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Periodic solutions of fully nonlinear autonomous equations of
Benjamin-Ono type

Pietro Baldi

Abstract. We prove the existence of time-periodic, small amplitude solutions of autonomous
quasilinear or fully nonlinear completely resonant pseudo-PDEs of Benjamin-Ono type in Sobolev
class. The result holds for frequencies in a Cantor set that has asymptotically full measure as the
amplitude goes to zero.

At the first order of amplitude, the solutions are the superposition of an arbitrarily large number
of waves that travel with different velocities (multimodal solutions).

The equation can be considered as a Hamiltonian, reversible system plus a non-Hamiltonian (but
still reversible) perturbation that contains derivatives of the highest order.

The main difficulties of the problem are: an infinite-dimensional bifurcation equation, and small
divisors in the linearized operator, where also the highest order derivatives have nonconstant coef-
ficients.

The main technical step of the proof is the reduction of the linearized operator to constant coeffi-
cients up to a regularizing rest, by means of changes of variables and conjugation with simple linear
pseudo-differential operators, in the spirit of the method of Iooss, Plotnikov and Toland for stand-
ing water waves (ARMA 2005). Other ingredients are a suitable Nash-Moser iteration in Sobolev
spaces, and Lyapunov-Schmidt decomposition.
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1 The problem and main result
We consider autonomous equations of Benjamin-Ono type
g + Hitge + 0p(u?®) + Ny(u) =0 (1.1)

with periodic boundary conditions z € T := R/27Z, where the unknown u(t, ) is a real-valued function,
t € R, H is the periodic Hilbert transform, namely the Fourier multiplier

He® = —isign(j) e®, jeZ,
and N is of type (I) or (II),

(I) N4(u) =0 (:L', u, Hu, um) + O (92(357 u, Hum))v (12)
(1) Na(u) = golz, u, Hu, g, Hugy). (1.3)

([T is a quasilinear problem in case (I) and a fully nonlinear problem in case (II).

We assume that the function g;(z,y) is defined for y = (y1,...,yn) in the ball B; = {|y| < 1} of R",
n = 2,3,4, g; is 2w-periodic in the real variable x, and, together with its derivatives in y up to order 4,
it is of class C" in all its arguments (z,y), with

> 108gillerrx sy < Ko, (1.4)

0<|al<4
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for some constant K, > 0. Moreover we assume that at y =0
9, 9i(x,0) =0 VYa eN", |af <3, (1.5)

so that, regarding the amplitude, NVy(cu) = O(g?) as e — 0.

We assume that the nonlinearity A (u) := 9, (u®) + Ni(u) behaves like the linear part 9; + H0.x
with respect to the parity of functions w(¢,x) in the time-space pair (¢,2). This means to assume the
reversibility conditions

91(=2,y1, Y2, —ys) = —g1(2,y1,02,03),  g2(—2,y1,52) = 92(7,y1,v2), (1.6)
9o(=2, Y1, Y2, Y3, —Ya) = —go(@, Y1, Y2, Y3, Ya), (1.7)
so that in both cases (I) and (II) M (u) is odd for all even u, namely
u(—t,—z) =ult,z) = N@)(-t,—z)=—-N(u)(,z). (1.8)
Assumptions (L2), (L3), (CE), (1) are discussed in Section 2
Remark 1.1. Examples of such nonlinearities are:
(M) Na(u) = (Huz)* Huge + a(z)ut + wud + b(z)ul, (I1)  Ni(u) = a(x)(Huge)* + ul,
where a(x) is odd and b(x) is even. O

We construct small amplitude time-periodic solutions w(t, z) of period T' = 27/w, w > 0, where the
period T is also an unknown of the problem. Rescaling the time ¢ — wt, this is equivalent to find
2m-periodic solutions of the equation

Wity + Htrgs + 0 (u®) + Ny(u) = 0, (1.9)

with v : T? - R, w > 0.
Regarding the time-space pair (¢, ) as a point of the 2-dimensional torus T2, we consider the L2-based
Sobolev space of real-valued periodic functions

H® = H*(T%R) = {u = wer s up=w e C, Jul?:= Y junP(k)* < oo}, (1.10)
kez? keZ?

where s > 0, (k) := max{1, |k|}, and ey (t,z) := e!(Frt+kaz),
The main result of the paper is the following theorem.

Theorem 1.2. There exist universal constants ro, sg,co € N with the following properties.
Assume hypotheses (L2), ..., (L1) on the nonlinearity N, with r > rog. Let m > 2 and let 0 < ky <
ko < ... < kn, be m positive integers that satisfy

k14 ...+ kno1 > kn(m—3/2), ki+...+kn#(m—1/2)j VjeN. (1.11)

Then there exist (i) a trigonometric polynomial

1 (t,x) = Z a; cos(k; x — k:J2 t),

j=1
even in the pair (t,x), where a; € R,
4 m :
a?:m(-i k1)74kj, jil,...,m;

=1

(1) constants C, el > 0 that depend on ki, ..., km, Kgro;



(i71) a measurable Cantor-like set G C (0,e8) of asymptotically full Lebesgue measure, namely

|g N (O,Eo)l

>1—eg9C Veo < &5,
€0

such that for every e € G problem ([L9) with frequency
w=1+ 32

has a solution ue € H*° (T2 ,R) that satisfies
ue — 015y < 2C,  uc(—t,—x) = uc(t, ), / ue(t, ) dt de = 0.
T2

Moreover u. € H*(T?) for every s in the interval so < s < (r + cg)/2.
If gi;, i = 0,1,2 in (L2),[@C3) is of class C>, then also u. € C>°(T?).

Remark 1.3. (i) The smallest example of k1, ..., ky,, satisfying (LTI is m = 2, ky = 2, ko = 3. For
every m > 2 there exist infinitely many choices of integers k1 < ... < ky, that satisfy (III). See also
Remark

(7i) so, 1o and ¢o can be explicitly calculated: so = 22, ¢g = 28 (non-sharp calculation); for ro see
([@22) and the lines below it. O

2 Motivations, questions and comments

The original Benjamin-Ono equation
up + Hge + vty =0 (2.1)

models one-dimensional internal waves in deep water [5], and is a completely integrable [I] Hamiltonian
partial pseudo-differential equation,

3

owu=JVH(u), J=-0, Hu)= / (u’;’-;uz n %)dz

The local and global well-posedness in Sobolev class for (Z1]) and many generalizations of it (other
powers uPu,, other linear terms 9,|D.|%u, 1 < a < 2, etc) have been studied by several authors in
the last years: see for example Molinet, Saut & Tzvetkov [31], Colliander, Kenig & Staffilani [14], Tao
[37], Kenig & Ionescu [20], Burq & Planchon [I3], Molinet [29], [30], and the references therein. On
the contrary, to the best of our knowledge, there are few works about time-periodic or quasi-periodic
solutions of Benjamin-Ono equations. One of them is [2], where 2-mode periodic solutions of [2.1]) are
studied by numerical methods; another one is [28], which deals with an old very interesting question.

In [28] Liu and Yuan apply a Birkhoff normal form and KAM method to show the existence of quasi-
periodic solutions of a Benjamin-Ono equation that is a Hamiltonian analytic perturbation of (2.1J), with
Hamiltonian of the form

H(u)+eK(u), H = Benjamin-Ono, VK (u) = bounded operator.
The resulting equation is of the type
Ou = —0,{Hu, + 2u® + eVK(u)} = Au+ F(u), (2.2)

where the Hamiltonian vector field has a linear part A, which loses d4 = 2 derivatives, and a nonlinear
part F', which loses dp = 1 derivative and, for this reason, is an unbounded operator.

In general, as it was proved in the works of Lax, Klainerman and Majda on the formation of singular-
ities (see for example [25]), the presence of unbounded nonlinear operators can compromise the existence
of invariant structure like periodic orbits and KAM tori. In fact, the wide existing literature on KAM
and Nash-Moser theory mainly deals with problems where the perturbation is bounded (see Kuksin [27],



Craig [I5], Berti [0] for a survey. See also Moser [32] where the KAM iteration is applied in problems
where the Hamiltonian structure is replaced by reversibility).

For unbounded perturbations, quasi-periodic solutions have been constructed via KAM theory by
Kuksin [27] and Kappeler & Péschel [24] for KAV equations where d4 = 3 and the gap between the loss
of derivatives of the linear and nonlinear part is v := (da — dr) = 2, in analytic class; more recently, in
[28] for NLS and (22)) where da = 2 and v = 1, in C* class; by Zhang, Gao & Yuan [38] for reversible
NLS equations with d4 = 2 and v = 1; and by Berti, Biasco & Procesi [7], where wave equations with
a derivative in the nonlinearity become a Hamiltonian system with d4 = 1 and v = 1, in analytic class.
See also Bambusi & Graffi [4] for a related linear result that corresponds to a gap v > 1.

Periodic solutions for unbounded perturbations have been obtained for wave equations by Craig [15]
for v > 1; by Bourgain [12] in the non-Hamiltonian case uy — uzy + u + u? = 0; by the author in [3]
for the quasi-linear equation uy — Au(l + [ |Vul?dz) = ef(t,z), where the integral plays a special role
( |Vul*dz depends only on time). Also the pioneering result of Rabinowitz [36] for fully nonlinear wave
equations of the form

Utt — Uy + auy + eF (@, 8, U, Uy, Ug, Ugr, U, Uge) = 0

certainly has to be mentioned here; however, the dissipative term a # 0 destroys any Hamiltonian or
reversible structure and completely avoids the resonance phenomenon of the small divisors.

The threshold v = 1 in Hamiltonian problems with small divisors has been crossed in the works of
Tooss, Plotnikov and Toland [34], [23], [21], [22] about the completely resonant fully nonlinear (y = 0)
problem of periodic standing water waves on a deep 2D ocean with gravity. So far their very powerful
technique, which is a combination of (1) changes of variables and conjugations with pseudo-differential
operators to obtain a normal form, and (2) a differentiable Nash-Moser scheme, is essentially the only
known method to overcome the small divisors problem in quasi-linear and fully nonlinear PDEs.

Note that recently normal form methods for quasi-linear Hamiltonian PDEs have also been successfully
applied to Cauchy problems, see Delort [16].

Thus, some of the general, challenging and open questions that come from the aforementioned works
are these:

e Which gap v is the limit case for the existence of invariant tori for nonlinear Hamiltonian PDEs?
How many derivatives can stay in the nonlinearity?

e What is the role of the Hamiltonian structure? Can it be replaced by other structures?

The motivations of the present paper are in these questions. Theorem joins the above mentioned
results in the aim of approaching an answer, at least in simple cases, and shows that

(i) if the dimension is the lowest for a PDE, (t,z) € T2, and
(7i) the derivatives in the nonlinearity have a suitable structure (see (L2),(L3),(L6),(T7)),

then problem (I1]), where v = 0 (the nonlinearity A (u) loses 2 derivatives like the linear part) admits
solutions that bifurcate from the equilibrium v = 0. The Hamiltonian structure here is replaced by
reversibility: (ILI)), in general, is a non-Hamiltonian perturbation of the cubic Benjamin-Ono Hamiltonian
equation

Osts + HOppu + 05 (u?) = 0,

but N (u) satisfies the reversibility condition (L.J).
Let us explain the reversible structure in some detail. As a dynamical system, problem (L)) is

Opu(t) = V(u(t)), (2.3)

a first order ordinary differential equation in the infinite-dimensional phase space L?(T;R), where the
vector field V : H?(T;R) — L?(T;R), u — V(u) is

V(u)(z) = ~Hzou(x) — 0o (u’(2)) — Ni(u)(2).



The phase space can be split into two subspaces L? & L2 of even and odd functions of o € T respectively,
uw=u’+u’, u(—z)=u(zx), u’(—z)=—u(z), z€T, wucL?T;R).

To decompose u = u® 4+ u® means to split the real and imaginary part of each Fourier coefficient of
u € L*(T; R), namely

u(:z:) = Z’&j eijac, ue(x) = Z(Re@j) eijz’ UO(.’L') _ Zi(lmdj)eijm.

JEZ JEZL JEZL

Consider the reflection
R: u=u®4+u’ — Ru=u®—u°. (2.4)

R is a R-linear bijection of L?(T;R), and R? is the identity map. In terms of Fourier coefficients,

R: u(z)= Zﬁj e¥* s Ru(x) = Zﬁ_jeijm, (2.5)

JEZ JEZ

where ; is the complex conjugate of ;. Note that Ru is real-valued for every real-valued u. ([Z3) is a

reversible system in the sense that
VoR=—-RoV. (2.6)

It is immediate to check (2.6)) for the linear part Hd,, of V using (Z3), and for the cubic part 9, (u?)
using ([2.4). To prove (2.8) for Ny(u), using (LG), (L7) and (Z.4) one has

al(—z) = —B(z), az):=Ny(Ru)(z), B(z):=Ny(u)(z).

Splitting a = a® + a°, B = B° + 3° and projecting the equality a(—z) = —B(x) onto L? and L2 give
a® = —f° and a° = 3°, namely RS = —a, which is (Z.6]) for V.

(28) implies that V(u) € L? for all w € L2 N H?. For, L? is the set of fixed points u = Ru, therefore
V(u) = —RV(u), whence (V(u))¢ = 0.

By 2X8), if u(t) solves ([Z3)), then also Su(t) := R(u(—t)) is a solution of (Z3]). Thus we look for
solutions of (Z3)) in the subspace X of the fixed points of S. It is easy to see, using ([Z4)), (21, that X
is the space of functions u(t, z) that are even in the time-space pair (¢, z), namely u(—t, —z) = u(t, x).

To prove Theorem we apply (and slightly modify, under certain technical aspects; see below) the
method of Tooss, Plotnikov and Toland. Like in [23], the main difficulties here are: (7) in the bifurcation
equation, which is infinite-dimensional (for this reason (I.I)) is said to be a completely resonant problem);
and, especially, (i¢) in the inversion of the linearized operator, which has non-constant coefficients also
in the highest order derivatives and, therefore, contains small divisors that are not explicitly evident.

The main tool in the inversion proof is the reduction of the linearized operator £ to constant coefficients
up to a regularizing rest, by means of changes of variables first (to obtain proportional coefficients in
the highest order terms), then by the conjugation with simple linear pseudo-differential operators that
imitate the structure of £ (they are the composition of multiplication operators with the Hilbert transform
H), to obtain constant coefficients also in terms of lower order, and to lower the degree of the highest
non-constant term.

Since we look for periodic solutions, after a finite number of steps this reducibility scheme implies the
invertibility of £, by standard Neumann series.

Other, and minor, technical points are the following. Like in [23], the Lyapunov-Schmidt decom-
position is not used directly on the nonlinear equation, as it would be made in classical applications
(see [6] for the Lyapunov-Schmidt decomposition in completely resonant problems). Instead, it is used
a first time at the beginning of the proof, in a formal power series expansion of the nonlinear problem,
to look for a suitable starting point of the Nash-Moser iteration. In other words, this means to find a
non-degenerate solution of the “unperturbed bifurcation equation”. In Theorem the existence and
the non-degeneracy conditions are the first and the second inequality in (LTI respectively. Then the



Lyapunov-Schmidt decomposition is used a second time in the inversion proof for the linearized operator,
in each step of the Nash-Moser scheme.

This method seems to be more complicated than the usual Lyapunov-Schmidt decomposition on the
nonlinear problem, at least at a first glance. However, it simplifies the analysis when working with changes
of variables (namely compositions with diffeomorphisms of the torus T?). In fact, changes of variables do
not behave very well with respect to the orthogonal projections onto subspaces of L2, because they are
not “close to the identity” in the same way as multiplications operators are (in the language of harmonic
analysis, changes of variables are Fourier integral operators, and not pseudo-differential operators. See
also Remark [T3). For this reason, it is simpler to work in the whole function space H*(T?) instead of
distinguishing bifurcation and orthogonal subspaces, at least for the first step of reducibility.

Nonetheless, in our setting (£.4]) we keep track of the natural “different amount of smallness” between
the bifurcation and the orthogonal components of the problem. Thanks to this small change with respect
to [23], we avoid factors e ! in the Nash-Moser scheme and simplify the measure estimate for the small
divisors.

Regarding the Nash-Moser scheme, the recent and powerful abstract Nash-Moser theorem for PDEs
that is contained in [I0] does not apply directly here, as it designed to be used with Galerkin approxima-
tions, while in our Nash-Moser scheme, after the reduction to constant coefficients, it is natural to insert
the smoothing operators in a different position: see ([@3). Even if our iteration scheme is very close to
the usual one, this small difference brings our problem out of the field of applicability of the theorem in
[10].

Going back to the “unperturbed bifurcation equation”, we point out that the restriction of the func-
tional setting to the subspace X of even functions (a restriction that can be made because of the reversible
structure) eliminates a degeneration and makes it possible to prove the non-degeneracy of the solution.
Moreover, the solutions we find in Theorem[L2] are genuinely multimodal: for m = 1 the second inequality
in (LII) is never satisfied, whereas for every m > 2 there exist suitable integers ki, ..., k,, that satisfy
(LII) and produce a non-degenerate solution. This is a nonlinear effect: the solutions of Theorem
exist as a consequence of the nonlinear interaction of different modes.

Regarding the special structure (I2)),(L3]), the restriction of assuming (I) or (II), instead of considering
the more general case

Na(u) = gz, u, Hu, ug, Hig, Ups, Htzy), (2.7)

is due to a technical reason: when Ny(u) is of the type (I) or (II), in the process of reducing the
linearized operator £ to constant coefficients we use simple transformations, namely changes of variables,
multiplications, the Hilbert transform #H and negative powers of d, (which are Fourier multipliers). On
the contrary, in the general case (Z7) these special transformations are not sufficient to conjugate £ to
a normal form, and one needs more general transformations: changes of variables should be replaced by
general Fourier integral operators. In the intermediate case in which Ny in (21) does not depend on
Uz (but it does on Hu, ), an additional term of the type b(¢)0,H appears in the transformed linearized
operators after the changes of variables. This term could be removed by a simple Fourier integral operator:
see Remark [Tl

Regarding the choice of the leading term 9, (u?) in (LT)) (which is the first natural case to study after
the integrable one 9, (u?)), we remark that the cubic power has no special reversibility property: 8, (uP)
satisfy the reversibility condition (28] for every (both even and odd) power p € N. The proof of this fact
is the same as above: if f(u) = 9,(uP), using ([24) one proves that {f(Ru)}(—z) = —{f(u)}(«), then
foR=—-Rof.

Finally, the coefficient 3 in the frequency-amplitude relation w = 1+3¢2 could be replaced by any other
positive number: 3 is simply the most convenient choice to do when working with the cubic nonlinearity
J(u?). On the contrary, what is determined by the nonlinearity in an essential way is the sign of that
coefficient: for the equation

up + Hutge — O (u®) + Niy(u) = 0,

in which the cubic nonlinearity has opposite sign, Theorem holds with w = 1 — 3¢2 (the only changes
to do are in the bifurcation analysis of Section [).



The paper is organized as follows. In Section Bl the setting for the problem is introduced. In Section
M the formal Lyapunov-Schmidt reduction is performed up to order O(e?). In Section [{ non-degenerate
solutions v; of the “unperturbed bifurcation equation” are constructed. Here the non-homogeneous
dispersion relation of the unperturbed Benjamin-Ono linear part

L+4lil =0,

where [ is the Fourier index for the time and j the one for the space, is used in a crucial way. The basic
properties of this relation are proved in Appendix[I0 In Sections[Gand[@the linearized operator is reduced
to constant coefficients. Most of the proofs of the related estimates are in Appendix [[2 and use classical
results of Sobolev spaces (tame estimates for changes of variables, compositions and commutators with
the Hilbert transform) that are listed in Appendix [T} In Section [§] the transformed linearized operator
is inverted. In Section [0 the Nash-Moser induction is performed, and the measure of the Cantor set of
parameters is estimated.
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3 Functional setting

Let
Flu,w) := wug + Huige + N (), N(u) = 0 (u?) + Ny(u).

Let Z := L*(T?,R). Decompose
7P =7%+7%+7%, 7% =1{(0,0}, Z:={(1,0):1#£0}, Z%={(,5):5#0, €7},
let

2m 2m
Zc =R, ZT:{UELQ(T):/ u(t)dt:()}, ZE:{UEZ:/ u(t,x)d:c:()},
0 0
so that Z = Z¢ @ Zp ® Zg, namely every u(t,x) € Z splits into three components
u(t, ) = (Z T Z T Z )ﬁlyj ) — g o + Z g0 et + Z u;(t) e,
e E 170 70

and denote Il¢, IIp, I the projections onto Z¢, Z1, Zg. Let Zy be the space of zero-mean functions,
and P the projection onto Zj,

Zo=Zr®Zp, Pi=1I-1c =1 +1g. (3.1)

We define 9, ! as the Fourier multiplier

. 1 ..
0 teT = — et Yj£0, 97'1=0,
)
and similarly a;l. Note that 6;161 =Ilg, HH = —-1lg.
To eliminate a degeneration that appears in the bifurcation equation, as it was mentioned above where
the reversible structure was discussed, we consider the subspaces of even/odd functions with respect to
the time-space vector (t,x):

X:={ueZ: ul-t,—z)=u(t,z)}, Y:={ueZ: ul-t,—z)=—u(t,z)}.



In terms of Fourier coefficients, every u € Z is u = ZkeZZ uger with u_j, = 4y, (because u is real-valued),
namely ug = ay + ibg, with ag, by € R and a_x = ag, b_x = —bg, therefore

X = {u: Z arer : ar €ER, a_j = ak}, Y = {u: Z ibger : b €R, by = —bk},
kez? kez?

and L?(T?,R) = Z = X ® Y. The usual rules for even/odd functions hold: uv € X if both u,v € X or
both u,v € Y, and wv € Y if u € X, v € Y. Moreover H, 0., 0; are all operators that change the parity,
namely they map Y into X and viceversa, because they are diagonal operators with respect to the basis
{ex} with purely imaginary eigenvalues. Assumption (L.6) implies that the nonlinearity A" maps X N H?
into Y, like the linear part wd; + 9,,H does, therefore F(u,w) € Y for all u € X N H?.
Also, we denote
XO =XN Zo,

while Y N Zy =Y. We set problem (I.J)) in the space X of even functions with zero mean, namely we
look for solutions of the equation
Flu,w) =0, ue€ Xo. (3.2)

Notation. To distinguish L?- and L*-based Sobolev spaces, in the whole paper the following notation
is used: two bars for L?-based Sobolev norms ||u||s (II0), and one bar for L>-based Sobolev norms

[u]s = |lullwse = Z sup [0, u(t, z)|, s€N.
0<fal<s (40)

4 Linearization at zero and formal Lyapunov-Schmidt reduction
Let _ _ _ _

L= 0+ 0peM, L[] = i(1 + j|j|) !+,
Split Z2 =V UW,

Vi={(l,§) € Z®: 1+jljl =0} ={(—jlil,.j): j€Z}, W:=Z*\V

and Z=V @ W,

V.= {u:ZukekeZ}, W .= {u: ZukekeZ}.

kevy kew

V' is the kernel of L and W is its range. Also, let Vj := V' N Zy, so that Zy =V, & W.
We write a finite number of terms of a formal power series expansion to obtain a good starting point
for our Nash-Moser scheme. Let

k k
wzl—i—ZwkE, u=2uk€ € Zy, up=uvr+wg, vip€Vy, wp€W.
E>1 k>1

Then

F(u,w) = Lu + (w — 1)0pu + 0, (u®) + Ny (u)
=eLu; + EQ{LUQ + wlatul} + Es{LUg, + w1 Osus + wolruq + &Au?)}
+ 64{L’u,4 + w1 0sus + waOrus + w3diug + 8I(3ufu2) + 674./\/'4(511,1)} + O(€5>

= ZEkfk.

k>1

In general, Ny(cu1) also contains terms of higher order than ; in any case, Ny(u) — Ny(cui) = O(®).
At order ¢, 71y = Lu; = 0 if w; = 0 and u; = v € V. Then F5 becomes

Fo = Lus + w10:u1 = Lwse + w10;01.



Lwy € W and w10:v; € Vj. Since we look for v; # 0, we have Fo =0 if wo =0, w; =0, us = vy € Vj.
At order £ the nonlinearity begins to give a contribution: F3 = Lws + w2001 + 81(1}?). The
“unperturbed bifurcation equation” is the equation IIyy F3 = 0 in the unknown v;, namely

woOsv1 + 11y 0, (’U:l)’) =0. (41)

In the next section (see Proposition[5.3)) we construct nontrivial, nondegenerate solutions o7 of (&) with
we = 3. A solution vy of (&I]) for any other value ws > 0 can be obtained by homogeneity by taking
vy = A1, A = (wa/3)'/2. Hence there is no loss of generality in fixing wy = 3. At order *,

Fi = Luyg + 3000 + w30:v1 + az(suqu) + 5_4/\/4(51)1).

We fix wg = 0. The “linearized unperturbed bifurcation equation” is the equation IIyyF4 = 0 in the
unknown vy, namely
30:vo + HVGI(Svag) = —€_4H\/N4(EU1), (42)

which has a unique solution T2(¢) because ¥; is a nondegenerate solutions of (&I]). Thus, at u =
ety + €202(e) and w = 1 + 32,

F(ety + 20, 1+ 36%) = My 0, (3) + * Ty 0, (303 0a) + Nu(evy + £202) — Ny(evy)
+ HwNi(ety) + €20, (30103) + £90,.(73). (4.3)

With these power of ¢, the sufficient accuracy is achieved to start the quadratic Nash-Moser scheme (see
section [@). Hence, for ¢ > 0, let

F(u,e) := (e Ty + e Ty ) F(ety + e%u,w) (4.4)
= 2P Flety + €%u, 1+ 36%)
= Iy {30,u + 0, (303u + £30,u” 4 £2u3) + e *Ny(ety + %u)} (4.5)

+ Oy {Lu + &304 + €0, [(v1 + eu)®] + e 2Ny(evy + €%u)},

wi=1+3e% P.:=cMy +1y, P7'=e21y + Oy.

€

By (@3), F(v2,¢) = O(e) (see Lemma [R5 for precise estimates). For € > 0, problem (B.2]) becomes
Flu,e) =0, ue Xo. (4.6)

Like F does, F' also maps Xg into Y.

5 Bifurcation

In this section we construct a solution v € V; of (&) and prove its non-degeneracy. Recall that in V it
is 1+ j]j] = 0. Let o
qj(t, x) = 'IlltID) g ey, (5.1)

Note that g;,q;, =1 = qo if j1 + j2 = 0.

Lemma 5.1. 1) (Product of two terms). Let j1,j2 € Z be both nonzero integers. Then Iy (gj,q5,) =0
except the case when j1 + jo = 0.

2) (Product of three terms). Let ji, jo2,j3 € Z be all nonzero integers. Then Iy (q;,¢;,q;5) = 0 except
the case when j1 + j2 =0 or j1 +j3 =0 or jo + j3 = 0.

Proof. See Appendix O



Consider m positive distinct integers 0 < k1 < ka < ... < ky,, m > 1, and let
K= {kl, kz, ey km, 7]431, 7]432, ceey 7km} .
Consider three elements v,v’,v” € V5 N X with only Fourier modes in IC,
v=> aq, V=) b v'=) ¢
JeK JjEK jex
with a_; = a; € R, and similar for b;,c;. Then
W = > 40565, 4,00, v (0) = > ay,b,65, Ty (g5, 5,055) -

J1,J2,J3 €K J1,J2,J3€K

Develop the sum with respect to ji. Let k € K. For j1 =k, Iy (¢, ¢5,¢j,) is nonzero only if:

1=k 1=k j1=k J1=
jo=k or jo = —k or jo # £k or jo# k| . (5.2)
Jjs=—k JjseK jz=—k Js = —J2

Hence in the sum only these four cases give a nonzero contribution:

v(vo'v") = Z argbrcr gk + Z arbre; q; + Z agbjcr q; + Z arbjc; q . (5.3)
kek kjek keK,jA+k keK,jA+k

Since Yy izar = Dok jek — Dokek,jok — 2kek,j——k> the third sum in (B.3) is

Z axbjck ¢j = Z akbjcr qj — Z akbrck qr — Z akbrCr g—k

keK,j#+k kjex kek kek
= Y arbjerg; — Y axbrck qr — Y akbrck g
k,jex kek keK
(in the last equality we have made the change of summation variable k = —k’). Analogously, the fourth

sum in ([B3)) is
Z axbjcj qx = Z akbjc; qr — Z arbrcr qr — Z akbrcr G -

kEK,j# Lk k,jeK ke ke
Thus
Hv(vv’v") — Z { — 3agbrcr + ak ( Z bjCj) + by, ( Z ajcj) + ¢, ( Z ajbj) } qr - (5.4)
ke JjeK JjeK JEK

The formula for Iy [0, (vv'v”)] = Iy (vv'v”) simply has ik g instead of g,. For v = v =", (&4)
gives

_32(—%4—2 )aka
keEX JjeER

Then

30w + Iy [0 —32( |k:|—ak—|—z )akzkzqk

kek jex

This is zero if

(Za?)—aiz“ﬂ VEk € K. (5.5)

JjeK

10



Since Z]EIC 2=2(ag, +...+a; ), BI) is equivalent to

ail + Qaiz + 2ai3 +...+ Qaim =k
2ai1 + aiZ + 2ai3 +...+ Qa%m = ko (5.6)
Qail + Qa%Z + 2ai3 +...+ a%m = km,

which is a system of m equations in the m unknowns ak s ey ai Let M the m xm matrix that has
1 on the principal diagonal and 2 everywhere else. M is invertible, and its inverse M~ is the m x m
matrix that has a on the principal diagonal and S everywhere else, with

—-3/2 1
o321
m—1/2 m—1/2
Hence (5.6]) is equivalent to
a’il = P1; a’ig = P2, cee aim = Pm, (57)

where (p1,...,pm) := M~ (ky,..., kn), namely
pii=aki +BY Ky :m%m(Zk])—k i=1,...,m. (5.8)
J#i j=1
(&) has solutions with all a; # 0 if all p; are positive. Note that p; > pji1, because § —a =1 and
pj = Pj+1 = akj + Bkjy1 — Bk — akjir = ki =k > 0.
Hence all p; > 0 if p,, > 0, namely if
ki + ...+ kmo1 > En(m—3/2). (5.9)

When a; satisty (5.71),
2 2
E:ajZQ(akl+ tap )= 71/2 E k; . (5.10)

jeK

Remark 5.2. ky, ...k, satisfy (B.9) if they are sufficiently close, as if they form a “packet” of integers.
Note also that if the smallest and the biggest integers satisfy the stronger condition

km m—1
— < — 5.11
kl m — 3/2 ’ ( )
then ki, ka, ...,k satisfy (@3] for every choice of the intermediate integers ko, ..., km—1, because

ki+ky+...+kn_1>(m—1k > (m—3/2)k
(E10) is meaningful because (m —1)/(m — 3/2) > 1. O
Now we prove that for every f € Vo NY there is a unique h € VN X such that
30:h + 1y 0, (3v*h) = f. (5.12)
Let feVNYand he VNX,
= iy €VNY, y=-y; €R,  h=)» hjgGgeVNX, h_j=hjeR

770 J#0
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Split
f=Tcf+I0f, Hef=> iy, ef=> iyq,
JEK JjgK
and similarly h = Ixch + IIizh. The formula for Iy 9, (v2IIch) is obtained from (5.4) with b; = a; and
¢j = hj, namely

Iy 0, (v*(Ich) = 3 { — 3a2hy + Qak(z ajhj) + hk(z a?) } ik q.

ke jeK jex
Hence
30,(Ixch) + 1y 0, (3v°Ich) =3 S { k| hy, — 3a2hs + 2ax ( 3 ajhj) + hy ( 3 a§) } ik g
keKk JEK jeK

which is, replacing |k| by (&3,
= SZ { — QG%hk +2ak(2ajhj)}iqu = 62 { —arhyg + Zajhj}akik;qk,
keK jEK kek jeK

Note that this sum has only Fourier modes in K; in other words, the space of functions in V' that are
Fourier-supported on K is an invariant subspace for the operator 39, + ITy 0, (3v?-) (with, of course, the
change of parity X — Y).

Thus, the equation 30;(Ilxch) + Iy 0, (3v3(Ixch)) = I f is equivalent to

—aghi+ > ajhy = GZ’;k —y, VkeK,
jeK

namely to the system
a’klh’kl Yk,
M : =\ : (5.13)

/
ak,, h,, Yie.

because y’ . = y;, for all k € IC, where M is the m x m matrix defined above (1 on the principal diagonal
and 2 everywhere else). Therefore there exists a unique solution of (GI3]),

1
hy, = — (ayfﬂ —I—ﬁZyéj).

Ok i
Since a; solve (571,
DM SCY oy
Jjex JjEK
where C' > 0 depends only on k1, ..., k,, and m.
Now consider H,%h, H,%f. In the product
CATER) = > ag a5k, 45,4505

J1,92€K,j3¢K

only the second case of (B.2]) occurs, namely j; =k = —js € K, js ¢ K. Hence

g - [y
My 0, (v*(Mch)) = Y aihjijq; = (Z ai) > ijhyq = W 8y (Mich)
keEK,jéK ke jeéK
by (@I0). Therefore
N S N
30, (It h) + Ty 0, (30* (IEh)) = 3 ( — il + ﬁ) ijh; q.

JEK
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Analogously as above, note that this sum has only Fourier modes out of K; in other words, the space
of functions in V that are Fourier-supported on the complementary of K is invariant for the operator
30y + Iy 0, (3v?) (with the change of parity X — Y). The condition for the invertibility is

ki+...+kn

T Al gk (5.14)

When (B3) holds, k1 + ... + km, > km(m —1/2), therefore (k1 + ...+ kp,)/(m —1/2) is automatically out
of K. Hence (G.14) can be more easily written in this equivalent form:

ki+ ...+ Fkn

R N (5.15)
(EI5) implies that
Y i PR Ly e, . )
*|J|+1m_71/2 >6|j| Vi #0, (5.16)

where § > 0 depends only on ki, ...,k and m. Therefore the equation 39, (IIxh) + Iy 9, (3v*(IIxh)) =
II;g has a unique solution IIh, with

C . )
IthSWijI Vji#0, j¢K.

Also, by (5I0) and LemmaBdl (k1 + ... + k) /(m — 1/2) = Ilc(v?), therefore (5.16) can be written as
Te(w?) — [j]] > ] for all j #0.
We have proved the following result:

Proposition 5.3 (Bifurcation for cubic nonlinearities). Let m > 2. Let 0 < k1 < ko < ... < ky, be m
positive integers that satisfy (59) and (BI5). Then there exist m positive numbers p1, ..., pm > 0, given
by @8), and constants C,6 > 0 that depend only on ki,. .., kn and have the following property.

Let K = {ki,...,km,—k1,...,—km}. Every function v =) ._a;q; € Vo N X which is Fourier-
supported on K with

jEK
2 2
A, = P1, -+ Qg = Pm

is a solution of the unperturbed bifurcation equation 30;v + Iy 0, (v?) = 0.
For every f € VoNY there exists a unique h € Vo N X such that 30;h + Iy 0, (3v%h) = f.
If f € H®, s >0, then h € H*", with ||k sy1 < C||fl|s. Moreover

e (v?) = [j]| > 6lj| Vj€Z, j#0.

6 The linearized equation

Remember that

F(u,e) = e 2P F(ev + 2u, w), w=1+3e% P-'=c2Tly + Iy,

€

where U := ¥ is a solution of the unperturbed bifurcation equation ([I)) as in Proposition The
linearized operator F’(u,¢) applied to h, namely the Fréchet derivative 9, F(u,)[h] of F with respect to
u in the direction h, is then

F'(u,e)h = e 2P F/(e0 + *u,w)[e*h] = P= 1 L(u,€)h,

L(u,e)h := F'(e0 + e*u,w)[h] = wOih + (1 + a1)HOpzh + a2 HOzh + a30.h + asHh + ash

where the coefficients a; = a;(t, ) = a;(u,)(t, x) are periodic functions of (¢,z), depending on u, e, and
are obtained from 0, (U?) and the partial derivatives of g1, g2 or g evaluated at (z,U (¢, z), HU (t, 1), ...),
U := e¥ + €?u. For example, in case (I)

ai(t,x) = (0y,92)(x, U(t, z), HU,(t, x)), as(t,x) = Ogas(t, x), (6.1)
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and in case (II)
a1(t, ) = (0y,90)(x, U(t,x), HU(t, x), Uz (t, x), HULa (1, z)), as(t,x) = 0. (6.2)

NU) = 8,(U3) + O(U*), and U = ev + £2u = O(e), therefore ay,az,as = O(c?), az, a5 = O(c?).
More precisely: let dp € (0,1) be a universal constant such that

(U, HU, Uy, HU o, HU2)|| 1= < 1 YU € HY(T?), ||U||4 < So. (6.3)

Proposition 6.1. Let K > 0. There exists g9 € (0,1), depending on K, with the following property: if
e € (0,e0), |lulla £ K, and
lle91 + e?ulls < eol|T1lla + e5llulla < do, (6.4)

then the coefficients a;(u,e)(t,z), i =1,...,5 satisfy
lai]s + |azls + |az — €230%| + |aals + |as — €2(30°),]s < 3C(s, K)(1 + ||uls1a), 0<s<r.  (6.5)
a; is of class C' as a function of (u,¢e), with

Z |0ua;i(u, &) [h]|s + |0uas(u,e)[h] — e360h|, + |0uas(u,e)[h] — 3(60h)|s

i=1,2,4
< 'Cs, K)(Ihlls+a + lulls+allh]la),  (6.6)
Z |0-ai(u,€)|s + |0-a3(u, €) — 6025 + |0-as(u, e) — £(607)4]s < e2C(s, K)(1 + ||lul|ssa),  (6.7)
i=1,2,4

for 0 < s < r. The constant C(s,K) > 0 depend on s, K, and K, , of (L4). In these estimates the
norm ||01]|s+4 appears like a constant C(s) depending on s.

Proof. In Section 12 O

Remark 6.2. In general, the inequality ||[Hul/r~ < C|lu||L is false (see, for example, [26]), while it is
trivially true that |Hu||s < ||ul|s for all s. Therefore to obtain the estimate |Huyz|| Lo < C|lull4 (which
is used to prove ([6.3])) the right chain of inequalities is ||Hugzg|| Lo < C||Hugzll2 < Cllugszllz < Cllulla. O

Since v,u € X,
a15a35a4€X7 0,2,(156}/,

and L(u,e) maps X N H? - Y.
As a pseudo-differential operator, we write

L:=L(u,e) =wd+ (14 a1(t,x))HOps + a2(t, ©)HOs + as(t, )0y + asa(t,x)H + as(t, x).

In this operator notation a function p(t, x) is identified with the multiplication operator h — p(t, z)h, and
the composition is understood: for example, 9,p is the operator pd, + p., because 9, (ph) = pd.h + p.h.
To emphasize that we are in the space of zero mean functions, write

£ = PLP,
where P = I — Il is defined in (31)). Since F maps Xo — Y, also F'(u,e) maps Xy — Y, therefore
Lh=Lh Vhe Xo

because Ph = h and Pf = f forall h € X, f €Y.

7 Reduction to constant coefficients

In this section the linearized operator is conjugated to a linear operator with constant coefficients plus a
regularizing rest. The transformation is performed in several steps.
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7.1 Change of variables

As a first step in the reduction proof, we construct a change of variables that transforms £ into a new
operator with constant coefficients in the highest order derivatives 0; and H0,,. Since £ maps X into
Y, we want that our transformation maps Xg — Xp and ¥ — Y.

We consider diffeomorphisms of the torus (¢, z) € T? which are the composition of (i) a time-dependent
change of the space variable © — x + B(t,x), and (i¢) a change of the time variable t — t + «(t) that
does not depend on space. Diffeomorphisms of this type preserve the special role of the time variable as
“a parameter” with respect to pseudo-differential operators of the space variable like H.

Let

Y T? = T2 ot x) = (t+at), z+ Bt z) = (1,y)

and let ¥ be the transformation ¥ : u — Vu,
(Yu)(t,z) == u(y(t,z)) = u(t +at), z + B(t,z)) = u(r,y).

a(t) and B(t, z) are periodic functions in Y to be determined.

The conjugate ¥~1pW¥ of any multiplication operator p : h(t,x) — p(t,x)h(t,x) is the multiplication
operator (¥~1p) that maps v(r,y) — (¥~1p)(r,y)v(r,y). By conjugation, the differential operators
become

U0 = [1+ (T ) (7)) 0r + (' B) (1, 9) By, W10, = [1+ (¥ '5,)(7,9)] 0y,

U100 = [1+ (U B,) (1, 9))2 Oyy + (U1 Bua) (1, y) Oy, UT'HTY = H + Ry,
where Ry, is defined by the last equality, and it is regularizing in space, bounded in time, see Lemma
Since o, 3 € Y, ¥ maps X — X and Y — Y. However, in general, ¥ does not map Xy into XOE To
obtain a transformation of Xy onto itself, consider the projection onto Zj,

U .= PUP.
Since U1 = I, one has PO~ = Pl = 0, and
PO =PU (I - TIg) =PU 1 (7.1)

As a consequence,
(PU~'P)(PYP) = PO 'PUP = PU'UP =P,

therefore U : Zg — Z is invertible, with inverse
()~ ! = (POP)" ! =PU!P.

Thus ¥ is a linear bijective operator of Xg — Xo and Y — Y. Also,

- - 1 - -
[¥,Plh = [lIg, Ulh = Hc(d' + By + d'ﬁy)h = W /T2 h (d’ + By + d’ﬁy) dr dy, (7.2)

where (7,y) — (1 + &(7), y + B(1,y)) = ¥~ (7,y) is the inverse of 1, and similarly
[P = e, ¥ =Te(o + Be + o/ By).

These commutators are regularizing operators, both in space and time (by integrations by parts, any
derivative applied to the argument h moves to «, 8 or &, f).

By (1)), L
L1 :=U"1LV = PUIPLPUP = PULPUP = PL, P,

IFor example: let u(t,x) = cost € Xo, 8 = 0 and « such that the inverse of t ++ t + (t) is 7+ 74 (1/2) sin 7. Changing
variable in the integral, [, (¥u)dtdz = (1/2) [r2 cos® Tdr dy > 0, therefore Yu ¢ Xo.

15



where

Ly =wl+ () ()] 07 + [1+ (T ar) (7, )] [L+ (U7 Ba) (7, )] Dy H

H L+ (T a) (1, 9)] (07 Bao) (7,) + (0 az) (7, 9)[1+ (L7182 ) (7, )]} Oy H
H{w(@1B)(r,y) + (P as) (7, y)[1 + (P71 Ba)(7,)]} 9y
+ (U aa) () H + (0 as)(r,y) + Ra,

Ri = [1 + (\Ililal)(ﬂy)] [1 + (‘Ililﬁz)(ﬂy)]z anyH (73)

{1+ (T a) (7, y)] (U7 Baa) (7, ) + (T a2) (7 y)[1+ (P71 8,)(7,9)]} 0y R
+ (T ag) (r,y) Ry — P(T ™ as) (7, y) (e, ¥

because LIIc = asllc. We look for «, 8 such that the coefficients of 0. and 0,,# are proportional,

namely

[L+ (T an)(r )] 1+ (P71 80) (1, 9))° = pa [L+ (T 1)(7)] (7.4)

for some po € R. ([T4) is equivalent to

(1+ a1 (t,2)) (14 Ba(t,2))° = pa (1 + /' (1)). (7.5)

Take the square root of (T3],

L+ Bty 2) = i/ (1 + &/ ()2 (1 + ar (t,2)) %, (7.6)

and integrate in dz,

1 2m
L=l (1 ()2 / (1+ay)"2da.

Take the square,

b (14 a/(0) = (5 /0%(1 + al)*l/de)_Q — (). (7.7)

21

Integrating in dt determines us € R,

=1 ()i/%(i/%(ur )14 )_th
MfcpiQﬂ'O 27 Jo “ * ’

then a(t) € Y is also determined,

a(t) = ia;%mp)(t).

Since a1 € X, also p € X, therefore o € Y, as it was required. (T.0) gives

- Hg(p) ,
= 1/2 14+a 1/271: p 1= E , =(l14a 1/2, 78
Pa=p( 1 Oryc(p) M) 7 ( ) (7:8)

therefore the Zg-component of 3 is determined,

1 ~1

Since a1 € X, alsop € X, and IIgf €Y, as it was required. The Zp-component of 8 will be determined
later. With this choice of «, 8, (T4) is satisfied. By (C.4),

Ly = ML,,

where M is the multiplication operator of factor [1 + (¥ ~1a/)(7)],

£2 - war + MQayyH + ag (Ta y) ayH + a7(7-a y) ay + as (Ta y) H + ag (Ta y) + RQa (79)
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-1 (14 a1)Bea + az(1 + B2) | ay
ag(r.y) =~ T Yoy aslny) = () ().
-1 wﬂt+a3(1+ﬂx> -1 as
ar(r,y) = U (T ) (), as(ry) =0 (17 ) (),
1
Ro = R
T ()
We show that
ag(T,y) € Zg. (7.10)

For each fixed 7 =t + a(t), changing variable y = x + 8(t, z), dy = (1 + B (t, z)) dz in the integral,

o [T (Ut ai(t,2)Baa(t @) + as(t, @) (1 + Ba(t, @)
/o ag(7,y) dy = /o o) (14 By(t,x)) dx.

By (@3,
(1 + al)ﬁmm + a2(1 + ﬁz)

(1+a1)(1+ fe)

(1 + a’l)ﬁmm + a2(1 + ﬁz)
1+ o

In case (I) az = (a1), (see (GI)), therefore

(1+ﬁm) = K2

(1+a1)ﬁ11+a2(1+ﬁz) _ [(1+a1)(1+6z)]m _ o a .
Oro)(+5)  — (ra)dtp,) _ortesltra)lisfll:

in case (II) ag = 0 (see ([6.2)), therefore

(14 a1)Bzs + a2(l + Bz) B Bra _

Hence in both cases (I) and (IT), by periodicity, fo% ag dy = 0, which is ([I0I).

Remark 7.1. The assumptions (I),(IT) on the nonlinearity My (u) have been used to prove (ZI0). In
more general situations, when (I)(II) are not satisfied, a term b(7)H9, also appears, where b(T) € Zr
is the Zp-component of the coefficient ag (which here is zero by (ZI0). This term can be removed by
using the Fourier integral operator

U(Ta y) = ZUJ(’T) eijy —> A’U,(T, y) = ZUJ(T) eijy“"'j'p("—),
JET ez
where p(7) = 9-1b(7). .
Now we choose the Zp-component of 8 so that IIrar = 0. Denote (t) := (Il B)(t). As above,

1 [P wBi(t,z) + as(t, z)(1 + Bu(t,x))

1
5 [t [ S (1+ Balt, ) dr.

This integral is equal to some constant p; € R if and only if

wY' () +o(t) =m(l+d'(t), ot): ! /0 ' (wﬁf(l +B8E) +as(1 —l—ﬁf)Q) de, B¥:=Tgp. (7.11)

Hence an integration in dt on T determines p; € R and v € Zp,

_ malt) — (97 'Tro)(t)

wr =TIe(o), ~(t) € Zr. (7.12)

Thus
Hc(a7) =M1, a7— M1 € ZE. (713)
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o € X because az € X, therefore v € Y as it was required. Hence § = v+ (IIg3) € Y. As a consequence,
ag,a9 €Y, a7,as € X. (7.14)
Since I =P + Il¢,
Ly =PLP = PMLYP = (PMP)(PLyP) — PMIcLoP = ML,
where R R R
M :=PMP, L5:=PLsP, L35=Ly— M *MIlcLs.
Thus
L3 = w0 + p20yyH + ae(1,y) OyH + az(7,y) Oy + as(7,y) H + ag(7,y) + Ra,

R =Ry — M MIlcLs.

M is invertible, its inverse M~! maps Xo — Xo and Y — Y, and

1

M = b~ s enh), () =

o] (7.15)

whence

MMl = _(H(f’(:i)) Ic.

Formula (ZI5) can be proved by a direct calculation: MM ™1h = M~'Mh = h for all h € Z.
From Proposition and the explicit formulae above, ps2, i1, p, @, 3,7 all depend on (u,e) in a C*
way, and the following estimates hold.

Proposition 7.2. Let K > 0. There exists eg € (0,1), depending on K, such that, if ¢ € (0,¢e9),
lulls < K, and ||ulla,e0 satisfy @4), then all the following inequalities hold.
pa(u, €) and pi(u,e) satisfy

2 = 1] < 2C(K),  |upzlh]| < *C(K)||hlls, |0=pi2| < £*C(K),  (7.16)
i1 — e (30%)] < SC(K),  |um k]| < *CU)|hlls, [0 — ello(60%)] < 2C(K).  (7.17)

U(t,z) = (t+ a(t),z + B(t, x)) and its inverse v~ (,y) = (1 + a(1),y + B(1,y)) are diffeomorphisms of
T2, with

oy + Bl + [l + [B1 < 2C(K) < 1/2,  |als +18ls + |@ls + Bls < *C(s, K)(1 + |[ufls4a), (7.18)
foralll1<s<r. a,p, d,ﬁ are C1 functions of (u,e). For 1 < s <r — 1, their derivatives satisfy

|Bualh]ls + 10uBIR]|s + |Ouilhlls + 8uBlh)ls < *Cls, K)(Ihllsta + ullstsllhlls), (7.19)
|0=als + 10281 + |9=als +[05]s < €2C(s, K)(1 + |[ulls+s)- (7.20)

The operators ¥, U~ satisfy
1 £lls + 112 flls < Cls, K)F s + Nullseall fll), - 12 Fllo + 127 fllo < 21 flo, (7.21)

[ =D flls+ 12 = D) flls <3C(s, K) (1 flls1 + lullstsll £]]1), (7.22)
for all1 < s <r. (20),(L22) also hold for U, U—t. Moreover, for1<s<r,

(O fls + 10T fls < Cls, K)(Sf|s + lullsval f11), 19 Flo =127 flo = | flo, (7.23)
(@ = D) fls + (T = D fls < Cs, K)(|Flss1 + [ulls+5]f10)- (7.24)
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The operators W, W= depend on (u,c) via a, 3. The derivatives of Wf, W= f with respect to u in the
direction h and with respect to € satisfy

10 (T A)[B]lls + 10 (¥ AAIls < *Cls, ) fls1llblls + 1l Pllsta + llullsesl FllNR]5),  (7.25)
100 flls + 107" flls < e2Cs, K) ([ fllsw1 + l[ullses [l £1]), (7.26)

forall1 <s <r—1. (Z23) and ([L28) also hold with | | instead of || ||s on the left-hand side and on f.
(C25) and (T26) also hold for ¥, &1,

For2<s<r,
(M =D flls+ (M =D flls <3C(s, K) (I flls + lullssall fll2)- (7.27)
The derivatives of Mf, M™1f with respect to u in the direction h and with respect to  satisfy

10u(MP)Rls + 10u (M F)IR]Ils < ' C(s, K) UL slIlls + 1 Fll2llAllsts + Nullstsll Fll2Rll5),  (7.28)
10-M[lls + 0= M7 flls < €2C (s, K)(IIFIls + lull 6]l £12), (7.29)

for2<s<r-—2.
The coefficients of L3 satisfy

|ag|s + a7 — £230%|5 + |ag|s + [ag — €% (30%)a|s < &°C(s, K)(1 + [Jullsy6), (7.30)
|0uagh]|s + |0uazlh]|s + |Ouas[h]|s + |Buao[h]|s < e*C(s, K)(|[hlls4a + lullsssllhlls),  (7.31)
|0-a6|s + |Ocar — 5662|s + |0-as|s + |0:-a9 — 5(61} als < e ( LK) (1 4+ ||u|s+6)- (7.32)

For s,mi,mo >0, m=mi;+me, m+s+1<r,
107 R0 f|ls < 3C(s,m, K)(1f|s(1 + Nullms) + lullstmesll fllo)- (7.33)

Form,s>0, m+s+3<r,

IR:0y" flls < €2C(s,m, K) (I Flls (L + Nullm+r) + [ fllollwllsmrr), @=1,2,3. (7.34)
Proof. In Section 12 O

Remark 7.3. The loss of one derivative for the difference ¥ — I in (.22)),[T.24)) is typical of any change
of variables: in general, if we want to estimate a difference h(z 4+ p(x)) — h(x) with a factor of size p, we
can do nothing but making a derivative, h(z + p(x)) — h(z) ~ b'(z)p(x). O

7.2 Descent method: conjugation with pseudo-differential operators

We construct an invertible linear operator ® = P®P that maps Xy — Xo and ¥ — Y and conjugates Ls
to a new operator ~ o
Ly =0 1L3® =PLP, L4=D+R, (7.35)

where D has constant coefficients and the remainder R is regularizing in space, bounded in time. We
look for D of the form
D = w0r + padyy M + 110y + v+ voH + (V') + v MO + (Vo + v_oH)D,?

where po, 11 are the constants calculated in the previous section, v, v}, k = 0,—1, —2 are constants to
be determined. We look for @ such that (PL3P)(POP) — (P®P)(PDP) is an operator of order < —3 in y.
Write @ as

© =g+ Py +Pot+ B3, P = (W +HEM)I T, k=0,1,2,3
namely ®,h = a(k)ay_kh +H(ﬁ(k)8y_kh), where a®)(7,y), B (1, y) are functions to be determined. ® is
close to the identity if a(?) is close to 1 and all the other a(®), 3%) are small.
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Calculate and write the terms of order 1,0,—1,—2 in y, and move all the ‘H’ on the left-hand side,
introducing the corresponding commutators (for example, write aH as Ha + [«, H]). Note that

H=HH=-Tlp=—-1+1y,  Tf:=1I1-Mg=1T7r+1c.

I3 is regularizing in y because it is the operator that takes the mean of a function with respect to y.
Therefore, up to a regularizing rest, sums and products of terms of the type (o + H3) follow the same
algebraic rules as those of complex numbers, where the role of i is played by H. As a consequence, to
perform the calculations up to terms containing I15 or commutators with # it is comfortable to introduce
the complex notation:

f = a®) +ig®) L3 =00, + p2idyy + aredy + ass + R3, are == ar +iag, ags = ag + ias,
D = w0y + 12i0yy + 10y + co + c,lﬁy_l + 07287;2, g =V +iv_y,
where ¢ means H.

We stress that this is only a notation, as H maps real-valued functions into real-valued functions, and
therefore oo + 13 is real when «, § are real. Straightforward calculations (use P = I — Il for ag) give

L3 — ®D =P(110, + To + T-10, " + +T-20, > + R4)P, (7.36)
where the coefficients T}, are

Ty =Qf, T =Qf® + 50 —c_y fO,
Ty =Qf" + 5, T o=Qf® + 5% —cy f —cy fO, (7.37)
@, S mean

Qf :=2ipafy + (aze —v) f, Sf:=(Ls —Rs—co)f =wfr +iuafy, +azefy + (ags — co)f,
and the rest R4 is the sum R3P® — agllc® + terms of order 8; 3 4 other regularizing terms that
(a) contain a commutator [g,H], where g € {a;,a™ ") :j=6,7,8,9, k =0,1,2,3}; or
(b) contain IT4.
The complete formula for R4 is in Appendix For example, typical terms are
058907, asllppiho,t,  [as, Hlal”, [B1),H]0,.

Now we choose v, a®) | 3(%) such that all T},, n = 1,0, —1, —2, vanish. Every T}, is an operator of the
form T,,h = p,h + H(gnh) for some functions p,(7,y), gn(7,y). Thus T;, = 0 if

pn=0, g,=0. (7.38)

To solve ([T38)), which is a system of two equations in the real-valued unknowns a® 3F) | we use complex
notation again. Consider the complex-valued unknown f*) = o*) +i3®*) where now i is the standard
imaginary unit of C. Then the real system (Z3]) is equivalent to the complex ODE Q f ) =0forn=1,
and similar complex equations for n = 0, —1, —2, according to (Z37). Hence we look for complex-valued
solutions f*) of the four complex equations T}, = 0, n = 1,0, —1, —2.

Reduction of Ty. — Let

aze(T,y) = are(1,y) — . = az(7,y) — 1 +ias (7, y).
Remember that a7 — v, a6 € Zg (see (CI10),(CI3)). 71 =0 if

QY =2ipaf + az(ry) f = 0. (7.39)
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The solutions of (Z39) are the exponentials f(°) = exp(y), where o(7,y) satisfies
2ipizpy + azg(T,y) = 0. (7.40)

(T40) determines the Zg-component of ¢,

) 1 1
I = — (0, ak; =——(0;! — (0, M1 :
( EQD)(T’ y) 2#2 ( Y a’76)(7-5 y) 2#2 ( Y aﬁ)(Ta y) +12M2 ( Y EG/?)(T,?])
Reduction of Ty. — Since f©) = exp(yp),
SFO = fOgO0 6O =, + ip2(9s + yy) + azeipy + (ass — o). (7.41)
Moreover . .
. i i
wwi +arepy = 10 (ats)? + Ut varg

by (Z40) and because azg = aly + v. Since Qf© = 0, we solve the equation Ty = 0 by variation of
constants: f(1) = nM® £O0) is a solution of Ty = Qf M) 4+ S =0 if V) solves

2ipnH + g0 = 0. (7.42)

([TZ2) has a periodic solution n*) if g(®) € Zp. The condition

7
e (g9) = 1 e ((aks)?) + He(ags) — co =0

determines the constant cg, _
i
o= — ¢ ((afs)?) + He(ags) € C.
H2
The condition

7 (9) = wTre), + — Hr((afy)?) + Mr(ags) = 0

i
dpn
determines the Zp-component of ¢,
i _ 1 .-
(re)(r) = " Taw (07 lr(az6)) (1) — o (07 'Mrags)(r) € Zr.

So ¢ € Zg, (T42) can be solved, and the Zg-component of 71 is determined,
)

~1 (0
5 0, ¢ (r,y) € Zp. (7.43)

(Tpn™M)(r,y) = »

Reduction of T_y. — Since f(1) =7 0 g £0) — ¢0)4(0) by ([ZA0) and the definition of S,
SFO — ey fO = y®SFO 4y 2ipnf? + are /O] + 7O fn® +ipanll) ] = O,

where

g =g +wn® +ipanSt) + pan —cq. (7.44)

By variation of constants, 2 =73 f() is a solution of T_; = Qf ) + Sf1) —c_; fO =0 if n® solves

2ipz (P + g =0. (7.45)
(Z47) has a periodic solution ) if ¢V € Zp. By (T42), ¢'© = —2iuy 773(}1), therefore

g = =2ip ' ) = —ia0,{(nV)*} € Z.
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As a consequence, the condition g(l) € /g determines
7 () =0, c1=0. (7.46)
Thus (Z45) can be solved, and the Zg-component of 7(?) is determined,

1

Ian® —
Men') (1) %

0, 9" (7, y). (7.47)

Reduction of T_5. — Since c_1 =0, T_5 = Qf(3) + Sf(2) — C_g f(o). By the same calculations as
above,

SFD — ey fO = n@SFO 4 1@ 24 FO 4 arg FO] + FO[un® +ipgn — o] = fO®,

where
9% = 0@ g +wn® +ipony) + pinl® —cs. (7.48)

By variation of constants, £ = 7®) f(0) is a solution of T_o = Qf®) + Sf2 —c_, fO =0 if n® solves
2ipz P + g = 0. (7.49)

(ZZ9) has a periodic solution 73 if g? € Zp. Both (II7n™?)g(® and (TI¢n®)g(® belongs to Zr because
(0)
g\’ € Zg. Hence

I (n® g ) = Ir[(Men™®)g® + (rn™®)g @ + (Ipn™®)g V] = T [(Ten®)g )],

and the same for Tl (n®g©). TTEn? is given by (Z4T). The condition ITrg® = 0 determines
1
My = - o7 ' [(Tpn™)g )], (7.50)

the condition II¢g(® = 0 determines
c—a = lc[(pn™®)g ).
Thus ¢® € Zpg, (49) can be solved, and the Zg-component of n3) is determined,
(pn)(r,y) = 5= (0,9 (7,v). (7.51)

The only terms that have not been determined by the four equations T4 = 0,...,T_3 = 0 are Il (p),
e (M), Oe(n®), Oe(n®), and IIp(n®). Fix all of them to be 0. Split real and imaginary part,

1 _ 1, 1 _
Re (¢) = T o7 Mp[(paz)ag) — s "z (ag) — o (9, 'as), (7.52)
1 1 1
Im (¢) = I o7 My [(Mpar)? — (ag)’] — 5 O Mz (as) + s (8, 'Mgar), (7.53)
o0 = eRe@) cos(Im (), B = eRe@) sin(Im (p)). (7.54)

By [14),
Re(p)e X, Im(p)eY, oW eX, pOev.

As a consequence, g(©, 7 ¢ nG) ¢y +iX, ¢ ) € X +iY, and
aMey, pgWex, aPeXx, ey, a®ey, pBecXx.

Hence ® preserves the parity, namely ® maps X - X and Y — Y.

22



By (14), (Ilgar)ag € Y, ag € Y, therefore

1
1/6 = Re (Co) = 0, Vg = Im (Co) = 4—#2 Hc[(HEa,7)2 — a%] + Hc(ag). (755)

v_1=v_,=0,and
Vo =Re(c_a) =0, v_y=1Im(c_s)=Im{Ilc[(IIgn®)g]}. (7.56)

Put
Mo = Vo, H—2 = V_2.

Since Ty, Ty, T—1,T_5 vanish, (Z36) becomes L3® — ®D = PR4P, and (7.35) holds with
Li=D+7R, D=wd;+poHdyy, + 0y + poH + p—2M0,* R = 'PRy. (7.57)
If @ is invertible, we have transformed £ into L4, namely
L=UMIL O L, =0 M IUILUO. (7.58)
From the formulae above, pg, i—z, a*®), 3%) are C' functions of (u,€), and the following estimates hold.

Proposition 7.4. Let K > 0. There exists eg € (0,1), depending on K, such that, if ¢ € (0,¢eq),
lullio < K, and ||ulls,e0 satisfy @A), then all the following inequalities hold.

ol < °C(K), |Bupo[h]] < *C(K)|All5, |0-p10] < £2C(K), (7.59)
2| < *C(K), |Oupi—a[h]] < °C(K )|z, |0:p1—2| < E°C(K). (7.60)

The operator ® : Zy — Zy is invertible, and maps Xo — Xo and Y — Y. &, &~ satisfy
1@ = Dl + 1@ = D flly < 2005, K)(1F s + ullorizll flls) VF € Zo, (7.61)

for all 2 < s <r —T7. The derivatives of ®f, 1 f with respect to u in the direction h and with respect
to € satisfy

102 (@F)[R]ls + 10u(@7 )R]l < *Cls, ) lslllaa + 1 f 2 Pllsrz + ullssazl £l Alla),  (7.62)

10-@f||s + 1027 flls < eC(s, K)(|I flls + llullsr2ll £]l2)- (7.63)

Moreover
10-(® — 1) f[ls < 2C(s, K)(10-f s + 1 |s + ullsras(107Fll2 + [ fl]2)) (7.64)
105(® = 1) flls < 2C(s, K) (105 Flls + 1 flls + NullssaaClOf £ll2 + 11 £112)), & =1,2, (7.65)

for2<s<r—9 fordl f € Z.

The operators U®, UM, &~ 101 I M1T! are all of the type I + S, where S satisfies

IS£lls < e2Cls, K)(Ifllst1 + Nullss2ll fll2), 2<s<r-T. (7.66)

The rest R satisfies
IRy flls < 2C(s, K)(Iflls + llullsazll fll2), 0<m <3, 2<s<r—12. (7.67)
Proof. The proof is in Section O
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8 Inversion of the transformed linearized operator

In view of the Nash-Moser iteration, we invert £, = D+ R on a subspace of Fourier-truncated functions.
Let

Iy = {u - 3w ek} cZ k=@j) ez |kl=|+ljl, Zon:=ZoNZn,
|k|<N
with N > 0 sufficiently large to have v € Zx, namely K C [— N, N|, where K is defined in Section [l (see
Proposition 5.3)). Let Iy, I3 denote the orthogonal projections onto Zy and Z Z# respectively. Let

Xon =XoNZy, Yn=YNZyn, Wn=WNZyn, Wxn:=WnNZy.

HNE4HN maps Xon — Yn because E4 : Xg = Y. Since Zgy = Von © Wy, to prove that HNE4HN :
Xon — Y is invertible, we project on the subspaces Von and Wy (Lyapunov-Schmidt decomposition,
like in Section M)): given f € Yy,

. vy Lallyy b+ Ty, Lallyyy h = 11
TnLallyh = f — { Von ~4 Von Von ~4 Wn VUNf (81)
HWN £4HV0Nh’ + HWN £4HWN h = HWN f
Since D is diagonal, D maps V — V and W — W, therefore
My LIy = Iy RILy, Iy L4001y = Hy RIIy. (8.2)

Lemma 8.1 (Inversion on Vyy). Let K > 0. There exists 9 € (0,1), depending on K, such that, if
g € (0,e0), |lullio < K, and ||ul|4, 0 satisfy (64), then

HV0N£~4HV0N Von N X = VonNY

18 invertible, with

~ _ C(s, K
0w £ty )0 < SO gyt s BBl B << s (8.3)

Proof. L4 =® 'L3® (see (T3H)). Split L3 = L + £2A + 3B, where
L =0, +0yH, Ah=30.h+0,(30°h),
B = e *{(u2 — 1)0yyH + ag Oy H + (a7 — ?30%) 9, + as H + (ag — £2(30%),) + Ra}.
By (ZI6),[30),([Z34),
IBhls < C(s, K) (I hyylls + hylls + 12lls + llullss7(lhyllo + [12[l0)), 2 <s <7 =3 (8.4)

Let S; : Zo — Zo, Sy := e 2(®—1I), Sy := e~ 2(®~1 1) (recall that P = I on Zp). Since Iy L = LIIy = 0,

My, Lally,, =y, @ 1 L3®Ily,,, = Iy, (I 4 £252)P(L + €2 A + e3B)P(I + €251 )My,
= €2HV0N (A + EBl)HVoN’ (85)

where

B = eS5PLPS) + eS5PA + e APS) 4 2 S,PAPS, + &~ 'PBPO.
By Proposition B3 Iy, Ally,, : Von N Xo — Von NY is invertible, with

H(HVONAHVON>71]?’H5 < CHhHSfl Vh € Von N Y, Vs > 0, (86)
where C' > 0 depends only on the set . By (C&1)),([.64),([7.63), for 2 < s <r —9,

1S1hlls + 152hlls < Cs, K)([[B]ls + ullstazllpl2),
10-S1h]ls < C(s, K) (1025 + [[hlls + lullssra(l0ll2 + [[Bl2)), 0. = 0r,0y, Dy,
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for all h € Zo. Then, since L = 8, + H9., Ah = 30;h + 30°9,h + (30*),h, and by (B4,
Moy Billvoy hfls < C(s, K)(|Alls41 + [[ullstra[[hlls), 2 <s<r =9, (8.7)
because [|0;h]ls = |HOFh|ls = [|0-hlls < [|h][s41 for all h € V. Thus, by [&8), (B1),
1Ty By ) (v Al )~ hlls < Cls, K) (1Bl + [JullssrallR]l2), 2 <s <7 =09,
for all h € Voy NY. Since By maps X into Y, By := (Ily,, Billy,, )(Ily, y Ally, )~ maps Y into Y. By
standard Neumann series with tame estimates (see Lemma [[T.2)), T 4+ €Bs is invertible as an operator of
Von NY onto itself, with

I(Z +eB2) " hls < Cs, K)(IIhlls + [ulls+1a 12]l2), 2<s<r -9, (8.8)

provided that eC(K) < 1/2, for some C(K) > 0 depending on K, K, ,,||9]l19. By B8 and EJ),
Iy, (A + EBl)HVON = (I + EBQ)il(HVONAHVON) : Xo N Von — Y NV is invertible, with

{T v (A + eB1)Tlv, }~ ' Alls < Cls, K)(|Rlls-1 + [Jull sz I2]2), 3 <s<r-—8.
By (B3] the thesis is proved. U

By Lemma [B] the Vyy-equation of system (81 can be solved for Iy, h,
Hynh = (HVON E4HVON)71[HV0Nf — vy E4HWN h] (89)

Substituting Iy, h, and using ([82]), the W-equation of system (1)) becomes

A(lwyh) = fi1, (8.10)

where
A =Ty, LaTlw, — (T, RTTy, 5 ) (T, LaTly, )~ Ty Ry, ), (8.11)
fl = HWN f - (HWN ,fé‘HVON )(HVON E4HV0N )71HV0N f (8 12)

L4 = D+R, where D = w0y + MOy + p1 Oy + poH + p—2 M0, 2, which is (Z57). In the basis {e!("+iv)},
D is diagonal with eigenvalues

Mg = A (u,e) = i(wl + paglj| + mj — posign(j) — p—2sign(5)(ij) 2 ), (8.13)
where w = 1+ 3¢? and p;(u, ) are C! functions of (u,¢). By (T.16), (.17), (Z59), (7.60),
lw = 1|+ [p2 = 1] + || + [po] + [p—2] < 1/2 (8.14)

for € < eg sufficiently small. Remember the notation (j) = max{1, |j|}.

Lemma 8.2 (Inversion on Wy). Let K > 0. There exists g9 € (0,1), depending on K, with the following
property. Let € € (0,e9), ||ulli9 < K, and assume that ||ul|a, €0 satisfy (©4). Let

1
2(5)°

A1, (u, €)] > Y(l,5) € W, (8.15)

where

Wi :={(l,j) e W: || < N} ={(l,j) € Z* : 1+ j|j| #0, |j| < N}.
Then A: XoNWyx — Y N Wy is invertible, with

A= 2]s < Cls, K)(Ihlls4s/2 + lullssroa/2lBll2),  3/2<s <r—12-3/2. (8.16)
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Proof. Since £, = D + R, we have A = Dy, + Ry, , where
DWN = HWN DHWN? RWN = HWN 7~?’HWN - (HWN 7él—IVON)(HVoN E4HVON)_1(HVON 7él—IVVN)

Like A, also Dw, and Rw, map X into Y. Dw, : Wy — Wy is invertible because A;; # 0 for all
(1,7) € Wy. Let

U:=085+TIr + e, UL =1 ITHY 1y = (i5)° Vj#0, Up=1
I\ 1| > 1/2 for every (I,j) € Wi because [U;] = (j)3. As a consequence,
™ D hlls < 2|Rlls V€ W, Vs >0.
By ([Z67) and B3),
[RwyUhlls < | Rwy Oyhlls + | Rwy (U + Ho)h|s < e2C(s, K)(1hls + [[ulls1sl1All2)

for 3 < s <r — 12, whence

[Rw Dy hlls = (R U)U ™ Dy )hlls < £°Cs, K)(|hlls + [ullstellhll2), 3 < s <r—12.
For s = 3, ||’RWN’D;V%Vh||3 < e2C(K)|h||3- By Lemma L2 I + RWNDI},%V is invertible on Wy, with

I(Z + Rwy Dy )" hlls < O(s, K)(IIR]ls + l[ullss16llh]l2), 3 <s<r—12,

if e2C(K) < 1/2. Therefore A = (I + Rw, Dy}, )Dw, is also invertible. Now || Dy} hlls < C|lhlls15/2
because, for indices (I, ) € W such that |\ ;| < 1, one has |j|?> < C|I| by the triangular inequality and
(®I), so that 1/|X\; ;| < 2(j)® < C(1)3/2. Hence (®I8) follows. O

Remember the definition P. := ¢2IIy + Iy .

Lemma 8.3 (Inversion of Iy L4Ily). Assume the hypotheses of lemmata[81] and [8.2. Then for every
f € Yn there exists a unique h € Xon such that UyLylxyh = f. The inverse operator (I L4Ily) ™t
maps Y — Xon, with

[y LalTIn) " flls < e72C(s, K) (| fllstayz + lullsgares 2l fll2), (8.17)
(U LaIn) " Pe flls + [[P-(Mn LaTIn) " flls < C(s, K) ([ flsrs/2 + llullssr71s/2ll fll2), (8.18)

3/2<s<r—12-3/2.

Proof. Use &), (E3), (€10, E1D), €12, E3) and EI0). O

Lemma 8.4 (Derivatives of (IIyL4IIx)""). Let K > 0. There exists eg € (0,1), depending on K, with
the following property.

Let ¢ € (0,e0), ||ulla2 < K, assume that ||ul|ls,e0 satisfy @4), and that BIH) holds. Then, for
2<s<r—18,

102 (M L4TIn) " R flls < €7 C s, K) (I f lssllRllia + 1 Flls(NAlls416 + llullss2s A1),
10- (M LaTly) " f s < e72C s, K)(If sts + lullsrasll fls),
10 (L L4TLn) AP fls + | P-0u (T LaTliy )~ [R]fls
< eC(s, K) (I fls+sllbllra + 1 £ lls(1alls+16 + lullsras]bll1a),
{0 (M LaTly) = }Peflls + | PoA0= (M LaTl) "} flls < €71 C(s, K) ([ flls0 + Nullsasllfs)-
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Proof of Lemma[83) By Proposition[6.1], for all 0 < s <r,
11l < Cls, K) ([ flls+2 + lullstall £112),
18uLIRflIs < €2C s, K) (Il ls+2lllla + I fll2(lAllsa + ullstallhlla),
10:Lflls < Cs, K) (I f ls+2 + lullstall f1]2)-

Hence, from formula (Z58), using the estimates (T25), (7.26), (728), (729), (T52), (7.63) for &, ¥, M

and their inverse,

I£4flls < Cs, K)(IIflls2 + Nulls+aall f12),
18 L] flls < €3C s, K) (I FllsallBllna + 1 Flls (hllsra + fullsers]lRll14)),
10=Laflls < C (s, K) (| fllsws + lulls+150 £115),
for 2 < s <r —10. The Lemma follows from formula (IT.9) and Lemma R3] O

8.1 Further estimates
In this section we collect some tame estimates that will be used in the Nash-Moser iteration.
Lemma 8.5 (Tame estimates for F). (i) There exists 9 € (0,1), depending only on ||01]|5, such that
ellolla+€*[1valls < o, T2(e)lls < C(s),  0:Ta(e)lls < 7' C(s), (8.19)
[1F(v2(e), €)lls <eC(s),  [|0:{F (v2(e),€)}|s < Cs), (8.20)

for every e € (0,e0), 2 < s <.
(ii) Assume that g, u, h satisfy €ol|v1]|a+ed(||ulla+ ||hl|4) < 8o (o is the universal constant of (E4)),
and ||uljla + ||h|la < K. Let

Q(u,h,e) := Flu+ h,e) — F(u,e) — 0, F (u,€)[h]. (8.21)
Then, for2 < s<r, e € (0,e),
[Qu, h,e)lls < Cs, K)|hlla(hlls+2 + [[ullss2llla)- (8.22)
(iii) Assume that €o||v1 s + 3||ulla < b0, namely @A), and ||ulls < K. Then
[F(u,e)lls < C(s, K)(1 + [Julls+2), (8.23)
[0uF (u, €)[R]]ls < C(s, K)([hlls+2 + [[ulls+2llh]la), (8.24)
10=F (u, ) [h]lls < e Cs, K) (1 + [[ulls42), (8.25)
forall2 < s <r,ee€(0,¢).
Proof. In Section 12 O
Remark 8.6. Estimate (822]) actually holds with an additional factor € on the right-hand side. However,
this makes no essential difference in our iteration proof below. o
Lemma 8.7. Assume the hypotheses of Lemma[84] Then
[0y Lally) " TN MRl < Cls, K) (1 f 54572 + lullsyrrrsall fll2) (8.26)

for2<s<r-—12-3/2.
Proof of Lemma[87 By ((2I)) and (Z.61I)), the term on the left-hand side in (8.26]) is
< C(s, K) (| (My Lally) Ty @ M P flo o+ [l gz | Dy £aTly) T TN @M IO TP £)
for 2 < s <r—"7. Write O I M-I as [+ S, where S satisfies (C.60). Since Iy P. = P.Ily,
(N LIIN) IO M Y0P f = (MnLyTly) ' PIIN f + (M Lally) 'SP, f,
then use (B8IR) for (IIyL4Ily) ' P.IIy f, and use (8I7), (T66) for (IIyLylly) 'TINSP.f. O
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9 Nash-Moser iteration and Cantor set of parameters

Let
x:=3/2, a>0, N,:=exp(ax"), neN, (9.1)
with Ny = exp(a) sufficiently large to have K C [—Ngp, Ny] (K is defined in Section Bl). Consider the

corresponding increasing sequence of finite-dimensional subspaces Z,, := Zy;, , with respective projections
II,, :==1ly,. For all s,a > 0, II,, enjoys the smoothing properties

Mpulls+a < Nyllulls Yu € H?,

ITyulls < Ny llullssa Yu € H, (9-3)

where IT- = I —1II,,. Note that ([@.2), (1.3) hold even if N,, > 0 is not an integer number.
In the previous sections we have proved the transformation

F'(u,e) = P~ L(u,e) = P- L(u,e) = PP OMOL, o~ 1! (9.4)

where ¥, M, ®, £, all depend on (u, ). Following a suitable Nash-Moser scheme, we construct a sequence
(un) C C*°(T?) of e-dependent trigonometric polynomials by setting ug := ¥ as defined in Section [5]
ho := 0, and

Up+1 = Up + hn—i—l; hn+1 = _Hn-i-l\i]n(i)n(Hn+1£4,an+1)71Hn+1&);1M;1¢];1Pf3F(un)a (95)

provided that the inverse operator Z,, := (I, 1 L4 (), 11)~" is well defined on Z, ;. The notation in

(@3F) means y 3 }
Lan = La(un) = La(un(e),e), p:=T(uy) = T(uy(e),e),

and similarly for M, ®. Also, Lyy = Dyp+ Ry We omit to write explicitly the dependence on € only
to shorten the notation. At a first glance, (@A) could seem an unusual and excessively complicated
Nash-Moser scheme. However, in some sense it is “the most natural” for the present problem, as the
“normal form” for the linearized operator is given by L4, = D, + R, therefore it is natural to impose
Diophantine conditions on the eigenvalues of D,, and to insert smoothing operators II,, before and after
it.

With hy,41 defined by (@3, one has hy,+1 = S § SR N N 5 | ST TCO

F(un) + F'(up)hngr = 1 o= P70, M@ Tk, 0 — Ty Rolli1 LIl 1cn + Lanbn ) (9.6)

where R o o o
e =0 MU P (uy,), by o=@, U I U,@, T, 410

@) follows directly from (@.5]), and is proved in Section Hence

F(un-l‘l) =ry+ Q(Una hn-i—l)a (97)

where @ is defined in (821)).

By Lemma [8.3] Hn+1[',4(un)Hn+1 is invertible if the eigenvalues A\ ;(un,€) of D,, satisty the Diophan-
tine condition ®I3) for v = u,, and N = N,11. Let W,, := Wy, . Define recursively the set of the
“good” parameters e, those for which ([8IF) holds: let Gy := (0,2¢), and define

1
gn+1 = {E S gn : |)\lﬁj(un,€)| > W V(l,]) S Wn+1}7 n Z 0. (98)
Gy is the set of the parameters e for which (ug, hx, Ak, Gx) can be defined recursively for k = 0,...,n.

On the contrary, after constructing (ug, hi, Ak, Gi) for k < n,

Bn+1 = gn \ gn—i—l

is the set of the “bad” parameters € for which the Diophantine condition (8I5) on the eigenvalues
A1j(un, €) is violated on || + |j| < Np41, the inverse of (IL,4+1La(un)n11) is not well-defined, hp41
cannot be defined by (@), and the recursive construction stops. Therefore at the n-th step we eliminate
the bad set B,,11, and restrict the parameter set to the subset G, +1 C G,,. For convenience, put By := .
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Proposition 9.1 (Nash-Moser induction and measure estimate for the parameter set). There exist
universal constants ro,so > 0 and constants C,C’, co, @, b, > 0 depending only on vy, Kgr, such that if
Go = (0,€0), €0 < €, T > 10, and a defines N, in (@), then the following induction hold.

Let (P,) = {(Pn) (), (Pn) (i)}, n > 1, be the following set of statements.

e (P,)(i). Gy is an open set. The Lebesque measure of By, satisfies |By| < e3Cb,,, where the sequence

(P
(bn) satisfies Y o qbn = C' < c0.
(Pn
a

)(ii). For every ¢ € Gy, hn(e) € Z, is well-defined. h,, : Gy, — Zn, € — hy(€) is of class C* as
functwn of &, with

lhn(e)llso < exp(—i)x”), 0chn(e)lso < et eXp(_BXn)- (9.9)

(Py) holds. If (P,) holds, then, using (@.),[@.8)) to define hyy1 and Gni1, (Pny1) also holds.
As a consequence, the Cantor set Goo := (1,50 Gn C (0,€0) has Lebesgue measure

|goo| Z 50(1 — Eoc).
For every € € G, the sequence (un(e)) converges in H*0(T?) to a limit us(g), which solves
Fux(e),8) = 0.

Moreover, ux(g) € H*(T?) for every s in the interval so < s < (r + co)/2.
If gi, i = 0,1,2 in (L2),[@L3) is of class C>, then also us(e) € C°°(T?).
S0, ro and cy can be explicitly calculated: so = 22, co = 28; for ro see (@22) and below.

We split the proof of Proposition into two parts: the Nash-Moser sequence (P,)(it) with its
regularity in subsection @] then the measure estimate (P,)(¢) for the parameter set in subsection

9.1 Proof of the Nash-Moser iteration

First step. Let us prove (P1)(ii). For ¢ € Gy, (O.5) defines hy = h1(e). By (819), the condition (G.4)
holds. By BT9)), if 22 < r, then ||v2(¢) |22 < C for all € € (0, €q), for some constant C. Take this constant
C as the “K” in all the lemmata of the previous sections, so that the assumption K > ||u||22 is satisfied
for u = ug = va(e), for all € € (0,20). In this way, to indicate the dependence on K in all the constants

C(s, K) is redundant, and we simply write C'(s, K) = C(s). By (@), (826), (8I9) and (820,
Il = Mo@eToT1colls < C() (1F (o)lsss/2 + ol 175720 Fluo) ) < =C(5)
if s+ 174 5/2 < r. Hence the first inequality in (P;)(¢%¢) holds if
g0C(s) < exp(—by). (9.10)

Ochy is obtained by differentiating every term in formula ([8.5) with respect to € and applying the estimates
for 9. W, 0.®, O-{(I1; L4(uo(e),e)1) 1}, ete; using (BIT) for -vs, and B20) for J.{F(va(e),e)}, we get

10-ha ()]s < C(s)

for e € (0,20), s+ 17+ 5/2 < r. Therefore the second inequality in (P;)(#i¢) holds if (@I0) holds (with
a possibly different constant C(s), as usual).
Inductive step. Now assume that (P,) holds, n > 1, and prove (P,+1)(i¢). By ([@3),

[unlls < lluolls +Z||hk|| < ||72]ls + C®), Zexp ~bx") (9.11)
k=1

Note that C(b) is independent on n, it is decreasing as a function of b, and C(b) — 0 as b — +oo. Hence,
for s > 22, ||upll2e < ||2]l22 + C(b) < 2||T2]l22 = C for all € € (0,ep) if

b>C, (9.12)
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for some C' > 0. As in the previous step, take this constant C' as the “K”, and replace C(s, K) with C(s)
in all the lemmata of the previous sections. Moreover, ([@4) is satisfied for u = u, if €g is sufficiently
small, independently on the parameters. Also, ||u,||s < C(s).

By @3), (@2) and (820), for « > 0,2 <s—a <r—12—-3/2,

||hn+1||s S N7?+1||\i]n(i)nz-nnn+lcn”s—a
< N Cs = a)([1F (un)l[s—ats/2 + lltnlls—at17+5/2]1F (un)[12)- (9.13)

Take v := 17+ 5/2, and denote s’ := s — 17. Since s’ > 2,
[ngalls < @I3) < N ) (un)llsr + llunlls [ (un)ll2) < Ny C(8) 1 (un) |
because |lu,||s < C(s) by (@II). By @), F(un) = rn-1 + Q(tn—1,hys). Therefore
[hntills < Ar+ A, Ari= Ny Cls)lraalls,  Ag = Ny Cs)1Qun—1, hn)l[s- (9.14)
By (@), r,—1 is the sum of 3 terms, say (I)+(II)+(III). The first one is
(D) = P70 i My @ 1L 0, 2 ML B0 Y P F ().

Using ([Z.60]), like in the proof of Lemma [R7] no negative power of € appears in the estimate of (I). Using
[@3) to deal with IT-, for 3 >0,2 < s + 3 <r — 8, one has

I@lls < Cls + BN P(IF (un—1)lls+p+2 + l[un—1llsr+ g+ 13l F (wn—1) ).
The same argument applies to (II) and (IIT), whence
lrn-1llsr < C(s" + BN P (IF (un-1) 448 + lun-1lls+sr10l F(wn-1)]2),
2<s +p <r—16. Applying (823)),
Il < O+ BINTA(1+ fun_llosps10) = Cls + AN+ lumillorssa).  (9.15)

Now estimate the “high norm” By := ||hg|ls+p+2. To each k = 0,...,n, apply (QI3) with s + 8+ 2
instead of s, and use (R23): for 2< (s+8+2) —a <r—12—-3/2,

[Akt1lls+p+2 < Ny C(s + B+ 2 — @) (1F (k) st pr2—ats/z + ukllstpra—atiraszll F(uk)]2)
< N C(s + B) (1 + flukls+p+2) (9.16)

where, as above, o := 17 4 5/2. For 8I19), [luo|ls+s+2 < C(s+ B) if s+ B+ 2 < r. Then, by (@.I0),
Byr = [[hls+p+2 < NP*'C(s + B), and

k k
Bs1 < NgpiCls + B)(1+ luolluspr + 3 Ihillsrsse) < N Cls+8)(1+ > B;)  (917)
j=1 j=1
for 1 <k <n. By (@1, this implies that
[Pkl s4812 = Bi < exp(bx®), (9.18)
k =1,...,n+ 1. For, by induction: (L.IS) holds for k& = 1 if C(s + ) exp|[(aa — b)x] < 1, namely if
(b — aa) is larger than some constant depending on (s + 3). Suppose that (0.I8) holds for all j € [1, k],
k>1. Forb>1,

k
1+ Zexp(l;xj) < Cexp(bx*), VkeN,

j=1
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for some universal constant C. Then, by ([@.17), (0.I8) also holds for k+1 if C(s+ 3) exp[x* (@ax —bx +b)]
< 1, namely if ~
b—3aa > C(s+p) (9.19)

for some C(s + B) > 0, and ([@I8) is proved. Thus ||un,_1|lsts12 < C(s + B) exp(bx™ 1), and, by (@I5),
[rn-1lls < C(s + B)exp[x" ' (b — Bax)],  Ar < Cls+ B)exp[x" ™" (b+ aax® — fax)].

As a consequence, A, < %exp(—i)xnﬂ) if
a(Bx — ax?) = b(1 +x*) = C(s + B) (9.20)

for some C(s + ) > 0.
Estimate Ag. Since |[up—1lsi42 = [[un—1]ls—15 < C(s), by B22) we have Ag < N ,C(s)||hnl|?
This is < $ exp(—bx™*) if B
b—3aa > C(s) (9.21)

for some C(s) > 0. Now fix

b:=0Ba+Da, B:=[ax*+ 1 +x)Ba+1)x L (9.22)

Since x = 3/2 and o = 17+ 5/2, (3 is a universal constant, and the constants C(s 4 /) can be written

as C(s). Fix a > C(s) sufficiently large to satisfy (@19), [@20), (@2I) and [@I2)). Then fix g9 < C(s)
sufficiently small to satisfy (@I0). All the above conditions on s hold if

22<s<r—2-p.

Hence the minimal value for r is ro := 24 + 8. Put sg := 22. For s = sg = 22 and r = rg, all the above
constants that depend on s and K, , become constants depending only on K, ,,. With this choice of
parameters, the first estimate of (P,4+1)(¢4¢) is proved.

The second estimate of (P,11)(i%) can be proved by the same arguments. Observe that in every
estimate for O there is an additional factor 1/¢: indeed, terms like P or P., after being differentiated,
have one degree less as powers of . Terms like F(up,e), ¥(tn,€), ..., after being differentiated with
respect to &, contain also terms like 0y F(tn, €)[0ctin], Oy ¥ (tn,€)[dcttn], ..., and the loss of one degree
as a power of £ comes from ([@3]). The estimates for 9, and O, of all the terms are given in the previous
sections (and remind formula @3] for F'(u,¢)).

For each ¢ for which the sequence (u,(€)) can be constructed, by (@9) u, = uo+_4_, hi is a Cauchy
sequence in H*°(T?), therefore uy,(¢) converges in H*® to some limit u.(¢) € H*® as n — oo. Since the
map H% — H*° 72 u s F(u,¢) is continuous, ||F(up,e) — F(Uso,€)|so—2 — 0. On the other hand, we
have proved that

1F (un, &)l < llrn-alle + 1Q(un—1, hn)lls = Cs0) Ny (Ar + Ag) < Cls0) N,y exp(—bx"*') = 0

as n — 0o, where s’ = sg — 17 = 5. Thus F(us, &) = 0.

Now let 22 = 59 < 81 < s2, with 51 = Asg + (1 — A)s2, and X € (1/2,1). Apply ([@.I6) with sy instead
of s+ 8+2: for sa —a<r—12—3/2 we get

Ioksillos < NECls2)(1+ lugllss) ¥k >0,
for some constant C(s2) depending on sg. For (BI9), ||uolls, < C(s2) if s < r. Then the “very high
norms” By, := ||hil|s, satisty Bi = ||hi]ls, < N{*C(s2), and

k
B, < N]?JrlC(SQ)(l + ZB;), k> 1.

j=1
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Therefore there is a constant K (s2) such that
lhklls, = Bl < K(s2)exp(bx*), k>1. (9.23)

Let us prove ([@.23). Since b — 3aa > 0, where @, b have been fixed above, the inductive step (k = k + 1)
holds for all & > ko (s2), for some ko(s2) depending on sz which is sufficiently large. Note that the constant
K (s2) have no role in the inductive step. Then choose K (s2) := max{ | hx||s, exp(—bx*) : 1 <k < ko(s2)},

so that ([@23) holds for all k£ > 1. Now, by (ILI), (@23) and (@3,
hnllsy < 20 wll3 1 hnllss ™ < 2K (s2)' ™ exp(=Abx*) exp((1 — M)bx*) = C(s2, A) exp((1 — 22)bx"),

ls

and the series >, exp((1 — 2A)bx*) converges because (1 —2X) < 0. This implies that ||uc|s, <
lwolls, + > k1 |hills, < oco. Since s1 < (so + $2)/2 and s2 < r — 12 —3/2+ «a, a = 17 + 5/2, this

argument holds if

< r+ 28
S .
! 2

If g;, i = 0, 1,2 that defines the nonlinearity A is of class C*°, then there is no upper bound for s;, and
the argument applies for every s; > s, whence uy, € C™.

9.2 Proof of the measure estimate

Go = (0,&0), By = 0. Let us estimate G, 11, Br41, n > 0.
The set G,41 is defined by [@8). wu,(c) is a C! function of &, and py(u,e), k = 2,1,0, -2 is a C!
function of (u,e). Therefore each eigenvalue X j(un(€),€) is C! in €. B,41 is the union

1
Bui= |J @ o= {5 € Gn : i (tn, €)] < — 3}. (9.24)
0 2(7)
,j)GWn+1

Write the eigenvalues A ;(un(€),€) as
Aj(un(e),e) = iw(l —l—p}’(s)),

_ p2(un(e),€) p1(un (), €) ; —po(un(€),€) pi—2(un(e), ) sign(j)
1+ 3e2 1+ 3¢2 1+ 3¢2 1+ 3¢ 72

(where we mean sign(j);j > = 0 for j = 0). Since w =1+ 3> > 1, [\ j(un(e), )| > |l 4 pj(¢)], and

pi(e) : Jlil + sign(j) +

n %10 n 1 .
poCap = {5 €Gn: ll+pMe)| < 2<j>3} (L, 5) € Wast. (9.25)

For j =0, p?(¢) = py(e) = 0, therefore Q?,o = () for all [ # 0. The pair (,7) = (0,0) does not belong to
Wh+1, hence the case j = 0 gives no contribution to the union (@24)). So let j # 0.

p2(un(€), €) 2 3y Hi(un(e),€) 2 3y Hk(un(e).€) 3
P2\ Pntht) g _ PL\Pn=)B) _ gy PeAAnA=)E) k=0 -2
1 322 3e* + 0(e?), 1322 3be” + O(e”), 1522 0(e?), 0, -2,

where b := Il (9?), and the precise meaning of O(e?) is given by (7.I6), (T.17), (Z.59), (Z.60). Therefore
1 pj(e) 3b
py(e) = L+ 2y (@), (o) i= = (s — 1) = =3+ =+ 0(e).
7 (€) = 3lil( 7€), rie) =3 ] H ()
[ri} ()| < C for some C' > 0 independent of j,n,e. Also, by Proposition 5.3,

. . 3b , ,
Lyl 2okl |3+ 2|23 VieN j#o

AS a consequence,
26 < [r(e)| < C
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for ¢ < go sufficiently small to have |7 (e) +3 — 3b/[j|| < . Suppose that ¢ € Q" # (). Then, by the
triangular inequality,

+ C2|j5)2. (9.26)

L+ lill < U+ pf )]+ —pj ) +ilil| < 55 + il Irf (o) < 5
2(j) 2
[T+ jl7]l = 1 because I + j|j| is a nonzero integer. Thus we have a “cut-off”: if Q?’j # (), then 1 <
1/2 + C<|j]2, and
C <elj| < eoldl, (9-27)

for some C' > 0. Moreover, by ([@.26]), [ belongs to the interval
= lil = 1/2 = C<§ljl® <1 < —jljl + 1/2 + Ceglif. (9-28)

As a consequence, for any fixed j with |j| > C/ep, the number of integers ! such that Q?j # () does not
exceed the number of integers [ in the interval (0.2])), namely

{1 Qp; # 0} < 2(1/2+ Cegli)?) +1 < C'egli)? (9.29)

because 2 < Ce3|j|? by (@27) (and the number of integers in an interval [a, b] is at most (b —a +1)). By
(@:25), @29)) implies that B,,+1 is the union of a finite number of closed sets, hence G, 41 is open.

From the chain rule, (ZI8), (ZI17), (Z59), (Z60), and ||8€un(5)||12 < e71C (which follows from (@),

00 (=) = jljle(— 6 + | | 7 1+00)).

Hence, for any fixed j, the sign of 9.p} () is the sign of j(—1+ b/[j|), which is constant with respect to
e. By @.27),
, 6b . .
00 (€)| = 11| = 6 + 1+ O(e)| 2 i< 2 €l
if g¢ is sufficiently small. So pj is strictly monotone as a function of ¢, and, as a consequence, Qﬁj is an
interval, say [e1,2). If p!} is increasing, then

1
TR RAR / 0. (€) de > Cljl(ea — =1) = I, .

and analogous calculation if p7 is decreasing. Thus

19271 < %. (9.30)
171
Also, |Q;] < |Q ;| because Q' C Q”
Now spht the union (IEQZI) mto two parts, the union over the “old” indices (I,j) € Wyht1 N W, = W,
and the one over the “new” indices (I,j) € Wy11 \ Wy By (@29) and ([@30), the Lebesgue measure of
the union over the new indices is

n " C 1
} U O < Z |Ql,j| < Z 1 |4 50|J|2 CE% Z W = 05(2) Cn+1,

new new Np<|j|I€Nnt1 Nn<|j|SNn1

where

co = Z #, Cnt1 1= Z |1|2, and ch—z||2—0<oo

1<]4I<No No<|j|<Nnt1 l7l=1

For old indices, let € € Q? ;» With (I,7) € Wy,. By the triangular inequality, u,, = u,—1+ hy,, and estimates

(TIG), ([CI7), (C59), (T60) for dup(u,e),

L+p @l < L+ p7 ]+ 1P (e) — w7 ()] < 2| E + O [l () 12-
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Since Qﬁj C G, and (1,5) € Wh,

1

O . n—1 4) 12
b {e € 0ns gpm <480 < g + O PR 2}

1
2|5
As above, p}’_l is strictly monotone as a function of ¢, |86p;-‘_1(5)| > C|j|, and [|hn(€)]12 < exp(—bx™)

by (@9). Hence

0 . T 1 n
Q07| < Ceglij]? exp(—bx )m < Ced Ny, exp(—bx™)

because |j| < N,. By ([@29) and (@I, the Lebesgue measure of the union over the old indices is then

‘ UQ?J < Z Q7] < Ceg Z N3 exp(—bx™) < CegNtexp(—bx") = Cegexp[x™(—b + 4a)].
old old [7|<Nn

Since b —4a > a > 1 by ([@22), >, exp[x"(—b+4a)] = C' < co. We have proved that
Buia| < Cegbnsr, Y bn=C < oo
n=0

Therefore | Up>1 B,| < 3C, whence |Goo| > £0(1 — £0C).

10 Appendix A. Kernel properties
Proof of LemmalZdl 1) Let ji,j2 be nonzero. gj,q;, = g, € V for some js € Z if and only if
J1+J2=7js, —jlil - ja2ljel = —Jslisl-
Let ng := |ji| and ji, = oxng, o € {1,—1}, k =1,2. If 01 = 09, then
ja=J1+j2=01(n1 +n2), Jaljsl = jili| + jaljzl = o1(nf + n3),
therefore |j3|> = (n1 + n2)? = (n? 4+ n3), and this is impossible because ningy > 0. If o1 = —09, then
Ja =1+ jo=o1(n1 —na), jaljs| = jiljr| + Jalje| = o1 (nf —n3),
whence |ng — n1|(n1 +ng — |ng — n1|) = 0. This holds only for ny = nj.
2) Let j1, j2, j3 all nonzero. qj, ¢;,q;, = ¢;, € V for some j4 € Z if and only if
J1+d2+is =Jja,  —jildrl — jaljel — Jalss| = —jaljal-
Let ny := |jk|, jx = oxng, k = 1,2,3,4, with 01,092,053 € {1,—1} and o4 € {1,0,—1}. If 01 = 02 = 03,

then

—n?—ngfn§+(n1+n2+n3)2:0,

which is impossible because ni,ns,n3 > 0. If 01,092, 03 are not all equal, say 01 = 03 = —0o3, then
o4nyg = js = j1 + jo + js = o1(n1 + na — n3),

ouni = jalja| = f1li1| + jalg2| + algs| = o1(nf +nj —nj).

If j4 = 0, then
n1 + ne = ng, n%+n§:n§5

which is impossible because nins > 0. Thus j4 # 0, 04 # 0. As a consequence,

2., .2 2 2
ny+ng —ng =ong, ni+ns;—n3=ong, o:=004€{l,—1}.
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If 0 = —1, then
ni4+ns+ng=ns, ni+n;+ni=n3,

which is impossible, as already observed. Thus o = 1 and
ni—ng=ng—n2, (n1—ns)(n +ng)=(n4—n2)(ns+nz).

If ny # ng, then the second equality implies n; + ng = ng + no. Therefore the sum of the two equalities
gives

n]y = N4, N3 = Nog,
hence j2 + j3 = 0 because o9 = —o3. If, instead, n; = ng, then also ny = ny, and j; + j3 = 0 because

01 = —03. O

11 Appendix B. Tame estimates

In this Appendix we remind classical tame estimates for changes of variables, composition of functions
and the Hilbert transform, in Sobolev class on the torus, which are used in the paper. For these classical
estimates see also, for example: [23], Appendix G; [I8], Appendix; [9], section 2; [19]. Before that, remind
standard Sobolev norms properties (Lemma [[T.T]) and tame estimates for operators (Lemma [IT.2).

Lemma 11.1. Let d € N, d > 1, and so > d/2. There exists an increasing function C(s) > 0, s > sq,
with the following properties.

(i) Embedding. |u| -~ < C(so)|ulls, for all u € H* (T, C).

(ii) Algebra. |luv||s, < C(so)|ullsol|v]lso for all u,v € H(T?, C).

(#i7) Interpolation. For 0 < s1 < s <89, s = As1 + (1 — A\)sa,

Julls < 20ulld Julll,  Vue H=(T,C). (11.1)
For0<s; <oy <09 < 89,
[tllo ulloy < 4llulls,lulls, Yue H?(T? C). (11.2)

(ILI),T>I2) also hold with all ||u||s replaced by |uls, u € W*°(T4), s € N.

(iv) Asymmetric tame product. For s > sg,

luvlls < C(s)llullslvllsy + Clso)llullsollvlls  Vu,v € H(T). (11.3)

(v) Mized norms tame product. For s >0, s € N,
luvlls < C(s)(lullslvlo + llullolvls)  Vu € H*(T?), v e W>(T). (11.4)

Proof. (iii): see [33], page 269. (iv): see the Appendix of [I0]. (v): write D*(uv) = Zg+7:a(Dﬂu)(D7U)a
use the elementary inequality ||(D%u)(D7v)|lo < ||DPulo|D7v|o, then the interpolation (i4i). O

Lemma 11.2. Let 0 < sg < s, and co,cs > 0. Let S be a closed linear subspace of Z (for example,
S=2ZyorS=2ZynNY). Let T :SNH*®* — SN H% be a linear operator.
(1) Tame Neumann series. Let co < 1/2. Assume that

(T = Dflls < collflls +esll fllsos NT =) fllso < coll Fllso (11.5)

forall fe SNH*. ThenT : SN H — SN H® is invertible, with

1@ = DIl < 20l +4eull fllagr 1@ = 1) flay < 20llF o (11.6)

(i1) Tame derivative of the inverse with respect to a parameter. Let

1T flls < collflls + esll fllsor 1T Fllso < coll fllsa (11.7)
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for all f € SNH™. Assume that T depends in a C' way on a parameter X in a Banach space, and the
derivative (OxT)[Nf of Tf with respect to X in the direction X satisfies

IO s < ol flls + sl fllsor 1T llso < Boll £lso (11.8)

for all f € SN H?®, for some constants by,bs > 0. Then T~ is also a C function of \,
INT N = =T HO\T[N) T, (11.9)
[ONT YA flls < (4¢2bo) || f]ls + (16cobocs + 4cbs)[| Fllsos  IONT ™ A fllso < c2bollfllso- (11.10)

Proof. (i). Let A:=1 —T. By induction,

1A™ £lls < Gl Flls + csneg ™ 1 lsor 1A fllso < Gllfllsor m > 1,

where A? f means A(Af) and so on. Since co < 1/2,

ZHA 7l <co(zco)||f|| m(ch VI Flsa < 2601l + e Flso-

Hence, by Neumann series, 7 is invertible, and 77 — I = Y7 | A" satisfies (IL.6)).
(i) Formula (TL3) follows from differentiating the equality T7T~!f = f with respect to the parameter

A (D), [ 1Y), LI) give (LIO). O

Lemma 11.3 (Composition of functions). (i) Let f(x,y) be defined for y = (y1,...,Ym) in the ball
By ={y e R": |y = X" |vil? < 1} and all x = (x1,...,2q4) € R, and let f be 2m periodic in
Z1,...,2q4. Assume that f has continuous derivatives up to order r > 0 which are bounded by || f||cr < oco.

Let u € H" (T4 R™), with u(z) € By for all x. Let f(u)(x) = f(z,u(x)). Then
IF @) < Clifller(lull- +1).

The constant C depends on r,d, m.
(i1) Let f, f be like in (i), and assume that 10y fller < K for all |of < N +1. Let ™ (u)[h)™ denote
the n-th Fréchet derivative of f at w in the direction [h]™ = [h,... h]. (f™(u)(z) is simply the n-th

Fréchet derivative of f(x,y) with respect to the variable y, evaluated at the point (x,y) = (x,u(x)) ). If
u,h € H" (T4, R™), with u(z),u(x) + h(z) € By for all x, then

N
- 1 -
[ Fwsm) =3 = FO @] < ORI (1Al + Bl ull).

C depends on r,d,m,N.
(iii) Let w € H™'P(T4 R). Let D*u(x) be the list of all partial derivatives 03u(x) of order |a| = k.
Let f(u)(x) = f(z,u(z), Du(z),..., DPu(x)), where f is like in (i) for a suitable m. Then
17 @)l < Cllfler(lullrap +1)

provided (u(x), Du(x), ..., DPu(z)) € By for all x. C depends on r,d,p.
If, in addition, |0y f|lcr < K, for all |a] < N + 1, then

N

[t = 32 = A G|

nO

< CKy [0 (Illyp + Il os [ull ) (11.11)
C depends on r,d,p, N

(iv) The previous statements also hold when all the L*-based Sobolev norms ||ul|, are replaced by the
L>-based Sobolev norms |ul, = |lullwre =3, | D*ul| oo .
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Proof. (i). See [33], section 2, pages 272-275. (4i). Use Taylor’s formula with integral rest and the
inequality || fy u(A,-) dA[2 < [ [[u(, )2 dX, which holds for u(\,z) € H"(T%), depending on the pa-
rameter A, by Holder’s inequality. As an alternative, see [35], Lemma 7 in the Appendix, pages 202—-203.
(#4t). Consider @ = (u, Du, ..., DPu) and apply (i), (i1). See also [33], page 275. (iv). See [17], Lemma
2.3.4, page 147 for (i) in the W™ case. (ii), (i7i) can be adapted with no difficulty (the W™ norms
satisfy the algebra and interpolation properties, which are the core of the proofs). O

(447) of Lemma is used for the nonlinearity N'(u). (ii) is also used for N = 0, u = 0, mainly for
fy) =e¥, f(y) =cos(y), fy) = (1+y)", peR:

|f(h) — f(0)]s < Clhls Vh € WH>®(T%,R), |h|o<1, (11.12)

where C' depends on f and s.

The next lemma is also classical, see for example [I8], Appendix, and [23], Appendix G. However, in
those papers it is stated slightly differently than in Lemma [[T.4] especially part (i), therefore we prove
it, adapting Lemma 2.3.6 on page 149 of [17].

Lemma 11.4 (Change of variable). Let p : R? — R? be a 27w-periodic function in W™, m > 1, with
|Dplo < 1/2. Let f(x) = = + p(x). Then:

(1) f is invertible, its inverse is f~1(y) = g(y) = y + q(y), where q is periodic, ¢ € W™ (T4 R9),
and |q|m < C|p|lm. More precisely,

|q|0 = |p|05 |Dq|0 < 2|DP|O < 1) |Dq|m—1 < C|Dp|m—1

The constant C' depends on d, m.
(ii) If w € H™(T?,C), then uwo f(x) = u(x + p(z)) is also in H™, and, with the same C as in (i),

[wo fllm < C(llullm + [Dplm—1lull)
(131) Part (it) also holds with || ||k replaced by | |k, namely |uo flm < C(|t|m + |Dplm—1|ul1).

Proof. (i). For every y € R, the map G, : R? — R%, G, (z) = y — p(w) is a contraction because |Dp|o <
1/2, therefore G, has a unique fixed pomt z=Gy(z ) in Rd, and the inverse function g = f~! : R — R¢
is globally deﬁned. Let q(y) := g(y) — .

Since p is periodic, f(z + 27m) = f(z) + 2mm for all m € Z?. Applying g to this equality gives
x + 2mm = g(f(x) + 2rm), namely g(y) + 27m = g(y + 27m) where y = f(z), and this means that ¢ is
periodic. Hence g, like f, is also a bijection of T? onto itself.

The identity f(g(y)) = y gives

ay) +p(y +a() =0, q@+px)+px)=0 Vz,yeR (11.13)

([ITI3) implies that |¢|lo = |plo. By Neumann series, the matrix Df(z) = I + Dp(z) is invertible for a.e.
z, (Df(z))~t =30" (—=Dp(x))", and [(Df) o < 2. Differentiang (IT.I3),

o0

Dq(y) = —[Df(y +a(y)] ' Dply+aly) = [-D " (11.14)

n=1

whence |Dglo < 2|Dp|o < 1. Differentiating (IT.14),

(D%9)(y) = —[(D)(9(v))] " (D*p)(g(y)) Dy(y) Dy(y),

and |D?qlo < 8|D?plo. (i) is proved for m =1 and m = 2.
In general, by the “chain rule”, the m-th Fréchet derivative of the composition of functions w o v is

D™ (u o v) Z > Chi(DRu)(v(z)) (DM o(x), ..., D ()], (11.15)

k=1j1+...+jx=m
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where j1,...,jr > 1, and Cj; are constants depending on k, j1,. .., jr ([I7], page 147). Apply (I1.I5) to
fog: since f(g9(y)) =y, D™(f og) =0 for all m > 2. Separate k = 1 from k > 2 in the sum ([[T.IH) an
solve for D™g,

D™g(y) = —Dgl(y Z > Cu(DF A 9@) D g(), ..., D™ g(y)].

k=2 ji+..4+jr=m

D™g = D™q and D¥f = D¥p because k,m > 2. Since k > 2,itis1 < j; <m —1foralli=1,... k,
because there are at least two j1, ja, each of them > 1, and > j; = m. For k = m one has j; = 1 for all
i=1,...,m, and the corresponding term in the sum is estimated

|(D™p)og[Dg,...,Dgllo < |D™plo|Dglg" < C|Dplm-1,

because |Dglo = |[I + Dgqlo < 2. For 2 < k < m — 1, at least one among ji,...,jx is > 2 (otherwise
k =m). Let ¢ be the number of indices j; that are > 2, so that 1 < ¢ < k. It remains to estimate

,_.

m— k
> Z > Cieo (D*p)(9(y)) [Dg(y)]* (D q(y), .., D a(y)], (11.16)

=2 o1+...+op=m—k+~4

where indices j; > 2 have been renamed o1, .. .oy, the number of indices j; = 1 is k— ¢, and D% g = D%q
because o; > 2. Every factor Dg in (ILI6) is estimated by |Dg|o < 2. For the remaining factors use the
interpolation between 0 and m — 2, which is possible because 1 < 0; — 1 < m — 2, and use the formula
o1+ ...+top=m—k+4¥,
[(D¥p) o g (D7q)...(D7q)lo < |D*~2D?plo| D" ' Dylo . . ID”’lDtIlo
9 m—2—(k—2) ) m—2—(o;—1) o;—1
<CDl, "7 D%l H |Dgl, "% |Dgl;73
0—1 2 —M 2 k=2
= C|Dql5 " (1D?plo|Dglm—2)"" =2 (| D?plim—2|Dglo) =2
< C|Dqlg~ (ID*plo|Dalm—2 + [D?plm—2|Dalo)
< C(|Dglm—2 + |Dplm-1).

Collecting all the terms in the sum, we have proved that
[D™qlo < C(|Dplm—1 + [Dglm—2). (11.17)

Now use the induction on m. We have already proved (Py,) |Dq|m-1 < C|Dp|m—1 for m = 2. Assume
that (P,,—1) holds. Then (P,,) follows from (ITI7).

(iii) follows a similar argument, using formula (ILIH) and interpolation for W*>° norms; see [17],
Lemma 2.3.4, page 147.

(%) ||luo fllo < Cl|ullo, because, changing variable z = g(y) in the integral,
fwo £l = [ s @)Pde = [ )l |det Dyto)dy < | det Dglo [ futwlPay < Cllulf. (11.18)

The m-th derivative of uwo f, m > 1, is given by formula (ITI5). The L? norm of a typical term of the
sum is estimated by

ID*u(f(2)) [D? f(x),...,D? f(@)]llo < [(D*u) o fllol D fllpee ... [|D* fl| ==

||(D¥u)of|lo < C||D*ullo < C||Dul|x—1 by (ILIN). Use interpolation (II1)) for || Dul|x—1 and interpolation
with W% norms for all D%~ 1D f between 0 and m — 1, which is possible because k — 1, j; — 1 are all in
the interval [0, m — 1]. (Remember that Df is periodic, while f is not). We get

ID*ullo| D7 fllzoe .. D7 fllpoe < CIDFNLE (IDullm—1 [ DS [l + | Dullo| D [[ywrm-1.0)-
Now ||Df||r~ <2, and ||Df||ym-1.0 < C(1+ ||Dpl|lyym-1.5). The sum gives the thesis. O

38



The next lemma estimates the commutator of H with multiplication operators and changes of variables
that are used in the paper. See also [23], Appendices H and 1.

Lemma 11.5 (Commutators of H). 1) Let s,m1,ma € N, with s > 2, my,ma > 0, m = my + mg. Let
f(t,z) € HST™(T?,C). Then [f, Hlu = fHu — H(fu) satisfies

107 [f, H107 ulls < C(s)([lullslfllmva + 2l fllmts)-
2) Let a:T — T a function, and Au(t,z) = u(a(t),x). Then [A,H] = 0.

3) There exists a universal constant 6 € (0,1) with the following property. Let s,mi,ms € N, m =
my + ma, B(t,x) € Wstmtheo(T2 R with |8l < §. Let Bh(t,x) = h(t,xz + B(t,x)), h € H*(T?,C).
Then

107 (BT HB — H)97*hl|s < C(s,m)(|Blm+1[hlls + Bls+me+1[[2]l0)-

Proof. 1) Let u(t,z) = Zkez ug(t) e f(t,x) = Zkez fr(t) e and
S ={(k,j) € Z* : sign(k) — sign(j) # 0}, S(k)={j € Z: (k,j) € S}.
Since H(e*) = —isign(k) e’ *,
Oy f MO u =Y fi-k(t)ur(t) 8(k, ) (i)™ (ik)™ €9" = Y (the same),
k.JEL (k,g)es
where §(k, j) := —i (sign(k) — sign(j)). If (k,7) € S, then
k=gl =1kl+1il,  Ll<li—kl [kl <I]j—kl
Therefore |j™ k™2| < |k — j|™. If j, k are Fourier indices for the space and n,! for the time,
m m 2 . m 2 -\\ 25 m 2 2s
oz 1 110 aull? < 37 (DS Uin-rgwlld = K™ u]) (00> < 30 (D 105 fasllusl) ()
n,j Lk a€Z2?2 beZ?2

and this gives the usual tame estimate for the product (97" f)u. The estimate holds with || ||s, with
so>d/2=2/2=1, so we fix s = 2.

2) Trivially AHu(t,z) = Y, ux(a(t)) (—isignk) e?** = HAu(t, z).

3) Following [23], Appendix I, it is convenient to use the representation of H as a principal value

integral,

—1 t.x !
Hu(t,z) = —p.v./ M dr' = — hm / / _utal) dz’. (11.19)
2m T tan 5 (z — 2/) 2w e=ot+ U J Te tan (x —a')

Let I + /3 be the inverse of I + B, namely z + 3(t, ) = y if and only if z = y + B(t,y). Changing variable
'+ B, 2) =y, de’ = (14 By (t,y’)) dy’ in the integral,
1 4 1 ~ ~
B 'HBu(t,y) = —pv. / u(t,y") ay,{ log sin (5 [y + B(t,y) —y' — B(t, y')D } dy’,

—T

therefore

(B-YHB — H)ult.y) = / u(t, ) K (t,y,y') dy . (11.20)

where the kernel K is

y+Bty) —y fﬂ(t,y’)])_

1 sin 1]
K(t,y,9) = =8, (
(t.y.9) = ~0y log Y p—y
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If § is sufficiently regular, then K is bounded, and the integral in (IT20) is no longer a singular one.
Denote R = B~'HB — H. Then

GL”IRGL”ZU(t,y)=A(5$2U)(t,y’)5$1K(t,y,y’)dy’=/TU(t,y’) (=1)"20,2 0" K (t,y,y') dy,

every space derivative goes on K and does not affect u. Hence
2
IRul|f = /TZ ‘ /TU(t,y')K(t,y,y') dy" dy dt < C/Ts u(t, y")|K (¢ y,y)* dy' dy dt < C|K[g [[ul,

for ||9; (051 ROy u)||o replace K with 9;7™19,* K and for |07 (0;* ROy u)||o calculate the usual deriva-
tives of a product. Thus
105 ROy ulls < C([|ulls K m + [[ullo] K sm)-

Now write K = (1/m)d, log(1 + f), where

sin 1 [y+ﬂ(,y) y’—B(t,y’)] sin 5 (y y')

[ty y') = Y ,
and decompose f = abc,
N sly—1v) N Bty) — B,
a(yay)_ma b(t,y,y') = # / Byt)\y—i—(l—)\) )d)\,
1 / 2 2 /
C(t,y,y’)/o Cos(y*y +A[ﬂ(1;y)*ﬂ(t,y)])dk

a € C™ for |y' —y| < m (by periodicity, take T = [y — 7,y + 7] when integrating in dy’). |b, < C|B|S+1 <
C|B|s+1 by Lemma [[T.4(7). All the derivatives of ¢ of order < s are bounded if § € W*°° with tame
estimate

lels < C(s.1Blo) (1 +[Bls) < C(s,[Blo) (1 + [Bls)
As a consequence |f|o < 1/2if |B8]1 < 6 for some universal § € (0,1), and |K|; < C(8)|8]s+1- O
Remark 11.6. Inequality 1) of Lemma [[TH can also be proved in a simple way using (ITI9), see [23],
Appendix H. O

12 Appendix C. Proofs

Proof of Proposition [6.1l Apply LemmalT3(iv): let f(z,y) = 9y gi(z,y), |a| = 1. By (L3), Gyﬁf(:n, 0) =
0 for all |8] < 2, and, by Taylor’s formula (ITIT) for N = 2 (with f defined as in Lemma [[T3),

FO)s = [F0) = 30— FOWT| < COUBIUL < COITEITa (12)

Suppose that a; = (9y'g:)(x, U, HU,...) = F(U), where U = 0 + £?u. Then (IZI)) gives
jaals < C(s)[le0+ull et + *ullsra < EC(s)([0lla+eK)* (0] 544+ ellulls4a) < 2C s, K)(1+ [[ulls14)

because |jul|s < K and ||9]|s1+4 is a certain constant C(s) depending on s. Also az,a4,a3 — 3U? and
as — 3(U?), are of the type (05 9i)(x,U,HU,...), therefore they satisfy the same estimate as a;. The
additional part in az and a5 comes from the cubic term 9,(U?) of the nonlinearity N'(U). One has

|U? — 2%, = £%|20u + eu?|s < 20 (s, K)|uls < e3C (s, K)||u| s12

because U = ¥ + £2u, and the estimate for as — £2392 follows. Similarly for as.

The derivatives 0,a; and d-a; are obtained differentiating the equality a1 = (95 ¢g:)(z, U, HU,...),
therefore they involve 85 gi with || = 2. Then apply Taylor’s formula (ITII)) with N = 1 and evaluate
at U, as above. O
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Remark 12.1. In the estimate for d,a; there is a factor €2 more than in the one for d.a; because
0, U[h] = €2h = O(e?), while 0.U = v + 2eu = O(1). The point becomes very evident in the simplest
case g(z,U,...) = U™ O

Proof of Proposition [T.2. By Proposition[6.1] for s = 0 and ¢ < g0, |a1|o < e3C(K) < eC(K) < 1/2
if €9 is small enough. | [‘adz|s < 27|als for all a(t, z). Applying (ILI2) with f(y) = (1+y)?, p = —1/2, -2
gives

lp—1|s < C(s, K)|ay]s < 3C(s, K)(1 + |lulls14), 0< s <7 (12.2)

Differentiating the formula for p(u, ), and using estimates on ay,
0up(u,e)[h]]s < C(s, K)(|0uar[h]]s + ai]s|duar [h]lo) < e*C(s, K)([[Alls+a + [[ulls+allhlla),  (12.3)

and similarly |9.p(u,e)|s < 2C(s, K)(1 + ||u||s44), for all 0 < s < 7.

pa = Lo (p), therefore, using (I2.2) with s =0, |ua — 1] = [He(p — 1) < |p — 1o < 3C(0, K)|Jull4 =
e3C(K) < 1/2. Also, |Oupa(u,e)[h]] = [He(Bup(u,e)[h])| < |Oup(u,e)[h]lo, then use [I23) with s = 0.
Similarly for 0. ps.

a satisfies (1), namely p2(1 + o) = p. Thus o = s [(p — 1) + (1 — p2)], whence |a/|s < 2(|p —
1]s + |2 — 1]). Moreover |a|s+1 < C|d’|s because a € Y, a(0) = 0, and |a(t)]| = |a(t) — «(0)] < 7|a|o for
all [t| < 7 (Poincaré inequality for odd functions). The derivatives of « are obtained differentiating the
equality p2(1 + a’) = p. Similar argument for Iz using (IL12), because Mg B, = p/2(1 +a1)~ /2 -1
by (C8). Thus a(u,e) and HrL(u,e) satisfy

|04|s+1 + |HEﬂ|s + |HEﬂx|s S 530(57[()(1 + HUHS+4)ﬂ (124)
Oualh]|s+1 + 0. (EB)[h]]s < e'C(s, K)(|hllsra + lullsrallpa),  0<s <, (12.5)
|0-als1 + |05 < e2C(s, K) (1 + [[ulls+4)- (12.6)

o is defined in (ZI1), namely o = Hryc{w(lgB):(1+1gB:) +az(1+EB,)?}. Since Mgl = O(e?),
the only term of order 2 in o comes from ag and it is eIl74¢(302). ¥ is a finite sum of ¢; (5.1)), therefore
7 (92) = 0. As a consequence,

o — e’ e (30%) = Hrso{w(pB) (1 + Hpfs) + as(pB:) (2 + phs) + (as — 230°)}.

Then, using the estimates for I[Ig3, (a3 — €23v2) and their derivatives,

lo — T (30%)]s—1 < 3C (s, K)(1 + ||ul|st4), (12.7)
0o (u,e)[h]ls-1 < 'C(s, K)(|hllsta + l[ullstallblla),  1<s < (12.8)
10-0(u, &) — ellg(60?)]s-1 < 2C(s, K)(1 + ||ul|s34) (12.9)

(s — 1 because [IIgB:|s—1 < |Ugpls).

By ([@I2), 11 = Ile (o), and the estimates for p; follow from (IZ.7),([I2Z8),[[29) with s = 1.

Since 0 — py = 0 —llg(0) = Ur(o), by CII) wy = (1 + ') — o = po/ —Ip(o). By Poincaré
inequality, |v|s < C|y'|s—1 because v € Y. The estimates for v = IIpS follow from those for o, o, 11 and
their derivatives, using the fact that w = 1+ 3¢2. Hence ([I24), (I2.5), (I2.6) hold not only for I3, but
also for v = I8, and, as a consequence, for 5 too, for 1 < s <.

By LemmaITA(3), |&|s +|6]s < C(s)(Jals +|8s). Choose a smaller &, if necessary, to have e3C/(K) <

1/2 in (TI8). (C210),(7.23) hold by Lemma [IT.4] Since
a(t) +alt+a(t) =0, Bt,z)+B(t+alt),z+B(tz) =0 Y(tz)eT? (12.10)

the derivatives of &, 3 with respect to the parameters (u,€) are obtained by differentiating (I2.I0) with
respect to u or €, whence

Oualh] = —(1+a:) U~ Houalhl},  Ouplh] = —(1+ B,) U~ H{OuB[h]} — B ¥~ {Oualh]},
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and similarly for 0., 0-13. (Given a diffeomorphism depending on a parameter, this is nothing but
the formula for the derivative of the inverse diffeomorphism with respect to the parameter.) Using

[23),[I28) and [Z23)), for s + 1 < r we get
10uBIR]ls < *Cs, K)(Ihllssa + lullstsllhlls), 18815 < €2C(s, K)(1 + |lulls+s),

and the same for &. These inequalities also hold for «, 8 (actually, «, 8 satisfy (I2.5),(IZ6]), which are
stronger).
To prove ([T22)), consider the one-parameter family of changes of variables

(UAf)(t,2) = fa(t,2),  Oa(t, @) = (t+ Aa(t),z + AB(t,z)), 0<A<L
One has

(@ — D) f(t2) = f(br(t.2)) — f(olt, z)) = / (V)WL) - (a(t), Bt ) dA.

Use Lemma [T to estimate || Wxfills and [[Uxfs|ls, then use (II4). The same holds for ¥~'. The
estimate for ¥, U~=1 hold because ||Ph||s < ||h|s for all s. Repeat the same argument with norms | |, to
prove ([([24). By the chain rule, the derivative of ¥ f with respect to u in the direction h is

Ou(Wf)[h] = 0u{f(t + a(t),z + B¢, x))}[h] = (Y fi)Oualh] + (¥ f2)OuBh,

therefore ([(C.25]) follows using the interpolation (IT.4]) for products. Similarly for (26l

Since

[+ @ ) ()] +a' (1) =1,
(M —1I) is the multiplication by the factor (¥ ~'o/) = —&/(1+&') =: p. Hence (M —I)f = P(M—1)f =
P(pf) for all f € Zy, because P = I on Zy. By Lemma [[T.3] p satisfies the same estimate as &', and
|&/]s < C(s)|d|s < C(s)|cr|s+1, then use (I24) and apply (IL3)) to get
Ipflls < ECAE)ISlls +e°Cls, K)A + lfullssa)lfll2, 2<s <7

For the derivatives 9, M|[h], - M use ([LI19),[Z20). Apply Lemma to obtain the estimates for
(M~1 — 1) and its derivatives.

The estimates for a;, i = 6, ..., 9 follow from formulae (Z.9) and the estimates for ¥=1. In a7 put the
term 2392 in evidence, namely write

wPt +az(1+ Bz) whi + (a3 —b)(1 + Bz) +b(Bz — o)
1+ o 1+ o
estimate W~1(q) using (7.23)), the inequalities for a, 3, (a3 —b), and |b|s = C(s). For ¥~1(b) = b+ (¥~ -
I)b, use ([C22). Similarly for ag. Similar calculations for the derivatives 9,a;[h], d:a;.
To prove ([Z33]), write ¥ as the composition of the two changes of variables A, B,

U =AB, Ah(t,x)=h(t+a(t),x), Bh(t,z)=h(tz+ bi(t,x)),
where 31 := A71(B), namely B;(t + a(t),z) = B(t,z). By Lemma [L5(ii), V" 'HY = B~1A"'HAB =
B7'HB. By the inequality (T23) for the change of variable A, |81]s < e3C(s, K)(1 + |Jul/s+4). Then
apply Lemma [TT.5(4i1).
In Ry (see ([Z3)) the coefficients of dF Ry, k = 0,1,2, are functions fi that satisfy | fx|s < C(s, K)(1+
||u||s4+5) for s + 1 < r (two of them are ag, ag without the denominator (1 + o), the other one is (74).

By ([L.4),(I1.2), and (Z.33),
1£e0y R0y ks < €2C(s,m, K)(Alls(1+ lullms7) + [Bllol|ullssm7), & =0,1,2,

=b+q, b:=e230% q:=

)

for m >0, s+m+3 < r. For the last term in R; use (Z.2)), the estimate for ¥~ 'as, integration by parts
e (f0, )| = [He[(0; f)R]], the inequality [Tlc(fh)| < C|flol|hllo, Lemma [[T.4(i) to pass from &, 3 to
o, B, and (II2):

IB(Y " as) e, WO A, = [ a5l [Te, Uo7 ] < C(s,m)(1 + fulleemrd)lAlo.  (12.11)

The estimate for R follows. R satisfies the same estimate as R because Ry = M~1R,. For R3, note
that Ilc Ly = He(ag + Ra). Use (T.217) for M~1, then the same arguments as for (IZ.I]). O
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Formula for R,.

R4 = Rg]pq) - aQHCCID
3
4 Z {HJE_MQ (ﬂ§§>8 I 25 k+1 + 80 k+2) + aplls (ﬂl(/k)ayw 4 ﬂ(k)ay—kﬂ)
k=0
asTTEI 0, — (1800, 4 o0, + oM 02T |

+ ( - 7—[(2#204751) + agaM) — (a7 — ul)a(l))ﬂﬁ + ((2;@5751) + agBM) — H(ar — Ml)ﬂ(l))ﬂf

3
+ Z {[ag, H] (ag’@ay*’“ + a“%;’““) + [az, H] (ﬂg’%;’“ + ﬂ““)ay*’““) + [as, H]a Mo *
k=

3
+ [ag, H)BW }+Z B9 — ol H] (up07 52 + o0 " + p_s0y"2)
k=0

3
b (w0 P — 0B + arald) — (as — j)BD +aa® + s " B0, 4-2) 9
k=1

3
+H (wﬁf’) + ugag?;) + asaé‘o’) + a75753) + (as — po)a'® +agB® — p_y Z Oé(k)ay_k_Q) 3;3-
k=1

Proof of Proposition [T.4l From the estimates for ps, i1, ag, ar, as, ag of Proposition [[.21 and formulae

[C52),([C53) for ¢ it follows that

Re ()l + [T (@) [|s < e*Cs, K)(1 + [[ulls4c), (12.12)
10uRe (@) [Pl s + |0uTm (@) [R]]|s < e*C(s, K)(I7]lse + l[ullsselllla), (12.13)
[0cRe (9)[ls + [|0cTm (@) [|s < eC (s, K)(1 + [lullste), (12.14)

for 2 < s <r —1, where ¢ = 6 (in this proof we use (IT3) to estimate any product). As a consequence,
by Lemma T3 and (Z54), o(®) — 1 and ) and their derivatives satisfy the same estimates ([ZI12),

zI3), (n}:m]) with ¢ = 6.

g% is given by (ZAI), therefore its real and imaginary part satisfy ((Z12), ((Z13), (IZI4), with
c=38, for 2 < s <r—3. The same for n(*) because of [T43), [C46). By formulae (T44)), (T47), (C50),

(IEEI), (X)), the same holds for ¢, n? | with ¢ = 10, 2 < s < r — 5, and for ¢, 77(3) with ¢ = 12,
2<s<r—7. Since fF) =k £ k=12 3, all coefficients a(®) ,B%) k=1,2,3 and their derwatwes

satisfy (I212), (I213), (I2.14), with ¢ = 12, for all 2 < s <r—7. By (IL3),
(@ = D)flls < Cll coeff |[2]| flls + C(s)l| coeff[|s || f|2,

where ‘coeff’ are (a(o) — 1),5(0),a(k),6(k), k=1,2,3, and C does not depend on s. Therefore
(@ — D) flls < 2CE)|flls +Cs, K)(1 + [[uf|s12) | £]]2-

The estimates for 9, ®[h] and 9. P are obtained in the same way, using the estimates for the derivatives
of the coefficients. Similarly, (C.64)),(Z60) follow because 0.(® — I)f = (& — I)0, f + @, f, where ®, is

the operator of the same type as ® that has coefficients oz(Tk), 5’” instead of ¥, 3(F) k =0,...,3. Since
IPf|ls < ||flls, all the estimate for ® — I also hold for ® — P = P(® — I)P. (Z61),([762) and (Z.63) also
hold for @~ by Lemma 1121

To prove (Z.66) for @~ M~1¥~1, write

PIM T =148 S=0 -4+ MDD (@ - DM
then apply (T22), (C21)), (T27) and (Z61). Similarly for the other operators.
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The estimates for po, p—2 and their derivatives follow from formulae ([C53]), (56) and the estimates
for piz, ag, az, as, ag,n'?, g(©).
Now study the rest R. By (34)), for 2 < s < r — 6,
1IR30y flls < €2C s, K) (I flls + [ flollulls10), 0 <m <3. (12.15)

By definition, ® is a combination of multiplications and H, 8, . Every 9, can be moved from the right
to the left of any multiplication operator with elementary calculus: [a, dy] = —ay, namely, for every q, f,

ady f = 0y(af)—ayf, a@if = 8;(af)—28y(ayf)+ayyf, a@if = ag(af)—38;(ayh)+38y(ayyf)—ayyyf.

Recall that the coefficients oF), %) satisty ([Z12), ((ZI3), (IZI4), with ¢ = 12,2 < s < r — 7. Moving
0, to the left of ®, m = 0,1,2,3, the coefficients a®) | B) are subject to up to 3 derivatives in y. So

applymg [213) gives
IRsPRI f||s < e*C(s, K)(If[ls + l[ullsroll fl2), 0<m <3, 2<s<r—10.
Each term R(,) of type (a) containing [b, H] can be estimated by Lemma [[1.5(), whence
1Ry flls < *Cls. K)(Iflls + lullssazll fll2), 0<m <3, 2<s<r-12

and the same inequality also holds for each term R of type (b) that contains Hﬁ. Thus it holds for
[R40; fl|s- Since R := d~ PRy by (T5D), the estimate for RO, follows from (Z6T). O

Proof of ([@0). (The meaning of A, B,a,b,c in the following proof is independent on the rest of the

paper). By (2.4),
F(un) + F' (un)hni1 = F(un) + P10, M@, L4 (un ) 05 gy
= P70, M, @, {0 M PaF (u) + La(un) @0 0 g (12.16)

Let p = {...} be the quantity in parentheses in (I2.I6). Let
c = é;l./\;lgl\ilglpsF(un) =I,41c+ H,Jz‘_,_l c,
Li(up)=A+B, A:=T1Ls(up) i1, B =T La(un)Tppr + La(un)IE, .
With these abbreviations, by the definition (@3 h,41 = —Hn+1\iln<i>nA_1Hn+1c, whence
é;l\i/;lhn+1 =a+b a:=—-A"l, ¢, b:= o
Now p=c+ (A+ B)(a+Db), and Aa + II,,41¢ = 0. Therefore
p=1I; ., c+ Ba+ (A+ B)b.

I L4 (un) g1 = I, RID,41 because £4(uy,) = D+ R and D is diagonal. Moreover L4 (u, )T, a0 =
0 because a € Z,,. Thus (9.6) follows.

Proof of Lemma B35l (i) Lemma (&) simply follows from Lemma [[T3 In particular, o2(e) satisfies
(2. By Propos1t10n|5:3], (IIy Ally) : VN X -V NY, h— 30:h+ Hvam (30%h) is invertible, with

|(IIy Ally) ~'hlls < C|lhlls—1 YheVNY, s>1, (12.17)

where C' depends only on the set K, like in (8:6). By (L5) and (ILII), |Ni(h)||s < C(s)||R||3]| ] st2 for
0 < s <r. Hence
172(2)lls < Ce™HNa(em)lls-1 < C() Tl 1T1]ls41 = C'(s) (12.18)

where C’(s) depends on s and || [|s+1. (IZI8) for s = 4 implies that &||v1]|4 +&2||02]l4 < Jo for all & < &,
for some €y depending on ||71]|5.
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To complete the proof of (BI9), differentiate [@2]) with respect to e, then use (I217),
10:02(e)ls < C(4e™° Ty Na(etn)|ls—1 + e~ Ty N (o) [01] | s-1) < €71 C(s).

B20) follows from formula [@3]) and estimates (8I9]). To prove (ii), observe that
Q(u,h,e) =e2P! (8I{3(5171+€2u)(52h)2+(€2h)3}+N4(561+52u+52h)—N4(5171+52u)—N4{(561+52u)[52h]),

then apply (III) to Nj.
(i41) follows from (EB]) by the usual tame estimates. O
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