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elastic membranes
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Abstract

This is a study of two-dimensional steady periodic travelling waves on the
surface of an infinitely deep irrotational ocean, when the top streamline
is in contact with a membrane which has a nonlinear response to stretch-
ing and bending, and the pressure in the air above is constant. It is not
supposed that the waves have small amplitude. The problem of existence
of such waves is addressed using methods from the calculus of variations.
The analysis involves the Hilbert transform and a Riemann-Hilbert for-
mulation.
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1 Introduction

Regarding water as an inviscid incompressible liquid, we study two-dimensional
steady waves on the surface of an ocean of infinite depth, moving under the
influence of gravity when the surface is in contact with a thin frictionless elastic
membrane that responds nonlinearly to bending, compression and stretching,
and above the membrane there is constant atmospheric pressure. We suppose
that the steady fluid motion is irrotational and the top streamline is a space-
periodic curve that travels with constant velocity, without changing its shape.
We suppose also that the two-dimensional cross-section of the elastic surface
behaves mechanically like a thin (unshearable) hyperelastic Cosserat rod, as
described by Antman in [3], Ch. 4. The physical significance of such a problem
is evident; for example in the theory of very large floating structures or platforms
(see [2] and the references therein), or, possibly, flow under ice. We refer to this
as a hydroelastic travelling wave problem.

The mathematical study of these waves began with the linear theory of
Greenhill in the nineteenth century [9], but an analysis of nonlinear models has
only recently been attempted. In [I4], the existence question was formulated
as a variational problem, and existence was proved, for the case of a class of
membranes that have an infinite elastic energy when the stretching or bending
exceed certain fixed values, by maximising a Lagrangian over a set of admissible
functions. Other recent work extend the theory of [14] in different ways. For
example, in [I5] membranes with positive densities are included in the theory
provided the resulting variational problem is convex. This is a restriction on the
membrane density and on one of the wave-speed parameters in the problem. In
[11], that restriction was removed and the general problem of membranes with
positive mass was studied, using Young’s measures to deal with the problem of
non-convexity.

In the present paper we generalize and simplify the theory of surface mem-
branes with zero density [I4], by proving the existence of steady periodic hy-
droelastic waves for membranes when the stored elastic energy remains finite
but has power-law growth as the bending or stretching/compression increases,
as is more or less standard in the mathematical theory of nonlinear elasticity.
A further novelty is the use of a Riemann-Hilbert formulation in the context of
hydroelastic waves. This approach simplifies and clarifies the reduction of the
problem to one for a single function of a single real variable.

In the rest of this Introduction, we describe the physical problem, summarize
the main results and the methods, and discuss the hypotheses on the elastic
properties of the membranes under which they are obtained.

1.1 The physical problem

The physical system under investigation was studied in [I4], Sec.1.1. We seek
waves that are two-dimensional and steady with prescribed period. More pre-
cisely, we consider waves such that



(¢) in three-dimensional space (X,Y, Z), with gravity g acting in the negative
Y direction, the flow beneath the free surface is irrotational;

(i1) the Z-component of the fluid velocity is everywhere zero and all compo-
nents tend to zero as Y — —oc;

(797) the Y-coordinates of points on the surface are independent of Z and the
surface moves without change of form and with constant speed ¢ in the
X-direction;

(tv) the flow is 27m-periodic and stationary with respect to axes moving with
the wave speed.

Because the membrane has zero density, it is equivalent to study, in a frame
moving with the wave, steady 2m-periodic waves for which the speed of the flow
at infinite depth is —c horizontally. In this frame, the intersection of the surface
membrane with the plane Z = 0, called the membrane section, is supposed
to behave like a nonlinear, unshearable, hyperelastic rod for which the stored
energy depends on stretch and curvature. By the reference membrane is meant
the line Y = 0 and one period of it refers to a line segment of length 27. We
study waves for which

(v) one period of the reference membrane is deformed to become one period
of the hydroelastic wave surface.

The unknown region occupied by the liquid is characterized by the kinematic
requirement that the surface is a streamline and the dynamic condition that the
pressure P in the fluid and internal forces are those required to deform the
membrane. Therefore a steady hydroelastic wave with speed ¢ satisfying (i-iv)
corresponds to a non-self-intersecting smooth curve S in the plane (X, Y") which
is 2m-periodic in the horizontal direction X and for which there exists a solution
of the following system:

(1.1a) AyY =0 below S,
(1.1b) 1 =0 on S (the kinematic boundary condition),
(1.1c) Vi(X,Y) — (0,¢) asY — —oo,
with the dynamic boundary condition
2

1
(1.1d) 5 VU +gY = % ~P onS.

Moreover, suppose that r is the physical deformation that carries a material
point x of the reference membrane into its new position r(z). Then, by as-
sumption, the profile {r(x) : © € R} of the deformed membrane must coincide
with the free surface S of the fluid, and the constraint (v) reads

(1.1e) SN{0< X <2r} ={r(z):z € [ro,x0 + 27|}



for some 2o € R. In [14], Antman’s treatment [3] of unshearable Cosserat rods
is used to derive a formula for the pressure P in (LId). Here we simply recall
that formula after introducing some notation.

Consider an interval of membrane in its rest position. Its material points
are labelled = € [x1, z2]. We consider a deformation r that move any point x in
its new position 7(x). The stretch of the deformed membrane at the point r(x)
is then

(1.2a) v(z) == |r'(2)],

where / denotes the derivative with respect to z. Let ¥(x) denote the angle
formed by the membrane and the positive horizontal semiaxis at the point r(x),
and let

(1.2b) p(z) =9 (x).

We assume that the material is hyperelastic (see, for example, [3], Ch.4) with
stored elastic energy function,

E(w,u) >0, v>0, pu€R,

of class C2. Denote by E; and E the partial derivatives of E with respect to its
variables, v and u, respectively. From the balance law for forces and moments
acting on the membrane, it follows (see [I4], egs. (1.1)) that

(1.3a) v(z) E1(v(2), w(@)) + (@) B2 (v(z), p(z)) =0,
and

(130)  Plr(@) = —— (PULLEOIN 50 0)) By (e )

v(x) v(x

where P(r) is the pressure that is needed to produce the deformation r. Hence
the physical deformation 7 of the material points of the reference membrane
enters in the hydroelastic wave problem (LId), through the term P.

Remark 1. At this point in [I4], eqn. (1.6), v(x) was calculated in terms of
&(r(x)), using equation (I3al) and the constraint (v). In the present paper we
avoid that calculation at this stage. The formula for v will emerge later, in the
final part of the regularity proof, see ([@IGI). O

Now we introduce the hypotheses on F and explain briefly their roles in the
theory.



1.2 Hypotheses

The first seven hypotheses are used in the theory of maximization of the La-
grangian. The next five are needed to ensure that maximizers satisfy the Euler-
Lagrange equation and are sufficiently regular to give a solution of the physical
problem ([I). The first hypothesis is needed to define the potential energy
stored by elasticity in the deformed membrane. The absence of a shear variable
(see [3], Ch.4) in the argument of E reflects our assumption that the membrane
is thin and unshearable.

Hypothesis (H1). (Unshearable hyperelasticity) There exists a stored elastic
energy function,
E(w,u) >0, v>0, pueR,

of class C2, such that the elastic energy in a segment [z, 73] of material, when
deformed by z — r(z), is

(1.4) &)= [ Blvte) ) da,

where v(x), u(z) are defined in (2. O

The following four hypotheses are used to obtain the existence of a maximizer
of the Lagrangian Jy, using the direct method of the calculus of variations. First
we assume that the material response is even with respect to curvature and then
that the elastic energy is minimized when the material is neither stretched nor
bent (we normalize the elastic energy of this rest state to be zero).

Hypothesis (H2). (Evenness with respect to curvature) E(v,u) = E(v,—p)
forallv > 0, p € R. O

Hypothesis (H3). (Rest state) E(v,u) > 0= E(1,0) forallv >0, p € R. O

The next condition ensures the upper semi-continuity of the functional to be
maximized. However, it has a wider significance. For example, in the dynamic
theory of nonlinear rods it ensures that the equations of motion are strictly
hyperbolic and accordingly have rich wave-like behavior. It is also an exact
analog of the 3-dimensional Strong Ellipticity Condition [10]. By Lemma €
below, (HE) coincides with the convexity assumption in [I5].

Hypothesis (H4). (Strict joint convezity)
Ey >0, Ein >0, FEiEyp—(Ep)’>0
at all points (v, p) of the semi-plane v > 0, u € R. O

It is natural to assume that for infinite stretch, compression, or curvature,
an infinite amount of energy is required, that is, E(v, ) tends to infinity as
v goes to 0 or 400, or |u| goes to +00. The next hypothesis quantifies that
assumption.



Hypothesis (H5). (Growth condition)
1
E(v, ) > KQ(I/T to |u|p) — K, Yv>0, peR,

for some positive constants Ko, K{j, and some exponents r > 2,s > 0,p>1. O

With the existence question settled under the above hypotheses we need two
further hypotheses to guarantee basic properties of the maximizer. The first
ensures that the maximizer is non-trivial (does not correspond to the laminar
flow of a wave with zero elevation), see Lemma

Hypothesis (H6). (Non-trivial mazimizers) ¢ > g+ E22(1,0). O

The second is needed to show that the curve that emerges is non-self-
intersecting (see Lemma [B]). Obviously, this is essential if it is to be the surface
of a travelling wave. However (HT) has a further role. It guarantees sufficient
compactness of a maximizing sequence to yield the existence of a maximizer.
For ¢ > 1, let A(¢) be the area in a circle enclosed between an arc of length 27/
and a chord of length 27 (Figure 1). The asymptotics for A(¢) is then

A(0) A(0)

lim —% — 2,/2/372, lim =,
=10 —1 /

L—too (2

see Lemma [Tl

Hypothesis (H7). (Non-self-intersecting mazimizers) There exists u* € (0,1)
such that

2
* g 2 c 9 A 2 \v
E > = JR— 4 > .
(1/, 1% ) 3 5 A(V) + 1 (V) + 5 (1/) 1% 1 14 1



Remark 2. Note that, by ([B.6]) below, (HI) is implied by the stronger condition

2

E(u,u*)2§ 4+g7r1/3+%1/2 Vv > 1,

s}

and the exponent r in (HBE]) must be not less than 4. O
Remark 3. (HO) and (HI) are simultaneously satisfied if

. ArE(v, 1*)  gA(v)
2 < _ _ 2 _
(1.5) g+ E22(1,0) < ¢ ll/r;fl { ) 5 2rgv v —1 }

As an example, we consider the case when F splits, E(v, u) = S(v) + B(u), and
show that the interval (IH) for ¢? is nonempty provided the growth of S(v) for
large v and that of B(u) on the interval p € [0, u*] are sufficiently rapid.

We denote b := B”(0). Let us fix M > 0. If the growth of S(v) as v — 400
is rapid enough, then there exists 7 > 1 (depending on M and b) such that

AnS(v)  gA(v)
A(v) 27

—2mg\V/v2—12> g+b+ M Vv>0b.

Next, since A(v) is increasing,

47TB(/L ) _ gA V _27_‘_9\/]/2— 47TB _ gA(V) —2wg\/ﬁ

A(v) 27 ) 27

for all v € (1,7]. Then

4”%”3“ ) _ 9’3(”) —omgV/12 —1 > g+b+M Yv>1
1% s

provided

(1.6) B(p*) > 8% A(D)? + gA(D)\/lﬂ —1+ (g%:M) A(D).

(T8) holds if B(u*) is sufficiently large, depending on b and M. For example, if
B(u) = (b/2)u? + byp*, then (L) holds if by is sufficiently large. In that case,
(L) holds for all ¢? in the interval

g+b< A< gH+b+ M. O

The remaining five hypotheses are needed to show that maximizers of the
Lagrangian yield steady hydroelastic travelling waves. The first is an assumption
on VE, which will lead to the conclusion that the stretch v of the membrane is
bounded above (see Lemma [G).

Hypothesis (H8). (Bounded stretch)

lim { inf (VE(v,pn)- (v,pn) — E(v, 1))} = +oc. O

v——+oo -~ pueR



Remark 4. In the “splitting” case when E(v, u) = S(v) + B(p), (HB) is auto-
matically satisfied when (HAIE) hold. Indeed,

(B'() e — B(p)) = B" () o
has the same sign as p, therefore

inf (VE(v,0)- (v.) = B, ) = S'(v) v = S(v) = B(0).

Now, S’(v) v — S(v) is strictly increasing in v, thus its limit as ¥ — +oo exists.
Suppose that such a limit is a real number. Then

(S(u) )’ _ S'(v)v—S(v)

v V2

— 0 asv— 4oo.
Hence there exists v such that

)

<1 Vv>w.

It follows that

S(v) :@+ﬁy(&)/d§§0+u Vv > 7,

v 17 &
for some constant C. But this violates (HE), because r > 2. Hence S'(v) v—S(v)
goes to +00 as v — 400, and (HE)) follows. O

The next two growth conditions ensure the differentiability of Jy at a maxi-
mizer.

Hypothesis (H9). There exist positive constants K1, 7, and fi; such that

1
Byl < Ky (o7 + ) W <o, lul = s 0

Hypothesis (H10). There exist positive constants Ks, 73 and fis such that
1 _ _ _
|Ba(v,1)] < Ko (—= +ulP™") W < v, [l > fio O
v P

Remark 5. Recalling Young’s inequality
(1.7) zy<exi+Cey? Va,ye>0,

with ¢ > 1, 1/¢+1/¢ = 1 and C. := ¢ /(@1 we note that (HOIIQ) are
compatible with the presence of “mixed term” of the type |u|®/v° in E(v, pu),
provided these couplings are not too strong with respect to the leading “pure
terms” of the form v", 1/v® and |u|P; see the example in Subsection [[L4 O



Hypothesis (H11). For every 7 € R there exist positive constants K., K,
Uy, fiy with the following property. If (v, u), with v < o, or |u| > [, satisfy

E(Vvu)_VE(Vvﬂ)'(Vvﬂ):'yu

then K
Ey <22, 0
vs vs

Remark 6. In the case when E(v,u) = S(v) + B(p), one can show that, if
(HABPIIO) hold, then

_ 8 s =) < =S, B () = B < ¢

vs
for all small v, all large |u|, for some positive constants C, C’, C”. If, in addition,
(1.8) uB'(p) — B(p) = Clpl?

for all large ||, for some C, then (HIT]) is satisfied. We note that (L8] holds if
and only if the ratio B(u)/u® is non-decreasing for all large p, for some a > 1.
Also, if B satisfies

ColulP~ < [B'(w)| < CilufP~!
for all p large, for some Cy,C; > 0 such that C; < pCy, then B(u) < C +

(C1/p)|uf? for all u large, therefore (L) holds.
Finally, we note that the simplest case B(u) = |u|P+ (lower order terms)
satisfies (L)) trivially. O

The final assumption leads to regularity properties of solutions (see Lemma

[10).

Hypothesis (H12). There exist positive constants K3, 73, i3 and an exponent
a:=s(p—1)/p—e, with £ > 0, such that

|Ea(v, )| > Kav®|pulP~" Vv < s, |p| > js. O

Remark 7. In the splitting case E(v, u) = S(v)+ B(u), (HI2) is automatically
satisfied when (HAIE) hold, because, by the convexity of B(u) and its growth
condition,

B(p)

|E (v, p)| = |B' ()] > Tl > ClulP™!

for all |p| sufficiently large, uniformly in v. O

1.3 Main result and methods

Under the above hypotheses on the elastic properties of the membrane, our main
result on the existence of S, and r satisfying the hydroelastic wave problem
(1) is the following:



Theorem 1. (Existence). Suppose that the stored elastic energy function E(v, u)
satisfies (HIMI2). Then, for admissible velocities ¢ in a certain interval, see
[@CH), there exist a free surface curve S of class W3 and a membrane defor-
mation  of class W2°°, satisfying the constraint [LIe), such that the stream
function ¢ that solves (LIh,b,c) is also a solution of the dynamic boundary
equation (LId).

(Regularity). If E € C*, with k > 2, then S is of class WFTL>®  and
rewhke[l]

Our strategy to prove Theorem [ is the following. We approach the free
boundary problem by defining a Lagrangian in terms of the kinetic and potential
energies, including the elastic energy in the membrane, in one period of a steady
wave (Section [2). We use conformal mappings in a variational setting [6] to
overcome the difficulty that the flow domain is the unknown (Subsection 2.]).
We then use the direct method of the calculus of variations to maximize the
Lagrangian (Section B]). Key ingredients in the existence theory are Hurwitz’s
analytical version of the classical isoperimetrical inequality [4], which we use to
control kinetic and gravitational potential energies in terms of the length of a
deformed period of the mebrane, and Zygmund’s theorem [I7] for exponential of
holomorphic functions on the unit disc, to recover both the non-self-intersection
property for the wave profile and compactness. After that we use the growth
hypotheses on the stored energy function to deduce an a priori bounds for the
maximizer sufficient to infer that they satisfy the corresponding Euler-Lagrange
system (Sectiond]). This is a coupled system of equations, for a pair of periodic
function of a real variable which involves the Hilbert transform, that can be
reformulated as a Riemann-Hilbert problem [12] 13]. Using this observation
it is shown that hydroelastic waves arise from maximizers of the Lagrangian
(Section [{). The results in the variational formulation are listed in Theorem
(Subsection 22)), from which Theorem [l follows (see Lemma [I2] and Proposition
2).

We remark that this is a global variational theory; in particular, it is not
a theory of small-amplitude solutions. Its successful application to existence
questions is restricted to membranes that are resistant to both bending and
stretching: this maximization argument cannot be used for Stokes waves or
simple surface tension waves.

1.4 Illustrative Example

The following is a simple illustration of our hypotheses. It shows that our result
is valid even for stored elastic energy functions E(v, u) that include a nontrivial
“mixed term” of the form |u|®/1°.

Suppose that E is given by

a1 a
E(Vvﬂ):g; oY +blpl” + pp? +d

| a(s+r)
v sr

IThe regularity of v follows by that of S by classical theory.

10



with a,b,6,d,s,06 >0, r>1, > 2, and p > 2.

The coefficients of v" and 1/v*® are such that the minimum of E(v,0) occur
at v = 1. The constant term —a(s+ r)/sr guarantees that E(1,0) = 0. Since o
and p are not less than 2, E(v, u) is of class C2. As a consequence, (HII3) are
satisfied.

(H2IHT2) and the fact that F1; and Fsy are positive everywhere can be
immediately verified. If

(1.9a) a>6+1,

then the mixed term |u|®/v? is strictly jointly convex, and (HH) follows. We

also assume ([.9a)) to prove (HE]).
(HG]) holds provided

(1.9b) c® > g+ 20,

where By ;=0 if a > 2, and By :=0+d if a =2.
To prove (H), it is sufficient to assume that

2
+g7-‘—+c_, [)>M7

1.9 >4
( C) =% 2 sr

>

REES]
N

by Remark 2] and the continuity of y +— buP near u = 1.
Using Young’s inequality (7)) to control the mixed terms, one can see that

(HOIMOIT) hold if

a(s+1)+ 0p < sp.
Note that this inequality, when (.9al) holds, is implyed by the stronger condition

< p(s+1)

1.9d —_—
( ) T p+s+1

Thus, (L9h,b,c,d) imply (HIHIZ), with
g+26 << 27a —g(1+42m)
as an interval of admissible velocities. A necessary condition for this interval to
be nonempty is then
Bo < si——sr —g(1+4m).

2 The Lagrangian

The strategy for proving this result is to maximize the natural Lagrangian of
the physical problem and to observe that such a maximizer yields a non trivial
solution of (L)) in which P is given by (L3H). The Lagrangian involves the
fluid’s kinetic and potential energies, and the elastic energy of the membrane.
As in [0 111 [14] 15], to deal with the unknown flow domain, it is convenient to

11



formulate the Lagrangian using conformal mappings. We begin by considering
it in its physical context.

The Lagrangian for travelling waves is the difference between kinetic and
potential energies in one period, relative to a frame in which the fluid velocity
is stationary. Formally suppose that one period of the wave profile S in the
moving frame is given by

Sar ={(U(7), V(7)) : T €]0,27]},

where

U(r+2r)=2r+U(r), V(r+2m)=V(r).

Let U2, denote one period of the steady flow below Sa;. Then, in terms of the
stream function ¢, which satisfies (ILTh,b,c), where c¢ is given, the kinetic energy
in one period is

1

K = 5/11% IV($(X,Y) = cY)|?dYdX,

the gravitational potential energy is

2m
Vy = g/o V(r)2U'(t)dr,

and, by ([4), the elastic potential energy is

2
(2.1) ve;_/o E(Ir(@)], |7 (2)| 6 (r(z))) da.

Note that V. does not depend on the number z( that appears in (L I€), because
r'(z) and 6(r(x)) are 2m-periodic functions. For this reason we fix o = 0 in

Remark 8. K and V, are determined by any parametrization of the surface,
namely by the shape of S alone, and not by the displacement of the material
points  — r(z) of the undeformed membrane S. By contrast, V. also depends
on both the physical deformation r and on the shape of S. o

Thus, the Lagrangian of the travelling waves problem is
L=K-V,-V,.

Remark 9. K involves the solution ¢ of a Dirichlet problem (TTh,b,c) on a
domain which is itself the main unknown in the problem, and V; and V, are
integrals on its unknown boundary S. As a consequence, this is not a Lagrangian
in the usual sense, since variations in the domain are involved when discussing
critical points. In this context we mention a paper of Alt & Caffarelli [I] in
which a class of variational free-boundary problems that includes the variational
principle for K — V, is discussed. o

12



2.1 The mathematical formulation

In [I4], following the work of [6] on Stokes waves, the difficulty explained in Re-
mark @ was overcome by regarding one period of the flow domain as a conformal
image of the unit disc, the wave surface being the image of the unit circle. Here
we use the same technology, and we refer to [12] [14] for the details.

Let L5 denote the usual Lebesgue space of 2m-periodic functions on R,
which are p-power locally integrable, and WQkT’rp the Sobolev space of 27-periodic
functions whose kth weak derivative lies in LY p € [1,4+00], k € N. Let [v]
denote the mean on [0, 27] of v € L3 .

For any v € L}_, its conjugate function (or Hilbert transform) Cv from
harmonic analysis is defined almost everywhere by

Cu(€) 1/WL‘S)dS.

T or _tand (€ —s)

For p € (1,400) and k € N, C is a bounded linear operator on L% and W;;rp
with C1 = 0 and C(e™") = —isign{n} e™, n # 0.

Now, we consider deformations 7 such that the shape of the deformed mem-
brane, that is the curve {r(z) : z € R}, is 27m-periodic in the horizontal direction.
According to constraint (v) in Section [l we assume that r deforms the ma-
terial points x of any interval of length 27 into one period of the deformed
membrane. Following [12] 4], introduce a special parametrization

p(w)(r) i= (=7 = Cw(7), w(r)), T€R,

for the curve {r(z) : + € R}, where w(7) is a 2m-periodic real function repre-
senting the elevation of the wave, and Cw is its Hilbert transform.

Remark 10. It is shown in [I4] that when a curve S(w) is defined in terms of
w as

(2.2) S(w) = {p(w)(1) : 7 € R},
its slope O(w)(7) and curvature o(w)(7) at p(w)(r) are given by

O(w)'(1)

O(w)(r) := —Clog Q(w) (1), o(w)(r) := W,

where

Q(w)(1) := /(1 +Cw'(1))2 +w/(1)? .
If S(w) is non-self intersecting, it is also shown that
27 g 2
K= —/ wCw'dr and V, = —/ w?(1 4+ Cw') dr.
2 Jo S 2o

By [12], Thm. 2.7, any rectifiable 2m-periodic curve S in the plane can be rep-
resented as S(w) for some w with w’ and Cw’ in L. We do not make an a

13



priori assumption that w is such that the curve S(w) is the graph of a function.
We will prove that this is so a posteriori, for maximizers of Jy below. The
non-self-intersection property of a curve S, for given w, is a key aspect of this
problem. O

To find a formula for V,, we consider diffeomorphisms x(7) of the interval
[0, 27] such that

x(0)=0, x(2m)=2m x'(r) >0 for ae. T,
and
(2.3) x=x(t) VreR

In this way, when the surface S is defined by w, as described above, the position
r(z) of the material point x after the deformation is

r(x) = p(w)(7),
and the stretch of the membrane is

(2.4) v(z) = low) ()] .

X' (7)

Note that the curvature é(r(z)) at (x) depends only on the shape, and not on
any particular parametrization, of the curve. Then, since r(z) = p(w)(7),

(2.5) o(r(z)) = o(w)(7).

With the change of variable (Z3]), the elastic energy (Z1)) of the deformation
r(z) has the form

w0 = [ ¥ B(MD 2D o)) ar

Thus formally the hydroelastic wave problem is one of finding critical points for
the Lagrangian functional

J(w5 X) = I(U)) - g(wv X)a
where

27 2
I(w) == — / w'Cwdr — g / w?(1 4+ Cw') dr,
0 0

w is a real 2mw-periodic function belonging to the admissible set 4y below, and
x belongs to

(26) D:={xeW"''(R): ¥ €L}, X' >0ae., x(0)=0, x(2r) =27}
If we consider w = a + w, with ¢ € R and [w] = 0, we see immediately that

e
e et ®x)
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is attained at

1 2
(2.7) a=—— wCw' dr,

27 Jo
and that this value of a is the one for which the area of the region delimited by
the profile S(w) and the horizontal axis is 0. In other words, (2.7)) corresponds
to a law of conservation of the mass. Hence, maximizing J is equivalent to
seeking a maximum of

Jo(w, x) := In(w) — E(w, x)

(we have dropped the tilde over w), where

Ip(w) == I(w) + % (/027T w'Cw dr)2,

with the restriction that [w] = 0.

Remark on Iy(w)

For the existence of the integral in the definition of Iy, we need at least that
w e Hﬂlk’l, that is w is a 2m-periodic, real, absolutely continuous function with
derivative w’ € L and Cw’ € L} also. For such functions, Q(w) € Li_. O

Remark on &(w, x)

The integrand of the integral £(w, x) is defined when the curvature o(w) of the
curve S(w) is defined, at least for almost every 7. The formula for the curvature

is
O(w)’ 1 Q(w)’ )
o) = 50y =~ ()
where O(w) := —ClogQ(w). The Hilbert transform C can be applied to the
quotient '/ provided it is integrable, that is, when log Q(w) € W217’T1. More-
over, C(Q'/Q) is integrable when log Q(w) € Hy' (see above). In that case,
log Q(w) is absolutely continuous and periodic, and hence there are two positive

constants a, b such that
0<a<Quw)<b forae. 7

As a consequence, o(w) € Li_, since it is the product of a bounded and an
integrable function.
In conclusion, the functional .Jy is well-defined for w in the set

Ap = {w eHy' : [w] =0, logQw) € Hy', [log Qw)] =0 },

which is a subset of the Hardy space Hy'. The condition [logQ(w)] = 0 is
related to the complex formulation of the original water waves problem (see [14]
and the references therein).

Note that £(w, x) may be infinite for some (w, x) € Ag x D. O

15



2.2 The theorem in the variational setting

The variational problem is the one of finding a maximizer of

2.8 Jo(w, x),
(2.8) (o o(w, x)

with Jy : Ag x D — R U {—00}, from which all else follows. In this variational
setting, the complete result is the following.

Theorem 2. (a) (Existence of a maximiser). If (HIHD) hold, there exists a
nontrivial mazimizer (wo, xo) of problem (2.8)). Moreover,

wo € AgNW3’,  xo € DNWL+1(0,2n),

where and p and s are the exponents in (HB) and p := % > 1.
(b) If (HINB) hold, then xj, > C >0 a.e., for some constant C.

(c¢) (Euler equation for the deformation variable xo). If (HIHIQ) hold, xo is
a solution of the Euler equation ().

(d) (Euler equation for the wave elevation wy). If (HINII) hold, then wy is
a solution of the Euler equation ([EI12).

(e) (Regularity). If (HIHI2) hold, and E(v,u) is of class C*, with k > 2,
then
wo € Wt xo € Wh(0,2m),

Q(wo)
X0
(f) (Dynamic boundary condition). If (HINI2) hold, then (wg, xo0) satisfies
the dynamic boundary equation (5.

€ Wa—b%  g(wy) € Wh—1e,

We divide the proof of Theorem [2linto distinct parts, introducing Hypotheses
only when needed.

3 Existence theory

In this section we prove part (a) of Theorem [2 Before anything else, we make
some key technical observations.

3.1 Three technical observations

Observation 1. Among all the curves of length 274, £ > 1, which intersect the
horizontal axis at 0 and 27, the one that achieves the largest possible distance
from the horizontal axis is an isosceles triangle. Therefore

(3.1) [w]loo < v/ l(w)? =1

where



Observation 2. This is based on Hurwitz’s analytic version ([4], page 29) of
the classical isoperimetric inequality: when U, V : [a,b] — R are absolutely
continuous with U(a) = U(b) and V(a) = V(b), then

b b
’ / U'(a:)V(x)d:c‘ <7R?  where R:= %/ VU (2)? 4+ V' (x)? da.
a ﬂ- a

In other words, | f: U'(x)V (z)dz| is bounded above by the area of the circle of
radius R, and equality holds if and only if {(U(x),V(z)) : z € [a,b]} is such a
circle.
At this point we refer the reader to Figure For ¢ > 1, a circle of radius
r(£), where
r(0)sind(f) =«

and

v()
sind(¢)’

(3.2) 9(0) € (0,7), €=

is uniquely determined (up to congruence) by the requirement that the end-
points of a chord of length 27 and the end-points of a circular arc of length 27/
coincide. Let A(f) be the area enclosed between the circular arc of length 27¢
and the chord of length 27. Then it is easily seen that

5 20(0) — sin(29(0))

(3:3) Ay =m 1 — cos(29(¢))

where ¥(¢) is defined in [B2]). For future convenience, we prove some properties
of the function A(¢).

Lemma 1. A(¢) is strictly increasing, concave on (1,7/2) and convezr on
(m/2,400), and

272
sind(f)

(3.4) A(l) =

Therefore A'(£) > 272 for all £ # 7/2. Moreover,

A0 2 A
(3.5) %Eﬁ N — 24/2/3 7%, 611}:1_100 -z =

A(€)/vE —1 is an increasing function of £, and
(3.6) A(l) <2m0*  forall £>1.

Proof. First of all, we note that the map (1,4+00) 3 ¢ — 9(¢) € (0, ) is strictly
increasing. Indeed,

sin? 9(¢)

(3.7) 0'(6) = sin(£) — 9(£) cos V() -

17



because
sint —dcosd >0 VI e (0,n).

Now,

d (219 - sin(219)) ~ 2(sin? — ¥ cos )
dd \ 1 — cos(29) sin® 9
so that (34) follows by B7). Hence A’(¢) is positive for all £ because ¥(¢) €
(0,7). More, since 9(¢) is strictly increasing in ¢ and J(7w/2) = 7/2, formula
B4) shows that A’(¢) > 272 for all £ # /2, and it is decreasing on (1,7/2)
and increasing on (7/2, 00).
Now we note that
d Al 2A(0-1) - A(0)
e JI—1 200 —1)3/2

By B.2), B.3) and @.4)

2A(0)(0 = 1) — A(0) =

2
singiﬁ(é) {39(¢) — 4sinI(¢) + sinI(¢) cos¥(¢) }

and 39 — 4sind + sin¥ cos ¥ > 0 for all ¥ > 0 because its value at ¥ = 0 is zero
and its derivative is

% (39 — 4sind + sin¥ cos V) = 2(1 — cos¥)? > 0.
Thus, A(£)/v/£ — 1 is an increasing function of .

The first limit in @3]) can be proved by Taylor series, because 9(¢) — 0 as

¢ — 1. By (B3] and (32)),
A(L) 5 20(¢) — sin(29(¢))

ez T 20(0)2 ’

and the second limit in (B3] follows because #(¢) — 7 as £ — oo.
To prove ([B6), we differentiate

d A(f)  A(0)0—2A(0)
a2 3

By B.2), B.3) and @3.4)

272 cos 9(¢)
A0 —2A0) = ———=
® ) sinv(£)
Then A(¢)/¢% has one global maximum at ¢ = 7/2, and ([B.6]) follows because
A(r/2) = 73)/2. O

Proposition 1. Suppose that {(u(7),v(7)) : 7 € [0,27]} s a parametrization of
a rectifiable curve of length 2ml, £ > 1, with v(0) = v(27) and u(27)—u(0) = 27.
Then

/0 i o (T)o(r)dr < A(K).

18



Proof. Suppose that this is false for (u,v) and define continuous functions U, V
on the interval [0,3n] as follows. Let (U,V) coincide with (u,v) on [0,27],
let (U(3m),V(37)) = (u(0),v(0)), and let {(U(x),V(z)) : x € [2m, 37|} be
an injective parametrization of the arc of the circle with radius r(¢) which is
complementary to ¢(¢). Therefore, by the divergence theorem,

3
/2 U'(z)V (z) dz = 7r(0)* — A(£).

s

Since the proposition is supposed to be false, we find from the definition of
(U, V) that

/37f U'(2)V(z)dx > mr()?,
0

where, by construction,

3
VU (2)? + V(x)? de = 27r(0).

0

This contradicts the isoperimetric inequality and proves the result. o

Observation 3. The third observation is the vector version of Jensen’s in-
equality: if f: R™ — R is convex, U C R™ has unit measure and v : U — R",
then

(3.8) /Uf(u(x)) dx > f(/Uu(x) d:c).

This is immediate from the fact ([7], Ch. 1.3) that f : R™ — R is convex if and
only if

f(@)=sup{a-z4+b: aeR", beER, a-y+b< f(y) Yy e R"}.

3.2 Estimates of O(w) when Jy(w, x) >0

We seek a positive maximum of Jy on Ay x D.

Lemma 2. Suppose that (HI2BIE) hold. Then

Y:= sup Jo(w,x)>0.
(w,X)EAoXD

Proof. Let w(7) := ecosT and xL(7) := 14+ ecos7. Then Cw. = ecosT, and
calculations with Taylor series for e — 0 give

Io(w.) = 5 (* = g)&* + O(e"),
Qg(u;) =1+ 0(?), 79(1”5))(5(105) = —ccosT + O(e?).
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By (HIRIB]), the Taylor series of E(v, u) near (1,0) is

F11(1,0 Eoo(1.0
B = P (=124 P (v = 1) 1),

e Quws) Qwo)olwe)y _ Ea(l0)

w we) o(w 22(1,0) 5 ,

laE( ij ) EXQ- 5): g € 008 T+ o0(e%),
and -
E(we, Xe) = 5 Ex(1,0) e+ o(e?).

Thus (HE) implies that Jo(w., x<) > 0 for all € # 0 sufficiently small. O

Lemma 3. Suppose that (HIRMT) hold and p* < 1 is that defined in (HI).
Then, for all (w,x) € Ao x D such that Jo(w, x) >0,

|©(w)(11) — O(w)(m2)| < p'n Vi, € R.

Proof. First, we consider the elastic energy &£(w, x), which is

E(w,x) —/O%X’E(Q(“’) RC) |U(w)|)dT

X’ X’

by (HZ). From (HH]), and Jensen’s inequality (3.8) it follows that

(3.9) E(w, x) > 21 E(L(w), m(w)),
where
2 2
U(w) = % /O Qw)(r)dr, m(w):= % /O 1O (w)'(7)| dr.

Now we consider

2

27 2 27 2
Io(w) J (/ wa’dT) +< / wCw'dr — / w?(1 4+ Cw') dr.
0 2 Jo 2 Jo

T i

Since w is 2w-periodic and has zero mean, by Proposition [I]
2m 2m
0< / wCw'dr = / w(l + Cw')dr < A(¢(w)),
0 0

because the length of a period of S(w) is 27f(w). Integrating by parts shows
that

2m 2 2
/ w?Cw'dr = / w(wCw' — C(ww")) dr + / wC(ww') dr
0 0 0

27 2
= / w(wCw' — C(ww")) dr + %/ w?Cw'dr.
0 0
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Since wCw' — C(ww') > 0 almost everywhere (see [I3], Prop. 3.1),
2m 2 2
’ / ’LUQC’LU/dT‘ < 2Hw||oo/ (wCw' — C(ww")) dr = 2Hw||oo/ wCw'dr,
0 0 0

because C(ww') has zero mean. From these inequalities and B.1),

CQ

(310)  Io(w) < -ZA(Hw))? + FA(U(w)) + grA(L(w))y/E(w)? 1.

Let Jo(w,x) > 0. Then E(w, x) < Iy(w), whence, by [B.9) and (I10),
BE(t,m) < =L A(0)? + C—2A(€) +2A00)eE =1
S g ir 2 ’

where ¢ = {(w) and m = m(w). Now, suppose, for contradiction, that m > p*.
Since, by (H2l) and (HA), p — E(v, p) is increasing on [0, +00) for every fixed
v,

2
* g 2 C g 2
< - — = —
El,u*) < El,m) < 5 S A + 1 A(0) + 2A(€) 2 -1,

violating (H). Thus, m < p*. Therefore, for every 71 < 72 < 11 + 27,

T2 T14+27
Ow)(m) — Ow)(m)| < i @(w)/(T)dT_/T2 Ow)' () ]
27
<3 [ ey @lir—mm<pn<r 0

3.3 Maximising sequences

Assume (HE]), so that 3 > 0 by Lemma 2] and let {(wg, xx)} C Ao X D be a

maximising sequence, with
0 < Jo(wi,xx) =2 (k— o00).

For convenience, let Qf := Q(wg), ok := o(wy), O := O(wg). By Lemma [ we
have that
|Ok(11) — Or(m)| < p'm Vri,m €R,

and the bound is uniform for k € N. Let

1
M= ( 0 in ©4(7))
§ 2 Tg[l(?,é(ﬂ'] k(T) + TEH[%JIEW] k(T)

and set N
O(1) := O(1) — M.

Then ||O/loe < p*7/2. Moreover, since O, = —Clog O and [log ] = 0,

COy = COy = log Q.
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We recall Zygmund’s Theorem [I7], Vol. I, page 257: If f € L3, then

27

/%e p{qlCf(T)|}d <747T for 3.110<q<—7T

X T T < < .

0 cos(ql| f{|o0) 2[| f1loo

We apply this result to f = ék and we get
2m 2m
4 1
/ Qfdr < / edloe Ol gr « T forall0<gq< —.
0 0 cos(qum/2) H

Since pu* < 1, in what follows we can fix an exponent g € (1,1/u*) and obtain
a uniform bound

(3.11) 1%llg, <€ vk

for the maximising sequence.
By (BII) and Hélder’s inequality we get a uniform bound for €y, in L3,

2m
Lk = L(wk) :/ Qk dr S C Vk,
0

where here, and more generally in this section, C' denotes positive, possibly
different constants. By (BI0) [o(w) is dominated by a function of L(w). Then,
since Jy(wg, xx) > 0, we have a uniform bound for the elastic energy

(3.12) S(wk,)(;g) < Io(wk) <C Vk.

Since [x}] =1 for all k, from (HE)) it follows that

(3.13) /()Qﬂ{(z—,’;)T+(é—;’z)sjt(gkxzf’“')p}xgdfgc Vk.
Now, let
a:zl—i—z, ﬁ:z%, 7:2821

By Holder’s inequality,

2 2 I\Y\ « 1 2m
I \Y < (X]g) @ Bra’ af
/O (x4) df_(/0 (F) ar) (0 (@) ar) .
Then, by BI3) and @B.ITI),
(3.14) IXkllzy, <C  Vk,

because ya = s + 1, Ba = s and o8 = ¢q. Note that v > 1 because g > 1.
Now let 1
/\::1—|—p—7 'r]::g7 £ =
vy A

p—1
-
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By Holder’s inequality,

2 2m ! 1 2m 1
LI\ N4 BN
/n < | k YD
J, veimar= (7 () @) () o an)™
Then, by B13) and [B.14), and recalling that Q oy, = ©7,,
10klly, <C  Vk,

because nA = p, A =p—1 and €N = ~. Note that > 1 because v > 1. Since
[Ok] = [-Clog ] = 0,
1Okl yy1n < C Vk.
27

It follows that
ICOKIlyyp.n = [1log llypn < C VE

and then log; are absolutely continuous functions with a uniform bound
[llog Qk|lcc < C. This means that there are two constants C,C’ such that

(3.15) 0<C< (1) <C" V1, Vk.
Thanks to [B.I3]), the bound (B.I3) becomes

ok

(x%)?*l) dr <C vk

27
(3.16) /0 ((XL% + (X)) +

Thus (I4) can be improved to
Xkl g <€ VE.
Then, since xx(0) = 0 for all k,
Xk lwret10,27) < C vk
Also, let

By Holder’s inequality,

o= ([ ()

Then, by (3.16),

Q=
/N
O\
S
3
—
=
LN
~—
o>
S
IS
\‘
N———
2

lowllz;, <C Vk,

because pa = p, ba = p—1 and ba’ = s+ 1. Note that p > n > 1 by construction.
By the last inequality and (313)),

1Oklls, <C Vk

2We write W1st1(0,27), and not VV;;rerl7 because the diffecomorphism xj, unlike its
derivative x},, is not a periodic function; see (2.6)).
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and then ||[CO} |, < C,
1%z, <C k.

Since wj, = Q; sin ©, and [|Q||c < C, by the previous bound we get

_p+sp
p+s

)

(3.17) |willLy <C Vk,
and so wy, is a bounded sequence in W227’Tp, because [wy] = 0 for all k.

3.4 Weak limit (wy, xo) of the maximising sequence

By BI1), and since [wy] = 0, there exists a subsequence, which we denote (wy,)
as well, and a function wy € Wy such that wy — wg in Wy’ weakly; more
precisely:

wy — woy, Cwp — Cwy in L3, strongly,

wy, — wy, Cwy — Cwl in L3 strongly,

wy = wy, Cwy — Cw{ in Ly weakly.
In particular, Qr — Qg := Q(wp) uniformly and, as a consequence of ([B.I3)), Qg
is bounded below, so that

(3.18) Q. — Qo and logQy — logQy in L.

It follows that [log o] = [wo] = 0 because [log Q] = [wg] = 0 for all k. Thus
wo € Ag. Since Cwj, — Cwj and w), — wy, in L$2, it follows that

/ / Q % .,
Qp — Qy and 9 g n L5, weakly
k 0
and so o o
o) = —C(Q—k) — —C(Q—O) =0 in L5_weakly.
k 0

Thus ©}./Q — O3/ weakly, that is
(3.19) o — 09 in L5 weakly

where o := o(wp).
Moreover, a subsequence (xx) converges to some yo € WhsT1(0,27) N D,

(3.20) Xt — xo in L(R) strongly,
Xe — Xo in Lyt weakly.
Obviously
2m 2m
/ wiCwy, dt —>/ woCwy(, dr
0 0
and

27 27
/ wi(1 + Cw}) dr — / wi (1 + Cwy) dr,
0 0

so that Io(wk) — Io(’LUO).
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3.5 The existence of a maximum

To prove that (wg, xo) is & maximiser for Jy, it is more convenient to write the
elastic energy as

where

Note that (E*)* = E, that is
1
v )

E(I/,/J,)ZI/E*( %), Vv >0, ueR.

E* is jointly convex in both its argument by (H4) and the following lemma.
Note that E* coincides with € in [I4], Remark 3.1.

Lemma 4. E*(t,0) is jointly convez in (t,0) if and only if E(v,u) is jointly
convez in (v, ).

Proof. Differentiating gives

1 1 v
Eaa (v, p) = M E52(; ) ;)
and
1 S U AN B 7 1 v\2
By (v, 1) Eaa (v, 1) — Era(v, p)* = F{EU(Z : ;) Ezz(; : ;) —Efz(; ; ;) }

Then the jointly convexity of E, that is (H4)), implies that E7,, E3, and Ef, E3,—
(E}y)? are positive at every (¢,0) with t > 0 and o € R.
The opposite is true because E = (E*)*. O

Now, by B20), x}, — xb in L5 weakly because p < s + 1. Therefore, since
1/Q — 1/Qp uniformly,

Xk Xo

9% o in LY weakly,

and so, by BI9), the pairs (x}./Q%, 0x) converge to (x(/Q0,00) weakly in the
product space L5 x L5 . We define

2m
F:L5 xLf —R, F(uv):= / 0o E* (u,v) dr.
0

Since E* is continuous and non-negative (recall that £ > 0 by (HB])), by Fatou’s
Lemma F is strongly lower semicontinuous on Lf_x LS . Moreover, by (HZ)
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and Lemma [ F' is also convex. Hence F' is weakly lower semicontinuous on
LS x L5 . It follows that

X/ X/ 27 X/
E(wo, x0) = F(Q_((JJ ,UO) < limkian(Q—’; ,O'k) = 1imkinf/0 Qo E*(Q—Z ,O'k) dr.

We note that

() -] =| [P 0 (S o) ar
<O — Qllre — 0
as k — oo by (3I158), BI2) and (BI8). Hence
liInian(X—;C ,O'k) = liminf & (wg, x&)-
k Qp k
On the other hand, by the definition of the maximising sequence (wy, X«),
Io(wi) — E(wg, X&) = Jo(wi, xk) — X,
and, since In(wg) — Io(wp),
E(wi, xx) — To(wo) — X.
Then

(3.21) E(wp, x0) < li%infg(wk, xx) = lo(wp) — %,

that is, Jo(wo, xo) > 2. Therefore
Jo(wo, x0) = %

and (wo, Xo) is a maximum for Jy on Ag x D.

We have proved that, when (HINT) hold, there exists a maximizer (wo, xo)
for problem (2.8]). Since Jy(0,1) = 0 and Jo(wog, xo) = £ > 0, the maximum is
nontrivial. Moreover, we have also proved that

wo € Ao NW3P, xo € DNWH+(0,27),

and the proof of part (a) of Theorem [2is concluded.

4 FEuler equation and regularity of the solution

We next prove parts (b), (¢) and (d) of Theorem First, to see that yj is
bounded below, we note the following facts about E™*.

Lemma 5. Suppose that (H2MB) hold. Then, for all o € R,

. * _ . * —
t1l>1(1)1+ El (t,O’) - o, tl}IJPoo El (t,O’) +o00.
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Proof. By (H2IH]) and Lemmal, E*(t,0) is even in o and jointly convex, there-
fore

(4.1) E*(t,o) > E*(t,0) Vt>0, o €R.

Since E*(t,0) = tE(1/t,0), by (HB) we have that

E*(t
lim E*(t,0) = +o0, lim (t,0) = 400
t—0+ t—+o00 t
Then, by @I,
E*(t
lim E*(t,0) = 400, lim E'(t,0) = +oo
t—0+ t——+o00 t

for all o € R. The lemma easily follows by the convexity of the map t — E*(¢,0),
for every fixed o. O

We have proved that E}(t,0) — —oo as t — 0%. (HR) is equivalent to
assuming that such a limit is uniform in . Indeed, we observe that, for every

v,

irgl% (VE(,p) - (v, 1) — E(v,p)) = ;relﬂ (VE(v,0v) - (v,0v) — E(v,0v)).

Hence (HB) holds if and only if

lim {sup E(t,0)} = —o0,
i {sup 5 (1)}

that is

(4.2) Ef(t,o) < f(t) Vt>0,0€eR, and lim f(t) = —o0,

t—0+

where f(t) := sup, Ef(t,0).

As a consequence of ([@2]), there exists a positive constant a* such that
f(t) <0 for all t € (0, ™), therefore
(4.3) Ef(t,0) <0 Vte (0,a%), o €R.

Note that the map t — Ej(t, o) is strictly increasing. Then, by Lemma [B]
for every o there exists a unique ¢t*(o) > 0 such that Ef(t*(0),0) = 0, and
t*(0) = 1. By (@3), ¢* is bounded below, namely t*(o) > a* for all o.

Lemma 6. Let (wo, xo) be the mazimum for Jo described in part (a) of Theorem
@ Suppose that (HOAR) hold. Then there exists a constant C such that

Xo(r) >C >0 forae T
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Proof. Suppose that 1/x{ does not belong to L. Then all the sets

A, = {T € (0,2m) : x4(7) < l}, neN,

n

have positive Lebesgue measure denoted by |A,| > 0. Note also that

{r€(0,2m): x4(7) > 1}

has positive measure — if not, then x{, < 1 almost everywhere, whence

Yo(27) — x0(0) = / " () dr < 2,

violating the fact that xo € D. Since og and x{, are integrable we can therefore
choose N large enough that

B:={1<xy <N, |og| <N}

has positive measure. Then, for every n we define @, by

2/n ifreA,,
en(T) = X6(T) = An if T € B,
Xo(7) everywhere else,
where | )
)\n = (— — /) d s
B Ja, \n ~ 0
so that

for all n. Also, we note that

14, > 1Al
4.4 — < A\, <
(44 B oa =SB a

for all n. We define .
Xn(T) = / on(7) d7T
0
and observe that Y, € D for all n sufficiently large. We calculate the difference
!/

E(wo, x0) — E(wo, Xn) = /02Tr Qo {E*(;;_z ,0'0) - E*(g—z ,Uo)}dT = Gy + by,

ap = /An Qo {E*(é—i,ao) —E*(%,Uo)}dT

where
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and ,

by = /BQO {E*(;;_g ,0'0) — E*(XE)Q;O/\” ,UO) } dr.
Since Qo(7) > C > 0 for all 7,

Xo(7) 1 2 C’

< < — * Anv
QQ(T) _QQ(T)TL <QQ(T)TL_ n <« VT €

for all n sufficiently large, where o is defined in (£3), using (H8). Then, by
(@3)) and the fact that E7; > 0,

£ (o) =2 (o) > 5 (o) (g~ )

> —f(%/) ﬁ Vre A,

where f is defined in (£2]). Hence

Qp > —f(OI) |4n| .

n n

To estimate b, we observe that x(/Qo and (x({ — An)/Qo are confined in
a compact interval K which does not contain zero, for all 7 € B, for all n
sufficiently large. Hence we define

M= max o |ET(t,0)l,
and so
|bn] < /BM/\ndT = |B|M\,.
Then, by (@4, o
an n
Ton] ‘% e

as n — oo by ([@2)). This implies that
ay +b, >0

for n sufficiently large, so that &(wo, X»n) < &(wo, Xxo0), violating the maximality
of (wp, xo) for Jo. O

4.1 The Euler equation for Y,

Now we prove part (¢) of Theorem 2l By B.2I)), &(wo, x0) < o0, therefore, by
(HB) and the fact that 0 < C' < Qg < C’, we know that

27 P
/ |(,70|71 dr < oo.
o (xo)P

29



Since x( is bounded below (Lemma [d]),

27 P
[yl | e <
0 0 Xop

that is 0o/x(, belongs to L% . Moreover, recall that

e L3 E(& M) €Ll

2w /70
Xo  Xo

To study the differentiability of the functional Jy(w, x) with respect to Y,

we assume (HOTO). (HO) implies that

Qo Q
ElO—El( 0, 0,00>€L%m
X0 Xo
and (HIO) implies that
Qo Q
Es —E2( 0, 0,00> Lé’,ﬂ
Xo  Xo

where 1/p+1/p’ = 1, because Qq oo/xh € L5, xb/Q0 € L' and Qo/x) € L.
As a consequence, the functional £(w, ) is Gateaux-differentiable with respect
to x, and its partial derivative in any direction ¢ € W217;°°, with xo +% € D, at
(wo, xo) is

dy&(wo, xo0) ¥
2
ARG e R S R el I

VE(v,p) - (v,p) = v Ei(v, p) + pEz (v, p).

Then the maximiser (wo, xo) satisfies the Euler-Lagrange equation for the func-
tional Jy(w, x) with respect to x, that is

0 Qoo o Qoo 0 Qoo
(45) E(_/v—/)_VE(_/v 7 )'(_/7—/)5705
Xo 0 Xo  Xo Xo  Xo
for some constant vy € R. Note that (1) is equation (1.2) of [I4].
We have proved that, if (wo, xo) is the maximum of Jy described in part (a)
of Theorem 2l with x((7) > C > 0, and (HBQIITO) hold, then (wq, xo) solves the

Euler-Lagrange equation ([@5]). Thus part (c¢) of Theorem [2is proved.

where

4.2 The Euler equation for w
We prove part (d) of Theorem 21 The maps

2 27
1
W52 — R, w»—»/ wCw'dr  and wb—>/ w?Cw’ dr
0 0
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are Fréchet differentiable at wy. Hence Iy is differentiable on W217’rp , and its
differential at wp in the direction h € W217’Tp is

2w
dIQ(’wo)h = VIQ th7
0

where
(4.6) Vo := VIo(wo) = (¢* = 2gao)Cuwy — g{wo(1 + Cwp) + C(wowp) }
and
(4.7 ag := —[woCwy).
In the following, we will denote
HEP = {weWyr . [w =0}, k=12

To investigate the differentiability (at least in the Gateaux sense) of the elastic
energy term &(w, x) with respect to w, we recall the following fact.

Lemma 7. wqy is an interior point of Ag in the topology of W;;rp, that is there
exists eg = eo(wg) > 0 such that

Wo = {we H" : |jw— wOHWﬁ;f < ep} C A,
and there exist constants C,C’ such that
0<C<Qw) <C" YweW,.
Proof. See [14], Lemma 4.1. O

The map
Q: Wy — W, wi— Qw)

is of class C', and its differential at w in the direction h is

_w'h + (14 Cw')Ch 2.p
A (w)h = ) Vh e H2?.

Also the map
Qo : Wy — L w — Q(w)o(w)

27

is of class C!, and

d(Q(w)o(w))h = _C(dg%h)’ _ _C(w’h’ +g(21(;—)gw’)6h’)/7

because, by definition, Q(w)o(w) = O(w)’ and O(w) = —Clog Q(w). We define

whu + (1 + Cwj) Cu
L) = M0 CU0)Cn
0
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so that
dQ(’wo)h = QQ E(h/), d(Q(wo)o(wo))h = —C(E(h/))/

Note that, in general, £(h') belongs to W,* only, even for h € C*°.
The functional £(w, x) is Gateaux-differentiable with respect to w at (wg, x0)
in the direction h if

El,O E(hl) — E270 C(E(h/))l S L%ﬂ.

Since L(h') € W,,” and Ey o € L}, this holds when

T 27
(4.8) Eop€ L5,
where
r_ p(S + 1)
s(p—1)

is the conjugate exponent of p = (p+ sp)/(p+ s). Now (L8] holds if we assume
(HII)). Indeed, recalling that € is bounded both below and above, (HII]) and
the Euler equation (£5]) imply that, where |og|/x( is larger than some constant
(depending on the constant v of (£3))), then

(2l < e

X6

for some C' > 0. Hence
0o Lp(s+1>

X0

because x{, € L*T1. Then (@) follows by (HIO), and, as a consequence, the
functional £(w, x) is Gateaux-differentiable at (wq, xo) with respect to w in all
divections h € W5”. Hence the maximiser (wo, xo) solves the Euler equation in
weak form

2m
(49) / {Vfoh - E17090£(h/) +E2)0C£(h/)/}d7' = 0 Vh € H02,p'
0

Lemma 8. The linear operator L is an isomorphism of H&’p into itself, and
Lu)=v iff u=whv— (1+Cuwph)Cv=:L""(v),
for all u,v € HY".

Proof. The proof is elementary once the following facts from complex function
theory are taken into account. For p > 0, write U € HZ if U is holomorphic in
the unit disc D and

2m
sup / |U (re')|P dr < oo.
re(0,1) Jo

It is well known [5, 8] that when U € HE. for any p > 0, then

U*(t) := lim U(re™) exists for a.e. t
r,/1

32



and if, for some ¢ € (0,00), [U*|? € L}, then U € HE; if [U*| € L$, then U
is bounded on D. Moreover, if U € HE, p > 0, then U € H¢ for some ¢ > 1 if
and only if U*(t) = u(t) + iCu(t) + icw for some u € L1 where

1 2T
— u(r) dr +ia = U(0).
21 0
Conversely, if w € L] _, ¢ > 1, there exists U € H{ with U* = u + iCu. B
Finally ([5], Theorem 3.11), if U is holomorphic on D and continuous on D,
then U* is absolutely continuous if and only if U’ € H{, in which case
d .
— U*(r) =™ (U')* (7).
dr
Moreover, if U’ € HE and [log U’*] = log |U’(0)|, then U’ has no zeros in D.
Now we turn to our proof. Since wj € Hy”, there exists a function W

which is holomorphic in the unit disc D, continuous on the closed unit disc D,
W(0) =14, W € Hf and

(4.10) W* =wy +i(1+Cuwp), |[W*| =Q(wp).

Since wp € A, it follows that W and 1/W are bounded on D.

Now for u € Hé ? let U be holomorphic on D and continuous on D such
that U’ € H{ and U* = u + iCu. Note that Lu = Re (U/W)*. It follows
from the above remarks that (U/W)" € H{. Hence Lu is absolutely continuous
and (Lu) € LY . Also, since W(0) # 0, it follows that [Lu] = 0 if and only if
U(0) =0, i.e. if and only if [u] = 0. If, on the other hand, 0 = Lu = Re (U/W)*,
then U = 0 and hence L is injective from H&’p to itself.

Finally for any v € Hé *#let V be holomorphic on D and continuous on D
such that V' € H{ and V* = v +iCv. Then V(0) = 0 and Lu = v if and only
if U = WV on D. Thus U’ € H and U(0) = 0. In other words, u € Hy* and
u = wjv — (1 + Cwp) Cv. This completes the proof. O

Remark 11. In Lemma [8 we have proved that £ is an isomorphism of Hé o’
However, h € Hy” does not imply that £(h) € H”, because w) has only
regularity W1, This means that, in the present problem, £(h) cannot be taken
as test function, as was done in [I4]. So instead, here we will take £(h') € Hy*
as test function “of lower order”. O

Now we seek an expression for (@) that involves only L£(h’) as test function.
First, we note that, for every h € HY",

2m 2
/ VI() hdr = / (VIO - )\0) h dT,
0 0

where Ao := [Vp]. Integrating by parts yields

/O%(wo ~ o) hdr = — /O% (/OT(VIO - AO))h’(T) dr

2m
= — mo E(h/) dT,
0
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where

mo = (E_l)*(/ (VIO - )\0))
0
and (£71)* is the adjoint operator of £71 in the usual L3_ sense,
(LY (f) = wof +C((L+Cuwp)f) VF.

Now, for any h € HOQ”)7 let
@ := L(h).

Since [h'] = 0, by Lemma 8, ¢ € H,”. We observe that
{e=L(H): heHy"} =Hy".

Indeed, given any ¢ € Hé P there exists a unique primitive h of £L71(¢) having
zero mean. As a consequence, (£9) can be written as

2m 2m
(4.11) / (mo+ QoE10) pdr + / CEso¢ dr =0 Vo € Hy*,
0 0
where C(Es ) is well defined, by (£L8]).
Lemma 9. Suppose that a(7) € Lg;r, b(r) € L, satisfy
2 27
/ by dr +/ ap'dr =0 Voe Hy".
0 0
Then a(t) € W', and
a(T) = const. +/ (b(t) — [b]) dt.
0

Proof. The proof is elementary. O

By Lemma [ and (@TIT]) we deduce the Euler equation
(412) CEQyO(T) = const. + / (mo + QoEy 0 — bo) dt,
0

where bo = [mo + Q()EL()].

We have proved that, if the maximizer (wg, xo) of Jy described in part (a) of
Theorem Pl satisfies the Euler equation (@3), with xy(7) > C > 0, and (HIOII)
hold, then (wo,xo0) also solves the Euler equation [II2)). In Section [ this
will be shown to imply the dynamic boundary condition (LId)). But first we
examine the smoothness of solutions.
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4.3 Regularity of the solution

We prove part (e) of Theorem 2l From @I2) it follows that CEyo € W' C
L™ C LY for all B € (1,00). Hence

(4.13) Eyo € LP VY3 e(1,00).

In (HOHID), let oy := min{iy, Uo, U3, Uy, } and fig := max{fi1, fi2, {3, Ay, }, Where
7o is the constant in the Euler equation ([@3H]), and let

Q Q
A* = {7‘6(0,271'): —/0 < Uy, M Zﬂ4}-
Xo Xo

By (HIIIT2),

QO af8 Qo|0'0| (p—1)8
E ﬁdT>C’/ — —_— dr
/A*| 2ol d7 2 A*(XB) ( X0 )
20’/ (xb)P dr.

Note that x{ is bounded above on (0,27) \ A* by (HII) and Euler equation
([@5). Hence, by @I3), xj € L5 for all 3 € (1,00), and therefore

D erf vpe(, o),
Xo

by (HII)). Thus, by (HEI),
< 7 \s+1 |00| p B8
Bvol < C{ () + (_x6 )'hers, vae o),

for some C. Since mg € W < L, by @ID) it follows that CEy o € Wy for
all 8, therefore
(4.14) By e Wy’ V3e(1,0).

In particular, Es ¢ € L32. Hence, by (HIIIIZ),

1 oal\P—1 .
n@wmzq%wﬁg) > C'(xp), on A"

Thus

X0 € LS.
By (HII)), also oo/xq € LSS, therefore

oo € Lgfr

By the definition of E*(¢,0), the Euler equation (L) for x can be written as
/

(4.15) Ef(é—z,ao) = 0.
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By (HH), the map t — E}(t,0) is strictly increasing. Hence, by Lemma [ it
follows that for every o € R there exists a unique ¢ > 0 such that E5(¢,0) = 7o.
In other words, there is defined a function @ : R — (0, +00) such that

(4.16) Ef(w(o),0) =7 Vo eR.

Since E(v,p) is of class C? (HI), @ is of class C' by the implicit function
theorem, and

Ely(w(0),0)

(4.17) w'(0) = "B (m(0)0)

We rewrite (4.15]) as
(4.18) 20 = & (0p),

therefore

. QO Q()UO . 1 0o
(4'19) E2,O—E2(X_,a—,) = (mam

v ) = Ei(=(00), 00)

by the definition of Fs ¢ and E*. Now we consider the map

V:R—=R, y—(y) = E(w(y),y)

1 is differentiable and

_ Bh(w).y) E5(@(y),y) — (B (@(y),y))?
Ef (@ (y),)

by (@IT). Thus, by (HE) and Lemma [] ¢ is strictly increasing, and therefore
invertible. Hence (£I9) can be written as

V' (y)

(4.20) o0 =9~ (Ea).
By @I4), ¢~ '(Es) is differentiable, and

o
¢’ (o0(7))

for almost all 7. Since ¢’ is positive and continuous, and |oo(7)| < |log| e for
almost all 7,

O {y ™ (Ea(r))} = (E2,0)'(7),

Y'(00) >C >0 ae.,

for some constant C. Therefore, by ([EI4), v~ (Ea,) belongs to Wzlf for all 3,
that is,

(4.21) oo € Wal VB e (1,00).
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By the usual sequence of (non-trivial) implications, one can then prove that
Qo e Wy’ woe Wl vge(1,0).

By the fact that

(4.22) 0<C <wlog) =20 <’

and by (@ZI) and [@I7), it follows that w (o) € W,.” for all 5. Then by @IR)
xo € W3 ¥B e (1,00).

Hence Fi is differentiable, and, by (£22), (£ZZI) and the continuity of the
second derivatives F1 and E12, we have proved that

Eio€ Wy’ VB e (1,00).
Next, the fact that wy € W;’f implies that
mo € W' V3 e (1,00)
by the definition of my and VIy. Then, by (£I2),
(4.23) Eyo e W2P V3 e (1,00).
In particular, (E30)’ is bounded. Since o(, = (E2,0)'/¢’(00), we conclude that
oo € Wy, ™.

Hence, by [{.22),
Qo 1
— e Wy,
0

Moreover, since Qg and 1/ belong to W™, also

/

X0 / 1 1,00
=Xy, — € Wy,
QO Xo X6 2w

Differentiating (&3] with respect to 7 (which is possible now because Qg /X
and o are differentiable) yields

(4.24) (E10)" +00(E20) =0,
which is (IL3al). By (@23) and (£21)), (@24)) implies that
EI,O S W;T}B

We have proved that, if E(v, u1) is of class C2, then the curvature oy and the
stretch Qo/x( of the membrane belong to W217;°°. By bootstrap, when E(v, )
enjoys more regularity, oo and Qg/x(, are also more regular, as the following
result shows.
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Lemma 10. Suppose that (HIRIABQITTT2) hold, and let (wg, xo0) satisfy Fuler
equations ([&5) and @ID). Suppose that E(v,o) is of class CF, k > 2. Then

Qo
N
0

k+1,8 k,00 k—1,00 k—1,00
wo € Wo ", xo €Wy, oo€ Wy, , e W, ;

El,O S Wzkﬂ’.ﬁ, EQ)O S Wzkﬂ’.ﬁ,
for all B € (1,00).

Proof. We have already proved the case k = 2. By induction, suppose that the
statement holds for all j = 2,...,k, and let E(v, u) € C¥*1. Hence Qo and mq
belong to Wzkf, because wg € W;:l’ﬁ. Then, by the Euler equation (£I2)) for
wo,

(4.25) By € Wiit?

for all 3. Recalling the definition of w and 1), we note that, since £ € C¥*+1,
both w and 1) are of class C*. Then, with a direct calculation, one can see that
the kth derivative of ¥ ~1(Ea,) with respect to 7 is a finite sum of terms, each
of which is a quotient where the numerator is a polynomial involving the partial
derivatives of E at (Q0/x0, Qooo/x) of order < (k + 1), and the denominator
is an integer power of ¢/(0g). Since E € C**!, by [@22) and the fact that og
is bounded it follows that the kth derivative of »~!(Es ) is bounded. Thus, by

E.20),

(4.26) oo € W™,

Using ([@24), (£28) and (£26) imply that
Eio € Wytt?

for all 3.

Next, with a direct calculation, one can see that the kth derivative of w(og)
with respect to 7 is a polynomial involving the derivatives of w at oy of order
< k, and the derivatives of oy at 7 of order < k. Since w € C*, and by (Z.28),
the kth derivative of w(op) is bounded. By the Euler equation (#I8) for yo,

Q
N
0

e Wi,
Moreover, since Qy/x(, > C > 0 for some constant C, also
/
(4.27) X0 ¢ pyloe
Qo

By (#20)), with the usual sequence of implications, it follows that

k41, k42,
Qo S W2ﬂ. ﬁ, wo € W27T A
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for all 8. Hence g € WQICT’FOO7 therefore, by (@27,
/
Xo = 2000 € Wi,
Qo
and the proof is complete. O
Remark 12. As an obvious consequence of LemmalIl, if E(v,0) € C*, then
Wo, X0, 00, 20/X0, E1,0 and Ea o are also C*. O
By using the inverse diffeomorphism x, ', and recalling (23)), (24) and (Z3),
the same regularity result holds for the stretch
_ Q0 (@) _ Q(7)
vo(z) = — "= =—
Xo(xo (2)) Xo(7)

and the curvature
do(r(x)) := ao(xg ' () = o0 (T)
as functions of the Lagrangian coordinate x of material points.
Proposition 2. Under the same assumptions as in Lemma [10,
Xo (@) €Wy, w(w) € Wy %, 6(r(x)) € Wy, .

Proof. We know that 0 < C' < x((7) < C’ for all 7, for some constants C, C".
The kth derivatives of the inverse diffeomorphism y;'(z) is a finite sum of
terms, each of which is a quotient where the numerator is a polynomial in the
derivatives of xo(7) of order < k, the denominator is an integer power of x((7),
and 7 = x; ' (z). Hence also

Xol e Wy,
Then the proposition follows by (23], (Z4), (21) and Lemma [0 O

5 The dynamic boundary condition:
Riemann-Hilbert theory

We now derive the dynamic boundary condition for the physical boundary-value
problem and prove part (f) of Theorem 2l We recall that the pressure at the
free surface in terms of the Lagrangian coordinate = of material points in the
reference configuration of the surface membrane is given by (L3L). When this
is rewritten as a function of 7, we find the formula

NV
(51) P(T) = Qio((Eé—)OO)) _O'QEl)Q,
where Qo = Qo(7) etc., and ' is, as usual, the derivative with respect to 7. How-
ever it is not obvious how to deduce the dynamic boundary condition for hy-
droelastic waves directly from the existence of a maximizer of Jy. In this section
we derive it by interpreting the Euler-Lagrange equation (£9) as a Riemann—
Hilbert problem in the manner of [12]. We begin with a special case of a result
in [I3], and include a short proof for the sake of completeness.
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Lemma 11. Suppose that f(7) € ng, B8 >1, and a € R. Then
(1) C(fw)) + fF(1+ Cw() =a iff (i) Q3 f = a.

Proof. Recall the notation from the proof of Lemma [8
(i) = (#1). Consider the holomorphic function U € 'Hg such that

U* = fwy +i(C(fwy) —a), ImU(0) = —ia.

By (i), o
U* = fW-,

therefore, multiplying by W*,
UW* = fIW*? = Q2f.

So the holomorphic function UW € Hg is real on the unit circle. Then on the
whole unit disc UW = b for some real constant b. Since at the origin

U(0)W(0) = ([fwp] —ia)i = a +i[fwy],
it follows that b = a and [fw(] = 0. In particular, on the unit circle a =

UwW*=Q3f.
(i7) = (#). We consider the holomorphic function

a oo
V= W € H(C 5
and denote v := Re V*. Since V(0) = a/W(0) = —ia, on the unit circle
V*=v+i(—a+Cv).

On the other hand, (i7) implies that

V= Swep -V E fwo —if (1+ Cuwp).
Then
fwy=v, —f(1+Cwy)=—a+Cu,
and (7) follows. O
Let
2
f== —g(ag +wo) — P,

where P is defined in (5.1)), and note that f € L5 for all § € (1,00), by the
regularity results we have proved in the previous section.
By a simple calculation using (4.6]), we see that

[

C

(52) C(fup) + J(1+Cup) = 5

40



if and only if

We now prove that (53) follows from the two Euler-Lagrange equations and
the regularity results which lead to (£24]). After integrating the Euler equation

@3) by parts, we get

2m 2m
0= Viyhdr + {C(Ezo)/ - E17090} E(h/) dr
0 0

2 2
_ / Vighdr — [ {£*(C(Eso) — E1oQ0)} hdr Vhe H2P,
0 0

where £* is the adjoint operator of £. Hence
VIO - {E* (C(Egyo)/ - El,OQO) }/ = COHSt.,

therefore !
VI = gao = {L"(C(E20)" = E1,0) }

because
[VIo] = —glwoCwp] = gao.

Thus, (B3] can be written as
(5.4) {L*(CT — Q)} — C(w)P) — P(1 + Cuwp) = 0,
where, for convenience, we let

T = (Eap) € Wy, Q:=E10Q € Wy

To calculate the left-hand term in (4], we use the formula

whu (14 Cwj)u

LAy = 20~ _ (70>
=gz T

and the equalities

o

03

wo\' _ 1+Cw o, ,
() - 52 e,

(1 —l—Qéw{J)’ _ _g_g o — 1 —I—QC%w{J col.
These follow from the fact that

wh = QosinOg, 14 Cwjy = QpcosBOy, Q/Q = COy,
the identity

T’:QO(QZO)I+TC®6

41



and the formula
Q' =QCO,—-TO,.
This formula follows from ([£.24)), which was obtained by differentiating the Euler

equation (L), using the regularity already proved. In this way (54]) can be
written explicitly, in terms of 6, Q,T and their Hilbert transform, as

(Frpten—meen)er— Q) +cf(ghey + g cep)er - o)
(5.5)

n %c{m(%)#m@@}— g—g(QC%—T@é)

_ C{1+QC%“’6 (C{QO(QZ()/—FTC@B} —QC®6+T96)}

- e{g (on(gy) - @e)} - gt () - @et) =

The four terms in (53] involving u := Qo(T/€) € LS cancel because

wyCu— (1 +Cwp)u C(wgu + (14 Cwy) CU)
a3 a3

() ene () -

(5.6)

where U(z) is the holomorphic function of the unit disc such that U* = v+ iCu,
and W has been defined in (£I0). The eight terms involving @ simply cancel
by pairs. Now we note that

(5.7) (%T - (C(%)(CT) + C(TC@{)) = —C(@g CT),
because
—Re {(0f +iCOH)(T +iCT)} = CIm {(Of + iCOY)(T +iCT)}.

Using (&), the eight terms involving T cancel because

~whCE— (14 Cup) € whé + (1 + Cwp) CEY
0z +¢( P ) =0

with £ := O CT, for the same reason as in (5.6). Hence (55]) holds. This implies
(E2) and so, by Lemma [I1]

2 P 1

We have showed that, if (wo, xo) satisfies the Euler equations (£1) and (@12,
then it solves (B.8)), proving part (f) of Theorem 2
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Now, the maximum (wo, xo) for Jy corresponds to the maximum (wg, xo)
for J, where
’LUS = ag + wo
(recall ([277)) and definition (£1)). Then (B.8)) writes

2 1
Note that (B3] is the same equation as in [14], par. 7.4 (in [14] the pressure was
denoted by —F). By Lemma[I0, Q € W42" for all § € (1,00). So

1
o5 €W’ B e (1,00),

@
because g > C > 0 for some C. Hence, by (5.9)),
C2 « 02 1 k.3
P:5 —ng—EQ—% EWQT:'

for all 3 € (1,00). In particular, in the case when E is of class C?, the pressure

belongs to W2? ¢ W,:>°. The same holds for the pressure P(r(z)) (see (L3E))
as a function of the Lagrangian coordinate x.

Lemma 12. The solution (wo, Xo) of the variational problem described in The-
orem [@ gives a solution of the physical problem (1), where the free boundary
S and the material deformation of the membrane r(zx) are

S =8(wo) := {p(wo)(r) : T € R}, 7(2) = p(wo)(xg ' («)).
Proof. Tt was proved in [12] that, given the curve S(w) parametrized by (2Z2]),
the solution 1 of the problem
AY =0 below S(w),

=0 onS(w),
Vi — (0,1) asY — —oco

satisfies

|V|? = on S(w).

1
Q(w)?
Now, we consider the curve § = S(wy), where (wp, xo) is the solution of the
variational problem in Theorem 2l The solution 3 of problem ([[Ih,b,c) is

(I C{/JV, therefore

|V|? = on S(w).

2
Q(w)?
By construction, wg(7) is the elevation of the point p(w)(7) = r(x) of the mem-
brane, that is the vertical coordinate of the deformed point r(z) with respect
to the rest frame, and P(7) is the pressure at the point p(w)(7) = r(z). Then

(5.9) is exactly (L1d).

Note that the constraint ([Ie)) is satisfied by (wo, xo) by construction. [
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