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PARTIAL REGULARITY OF MINIMIZERS OF
QUASICONVEX INTEGRALS WITH SUBQUADRATIC GROWTH
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Abstract - we prove partial regularity for minimizers of quasiconvex integrals of the form
fn f(Du(z))dx where the integrand f(&) has subquadratic growth, i.e. |f(&)|<L(1+4|&|P), with
1<p<2.
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1. Introduction

In this paper we study the partial regularity of minimizers of the functional

I(u):/ﬁf(Du(x))dx

where {2 is a bounded open subset of IR", u is a Wl’p(Q;lRN) function , with
p>1,and f(§) : R™ — R is a C2 uniformly strict quasiconvex function i.e.

(L.1) /Q f(&+ Do(x))dx = /Q[f(ﬁ) +v(1+ €[ + [Do(x)?) = |Do(x) 2| da

for any £ € R™ and ¢ € CL(2;IRY).
This condition was introduced in case p > 2 in a paper by Evans (see [7]).
He proved that if f satisfies (1.1) and

(1.2) ID*f(&)| < L1+ €)=

then a minimizer of I(u) is C1* on an open subset 25 C 2 such that meas(§2 —
) =0.
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This result was later generalized in [3] where condition (1.2) is dropped (see
also [12]). At the time these papers were written no examples of genuine qua-
siconvex functions with subquadratic growth at infinity were known. However
recently V. Sverak (see [16]) gave an example of a quasiconvex ( and not convex
neither polyconvex) function depending on 2 x 2 matrices and having polynomial
growth with exponent 1 < p < 2.

In this paper we extend Evans’ result to the case where f satisfies (1.1) and
p is any exponent between 1 and 2.

We notice that a first regularity result in this direction was obtained in [5]
under the more restrictive assumption nz—fz <p <2

The proof of the regularity of u is based, as usual, on a blow-up argument
aimed to establish a decay estimate for the excess function

E(zo, R) = ]i VD) = V(D))

where -
V() =(1+[ef)T¢

Comparing to the case p > 2 and the case studied in [5], we have to face a few
technical difficulties.

A point where one needs the assumption p > HQ—IQ is in proving the following
Sobolev-Poincaré type inequality

(13) (f |V<“;’”>f"z)wsc(][3 V(DuPdr)’

R

provided u € WP (§2; RN).

It is not clear to us if (1.3) holds when p € (1,2). Indeed we can prove that
an inequality of this kind is still true if one adds a constant ¢ = ¢(n,p) on the
right hand side of (1.3), but unfortunately this extra term would give serious
troubles when one blows up the solution.

However, we have been able ( see Theorem 2.4) to prove that if p € (1,2) an
inequality of the type (1.3) holds if one increases the radius of the ball on the
right hand side.

Another technical point to overcome is to prove that if u € Wht((2; RY ) is
a weak solution of a linear elliptic system with constant coefficients, satisfying
the strong Legendre-Hadamard condition, then u is locally W12 hence C* : a
fact that does not seem to be known in the literature.

2. Preliminary results

In the following {2 will denote a bounded open set of IR", Bg(z) the ball
{zr € R" : |x — 20| < R}, and if h is an integrable function we define

1
hzo.R ::][ h(z)dz = h(z)dzx,
BR(wo)
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where w,, is the Lebesgue measure of the n-dimensional unit ball. When no
confusion may arise we write simply hg in place of hy, r or Bgr in place of
Bgr(xg). Throughout the paper p will be a number between 1 and 2 and for
¢ € R* we shall denote

(2.1) V) = (1+e?) T ¢

The following statement contains some useful properties of the function V.

Lemma 2.1. Let 1 < p < 2, and V : R¥ — R* the function defined by (2.1),
then for any &,m € R*, t >0

(i) 27 min{|g], [¢[¥} < [V(€)] < min{je], |¢]¥}

(i) IV (t€)] < max{t, t¥}|V(¢)|

(idd) V(E+n)| <) [[VE)]+V(n)]

(iv Ple - « LLEOZVON_ iy pyig
(1+ (€2 + [nf2)

(v) V(&) ~ V() < ek, p)|[V (€ —n)

(i) V(E=nl e, MIVE -V if pl<M and EcR".

Proof. Properties (i)-(ii) are easy to check.
To prove (iii) let us assume |n| < |£]. If |£] < 1 by (i) we get

V(E+n)| <1€+n| <25 < IV,
and if || > 1 by (i) again we get

V(E+n)| < [E+m% <c@)é]? <c@)|VI(E).

Inequality (iv) is proved in Lemma 2.2 in [4], while (v) can be immediately
derived from (iv).
To prove (vi) notice that if |n| < M
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€ —nl* > [€]* + |nf* — 2[¢|In|
3.2 2o 32 2

> - -3 > — —3M=.

> 1P — 3P > el
From this inequality and from the inequality on the left in (iv) we then get

o\ 232

(L+1€=nl) T 1E—nl

2-p

» p—2
< (144M>) T (14 4M? + € — ) ™ € — 1)

V(€ —=n)

<1+ (14 M 4 216) T fe )
< e(p, M)(1+ €2 + [n2) T 1€ — 0] < e(p, M)V(E) — V(n)].
O

Let h : R" — IR* be a locally integrable function. The Hardy-Littlewood
maximal function M (h) is defined for any = € R" as

M@ =sip iy

It is well known that M is a continuous operator from L? to L9, if ¢ > 1. The
following result, which is a slightly modified version of Proposition 1.2 in [10],
shows that the continuity properties of the maximal operator M hold in more
general situations.

Proposition 2.2. Let A : [0, +oo[— [0, 4+00[ be a continuous function such that

(7) A(2t) < KA(t) forany t>0,
. , Aty . )
(i) there exists 1T >1 such that t— ——= s increasing.

Then there exists a constant ¢ = c(n,K,r) such that if f is a nonnegative,
measurable function in IR", then

AM(f))dx <c A(f)dx.
R" R"

We now apply this proposition to a particular case, which will be useful in the
sequel.

Proposition 2.3. Let 1 < p < 2 and o > %, then there exists ¢ = c(a,p,n)
such that if h : R™ — IRF is measurable, then
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[ owoirase [ wmra.

Proof. Set fort >0
p—2 qa
At = |(1+12) 7]
and notice that , by (ii) of Lemma 2.1, we have for any ¢ > 0

A(2t) < 2 A(t)

and that, if 7 = 5 > 1, the function

a(22—p)
At) t
tr (1 + t2> 2
is increasing in [0, +00[. The result then follows from Proposition 2.2. O

We are now in position to prove the following Sobolev-Poincaré type inequality.

Theorem 2.4. If 1 < p < 2, there ezist % < a <2 and o > 0 such that if
u € WHP(Bsg(z0), RY), then

U— Uy R 2(140) 2(110) o
(2.2) |74 — dx <c [V(Du)|*dz |
R
Br(zo) Bsr(zo)

where ¢ = ¢(n,p, N) is independent on R and u.

Proof. Setting u(y) = % [u(xo + Ry) — uzo,R}, we may always assume g = 0,
R =1 and ugp,; = 0. Then for any z € B; we have

|u(z)] Sc(n,N)/ [Du(y)|

By |z —y[*!

. Dufy) Du(y)|
=c(n,N) l/B der/B dy

AB.(x) [T —y|" ! NB.(z) 1T —y[" !

with 0 < € < 1 to be chosen. Denoting by Du the zero extension of Du outside
Bgs, we have
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oo 2i n—1
fu(e)] < ¢ () / Duly)| dy
; € {e2-i"1<|z—y|<e277}

: /
+ — Du(y)| dy
o 1) ]

ey 1
< = D D
—C[E 5 ]{Bi(x)l u@)ldy + = /32@:)' U(y)ldy]

=0

< C[E(Mwu))(x) tarf, Du) dy] .

p=2
Noticing that the function ¢ — (14 ¢?) 2 ¢? is increasing in [0, +oo[ and using
(ii) and (iii) of Lemma 2.1, from the inequality above we deduce, since 0 < ¢ < 1,

T

‘V(u(m)) ‘2 <c¢(n,p,N)

[V (eM(Du)) )2+ v 5,1171 |\ Du(y)| dy
Ba()

v(f o) i) ] |

The quantity in square brackets attains its minimum when

(2.3)

eP

p

2 1
<c ‘

T 3 DD

V(M (Du)(x))

2

’V(J%m) | Du(y)| dy) w ot
v (M(Du) (@) ~

Since

£ Dty < (4(D0) @),
By (x)

the value of € given above is less than or equal to 1. Inserting this value in (2.3)

we obtain easily
v(f ipuw)
Ba(x)
Let us choose now « such that

2 4(n-1)
max{p’2(n—1)—|—p} <a<?2.
2(n—1)+p

4(n—1)
(ii) of Lemma 2.1 and Proposition 2.3 we have

4(n—1)

2p
2(n—1)+p 2(n—1)+p

24|V (@) < C‘V(M(Du)(x))

Raising both sides of (2.4) to a( ), integrating on Bj, and using
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a[2(n—1)+p]
/ ’V(u(:c))| S v dx
B1

v(f 1Du(y) )
v(f Du(y) i)

Finally, notice that from (i) of Lemma 2.1 it is clear that there exists ¢, such
that

(o3

<c dx

V(M (Du)(x))

ap
2(77,71)/
B,

« 2(np—1)
] |V (Du(x)) ’a dzx .
B3

<c

2 g0 (I€]) < V(O] < caga(l€]) for any ¢,

where
t if 0<t<1
ap 2
—t2 4+1—- if t>1.
p p
Since o > %, Jo is convex, hence we have, using Jensen’s inequality

a[2(n—1)+p]

’V(u(w))| 21 dx
B
< clga (]i |Du(x)|dx>] : ‘V(Du(x))‘adx

oD .
< c(][ 9o (|Du(2)]) dm) |V (Du(x))|” d
Bg Bs

I sm-n
< c( |V(Du(x))|adx) .
B3

Setting 1 + 0 = W and noticing that from the definition of « it is clear

that o > 0, from the inequality above we then get

2(140)
[e3

; ‘V(u(m))|2(1+0) dx < c( ; ’V(Du(y)ﬂa dy) ,
1 3
which proves the result. ad

Remark 2.5. The Sobolev-Poincaré inequality we have just proved uses some
ideas from [14]. This inequality is an essential tool in order to get the regularity
result Theorem 3.2. It is also one point where our case most differs from the
case p > 2, when |V ()] is equivalent to |¢]? + |¢[P. Under the extra assumption
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p > n2—+"2 one can show that the inequality proved in Theorem 2.4 holds with

the same ball (see [5]). It is not clear to us if one can still get in our situation
the same sort of estimate without having to pass from the ball Br to Bsg.

The following simple lemma is proved in [11] (see Lemma 3.1, Chap. 5).
Lemma 2.6. Let f : [r/2,7] — [0, +00[ be a bounded function such that for all
s<t<s<r

A
(5=t

where A, a,0 are nonnegative constants such that & < 1. Then there exists
¢ = c(0) such that

f@t) <0f(s) +

This result can be easily extended, using condition (ii) in place of homogenity.

Lemma 2.7. Let f : [r/2,7] — [0, +00[ be a bounded function such that for all
s<t<s<r

V(h(x))rdx,

s—t

£(t) < 07(s) + A /B

where h € LP(B,), A >0, and 0 < 6 < 1. Then there exists ¢ = ¢(0) such that

1(5) <eoa ] v(hf))rdx.

We are now in position to prove the following higher integrability result (see
[3], for the case p > 2).

Lemma 2.8. Let g : R™ — R be a continuous function such that

9()] < LIV(AP%,

/g(DqS(:c)) dz > u/ [V (ADG(2))|? do
2 2

for any ¢ € C§(2,RYN) and suitable constants L,v, A > 0. Let u € W?(2,IRY)
satisfy

/ g(Du(z)) dz < / g(Du(z) + D¢(z)) dz
2

0
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for all ¢ € C&(Q,IRN), where 1 < p < 2. Then there exist ¢, 6, depending only
on p,n, N, L,v but not on A\ and u such that for any Br(zo) C 2

1+6
(2.5) ][ |V(ADu)|2“+5)dzgc<][ |V(/\Du)|2dx> .

Proof. Fix B, such that Bz, C §2, 5 <t < s <r, and take a cut-off function
¢ € C§(Bs) such that 0 < ¢ <1,¢=1on B, and |D¢| < -2 If we set

(bl = [U - uT]C? ¢2 = [’LL - ur](l - C)a
then D¢1 + D¢o = Du, and we have, by the minimality of u

V/BS|V()\D¢1)’2dx§ /B
:/ g(Du) dx-i—/ [9(Du — Dé2) — g(Du)] da

g(Déy) dx = /B g(Du — D¢s) dx

s s

< /Bs\Bt 9(De2) dx + /Bs\Bt [9(Du — Dé3) — g(Du)] d
= L/ (VDo) + [V(ADu ~ Daa))|* + [V(ADu) ] da-
B\B:

From this inequality, using (iii) of Lemma 2.1 we then get

|V(ADu)\2dxg/ [V(AD))|* da
By B

2
ga/ |V(ADu)}2dz+5/ V(AL e
B.\B. B.\B, s—t
Adding to both sides of the previous inequality the quantity
¢ [ [VADu)|? do
By
we obtain that for any § <t <s <r:
2 c 2 c w—upy |2
[V (ADu)| dm§—~/ [V(ADu)|” da + / V<A ) da.
B, 1+¢ /g, 1+c¢Jp, s—1

Now, Lemma 2.7 implies that

/r [V(ADu)|* dz < c/B

r r

2

2
dxr

)
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and so, by (2.2) we get
1
2(1+a)> T+o

]{9 [V(ADu)|* < c<]{3
< c(éST]V()\Du)]a> ;,

with % < «a < 2. From this inequality the result follows immediately just ap-

v(at=)

r

r
2

plying the Gehring’s Lemma version due to Giaquinta and Modica (see [11]
Theorem 1.1, Chap. 5). O

The following lemma is a slightly modified version of the approximation result
proved in [2].

Lemma 2.9. Let u € Wl’q(]R",]RN), with ¢ > 1. For every K > 0 , if we set

Hg ={x € R": M(Du) < K},

then there exists a lipschitz function w : R™ — RY such that

| Dw||oo < cK
w =0 on Hyg
cl|Dul[?

meas(R" \ Hg) <

Ke 7
where ¢ depends only on n, N,q.

Next result is a simple consequence of the a priori estimates for solutions of
linear elliptic systems with constant coefficients.

Proposition 2.10. Let u € W02, RY) such that

(2.6) / AY Dou' D! da = 0
2

for any ¢ € CL(£2, RY), where (Agﬁ) is a constant matriz satisfying the strong
Legendre-Hadamard condition:

Agﬁ)\i)\juaug > vA2|ul? forany NeRN, pcR".
Then u is C* and for any Br(xg) C 2 and 0 < p < R
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(2.7) sup |Du| < — / |Du| dx ,
By

where ¢ depends only on n, N,p,v and max |AZ |.

Proof. Step 1. Let v € W,"?(2,RY) be a weak solution of (2.6). It is well

loc

known that v is C*° in 2. We want to show that if Br(zg) CC {2 then
(2.8) sup | Dv| < —/ |Dv| dz .
BR R Br

By a rescaling argument it is clear that to prove this inequality we may assume
zo = 0 and R = 1. From Caccioppoli inequality for solutions of linear elliptic
systems we get that for any % <t<s<l1

DUdegé/ v|[?dz.
f, 1ovde < o [

Since also higher order derivatives of v are solutions of (2.6), iterating the in-
equality above on suitably nested balls we get that for any h =1,2,...

/ |th|2dx§ﬂ/ lv|? dx .
B, (s—=1)*" Jp

s

Therefore, since % <t < 1, we may estimate
1
sup |v| dx < e(n)||v]|yn.2 < L(/ |v|2dgc)2
B, - WEB) = (s —n B,

c 3 3
§7</ vdm) (sup v)
G\, |v] U |v]
Using Young inequality we obtain
ol < gswp ol + e [ lold
sup |v| < —sup |v| + ————— v| dx .
B 2 B, (s=1)*" Jp,

Finally, from Lemma 2.6 we conclude that

sup |v| < c/ |v|dx .
Bl B,

2
Applying this estimate to the derivatives D;v of v we then get (2.8).

Step 2. Let u € WH(2,IRY) be a solution of (2.6). If p(x) is a simmetric
mollifier we set for any © € 2. = {z € 2 : d(z,002) < e}

ue(x) = / - p(2)u(z +ez)dz.

Then wu, is smooth and one readily checks that for any ¢ € C} (2, RY)
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/Q AY Doul Dy dx = 0.

From (2.8) it follows that if Br C {2

c
sup |Du.| < —/ Du.|dz.
Bﬂl el < 2o BRI el

Since Du. — Du locally in L' it follows that u satisfies (2.7), and so it is
smooth. O

We conclude this section recalling a selection lemma due to Eisen (see [6]).
Lemma 2.11. Let G be a measurable subset of R®, with meas(G) < +oc.
Assume (My) is a sequence of measurable subets of G such that, for some e > 0,

the following estimate holds:

meas(Mp) > € forall heIN.
Then a subsequence (Mp, ) can be selected such that N My, # 0.

3. Proof of the main result
In this section we will prove the partial regularity of minimizers of the functional

I(v) := /Q F(Dv(z)) dz,

where v € W'P(2,RY), 1 < p < 2, and F : R™ — IR is a C? function
satisfying the following assumptions

(H1) [F(©)] < L(1+[¢7)

(r—2)

() [ Fle+Dow) da> [ [F@+v(1+1eP+Do@)P) = Do) do
for any € € R™ and any ¢ € C} (2, R"), with v > 0.
Remark 3.1. Condition (Hz), introduced in [7] in the case p > 2, is called

uniform strict quasiconvezity and implies that for any ¢ € R™, A € RY,
uweR”



Carozza, Fusco and Mingione 13

0*F
06,0
with ¢ independent on &, A, .
Notice that we do not assume any control on second derivatives. However, if

a function F is quasiconver, i.e. verifies (Hs) with v = 0, and has the growth
control (Hy), then it is well known (see [15]) that

.o p—2
(NN papp > cv(1+[6]%) 7 INP[ul?,

(3.1) [DF(€)] < c(n,N,p)L(1+[¢[P7").

We also recall that a function u € WP (2, IRY) is a minimizer of I(v) if for
any function ¢ € Wy (2, RY)

I(u) <I(u+9).

We can now state the main result of this section.

Theorem 3.2. Let F be a C? function satisfying (Hy) and (Hs) and u €
WP(2,RY) be a minimizer of functional I(v). Then there exists an open
subset o of 2 such that meas(2\ Qo) = 0 and u is C*V(2,RY) for any
v <1.

A standard technique in order to prove such kind of results is to look at the
decay in small balls around a point z( of the so called ezcess of the gradient of
the solution u. Roughly speaking the excess E(xg, R) measures how far is the
gradient from being constant in the ball Br(z¢). In our case it is convenient to
define

Bl 1) :]{9 ( )\V(DU(@) ~V((Du)ay )| de

where V is the function given by (2.1). Notice that if p > 2 this quantity is
equivalent to

][ {Du(x) - (Du)rO,R|2 +][ }Du(x) — (Du)xO,R|p dx ,
Br(zo) Br(zo)

but it is not so in our case.

We shall prove our decay estimate, Proposition 3.4 below, by a more or
less standard argument consisting in blowing up the solution in small balls and
reducing the problem to the study of convergence in the unit ball of solutions of
suitably rescaled functionals. To this aim we need the following simple technical
result which is a modified version of Lemma 2.4 in [4] and is proved exactly in
the same way.

Lemma 3.3. Let f : R¥ — IR be a function of class C? satisfying for any
¢ eR”
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IDFE)] < L1+ 1€?) 7,

with 1 < p < 2. Then for any M > 0 there exists a constant ¢ depending only
on M, p, L, such that if we set for any X >0 and A € R® with |A| < M

fax(©) = A2 [f(A+ X)) — f(A) — ADf(A)],
then

p—

Fan()] < elp, L, M)(1+ M) T [¢]2.

We can now establish the decay estimate of E(xg, R). The proof we give is based
on an idea contained in [8], later modified in [4] in order to deal with functionals
with no control on the second derivatives (see also [5]). We will follow closely
the various steps of the proof as presented in [4].

Proposition 3.4. [Decay estimate] Fiz M > 0; there exists a constant Cyy
such that for every 0 < 1 < i there is an € = (1, M) such that if

|(Du)gy,r| < M and E(zo,R) < ¢
then

E(z0,7R) < Cpy72E (20, R) .

Proof. Fix M and 7. We shall determine Cj; at the end of the proof.

Step 1: blow-up. We argue by contradiction, assuming that there is a sequence
Bg, (z1) of balls contained in 2 such that

|(Du)g, r,| <M | liernE(:vh,Rh):O

and

(3.2) E(xp, TRy) > Cym?E(xh, Ry,) .

We introduce the following notations:

ap = Uz, Ry, An = (Du)meh ) )‘121 = E(xp, Rp);
and rescale the function u in each ball Bg, (xp,) to obtain a sequence of functions
on B;(0):
1
vn(y) = R

Clearly, we have

[u(xn + Ruy) — an — Rp Ay -
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Dup(y) = A—lh [Du(xh + Rpy) — Ah]

(vn)o,1 =0, (Dvp)oa = 0.

Moreover from (ii) and (vi) of Lemma 2.1 we have

2
dxr

V(Du(x) _)\(SU)xh"Rh )

][ |V (Don(y) [ dy :][
Bl(O) BRh(Ih)

< 6()\1\}214) ]{BRh(Ih)|V(Du(x)) — V((Du)zh,Rh) |2 dx =¢.

Hence from (i) of Lemma 2.1 we may conclude that the sequence (Duvy,) is
bounded in L?(B;, R™):

(3.3) | Dopllp < ¢ for any h,

and assume, without loss of generality, that

v — v weakly in - W1P(By, RY)

and, since |Ay| < M,
A, — A.

Step 2: v solves a linear system. From the FEuler system for u, rescaled in each
Br, (z1,), we deduce for every ¢ € C3(B;,IRY)

OF ,
/ - (Ah + )\hD’Uh)Dagbz dy =0,
B, 9&,

and also

OF OF D
/Bl [8% (A, + A Dup) — @(Ah)]pm dy = 0.

If we split By as

EYUE; ={y€ Bi: A\|Dun(y)| > 1} U{y € By : M\p|Dup(y)| < 1},

we get by (3.3)

(3.4) meas(E;") < / NP | Do |P dy < e, .
B
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Therefore, using (3.1) and (3.3), we deduce that

1

)\7 | [DF(A}L + )\hD'Uh) — DF(Ah)] D¢| dy
h JEF

C
< — 1+ XDy, P~ d
= E,‘f( + A ‘ Uh| ) Y

7|E2_| p—2 P\ | p—1
<c + A | Dy, | dy) |Ey |7 <cX,
An B

which implies

1
(3.5) lim 3 /EI |[DF(Ap + ADuy) — DF(Ap)| Dol dy = 0.

Now we observe that (3.4) implies that x - — 1 in L9(By) for all ¢ < co and
h
that by (3.3) we have A, Dvp,(y) — 0 a.e. in By. Then on E, we may write

L [DF(Ah + )\hDvh) — DF(Ah)} Do dy

g

1
= / dy/ [D2F(Ah + SAhDUh) - DQF(Ah)] D’UhD(b ds
- 0

1
dy/ D*F(Ay, + s\, Dvy,)Dv, Do ds
0

h

+ D?*F(Ay)Dv, D dy.

Ey

letting h — oo and using the uniform continuity of D?F on bounded sets we
obtain

1
1i}1£n — / [DF (A} + A Duy) — DF(AR)| Do dy = D?*F(A)DvDé¢dy,
h JE, B

which together with (3.5) implies
0?F

B, 08,08,

By Remark 3.1 the coefficients of this linear system satisfy the inequality

(A)Dv'Dgg? dy = 0.

2

0€50¢]

c(v, M)INP|uf® < (AN N papp < (M)A |uf?,
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hence from Lemma 2.10 we deduce that v is C° in Bj. Moreover from the
theory of linear systems (see [11], Theorem 2.1, Chap.3) and by (2.7) and (3.3)
wegetthatif0<r<%

][ |Dv—(Dv)T|2dy§c(M)7'2][ |Dv—(Dv)%|2dy
B B%
2 2
(3.6) <c(M)T S};lf|Dv|

2

< (M) (ﬁ} |DUP> T < o (M)

Step 3: higher integrability of vy,. If we set

Fu(€) := A2 [F(An + An€) — F(An) — MDF(Ap)E]
by (3.1) we may apply Lemma 3.3 and deduce

(M)

(3.7) F(O] < =7 IVOwOI
h

On the other hand (H>) implies that

(3.8) / Fy(Do(w)) dy > 2 [ V(Do) dy
By >\h By

for any ¢ € C} (B, IRY). Set for any 0 < r < 1

I(w) = /B Fy (Dw(y)) dy:

it is then easily verified that vy, is a minimizer of I”. Therefore, applying Lemma
2.8 to the functions gj,(§) = A2 Fj,(€), we get by (2.5) and (vi) of Lemma 2.1

(3.9)

1+6
][ V(s Do) [ dy < c<][ ’V()\hD'Uh)|2dy>
B1

B
2
, N\ 1+
= c<][ |V (Du(z) — Ap)| d:z:)
Br,, (zn)
.\t
< (M) <][ \V(Du(z)) - V(An)| da:) < e
Bry, (zn)

and this gives immediately by (i) of Lemma 2.1 that the sequence (Duvy) is
bounded in LP(+9) (B, R™™).



18 Carozza, Fusco and Mingione

Step 4: upper bound. Fix r < % Passing to a (not relabelled) subsequence, we
may always assume that

lim [ 17 (vn) = I} (v)]

exists. We claim that

lim [T/ (en) — T (0)] < 0.

Choose s < r and take ¢ € C§°(B,) such that 0 < ¢ <1, { =1 on B, and
|D¢| < 2. If we set ¢y = (v — vp)¢ by (iii) and (ii) of Lemma 2.1, (3.7) and
the minimality of v, it follows

L () = I} (v) < I (vn + ¢én) = I} (v)

_ / [Fn(Dui + Dén) — Fa(Dv)] dy
B, \Bs

C
< bVl [lV(AnDv)[?
h J B \Bs
+ [V(An(v = o) DC + ApCDv + A, (1 = ¢) Doy [?] dy
C

< T?/ VWD) + [V (A Don) 2
h J B:\Bs

VO — )] dy.

R C—

Now from (3.9) we have

1
1+35
/B\B [V (A Dup) | dy < (/B . |V (Ap Dup, )2+ dy) B, \ B,| ™

< c)\%(r - 5)1%5 ,

and by (2.2), taking 6 such that 3 = 6 + 2(11;:2), we obtain, using (iii) and (ii)

of Lemma 2.1,



Carozza, Fusco and Mingione 19

[ woww—umpPay
B,\Bs

< ( /B LI dy) ! ( /B L, WOute ) dy)

26
< AP (/ |’U—Uh|dy> (/ |V()\h(v—vh) —)\h(v—vh)o’%)lz(pm) dy
B1 B

1
3

1—-6
1+o

1—-6

RS-
+ |V (An(v - vh)0,§)|2(1+ )>

20 1-0
<ed¥ (/ |v — vp] dy) {(/ |V (A Dop)|? dy) + )\2(19)]
Bl Bl
20
<ol [ - ula)
B1

where we used the estimate (see (3.9))

(3.10) ][ V(A Dup)|? dy < eA3 .
By
Finally from the estimates above we conclude that

)

<s1131}) \Dv|2) (r—s)+(r—s)t

S|

Since v, — v in LP(By,IRY), letting first h — oo and then s — r we prove the
claim.

L (o) = I (v) <

Step 5: lower bound. We claim that if t < r < i

1
lim sup — / |V (An(Dv — D)) |2 dy < clim[[ﬁ(vh) - I,h(v)] .
h )\h Bt h

Let ¢ € C’é(B%) such that 0 < ¢ <1, ¢ =1 on By and |[D¢| < c. Set

’ljh:’l}h(ﬁ ) 6:U¢

We may always assume that the exponent § given by the higher integrability
estimate (3.9) is less than or equal to the exponent o provided by the Sobolev-
Poincaré inequality (2.2). Therefore we get by (3.9) and (3.10)
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/ V(A D) [P dy

< c/ \V()\hDUh)‘z(H&) dy+c/ |V()\hvh)|2(1+6) dy
B B

1 1
B 3
< c/ \V(AhDvh)‘z(H&) derc/ |V(>\hvh _ Ah(vh)o,%)f(l%) dy
Bl Bl
3 5
e[V (A vh)o,%)|2(1+6)

1406
< e c</B [V (AnDop,) 2 dy) < A2

From this estimate and Proposition 2.3 it then follows that

(3.11) )\,jl[||V()\th7h)||L2<1+a>(Rn) + HV()\hM(Df)h))HLg(Ha)(Rn)] <ec

for all h. Fix ¢ > 0, from the estimate above it is clear that there exists n > 0
such that if G C IR™ is a measurable set, with meas(G) < n

(3.12) Ali[ L vonpnEay+ [ [vnar(o) P <e.

Notice that (3.11) implies also that (75,) is bounded in W1hPU+9)(R™ RY),
therefore by the continuity of the maximal function in L? spaces we deduce
that there exists K > 1 such that, setting S, = {y € R" : M(Dvp)(y) > K},

(3.13) meas(Sp) <1 for all h.

Having chosen K, we now apply Lemma 2.9 to find a sequence of functions
wy, € WH°(R™, IRY) such that

(3.14) wp, =0, on R"\ S, | Dwp]|co < K .

Therefore, passing to a (not relabelled) subsequence we may also suppose that

wp — w weakly* in WL(R™ RY).
Notice that by (3.12), (3.13) and the definition of S}, we have the estimate
=2 1
meas(Sy) (1 + A K?) = K2 < Y?/ |V()\hM(Df;h))|2dy <e
h JSh
which gives

(1+ /\%LK2)2%P 2

(3.15) meas(Sy) < e e <%
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for h large enough. We turn now to estimate the difference

(3.16) (o) = I (v) = [1M(0) — I} (wp)] + [} (wn) — I} (w)]
' + [ (w) — I"(v)] = R} + R + Rl .

By (3.7), (3.12), (3.13) and (3.14) we get

IRl < / |Fu(Dn) — Fi(Duwp)| dy
(3.17) CSh”BT
< A’QL/S [V(ADD) | + V(A M(D3p)) ] dy < ce.

h

Now choose t < s < r and take a cut-off function ¢ as in Step 4. Setting
Yn = (wp, — w)¢ we split RY as follows:

R = [I}(wp) — I} (w + ¢p)] + [I}(w +obn) — I} (w) — I} ()]

3.18
(3.18) + I"(yp) = Rh + R + Rl

Again by (3.7), (3.14) and (iii), (ii) of Lemma 2.1 we have

|RZ| S/ |Fh(th)—Fh(Dw+D’(/Jh)‘dy

r s

c 1
< [ [VODuP + VDU + VOl — W) dy
/\h B,\B, (r—s)
c
§c(K)(rfs)+7/ lwp, — w|? dy .
(r—s)? B, \Bs
Since wy, — w uniformly we conclude that
(3.19) limsup |R!| < ¢(K)(r —s).
h

To bound RZ we observe that for any A, B € R™Y

Fi(A+ B) — F,(A) — F(B) = /01 /01 D?*Fy,(sA +tB)dsdt

and therefore

1 1
RQ = / dx/ / DgF(Ah + sApDwy, + t)\thh)D’wD@/Jh dsdt.
7 0 0

Since D2F(Ah+8/\thh +tAp D1y, converges to D2F(A) uniformly, and w;, —
w weakly* in W1 we easily get



22 Carozza, Fusco and Mingione

(3.20) lim Rl =0.

Moreover (3.8) implies that

Rl = /B Fu(Din) dy

14 1%
> 2 wowbu)Pdy = 2 / IV (An(Duwp — D)) dy.
)‘h B, /\h B

Passing possibly to a subsequence we may suppose that
: h
h}ILn Ry
exists too. Therefore by (3.18), (3.19), (3.20) we deduce
(321) T R} > limsup / VO (D, — Dw)|2 dy — c(K)(r —s).

1%
N2
h )‘hB

s

To deal with R we use a tecnique introduced in [1]. First we prove that

(3.22) meas{y € B, : v(y) #w(y)} < %
Set S={yeB,: v(y) #w(y)} and
S=Sn{yeB,: vy = li}fnvh(y)}.

Then meas(S) =meas(S). We argue by contradiction. If

3
meas(S) > Fi

then by (3.15)

K2
for h large enough and by Lemma 2.11 there exists ¥ € B, such that

meas(S \ S) >

geS\Sh for infinitely many h.
Passing to this subsequence, we have
o(g) = Timva(5) = limwa(5) = w(@);

hence g € S, which is a contradiction. This proves (3.22). Now, since Dv = Dw
a.e. in B, \ S, by (3.7) and (3.22) we get
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RY< [ IFu(Dw) - Fa(D)ldy
B,.NS

C
V] V(AnDv)? + [V (A Dw)[*] d
(3.23) A,%/Bmsﬂ (A Do) + [V (A, Dw)[*] dy

c(l + K2)<€

< c(l + K2)meas(5) < 702

< cg,

since K > 1. By this inequality, (3.16),(3.17) and (3.21) we conclude that

lim [ (vp) — I"(v)] > limsu i/ V(n(Dwy — Dw))? d
(3.24) m 17 (vp) (v)] > SUP 3z BS\ (An(Dwp NI”dy

—c(K)(r—s) —ce.

By (iii) of Lemma 2.1 we then have

1 c
57 | WOuDo = Do)Pay < 55 [ VOW(Dw = Dun)ay
h t h s
(3.25)
c C
ty [V (An(Dwp, — Duvp))Pdy + i / [V (An(Dv — Dw))|*dy.
h JBsNSp h J BsNSph

With the same argument used to prove (3.23) we get also

C
o [ VoD - DwpPay
(3.26) h S Bens .
<2 [[V(AnDv)? + [V (AnDw)|?] dy < ce
h J B.NS

and as in (3.17) we get

C
el A |V (An(Dvy, — Dwy))|? dy
h sMNSh

Cc

< 72/ (VWD) + [V (A M(D5p))|?] dy < ce.
h /Sh

Therefore, from this estimate, (3.24),(3.25),(3.26) we finally conclude that

1
lim sup 2 |V (Aw(Dv — Dup)) |2 dy < cli}an [If(vh) — Iff(v)}
h h J Bt

+ee+ce(K)(r—s).

The proof of the claim then follows by letting first s — r and then e — 0.
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Step 6: conclusion of the proof. From the two previous steps we have that for
any 0 < 7 < i

1

lim — / |V (An(Dv — Dup))|>dy = 0.
h A, Jb,

Now from this inequality, (v), (iii) of Lemma 2.1 and (3.6) we get

E 1
lim supw = lim sup —2][ |V (Du) — V((Du)m}u"'Rh)|2 dx
h An ho AL Brry, (1)

. c
< lim sup )\7][ |V (Du — (Du)xh,TRh)|2 dx
h h J Brr, (zn)

_ c
= lim sup )\—2][ [V (An(Dvy, — (Dup)-)) [ dy
h /B,

<timsup 5 f (VO (Den — Do) + V(Do = (Do), )
h h J B-
IV O((Dv), — (D) )] dy

<[C* (M) +1im (Do) — (Du), 2]

and since Dvj, — Dv weakly in LP(B;,IR™Y) we deduce that

E
tim 2@ TR g2
h A5
which contradicts (3.2) if we choose Cyy = 2C*(M). O

Proof of the Theorem 3.2. Following the argument used in section 6 of [9],
from the Decay estimate just proved, one can easily obtain that for any M > 0
there exist 0 < 7 < i and n > 0 such that if

(3.27) [(Du)gy,r| < M and E(z9,R) <n
then for any £k =1,2, .....

E(20, 7" R) < ¢(M)7**E(z0, R)
(D) riml < 2M

From this estimate one then gets that if (3.27) holds for any 0 < p < R we have

(Du)aypl S (M) and  Bleo,p) < e(M)(%)*E(xo, R)

Therefore from Lemma 2.1 we get that
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£ D (Du)e oy
Bp(xo)

<

/ 1D~ (D) iy
By(20)1{:| Du—(Dut)ag .| <1}

+f (Dt — (Du)s, |y
By (zo)N{z:|Du—(Du)zg,p|>1}

<e ][ V(Du — (D), ldy
(3.28) B, (s0)

c V(Du — (Du)a, ,)dy)»

”Jép(%)'( (D), ) Pdy)

<cODIf V(DW= V(D)) ldy
Bp(-'ﬁo)

+ <][ V(Du) = V((Du)s, ) dy)¥]
By (z0)

1 1
< o(M)[E* (20, p) + E7 (20, p)] < (M, R)p
From this estimate it is then clear that if we set

0 ={xe2: sup|(Du)g,r| <o and lil’% E(zg,r) =0}
r>0 r—

2y is an open set such that meas (2 — (25) = 0 and by (3.28) u € C1%(£2y) for
any 0 < a < 1. a
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