sy(4) which fix both £(A’)
and the labels £(A’). Namely? ¢ € S(A) — ¢€ = &€ and L(n) = L(o(n)) for all
n < N(A).

Given two isomorphic trees A" and A”, representatives of A, let h be a bijec-
tion such that £(A’) = 0&(A”). The groups S(A’) and S(A”) = h=1S(A")h are
isomorphic. We will improperly call the equivalence classes via this relation the
symmetry group S(A) of the diagram A.

Using standard notation (see for instance [11]) we denote by a := (41,42, . .., im)
with N 2 ¢; < N(A) the permutation such that a(in) = 41, a(im) = i1, and
a(n) =n for all N 5 n < N(A) such that n ¢ {i1,42,...,im}. Moreover we denote
by ab the composition of a and b. As an example in Fig. 3 consider the numbered
tree A (N(A) = 6), its symmetries are the identity and a := (1,4); b := (2,3);
c=aob;d=(5,6)(1,2)(4,3), e:=(5,6)(1,3)(2,4); f:=(5,6)(1,2,4,3); g := foa.
Clearly any other numbering on A would give an isomorphic symmetry group.

Fig. 3.

PWith standard abuse of notation we denote o€(A’) the function such that o(a, b) = (ca, ob) for
all (a,b) in E(A").
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Definition 4.7. Given a tree A and a node v € A, we define its orbit:
[v] :={we A:w=g(v) for some g € S(A)},

i.e. the list of nodes obtained by applying the whole group S(A) to v, notice that
this is an equivalence relation (a proof of this statement is in [10]).

In the example of Fig. 3 there are two orbits, which in the chosen numbering
are:

[1]1={1,2,3,4} and [5] = {5,6}.

Remark 4.8. The orbits are well defined on the equivalence classes of labeled
trees, it should be clear, for instance, that the nodes signed in black in the diagram
of Fig. 4 are an orbit.

Definition 4.9. A rooted labeled tree is a labeled tree A plus one of its nodes
called the first node (va or vg); this gives a partial ordering to the tree, namely we
say that © > j if Pyyj C Puyi. Moreover choosing a first node induces a natural
ordering on the couples of nodes representing the branches namely (a,b) € E(A)
implies that a < b. We recall some definitions on rooted trees:

(a) the level of v l(v) is the cardinality of Pyyv;

(b) the nodes subsequent to v, s(v), are the nodes adjacent to v and of higher level,
the node preceding v is the only node adjacent to v and of lower level,

(c) given v node of A, we call A=V the rooted tree (with first node v) of the nodes
w > v; we call A\Y the remaining part of the tree A.

An isomorphism between rooted trees (4,v4), (B,vp) is an isomorphism be-
tween A and B which sends v4 in vp. The symmetries of a rooted labeled tree
(A,va4), which we denote again by S(A,v4) are the subgroup of the symmetries of
the corresponding unrooted tree that fix the first node va. As done for trees, we
can represent the equivalence classes of rooted trees with diagrams, representing
by convention the first node on the left and all the nodes of the same level aligned
vertically (it should be obvious that the definitions v > w, A\’ and A=Y are well
posed on the equivalence classes).

L L

Fig. 4.
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4.2. Admzissible trees

Definition 4.10. We consider rooted labeled trees such that some mnodes are
distinguished by having a different set of labels.9 An admissible tree is a symbol:

A {val, {vr, o om ), {wr, . wn}

such that A is a tree, all the v, w; and va are nodes of A, the v; are all end-nodes,

{vitizi 0 {wj}?:l =0
and the v; are all different.
We call {v;}", = F(A) the fruits of A, {wj}?zl = M(A) the marked™ nodes
of A and the set

A: {v ¢ F(A))

the free nodes of A. Finally so(v) are the free nodes in s(v).
The labels are distributed in the following way:

(a) For each node v # va, one angle label j, € {0,...,n} (remember that we are
considering a system with n 4+ 1 degrees of freedom).

(b) For each node v, one order label 6, = 0,1 if v € f(l) and 0, € N otherwise.

(¢) For each node v € M(A), one angle-marking J = 0,...,n and one function-
marking h(t) € H.

(d) For each node v € F(A), one type label i =0, 1.

We set a grammar on the so defined labeled rooted trees, namely:
8o =0—{jo=J, =0, [s(v)] >2, jy =0V €s(v)}.

To draw the diagrams without writing down the labels we give a color to each
j =1, n (which forces § = 1) and two different colors for the couples of labels j = 0,
d=1and j=0,§=0.

In all the pictures we will set n = 1 and choose the colors gray, black and white,
see Fig. 5. The fruits F(A) will be represented as “bigger” end-nodes colored with
the color corresponding to their angle label and with their order and type written on
a side. The marked nodes will be distinguished by a box of the color corresponding
to their angle-marking and with their function-marking written on a side. If the
function marking is A(t) = 1 we will omit the function marking. By convention the
first node is set on the left, and the nodes of the same level are aligned vertically.

Definition 4.11. (1) We will call fruitless trees the (labeled rooted trees) A such
that F(A) is empty. We will say that a fruit v stems from w if v € s(w).
(2) We will call T the set of equivalence classes (as in Definition 4.5) of admis-

sible trees, TO the subset of T of trees with at least a free node and A the subset of

9The dynamical meaning of the labels will be clear when we define the “value” of a tree.
*A node v can appear many times in M(A) we will say it carries more than one marking.
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Fig. 5. Examples of trees in A5 and in (7)5 (see Definition 4.13).

’]D’ of “fruitless” trees. Finally we will call .Z the subset of A of fruitless trees with
no marking.
(3) We will call f}k the “tree” composed of one fruit of order k, angle j and
type 1; clearly
=T |J 7"
i=0,1

Jj=0,...,n
k>0

Notational Convention 1. Using standard notation we represent the equivalence
classes by [A] where A is an admissible tree.

Moreover given a tree A we will write A € T if it is a representative of an
equivalence class in T .

Definition 4.12. The order of a tree A € T is:
o(4) = Z Oy -

vEA

The order of a node v of A is o(v) = o(AZ?).

Given a tree A € ’](l and one of its nodes v we call A=V the tree composed of
the nodes greater or equal to v; if AZV is not a fruit then it is not admissible as
it carries a label j in the first node. In such case, we conventionally set A=V € T
by setting a mark J(v) = j,, h(v,t) = 1 on v and subsequently “forgetting” the
label 7y .

It is easily seen that o(A) > 0 for all A € 7 and that
TF={AecT tc. o(A) =k}
is a finite set; clearly the same is true in TO and in A.

Notational Convention 2. In all our sets an apex k means we consider the subset
of trees of order k.

We list here the subsets of 70‘ and A that we will need in the following sections.

Definition 4.13. (a) A} (7,%) with j = 0,...,n, a = 0,1, is the subset of A (’](l)

such that M(A) = {va} and J(va) = j, h(va,t) = 25 (t).
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(b) A?f (7;‘}1’), with i, =0,...,n, a,b= 0,1, is the subset of A (’]0') such that
M(A) = {va,v} for some v € A moreover J(va) = i, h(va,t) = z¢, J(v) = j,
b

h(v,t) = 5.

Given a set S one can consider a vector space on Q generated by formal linear
combinations of the elements of the set; we represent it by V(S).

Definition 4.14. V(S) is the vector space of linear combinations of elements of S
with rational coefficients.

[Al e S —[A] e V(S), [A],[B] € V(S) = qi[A] + ¢2[B] € V(S5), V1,92 € Q.

We construct V() for the sets in Definition 4.13, we obtain infinite dimensional
vector spaces that can be expressed as direct sum of finite dimensional spaces
generated by the sets S* (we call these spaces V¥(S)).

Definition 4.15. In particular, we will be interested in the following vectors:

1 A A
ok =~ —, A= —_—,
P2 M 2 s

Ac(A)* i
5y, =1

A A
= Y s O T
Py IS(A)| Al IS(A)|

where the sum A € S* means choosing one representative A for each equivalence
class (diagram) of the set S*. Clearly the vectors are determined only up to iso-
morphisms. The same vectors without the apex k will represent the formal series®:
V= ZZL vE.

4.3. Values of trees

We link the vectors defined in Definition 4.15 to the dynamics by defining an appro-
priate tree “value” V(A) where A € 7. This definition can be extended to diagrams
provided that V(A) = V(B) if A and B are isomorphic, moreover we can uniquely
extend V to a linear function on V(7). The presentation is very schematic as this
definitions can be found in [3] and following papers; let us only write the Ff ex-
plicitly (using well known formulas on the derivatives of composite functions), e;
the vectors of the canonical basis:
. n,k—1 1 .
e DM OID SV i 0%
!

6=0,1meNg P! ks %:(i

SWe are using the fact that the sets are disjoint union of the corresponding “fixed order” sets S*.
*Remember that the apex k is NOT an exponent.
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where {p]} 5 1 is a list of numbers in Ng = NU {0} which respect the relations

S pf=my, Y hpj =k, finally we define V™ f(t :[Hém’f ]
h j,h

Yi=pitw;t
Po=qo (t)
So we define
Vo(A) = J] (87 +87)T,(4)

v>v0

where

A) = H wjru(TwaTv) H (— %CLJ‘U) ”VZ —o Mo (J ejflsu

veA° veA®

V>V

% H ’La] H hﬂ v, Tv H Go(a z(a)
a€F(v) BeM(v) aEF(A)

F(v) are the fruits stemming from v, M(v) is the list of markings of the
node v, w is the node preceding v and finally m,(j) is the number of elements in
{v, s0(v), F(v), M(v)} having angle label (or angle marking) equal to j. We write
so(v), F(v) instead of s(v) to remark that the fruits are not considered proper
nodes. Notice that ¥, (A) contains the kernels of the integral operators @; so that
V is obtained by “integrating” on the times 7, v > vp; clearly the integrations must
be performed in the correct order, first the end-nodes . ... The following proposition
is standard (it is proved in [3] for numbered trees instead of equivalence classes),
we sketch the proof in the Appendix.

Proposition 4.16. The value of the splitting vectors Gék (p) is
G () = SV, (AT).

The value of the homoclinic trajectory 1/);? 18

(FEF () = (S + S0 )wy(t, o)V (AF) + > aiagh.
a=0,1

Definition 4.17 (Equivalent trees). We are mainly interested in the splitting
vectors and splitting matriz so we will consider two trees to be equal if they have
the same value in the computation of the Gf.

A= B iff SV,(A) = SVu(B) Ve € T";
such identity can hold only for some initial data @, in such case we write

(A= B),
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4.4. Tree identities
4.4.1. Mark adding functions

We can define linear functions" on V(7), for instance we can add markings to a

tree; given A € ’]D' the symbol
h(v,t)0; A

represents the application of an angle-marking J(v) = [ and a function-marking
h(v,t) in the node v; formally

A, {UA}v {Ui}zilﬂ {wj}?:l — A, {UA}v {Ui}?llﬂ {{wj}?:l U {’U}} )
notice that given two nodes v, w in the same orbit [v] 9/ A is isomorphic to 9} A.
We can define the linear function:

M;(R()[A] =) h(v, 1)V A. (4.1)
UEA

Particularly interesting mark adding functions are M Jl? = M; (x? ().

Lemma 4.18. The vector Uf}’ is obtained from U} by the mark adding function
M[BY] = U5

Proof. We need to show that

[v] B
Bgab IS(B)|’
veA A ]eA i

in the second equality m[v] is the cardinality of the orbit of v and the sum over
[v] means we choose one representative from each equivalence class; similarly the
symbol aj[.”] is the application of the angle marking j to one of the nodes of the
orbit [v]. We are simply grouping the isomorphic trees 0’ A with w € [v] and
choosing a representative of the equivalence class. Given each tree B € Aab there

is one and only one couple A € A¢, [v] € A such that OJ[-U]A = B (there is a
common representative). The symmetry group of B fixes both the marked nodes
so |S(A4)| = m[v]|S(B)| by the Lagrange theorem." O

Lemma 4.19. The function MJQ with 7 = 1,...,n is a function on the values of
trees. Given a fruitless tree A € A the mark-adding function Mj(-J with j=1,...,n
acts as the derivative on the angle ¢;:

0, 3V, (A) = SV, (M]A]).

"We always define functions F on trees. Then one should verify that F'(A) and F(B) are isomorphic
if A, B are so. This implies that one can uniquely extend the functions on the vector spaces by
linearity.

V'We refer to the Lagrange theorem which states that the order of a group G acting on a set V' is
the order of the orbit of a point v € V' times the order of the subgroup of G which fixes v.
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Proof. Adding an angle marking j to the node v is equivalent to adding e; to
m, in V™ f% so we add a derivative in 1; to the function f° (v)) which is to be
evaluated in ¥; = ¢; + w;Ty, Yo = qo(t). If j # 0 this is equivalent to applying a
; derivative to the node v. As the dependence on ¢ comes only from the functions
f* we have proved our assertion. O

4.4.2. Fruit adding functions

Remark 4.20. Notice that by our definition of equivalent trees adding a fruit of

order k, type 1 and angle j in the free node v of a tree A € T is equivalent to adding
a mark x[ (t)0; to the node v and multiplying by the ¢ dependent function G”’C

As we have seen in Eq. (3.4) the only contributions to A?J’? come from the parts
of G?k which are at most linear in the G{”h withl =0,....nh<km=20,1. In
tree representation we can say that the only contribution comes from trees with
one fruit. So to find the matrices N* and n® (@ = 0,1) we have to understand how
to pass from fruitless trees to trees with one fruit. First of all let us notice that the
fruitless contribution to Ag is clearly UJQ so that

0 _ 00
Dij = \SV@:()UU .

Now we can add a fruit ]—'}k to the node v of a tree A € ’]D' by adding a node y
labeled (i, k, 7) to the list F(A) and setting y € s(v), given a tree a we apply this
function to each node v € A then sum on the nodes v. By Remark 4.20 this is
equivalent to applying the function Gi¥ ()M J[-i], where [i] = |i — 1|, to A.

Proof of Proposition 3.2(i). If j # 0 we can obtain each tree with one fruit
by adding the fruit to a node of a fruitless tree as described above; so that by
Lemma 4.18,

and consequently N° = DO, O

If j = 0 we have trees with one fruit attached to nodes with §, = 0, so that
detaching the fruit we do not obtain an acceptable tree (the node has only one
successive free node). We construct such trees from fruitless ones by using a different
function: given a tree A € A and a node v € A v # v4 and j, = 0 we attach the
node y of the tree in Fig. 6 to v and w (by convention the node preceding v).
Formally we set

I'(A,v) = E(A) \ (w,v) U (w,) U (y,v);
then GWLZ (A,v) is a tree with one fruit, stemming from y (6, = 0) and y has only
one successive free node.
We apply ['(A,v) to the nodes of A, and set [*(A,v) = 0 if v = vy4 or if j, # 0.

i(A4) =3 1A

vEA
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ih
0
" ih X:)(t)
Go
Fig. 6.
i ; 01
LI ] = L + L9,
0

Fig. 7. The fruit adding functions.

notice that this is NOT well defined as a function A — A. However G§*Il(A) is

well defined and A — 7 and so we can define the “value” of Li(A); in the next
Subsection we will prove that L?(A) is equivalent to an acceptable tree.

Lemma 4.21. Calling ’TDlF the set of trees with one fruit and

A
ACCE) L
! 2 IS(A)]

we have that:
l
A = S NG M ©9) + 600 LU (@)

1=0,1 =0
and consequently

n) = SV (U3 + LO(02))
Proof. Consider a tree B with one fruit, of angle i, order k and type [ attached
to a node v’. If such node has more than one successive or §, # 0, then it can
be obtained by applying Ggl]hxﬁai“ to a tree A € A?. If the node has ¢, = 0 and
only one successive then there exists one and only one couple A, v with A € .AJO-,
v node of A such that Gg]hll(A, [v]) = B (as usual the symbol [v] means choosing
one representative for the equivalence class). The symmetry group of B fixes both
the first node and the fruit (and so consequently all the path joining the fruit to
the first node), so if we divide by G* we obtain a tree with two marked nodes
which again fixes the first node and the node v’ where the fruit was attached; if v’
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has only one successive free node, say v, then that is fixed as well. This proves the
proposition as given A € A9,

L*(A) = Z m[v]l(4,[v]) and moreover |S(A)| =mv]|S(I(4,[v]))].
[v]leA

Finally n is the linear term in G§ in the expansion of G , SO it is given by trees
with one frult of angle 7 = 0 and type [ = 0. O

Remark 4.22. As fO(t) = F(1;(0) + &it, (1)) and 4o (t) = —22)(t), we have
that:

7 Tites 2 ite
aTUvmfzS(Tv) _ Z wjvarezf&(Tv) _ Exgv + ofé(Tv) )
j=1,....,n

For notational convenience we define a symbol™ 97 A, where A is a fruitless tree
and v is one of its nodes, by setting

(07 A) = H wj, (Tw, Tv) H (— —aju) H hg(v, 1)

vEA vEA BeM(v)

v>v0

« H V2 j=o mu(d)e; f‘s'u oy, (vZ?:o my(j)e; f%) ]
vEA
v#Y

This definition implies that*

dopAax ijJQ(A)—%MS(A).

vEA j=1,....,n

Lemma 4.23. Given an odd function G € Hy the following relation holds:
2
0Q}(6) = Q) [0r.6) + 2ot (IG@)

The proof of this Lemma (proposed in [4]) is straightforward but quite long, we
report it in the Appendix.

Lemma 4.24. Given a tree A€ A%, i=1,...,n then
-0 < > oPA-1°(4, v)) = 0Vp—0(A).
vEA

Proof. We drop the ¢ = 0in V for notational convenience. The assertion is trivially
true for trees with only one node, so we prove it by induction on the order of the
trees. Let us define A;L as the set of fruitless trees of order h with only one marking,

¥We could define 97 (A) to be a special marked tree.
*Remember that A 2 B means that SV(A) = SV(B).
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placed on the first node, J,, = j and h(vo,t) = 1; for j # 0, .A? = A]Qh. Suppose
Lemma 4.24 holds for all trees in A;-L, h<kfor j=0,...,n, then for¥ A€ A%,

0, V(A) = (0,9 o) TT QA2

vES(vo)
Y V(A)0,[Q5,V(AZY)]).
veES(vo)
Now we set V(AZY) = F (which is odd when ¢ = 0) and apply Lemma 4.23 to
F € Hy:

0r,Q5, (F) = Q. (00, F) + 2650Q0(a8(r, )0} () Qu(F)).
clearly
01, F = 0, [V(AZ")]  and b50Qo(af(r) 8 1 (7,)Q0(F)) = ~V(I°(A,0)).
So we obtain
VA =V — Y D)+ Y VAR, (AZ)
veS(vo) vES(vo)

by definition AZ? € .A? for some j, h. So we consider trees of lower order for which
the Proposition is true by the inductive hypothesis. O

Proof of Proposition 3.2(ii). By Lemma 4.21 we must show that

ny =V, (VY + L°(VY)) = gsvg,zo (Z U?j%j> : (4.2)
j=1

Now for j # 0, gatV¢:0(U?) = 0 as the integrand has no constant component. So
we can use Lemma 4.24 and Remark 4.22 to obtain Eq. 4.2. O

4.4.3. Changing the first node

Another way of manipulating trees is to change the first node (which is distinguish-

able as it does not have the label j). Generally one can obtain various trees in 70‘
by simply changing the uncolored node (for example one can shift the angle labels
down along a path joining any node v to the uncolored one v4). However not all
the trees obtained in such a way are in 7.

Definition 4.25. Given a tree A € ’]9, let vg be the first node and v a free node;
the change of first node P(A,v) T T is s0 defined:

YWe recall that V(A) = V(A/?)Q;, V(AZ?).
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Let va = vo,v1,...,um = v be the nodes of the path Py, . P(A,v) is obtained from
A, {va}, {vi}2y, {w;})_, by shifting only the j labels of the nodes of Py, in the
direction of va. This automatically implies that v is left j-uncolored and is the first
node of P(A,v). If we obtain a tree not in T we set P(A,v) =0.

P : V(T) — V(T) is the linear function such that YA € T, P(A) =

EveXP(A’U)'

Lemma 4.26. P(A,v) = 0 if and only if 6,, = 0, |s(va)| = 2. This means that
the possibility of applying the change of first node does not depend on the chosen
v F£ VA

Proof. Consider the trees A and P(A,v) and the nodes v4 = vo,v1,...,0m = v
of the path P,, . For each i = 0,m — 1, v; precedes v;+1 in A and follows it in
P(A,v). So for each node w # va,v, the number of following nodes s(w) is the
same in A and P(A,v); s(va) decreases by one and s(v) consequently increases by
one. This implies that all trees A with J,, = 0 and [s(v4)| = 2 have P(A4,v) = 0 for
all v. Moreover if v; has § = 0, then it has j = 0 as well as all the nodes (including
viy1) following it. This means that in P(A,v), it will still have § = j = 0, the same
s(v;) > 2; moreover v;_1 that follows v; in P(A,v) has j = 0. m|

We will call T the trees whose first node can be changed.
Lemma 4.27. By Proposition 2.6(a), we have:

VAe T, VveA: P(Av) — A€ ker SV, )
VAe f(j,f)(i,h): P (A) — A € ker SV, '

Proof. Notice that given a tree A and one of its nodes v, if w € P(va,v) then
P(A,v) = P(P(A,w),v), so we only need to prove the assertion for v € s(va).
Given A € T and v € s(va) such that j, = j, we compare SV(A) and SV(B) with
B = P(A,v), so B has first node v (no label j,) and a node v4 in s(v) with j,, = j.
1 .
SV(A) = —§aj1]a (,u)‘st QYL M (i) f(;“A H Qj., [V(Azw)]

wes(va)
w#v

)

X Q; [(_N)6vv2j mv(j)ejf‘s'u H V(Azun)

w1 E€s(v)

which by the symmetry of Q; is equal to
SVZ] ey (j)ej (_M)‘s'uf‘s'u H V(Azwl)Qj

wy E€s(v)

><l(—u)‘smszm”A(j)ejf‘s’”A H ij[v(AZw)]

wes(va)
w#v
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A = é /'
\.V P(A,v) = \

Fig. 8. An example of trees that are equivalent by changing the first node.

This is the value of B, namely, both in A and in B, m, (i) with ¢ # j is the number
of elements in (s(v), M(v), F(v)) having label ¢ and m,(j) — 1 is the number of
elements in (s(v), M(v), F(v)) having label j. m|

Lemma 4.28. For each i = 1,n, we have

0 = MP(D).

Proof. The proof of this statement is in [7], we report it here for completeness. By
Lemma 4.27 we have that for A in A”?

1 m[v]
A%E Z m[v]P(A,v) SOZ|S kz Z P(A,v),

]:8,=1 Ac Ak Aec Ak [v

now there exists one and only one couple B € A, [va] € B such that §,, =
1 and 9j*B = P(A,vg). Finally by the Lagrange Theorem, (m[vp])~'|S(4)| =
(m[va])~HS(B). O

This completes the proof of Proposition 3.2.

4.5. Upper bounds on the values of trees

Given a fruitless tree A € A of order k (so with at most 2k — 1 nodes), its value
through SV&, is of the form:

N(A)
(-3) < I %)S [T (85 +97) ()0 7m0 o
V>0

V>V

x [T 9= D ey, m). (2)

v>vg
We expand f! in Fourier series in the rotator angles,
Z e“j wfl/ 9
lv|=1
so that each node has one more label v, € Z™. We will represent as A(v) a tree A
with labels v, such that
Z Uy =1.

vEA
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In each node v with 6 = 1 we have as factor the function d™ f,,(¢(t)) where
Ny = My (0).

The functions f,(q) and ¢(¢) are such that f,(q(t)) = F,(e*) € Ho(a,d). Natu-
rally by our analyticity assumptions f,,(¢(t)) is limited for |t| — oo in |[Im ¢| < 2IL.
We are considering rational functions F),(e?), let us call ¢! their (finite number of)
poles in |Im ¢| < II (all with Im ¢ # 0) then

d = min [Im (t))|; @ = max|Re(t})]. (4.4)
Moreover the following proposition holds.

Lemma 4.29. The functions 0% f,(q(t)) = F¥(e') are all limited rational functions
of et, whose poles are the same as those of F Y (et); moreover

max  |FE(e")| < Ckle™s
teC(a+2,d—+/E)

(4.5)
Proof. We can use Cauchy estimates on 9% f,(¢) provided that the images in the ¢
variables of C(a+2,d—/€) and of C(a+1,d— %/€) via the function go(t)~!, have
distance of the order of ¢y/z for some order one c. This can be verified by direct
computation or proved using simple geometric arguments. O

Having fixed v = )" 1, in integral (a) we shift the integration to R + io(w, )d’
where d' < d (we will then fix d' = d — /¢ to obtain optimal estimates and
d' = ¢ < d/2 to obtain simply exponentially small estimates), w, = w - v and o(zx)
is the sign of z. As the functions are all analytic in [Im(¢)| < d’ the integral (a) is
unchanged. Notice that in integral (a) we cannot choose the sign of the shift in the
single node integrals and so we need to work in the (symmetric) domains C(a, d’) to
guarantee the indifference of extending in the lower or upper half-plane. To simplify
the notation we set

o(w,) =+ and define E(d,v) = e ol

If A has k nodes with § = 1, let {,}X be the lists of k vectors v, € Z" such that
> vy, = v. The value of A(v) (tree A € A with total frequency v) in integral (a) is:

oo

N(A
_1 ( )e“"s&E(d/ V) Z H (iv )m'u(S) 7{% dr. e~ (1) Rug
2 ’ " 2im Ry, vo

{vo}k | s=1,...,n o

dp=1,v>v0
) . de Tw Tw
< [d™o fi (qlra, +id))le ™ [] 7{ i ( / dr, + / dﬁ,)
>0 v —00 e

X e_"(T“)R”(T”Hdl)wjv (Tw +id', 7y +id) H [d™ fg (q(ry +id)]e™“™;  (a)

v2>v9
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naturally fO = 0 for all non-zero v. As usual w is the node preceding v, m,(s) is
the number of nodes in the list v, s(v) with label j = s, n(v) the number of those
with label j =0 and w, = w,,,.

The residues in R are introduced by using the Definition 2.8. The factors
(ivys)™> come only from nodes with &, = 1 and their product is bounded by 1.
Now we want estimates on the integrals that depend only on the order k; we start
by splitting the sums in monomials.

(1) Split w;(Tw + id, Ty + id) into 6 terms if j = 0 or 2 terms if j # 0: so we obtain
63~1 terms. Each of this terms is of the form

ho =l

hxv y(iCU) w xw Y (xw)a

where z, = e~ |7l 0 < h, ', I', 1 <1 and both y(z), y'(z) are analytic in |z| < 1
(we will call this the limited = dependent part of the Wronskian).

(2) Separate [ dr, + [* dr,, and Sdr,, in integral (a). We get other 2 terms
like

Tw o ls@)I+2
H 7{2171'}% (/ dTveig(T’U)Rv(TUHd)ewun(Tv)h”xlv H y%(xﬂ)’
j=1

where 0 < [,,, h, < |s(v)|+ 1. Notice that p, is not the sign of 7, but an extra label.
The functions yJ are chosen in the following way:

(i) One of the yJ is either coming from 83 9, (i.e. it is in the list cos(mgq(r, +id)),
sin(mgq(7y + id)) with m = 1,2) or is one of the F .
(ii) One is the limited x, dependent part of a term from the Wronskian at the
node v.
(iii) For each node v’ following v there is one function yJ which is the x, dependent
part of a term coming from the Wronskian w(7,, 7).

Notice that the functions y are by definition in H(a, d) and respect condition 4.29.
0
dr, — fpuooo dr, +

f;”"m dr, and proceed recursively for all nodes (other 32**! terms). We consider

first the contributions from the term with f

(3) Given a node v € s(vg) split the integral fp:go dr, as

oo
™ _dr, for all nodes (the others will

be expressed as products of the same kind of mtegrals).

Set py, = —1, we want to estimate:

Tw ls(v)|+2
-1 f{ Yin i, ( dryelte b gionts (ot T y?(n))'
j=1

(4.6)

Finally we split the first integral fi}o = [+ fi)a , where ag > 0 is suitably
large (ap = a + 2log2). We set y¥(r,) = 35,y «" and Cp,.,y = [[, 4™ The
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integral is

877,1, Tw . i
L =Res > Cpy]] QED 11 / dry (eftr (T BT lonTugi) - (4.7)
{r} v v v — 00
with 7, = —ao. Starting from the end-nodes we now perform the integrals in dr,
then the derivatives in F, and finally the residues in R,, we do this first for all the
end-nodes and then proceed to the inner nodes hierarchically.

Lemma 4.30. Integral (4.7) produces the bounds

ls(v)]+2
o <e mm)* 2o [ ] [ 11 <Z|y§’hllﬂf3|>] ;
v 7j=1 h
xo = €%, m is the number of nodes (< 2k—1), |s(v)| the number of nodes following
v and C} is some order one constant. Finally T is the Diophantine exponent of %,

|w - n| > 6%7|n|77 for some v = Oc(1).

If we choose ap > a the series are all convergent (by the analyticity of the y;’s
in xo).

e

We choose g = 5

|z| < e 972

and estimate the coefficients of the Taylor series in the ball

o0
v,k Kk v
glyj lzg < 4‘;‘11;2};0(% (2)).

Proof of Lemma 4.30. This is taken from [3].

t ) 1K e(iA+B)t
The integral /700 K et ATeBT = K+ Brid
so the F, derivatives in the end-node v give 2" terms of the form:
T idRy o (iwy+Ry)Tw
zlve e v
RV w)2 AV 4+ RS =h,. 4.8
L (Tw) 1T ho (4.8)
The residue of R, ! times (4.8) is (4.8) if |ry| + |wy| # 0 and
h3! WY NI
W(Tw) 1(Tw+2d) 2 lf |TU|+|CUU|:O

Developing the binomial we obtain other 27*+1 terms, all of the type
Gl imlaly e (1, )

The constant G is the maximum between one (r,, # 0), (min, <y [w-v|)~ or (§)

(we use that d < %) After integrating all the end-nodes following a node w we can

hot1 terms of the type

Gh ﬁ!xz}“ etoTw (Tw)h

integrate in dr,, a sum of 222 ves(w)
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where 7y = 32 ¢ () Tor Qo = 2 pes(u) Wo and h+h< > ves(w) Mo + 1. We have
proved that the integrals derivatives and residues correspond to calculating the
integrands in (4.7) at the limiting point ag, ignoring the oscillating factors e??@0,
substituting the Taylor coefficients with their moduli and multiplying by a factor
bounded by

26k73(k!)4 max (|w . V|)72T(2]€71) < Ck(k!)4T+4. 0
0<|v|<kN

We now consider the “left out part” | fao dry, (we will set ¢ = 0 in integral (a)).
Let v; be a node of level one.

We break the integral S7odr,, as S~ %dr,, + fIZOD dry, . If we choose the first
term and m; is the number of nodes of AZ?1, the integral on AZ"* can be bounded
by I and we are left with the problem of bounding the “left out part” fiao dry,
on the remaining subtree A/"1. We repeat the procedure hierarchically and we end
up with 2™ terms of the form:

Tw

ey N | | / dr,V(0)

vey ¥ a0

where the subtree 9 has m nodes and m+ ) m; = m. We bound the last integral by
the maximum of the integrand. Let us now examine the 3™ —1 integrals left aside in
the analysis of item 3. Starting from the end-nodes we cut off all the subtrees 1) that
contribute a definite integral Sg. Such integrals are of the type I,(¢;) that we have
already considered. We are left with an integral again of the type I,, (¥o) where g
is the tree deprived of the ;. The total number of nodes of the ©¥; i =0, ..., h is m.

Now we only have to compute the maxima of the [y} (z)|, that means the maxima
of the moduli of the terms form the derivatives of f° from the Wronskian and from
all the F* in the regions C(a = 2,d’). To bound the functions F¥(e') we use the
fact that d’ = d — /e and Proposition 4.29(ii) .

As we are not interested in optimality,” we will estimate the maximum of a pole
of order k by e7s.

Lemma 4.31. The |y ()| non coming from f1 contribute at most a factor
g=k=2kot1 where ko is the number of nodes with 6, = 0.

Proof. There are kg < k — 1 nodes with §, = 0 carrying at most a double pole.
Then each of the k 4+ kg — 1 nodes v # vy carries a summand of

max (122)) max (|$g1|)

teC(d—v/z,a+2) 7 teC(at2,d—/E)

from the Wronskian. So it is another double pole. O

“Notice that if the perturbing function is not a trigonometric polynomial then we do not approach
simultaneously both the singularities of 0 and f1.
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The functions F]' appear exactly k times. Moreover n = Zle Ny, , SO We count
each node with 9§, = 1 plus all its successive nodes. As each node with §, = 0 has
s(v) = 2,

k
D nu, <Y ny—3ko =2k —ko— 1.
i=1 v

We can bound the maxima of the F' in C(a + 2,d — v/¢) using Lemma 4.29, so
we have a factor \/Ei(erz)kJrko.
Finally we notice that F(d — \/e,v) ~ E(d,v) and we sum on all the trees of

order k using the known bound:

[Tvea n(v)!
)

S ="

Ae(;ln)k

This proves Proposition 3.3(ii). To prove Proposition 3.3(i) we set d’ = 0 so we do
not have any divergent contribution from the integrals in (—a+ 2, a + 2). Moreover
we can add fruits and markings by simply using the mark adding functions; see [3]
for full details.

Appendix A.
A.1. Proof of Proposition 4.16
We give values to trees recursively; namely given a tree with fruits A € 7; we define

its value as:

1 ~
V(A) = —gpa Ve fia () [T W(A=Y), where

veEs(vg)
W(A) = (S, + S )uy (t, 7)V(A)
if A is not a fruit, and
W(F) =l )saav(ah)

otherwise. Finally we set V(A}) = —Fpa; Ve f1(t). This is clearly the same function
V we defined in Subsec. 4.3. We consider a multi-linear function F? on trees 7; so
define F?(Al, ..., A;) attaches the fist nodes of the trees A; to the tree a? with one
marked node d,, = §, J, = j. By convention if we have n copies of the tree A in the
list {A;} we will write I'{(A™). Remembering that

ko Fite; 26 s 0k
Ff==3% > v™irm I i

0=0.1{p"} ks
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We define recursively:

1 /,Lls — k _
k 1 k—1\pk —1 k k k
Aﬁ?iZ > P{pl} AR, ., (AP, Af = Aj+ ) A
§=0.1{p"} 5 s J a=0,1
where given a list {a;}, P{a;} = []; a;!. By definition, W(A¥) = ¢¥. Let us prove
that AY = EAeTjk |S(A)|7*A. As in both definitions, A¥ is a sum over all trees in
’Z}k. This is equivalent to showing that in the two expressions, each tree A has the
same coeflicient. We proceed by induction as the statement is trivially true for A]l.
Given a tree A € .A?”, let v1 v, be its level one nodes and A',...A™ its level one
subtrees; we need that

1 N(AL
S P{pl H |S( Al

where {pl'(A)} is the number of trees { A7} in Af and N (AL, ..., A™)is the number
of ways in which one can choose one summand from each Ué, cee U’ffl and obtain
the unordered list (A',..., A™). Now if m[v;] is the cardinality of the orbit of v;
(so there are m[v;] subtrees equal to A'...),

P{p}(4) 1
N(A',...,A™) = 7¢ - - ,
[Ty, m H |S( AZ Mel}%) |S(AZPTymlll

This proves the assertion by the Lagrange Theorem:

[SA)= [ mhsa=)m

[v]€s(vo)

A.2. Normal form theorem

We perform a symplectic change of variables that brings Hamiltonian (1.1) in local
“normal form”. We will use the standard notations (see [2], [4] or [12], [13]) and the
existence of the fast time scale. For systems with one fast time scale, this provides a
symplectic change of variables defined in a region W such that II;W = O.(1), that
sends the perturbing terms depending on the fast angle to order e~ =5 for some
B(n) < 1. This will be the basis for proving Arnold diffusion for systems with one
fast variable. For completeness we state the theorem for m fast variables. The first
step is to set the pendulum in local hyperbolic normal form (see [2]), we obtain the
local Hamiltonian:

S (L AD) + VEG(pa, VB) + 1l (9,4, (A1)

where the function G(J, /€) is analytic for |J| < k2 ~ /¢ and will be written as
Taylor series: G(J) =Y, o; J*Gh.

The perturbing term pr, q, %) is a trigonometric polynomial of degree N in the
rotator angles and an analytic function of p, ¢ < k. So we consider the domain:

W(k‘(),S()) =Wy = {|p|, |q| <ky e V()(é‘) cCC" ¢eT™x (_iSO,iSO)}7
where Vj(¢) is some n-rectangle such that IT7, Vo(e) = O(‘/_w’)
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We write f in Taylor series: f(p,q,%) = Y. fornp®q e ¥. For all s < sp,
k < ko, we use the weighted norm:

| fles = 1 flwks) = ZGSM|fu7z,h|k2(l+h)€i”'w.

Definition A.1. Given a sub-lattice A € Z™ and a point set D € Vy(e), we say
that D is K — 8 non-resonant modulo A if for all I € D,

wd)-v|> 8, Ww:vé ANy < K.

If Ao is the lattice generated by the N frequencies (v; € Z™) of f, we set A € Ay
to be the sub-lattice orthogonal to the fast components. We choose a point set D
in the following manner: let P be the set of vectors w such that®® we™2 € Q such
that |wy - vp| > orE ‘TF for an order one 7.

Given rg € RT, the domain D(rg) is a thickening of P such that VI € D(rg),
there exists w € P such that

|AT — w| < &3
for rg < R; in the following we will set b = % + a.

Lemma A.2. Dy = D(rg) is f — K non-resonant modulo A with

e <ﬁgb) T = ()T AR

Proof. Given I € D(rg) w(I) = AI is e’rp-close to an w € P, so
w(I) - v] 2 |wr - vp| = (€ |wallv] + evrolv])

with 7 < |wa| < R. Thus we set

1
, 5b7“0|1/|7_1|u|““+1 < —. O

—1 Tr+1
i !

e’lwaly
We construct an analytic symplectic transformation (u-close to identity) of the
form:
|u\<lN

Id+ pS(I',p 0, q) = Id + Z Z l(/li (') eqhe™ ¥,

<<k v#EA

that brings the Hamiltonian A.1 in the normal form®P

(I/vAI/) + \/EGl(pQ7 \/g) + :u’gl(¢,/5'7]/ap/a q/a g, ,U) + H%f1(¢/a I/vsvlu)

aaRecall that we are now working on Hamiltonian (1.1) so that all quantities must be appropriately
rescaled by /.
bbThe separation between the integrable G and the non-integrable g; is kept only because we
will eventually set up a KAM scheme for the slow variables, so we need to estimate the size of the
integrable part.
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in a suitable domain D’(r1) x T?, x B} , where
D'(r) = D(r)N{I: Jw € P such that |a, I, — w,| < roe}.

The Hamilton—Jacobi equations are
1
AL - Sy + Sp*|ASy|* + VEG(ap' + 19Sy)) = VEGL(P 0+ 'S, 1)

+ g1 (Vs + uSp I p' g+ pSp e, 1) — pf (0" + S, ¥) + o) (A2)

and we assume that we can find some domain D’(r) x T? x B? such that the
functions in A.2 are evaluated inside their domain of analyticity. We will call IT the
natural projection on functions NOT depending on the fast angles: IIx f (1, p, q) =
9(v¥s,p,q) and II; the natural projection on functions depending only on J = pg:

F=Y Fonp’¢"e”* T F =" Fonn(pa)"

We are looking for a symplectic transformation such that (II5)S = 0. We will solve
the Hamilton—Jacobi equations recursively and determine the functions G1(J, 1) =
Yiso #'G1(J50) and pgi(Ys, I,p, q, 1) = Y5y W91 (Ys, I,p, ;7). The first order
leads to®°

1

Gi(2,0) = GI), Gil1) = —=

HJf7 gl(w157jl7pl7qla 1) = (HA - HJ)fa

0 _ Jvkn
kb ill’ - v] + (k — h)VeGs(p'q)

The term i[I’-v]+ (k—h)/€G;(0) = D(v, k, h) is the “small denominator” that

in our case (i.e. up to order £) admits the lower bound D(v,k,h) > 3 provided

that I’ € D'(rp). The higher order terms are determined recursively; we set .S <! =
S S and [ () = £} fluo-
1

NG

1
Gi(J,1) = —=I1; Ku2§|AS§l|2 +VeG(gp' + uq5q<l)> —VEG1(P'q+ 'S5 1)

— g1 (s + S I p g+ Syt e, ) + uf (0 + Sjl,q,w)} ) ,
l

the remaining resonant terms are in pgi = > -, "™ g1 (¢s, I', ', ¢;m):
1
g1(s, I',p' g 1) = (Tx —11;) K§MQ|AS$Z|2 + VEG(qp' + uq5q<l)>
—VEG\(p'q+ 'Syt 1) — por (Vs + uSTE L T p g

+,LLS;Z,€,,U) + ,Uf(p/ + Sq<laQ71f/)):| ) ’
l

““Notice that the pendulum and rotator terms cannot cancel each other, this is a consequence of
the locality of our analysis.
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the terms of order p! such that v # A fix the value of Sl(,li - We expand the Taylor
series only in this expression. The symbol {k;}} means the set of vectors in N such
that >°'_, k; = k, while {1;}}, is the set of r vectors in Z" such that > ._, v; = v.

n 1 (m) (1—m) 1 2
Sukn =  D(v,k, h) l > Su(l) o Su ko, @ AV
’ v (@) =p

l
1 r r I
0 SHND DI ELAC2L HRE

722 {ki}p {hi}p,
{ti}; Avi}y

1 . T (1)
+ Z Z ﬁap’f(plv q, \P)Hizlkis’”’irk’“h‘i

P21 (koA
W Avdl,

1
—VE > <F&’}G1(p'q; M, Sy 0k
m=0r>2 (g} {h;}7,
{37, v}

|
|
3
|
3
|
3

m=1k,+ky=k, lo+lp=l—m, 720 s>0 {k; }k {hi}n {k;j}i, {hiltn
a — y» ba - ’ +7r ha ky hy?
ho+hy=h vq+vp=r r4s>1 {1; }la’{yi}ua L }lb7{V1}ub

( 10005091 (s, 1,9 s m) Ty (S8, I ViSY) o (A3)

To avoid proliferation of symbols we will set:
max(|f|o,|Glo) = Eo and choose 1o > 1 so that 79e® > r9e = A\g > k2. Finally we
will call b; =bif j=1,...,n—1and b, =

Proposition A.3. Consider the nested domains: D; = D’ (r;) X T? x Bl%l where

r = groe” %, s =s0(1+1§) and ky = L1koe™'; the following bounds hold9:
1SS, hl < Cr(l = DB, |G (D < Ca(l = 1IBTY
|91(¢s71',p',q;l)|z < Cs3(1—-1)1B"!

with C1 = £2, Co = C3 = Ey and B = 05%4&2 for some small enough order one c.
Moreover the so defined transformation is a biholomorphism: Dy — Dy provided
that § = 7%, pBK < 1. Thus the system can be written in normal form for

ﬁ2k4§2
K3

in the domain D(r) x TT x B, with r = 1rge=%0/%, k = Lkpe=*0/* and s = so/4.

(A4)

ddBy | f|; we mean |flD,-
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Remark A.4. Notice that for systems with one fast time scale, the domain P
coincides with the whole W (k, s9/2) as all one-dimensional vectors of norm one are
Diophantine with order one +. Moreover in this case 8 = O(1) as well, so if we
choose K = \/, the bound on p is p < £3.

Remark A.5. Notice that if we choose K = O.(1), we can perform some steps of
the normal form theory for u < e.

Proof. We proceed by induction, using the analyticity assumptions on G and f.
We will assume that the desired bounds hold for all I < m and that G1(J,[) and
g1(ws, I',p', q,1) are analytic in D,,_;. This implies that the transformations

I=T+pS5™, o =4+ pSp™,
p=p+uS5™, ¢ =q+pS5"
are well defined and D,,, — Dy if

b

maX(|USq<7n|MaNS§7n|m) < <k |,US<m|m > 47'm5

1
4

1
Zso, |MS¢ Ym < 1.

Substituting the bounds in these inequalities (and using Cauchy estimates for the
derivatives) we obtain the constraint p max( i%‘g , )?0—(212) < 1 provided that uK B < 1.

Having verified the analyticity of the transformation up to order m, we use analytlc
bounds on GG, G; and g; and the assumed bounds on the lower orders to bound

G1(J;m) S and gy (vs, I',p', ¢;m). We repeatedly use the inequality:

> ﬁ(ki—l)!g(k_l)!

ki >1}e > ki=ki=1
i=1 2

|MSI<'m|s <

Let us first consider S(™ it is composed of five sums. In each we substitute the
Cauchy estimates and the bounds coming from the inductive hypothesis.

(1) The sum of quadratic terms is bounded by (k — 1)!B*~1 525021253.
0
(2) The terms due to G are bounded by

\/EEO m 4Cq " 8\/EEOC% m—1
3 (m—1)!B Z(kggB) gikéfgﬁB (m—1)!B

provided that %% < %

(3) The terms due to f are bounded by

FEy m—1 2C, 4E001 m_1
3 (m—1B Z <k2€B> = k2§6B( m—1)\B

: 2C 1
provided that kggjg < 3.

(4) The terms due to G has the same bound as (2) if we fix Cy = Ey



May 7, 2003 15:6 WSPC/148-RMP 00165

Ezxponentially Small Splitting and Arnold Diffusion 45

(5) If we fix C5 = Ey as well, the terms due to g1 are bounded by

By . 20, \"/ 20, \* _ 4C1E, .
FmoUBT Y, ) <k8€B> (A0§B> < Greep M VBT

r>0s5>0,74+s>1

provided that )\2%3 < k%%g < %
These five bounds must be all set < %Cl. It is easily seen that, as b < 1 and

Ao > k3, all the desired bounds are implied by max($%, 8@33) < L. Now we
0

discuss the bounds on G; and g;. There are always the same five terms times a

factor % for G; and S for g;. So all the bounds are verified if, % <ck 1.
2
We fix Cq = & as this comes from the first order and B = c%. O

A.3. Proof of Lemma 4.23

Proof. We define an operator

1 o
0jlg] = Q;(@) + 5 Y #;3(x;'C)
i=0,1
so that Y% = O, (FF). We consider the vector V = (, %(%) ). By the definition of
J A 8:(0;(@))

O;, it is a solution of V = L;V + G where L; is the 2 x 2 matrix:

0 1
dj09(¢°(t)) 0
We derive with respect to t:

Lj= , o g(tho) = =03, fO(¢o) -

V=L,V +(L)V+G).
The first line of the solution V is
0:(0;(@)) = 0;(=6;04" ()93 f(t) 0o (G) + G)

plus the first component of a solution of the homogeneous equation ¢ — W (t)X
that we determine via the initial data. O; (F) is zero for t = 0, and the initial datum
is determined by the boundedness condition 9;(0;(G))|i=0 = S°(29G), s

2 .
2:(0,(€)) = 0, ( 1003 (D3R *(£)00(G) + G) T 22()3°(a06)
and as G is odd we can substitute Q;(G) = O;(G).

Next we notice that the vectors W# = (§§E§§), (Zggﬁgg) are solutions of the
0 0

system W = LoW. So we apply the time derivative and obtain®®
= —Qo(xomoaofo( )) +dio(t)ag - (A.5)

¢¢We are using the fact that Og(o(7)F) = o(t)Oo (F).
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The last term is added to have the right behavior in ¢t = 0 (dio(t)x]o = 1).

0, (2 51009(1)3 12 (1)00(C) + G) T a0()3°(26)

= s (Zanab0 1 (0Q(G) + 6

s Z(x 3ul) (25,0a8(0081°()00(C) + G ) + OF(G). (46

The last two sums cancel each other via relation A.5 and Proposition 2.6(i) and
(iv), for j = 0, and using the fact that if j # 0, then a'cjo- =0 and le =o(t):

32 (el (Gomstois au@ + &) + 03030

=33 (0@ 2neatlagnair o)

i

1 .1
- §s<xgﬂ Q)+ 2%(6)3°(2G) . (A7)
O
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