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Periodic solutions of forced Kirchhoff equations

Pietro Baldi*

Abstract

We consider Kirchhoff equations for vibrating bodies in any dimension in
presence of a time-periodic external forcing with period 27 /w and ampli-
tude e, both for Dirichlet and for space-periodic boundary conditions.

We prove existence, regularity and local uniqueness of time-periodic
solutions of period 27 /w and order €, by means of a Nash-Moser iteration
scheme. The results hold for parameters (w,e) in Cantor sets having
measure asymptotically full for ¢ — 0. |

1 Introduction

We consider the Kirchhoff equation
(1) Ug — Au(l —|—/ |Vu|? dm) =eg(x,t) xeQ, teR
Q

where ¢ is a time-periodic external forcing with period 27/w and amplitude &,
and the displacement u : 2 xR — R is the unknown. We consider both Dirichlet
boundary conditions

(2) u(z,t) =0 Vred, teR

where Q C R? is a bounded, connected open set with smooth boundary, d > 1,
and periodic boundary conditions on R¢

(3) uw(z,t) = u(x +2rm,t) YmeZ? recRY teR

where Q = (0, 27)<.

Equation () is a quasi-linear integro-partial differential equation having the
structure of an infinite-dimensional Hamiltonian system, with time-depending
Hamiltonian

v? |Vu|? |Vul? 2
H(u,v :/—dx—l—/—dx—i— /—dx —/sgud;v.
(u,v) Q 2 Q 2 ( a 2 ) Q

It describes nonlinear forced vibrations of a d-dimensional body (in particular,
a string for d = 1 and a membrane for d = 2).
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This model has been proposed first in 1876 by Kirchhoff [23] in dimension
one, without forcing terms, with Dirichlet boundary conditions, namely

4) Upt — Uy (1 +/ u? dx) =0, u(0,t)=u(n,t)=0
0

to describe transversal free vibrations of a clamped string in which the depen-
dence of the tension on the deformation cannot be neglected. Independently,
Carrier [I4] and Narasimha [3I] rediscovered the same equation as a nonlinear
approximation of the exact model for the stretched string.

Kirchhoff equations have been studied by many authors from the point of
view of the Cauchy problem

u(z,0) =wuo(x), u(z,0)=mwu;i(x)

starting from the pioneering paper of Bernstein [6]. Both local and global exis-
tence has been investigated, for initial data having Sobolev or analytic regularity.
See for example [I8] B3}, 26], Bl 17, [4 28] and the rich surveys [2} [37].

In spite of the wide study for the Cauchy problem, to the best of our knowl-
edge nothing is known about the existence of periodic solutions of Kirchhoff
equations, except for the normal modes.

Kirchhoff himself observed that equation (@), thanks to its special symmetry,
possesses a sequence of normal modes, that is solutions of the form u(x,t) =
uj(t)sinjz, j = 1,2,... where u;(t) is periodic. In general, normal modes are
solutions of the form u;(t)p; (z) where ¢;(x) is an eigenfunction of the Laplacian
on ().

In presence of a forcing term g(z,t¢) this symmetry is broken and normal
modes do not survive (except in the one-mode case g(z,t) = g;(t)p;(z)). In-
deed, decomposing u(z,t) = >_, u;(t)p;(z) shows that all components u;(t)
are coupled in the integral term fQ |Vu|?dz, and problem () is equivalent to a
system of infinitely many nonlinear coupled ODEs, namely

w)(t) + Ny (0 (14 Y Mud(0)) = egi0), G =1,2,...
k

where g(z,t) = 3, g;(t)p;(z) and A3 are the eigenvalues of the Laplacian on Q.

In this paper we prove the existence of periodic solutions of (). We consider
the amplitude € and the frequency w of the forcing term g as parameters of the
problem. We prove that there exist periodic solutions of order £ and period 27 /w
when ¢ is small and (¢, w) belong to a Cantor set which has positive measure,
asymptotically full for ¢ — 0. We prove regularity estimates for the solutions,
both in Sobolev and in analytic classes, and local uniqueness (see Theorem [I]
Remark [T and Theorem 2]in Section ().

There are two main difficulties in looking for periodic solutions of (). The
first one is the so-called “small divisors problem”, caused by resonances between
the forcing frequency w with its overtones and the eigenvalues )\? of the Lapla-
cian on 2. Such a problem arises in the inversion of the d’Alembert operator
Oy — A, whose spectrum

{-w?P+ X :1eN, j=12,..}



accumulates to zero for almost every w. For this reason, (9y — A)~! cannot

map, in general, a functional space in itself, but only in a larger space of less
regular functions. This makes impossible the application of the standard implicit
function theorem.

The other difficulty is the presence of derivatives in the nonlinearity. In
general, little is known about periodic solutions of equations of the form

Ut — Ugy = Ef(l‘, t,’U,, Uy, Ut, uzzaurtautt)-

This problem has been studied by Rabinowitz [35] in presence of a dissipative
term aug, o # 0, and frequency w = 1; by Craig [I5] for pseudodifferential
operators
Ut — Uge = a(T)u + b(z, |8$|Bu) =0, f[B<1;

by Bourgain [I3] in cases like uy — uzy + pu + u? = 0 and, for quasiperiodic
solutions, [10] usy — Uz = a(x)u + 88;/2(h(x, u)). We remark that, in general,
the presence of derivatives in the nonlinearity makes uncertain the existence of
global (even not periodic) solutions, see for example the non-existence results
in [21], 24] for the equation uy — a(uy)ugy = 0 when a > 0, a(v) = O(vP) near
0,p>1.

Our proof overcomes these two difficulties by means of a modified Newton’s
method in scales of Banach spaces, that is a Nash-Moser method. At each step
of the Newton’s iteration we impose some “non-resonance conditions” on the pa-
rameter w to control small divisors. For these non-resonance frequencies we can
invert the linearised operator, which is a perturbation of the d’Alembertian, los-
ing some amount of regularity. In this way we construct inductively a sequence
of approximate solutions. The loss of regularity, which occurs at each step of
the iteration, is overcome thanks to smoothing operators and to the high speed
of convergence of the quadratic scheme.

The application of Nash-Moser methods to infinite-dimensional dynamical
systems having small divisors problems has been introduced in the Nineties
by Craig, Wayne and Bourgain, in analytic or Gevray classes [16], 12, 13} [I5].
Further developments are for example in [9} [5, [7) [32].

This technique, combined with Lyapunov-Schmidt reductions, is a flexible
alternative with respect to KAM procedures [38] 25 B34]. In particular, currently
available KAM methods seem not to apply to the quasi-linear problem ().

Since we deal with not only analytic, but also finite order regularity, the
scheme we use here differs from that in [9, [5] and it does not rely on analyticity
assumptions. Such a procedure goes back directly to ideas of the original meth-
ods of [29] 30, [39] and it is developed in [7]. Recently [§] this technique has made
possible to prove the existence of periodic solutions of nonlinear wave equations
for nonlinearities having only C* differentiability. We point out that some of
the difficulties of [8] are not present here, thanks to the special symmetry of the
Kirchhoff nonlinearity. Moreover, the roles played here by space and time are
inverted with respect to [8] [@] [5].

We remark that small divisors problems become more difficult in higher
dimension. For this reason, not many works deal with such problems when the
dimension is larger than one (e.g. [I1,[12]). In that case, indeed, A; have a sub-
linear growth, see ([Bl). In general this causes further difficulties in the inversion



of the linearised operators. In the present case, however, the structure of the
Kirchhoff nonlinear integral term makes possible the inversion in any dimension

(Section [6).

Finally, we note that in case of periodic boundary conditions (B]) zero is an
eigenvalue of the Laplacian. As a consequence, we have to solve a space-average
equation which is not present in the Dirichlet case (2]), see (57)) in Section [

2 Functional setting and main results

Let 27/w be the period of g. We look for solutions w with the same period.
Normalising the time ¢ — wt and rescaling u — ¢'/3u, () becomes

(5) wiuy — Au = N(Au/ |Vul? dz + g(z, t))
Q
where i := £2/3 and g, u are 27-periodic.

2.1 Case of Dirichlet boundary conditions

Assume that 99 is C°. Let )\?,cpj(x), j = 1,2,... be the eigenvalues and
eigenfunctions of the boundary-value problem

—Ap; = /\? w; inQ
©; =0 on 99

with [, cp? dr = 1and A\ < Ay < .... Weyl’s formula for the asymptotic
distribution of the eigenvalues gives \; = O(jY?) as j — oo, thus

(6) Cjlt <\ <Y vi=1,2,...

for some positive C,C" depending on the dimension d and on the domain ) (see
e.g. [36] Vol. IV, XIIL15]).
By expansion in the basis {¢;(z)}, we define the spaces

VU,S(Q) = {U(CE) = Zvjspj(x) . Z |Uj|2)\?s 620)\j < OO}

for s > 0, 0 > 0. Spaces Vp s with 0 = 0 are used in [4]. They are the
domains of the fractional powers A®/? of the Laplace operator. See [4, 20]
for a characterisation. For instance, Voo = H?(Q) N H (). We note that if
u € Vo 5(Q) then Ay € HI(Q) for all 0 < k < (s —1)/2.

Spaces V, o with s = 0 are used in [3], where it is proved that U,~o V5,0 is the
class of the (—A)-analytic functions, that is, by definition, the set of functions
v(z) € HE(Q) such that

1/2
Afy e HL(Q) and ‘/vAkvdx‘ < CAFE Vk=0,1,...
Q

for some constants C,A. In [3] it is observed that an important subset of
Uo>0Ve0 consists of the functions v(z), analytic on some neighbourhood of €,
such that

AFy =0 on 90 Vk=0,1,...



This subset coincides with the whole class of (—A)-analytic functions when 92
is a real analytic manifold of dimension (d — 1), leaving  on one side [27], or
when € is a parallelepiped [T].

Clearly V, s = {u € Vo0 : A?u € V, o} and V, o C Vo s C Vo for all
s >0, 0 > 0" > 0. Moreover, all finite sums »_ .\ v;p;(z) belong to V5 s for
all o, s.

We set the problem in the spaces X, s = H! (T, Vs.s) of 2m-periodic functions
w:T — Vo, t— u(-,t) with H! regularity, T := R/27Z, namely

Xos = {u(m,t) = Zuj(t)tpj(x) :uj € HY(T,R),

j>1
||u||3's = Z ||Uj||%{1)\?s 27N < oo}.
j>1

Theorem 1. (Case of Dirichlet boundary conditions). Suppose that g € Xo s,
for some o > 0, so > 2d. Let s1 € (1 +d,1+ so/2). There exist positive
constants §, C' with the following properties.

For every v € (0,A1) there exists a Cantor set A, C (0,+00) x (0,d7)
of parameters such that for every (w,u) € A, there exists a classical solution
u(w, p) € Xo.s, of @@). Such a solution satisfies

1
e, mlloss < 20 e, mullos—z < =5 C
and it is unique in the ball {||ulls s, < 1}.
The set A, satisfies the following Lebesque measure property: for every 0 <
w1 < Wo < oo there exists a constant C' independent on y such that in the
rectangular region R~ := (&1,w2) x (0,9v) there holds

Ry N A

>1-Cr.
IR,

We recall that (B]) is obtained from () by the normalisation ¢ — wt and the
rescaling u — ¢'/3u. Hence, going back, the solution u(w, ) of (@) found in
Theorem [ gives a solution of (Il of order € and period 27 /w.

Remark 1. Theorem [1 covers both Sobolev and analytic cases:

o (Sobolev regularity). If g belongs to the Sobolev space X s,, then the
solution u found in the theorem belongs to the Sobolev space X , .

o (Analytic regularity). If g belongs to the analytic space Xy, 0, then g €
Xo, s for all o1 € (0,00). Indeed,

g S0
expl(oo — 01)¢] = ((UO — 01

)6) C ’

012, 00 = 3 gy 2 2020 S0 < 22
g Ul,so_z gJHH1 ' € 620-0)\j = ||g||¢70,0'
J

Since g € Xg, sy, the solution u found in the theorem belongs to the
analytic space Xy, 5, C X4, 0.



Remark 2. If g(z,-) € H™(T), r > 1, then the solution w of (1)) found in the
theorem satisfies u(z,-) € H"2(T) by bootstrap.

Remark 3. (Nonplanar vibrations). We can consider the Kirchhoff equation
for a string in the 3-dimensional space

(1) un —Um(l‘f'/oﬂ |Uz|2dx) = eg(z,1), 9= (Z;)’ “= (Z;)

where the forcing g and the displacement u are R?-vectors belonging to the
plane orthogonal to the rest position of the string, see [14, [31]. In this case
nonplanar vibrations of the string are permitted.

Setting [luj||3. = [lu1,;[|%: + |Juz,;]/3: in the definition of the spaces X s,
Theorem [I] holds true for problem (@) as well.

2.2 Case of periodic boundary conditions

The eigenvalues and eigenfunctions of the Laplacian on T¢ are |m|?, "™ for
m € Z%. We consider a bijective numbering {m; : j € N} of Z¢ such that
|mj| < |mjtq] for all j € N={0,1,...}, and we denote

5\3 = |m;%, @j(z):=e"™" VjeN.

We note that \g = 0, ¢o(x) = 1 and \; > 1 for all j > 1. Weyl’s estimate (B
holds true for \; as well, because the number of integer vectors m € Z¢ such
that |m| < X is O(A?) for A — +oo (see [36, Vol. IV, XIII.15]).

We define

Koo = {ulat) = jg:ouj(t)tﬁj(x) :u; € HY(T,R),

a2 o 2= ol + D lusll3a 3" €27 < oo}

Jj=1

Theorem 2. (Case of periodic boundary conditions). Suppose that g € )N(U,SO
for some o >0, so > 2d, and

(8) / g(z,t)dedt = 0.
(0,27)d+1

Let s1 € (14+d,1+ s0/2). There exist positive constants §, C' with the following
properties.

For every v € (0,1) there exists a Cantor set A, C (0,+00) x (0,dv) of
parameters such that for every (w,p) € Ay there exists a classical solution

u(w, 1) € Xos, of @@) satisfying
/ u(w, p)(z,t)dedt = 0.
(0,27)d+1

Such a solution satisfies

Iz 1 14
O @ mlles <5 (14 55) O s mullos 2 < 225 C
and it is unique in the ball {f(o omydt u(z,t)dedt =0, ||ulle,s; < 1}.

The set A, satisfies the same measure property of Theorem [



Remark 4. If u(w, ) is a solution of (&) (), then also u(w, 1) +¢, ¢ € R, solves
B G).

2.3 Outline of the proof

The rest of the paper is devoted to the proof of the theorems. In Sections BIZI5IG]
we develop the details for the proof of Theorem [Il then the same calculations
are used to prove Theorem [2]in Section [1

In Section [B] we perform the Nash-Moser iteration to construct the approxi-
mating sequence (uy), for g small and (w, 1) belonging to smaller and smaller
“non-resonant” sets A,. Avoiding resonances allows to invert the linearised
operator at each step of the iteration.

In Section Ml we prove that u,, converges to a solution of the Kirchhoff equa-
tion if (w, p) € A, for all n. Local uniqueness of the solution is also proved.

In Section Bl we prove that the intersection of all A, is a nonempty set, which
is very large in a Lebesgue measure sense.

In Section [l we prove the invertibility of the linearised operator for (w, ) €
A, and we give an estimate on the inverse operator.

In Section [ we complete the proof of Theorem [[] and we prove Theorem

3 The iteration scheme

We fix 0 > 0 once for all. In the following, we write in short X; = X, ,
[lu]ls := [Jullo,s- We remark that all the following calculations holds true both in
the Sobolev case ¢ = 0 and in the analytic case o > 0. Indeed, the only index
used in the present Nash-Moser method is s.

We set the iterative scheme in the Banach spaces X; endowed with the
smoothing operators P,, defined in the following way. We consider a constant
X € (1,2) and denote

(10) Ny, = exp(x")

for all n € N. We define the finite-dimensional space

XM .= {U(m,t): > uj(t)%'(x)}

Aj <N,

and indicate P, the projector onto X (™) (truncation operator). For all s,a > 0
there holds the smoothing properties

(11) 1Poullsia < N¥ulls Yue X,
(12) (I = Poulls < Ny®lullssa Vi € Xoia

where I is the identity map. We denote

Ly :=w?dy — A, f(u):=Au [, |Vul*dz,
F(u) := Lou — pf(u) — pg

so that (@) can be written as

(13) F(u)=0.



Note that f is not a composition operator, because of the presence of the in-
tegral. The map f is cubic: indeed f(u) = Alu,u,u] where A is the three-
linear map Afu,v,w] = Au fQ Vv o Vw dx. Moreover, since the integral term
Jo IVul?dz depends only on time, there holds

flw)e XM vy e x™,
The quadratic remainder of f at u is

(14) Q(u,h) = f(u+h)— f(u)— f'(u)[h]
= Au/ |Vh|2dx+Ah/(2Vroh+|Vh|2)dx.
Q Q

We observe that, if a(t) depends only on time, then
la(t)u(z, )]s < llallg|ulls

(we omit a factor given by the algebra constant of H*(T)). As a consequence,
by Holder inequality it is easy to estimate || f(u)s, || f/(w)[R]|s and ||Q(u, h)]|s.

We adapt the Newton’s scheme with smoothing operators P,, to the special
structure of problem (@l). We will construct a sequence (u,,) defining

(15) uo =0, Upt1 = up — F/(un)_l[qun — pf (un) — ,UPn+1g]
provided the linearised operator
F'(un) : he Loh — pf'(un)[h]

admits a bounded inverse F'(u,)~" on X (®*1 In this inversion problem a small
divisors difficulty arises. We will prove (LemmalIl) that F’(u,) can be inverted
if the parameters (w, ) belong to some “nonresonant” set A,y1, defined as
follows. First,

Ap := (0,400) x (0,1).

By induction, suppose we have constructed A,, and u,,. We denote

(16) an(t) == / |Vu,|? d,
Q
we consider the Hill’s eigenvalue problem
Yy +0*(1+ pan(t) y =0
y(t) = y(t + 2)

and indicate (pl(“))2 its eigenvalues, [ € N. For

T>d, 76(0,)\1)

we define

A7) Apps = {(w,,u) €Ay ¢ wpl™ — )| > % YA; € Ny, L€ N}.
J



Remark 5. Note that for all u,n the set A, (u) := {w : (w,u) € 4, } is open.
Indeed, for every 0 < @; < we < oo the intersection (w1, w2) N A, (1) is defined
by means of finitely many strict inequalities (see (@) and (EII)).

We fix a positive constant R such that, if v € X; and |julls < R, then
a(t) == [, |Vul|? dx satisfies [lal| g < 1 and [Jaljo < 1/2.

Lemma 1. (Inversion of the linearised operator). There exist two universal
constants K1, K| with the following property. Let u € X™ with ||ul, < R. Let
(UJ,,LL) S An+1~ If

1
(18) “lul? i < K7,
Y
then F'(u) is invertible, F'(u)~' : X(»+1) — X(n+1) gpnq
/ —1 Kl (n+1)
(19) 1P/ () hllo < == 1blly—1 ¥ € XO0

Proof. In Section [6l O

Lemma 2. (Construction of the approximating sequence). Let g € Yy, so >
2d. Let T € (d, s0/2). There exist a choice for x in the definition (L)) and posi-
tive constants K,b, 0o, with b(2—x) > 7+ 1, satisfying the following properties.

(First step). If (w,u) € Ay and p/y < &, then there exists u; € X©) defined
by (&), and there holds

(20) mmm<K§wm—wy

(Induction step). Suppose we have constructed uq,...,u, by D) for (w,u) €
An, n > 1, where each Apy1 is defined by means of uy, by ([T), and ug € x k),
Suppose that p/v < §. Let

Rit1 7= Up41 — Uk

Suppose that for all k =1,...,n there holds

(21) HMM<K§mmwﬁw

If (w, 1) € Anyy then there exists hyy1 € XY defined by (I5) and there holds
(22) nsallo < 2 exp(—bx"*)

Proof. (First step). Since ug = 0 and (w,u) € A;, by Lemma [0 F’'(0) is
invertible and (I5) defines

(23) ur = —F'(0)7[F(0) + p(I — Pr)g] = pLg;' Prg.
By (@), the inequality (20) holds true provided

(24) Killgllso < Kexp(=bx), 7—-1<sq.



(Induction step). To define h,11 by (I3, we have to verify the hypotheses
of Lemma[ll By () and 1)

(25) i+t < NP hillo < K% expl(—b+ 7+ 1)x"]

because hy € X %), Then

n —+oo
(26) [unllr+1 < Z [ kllr+1 < K% Zexp[(—b +7+ 1)Xk]
k=1 k=1

which is finite for b > 7 + 1. Thus condition (I8) is verified provided

3
27) b>rt+1, K? (%) C2< K}, Cpi=3 expl(=b+r+1)x".
k>1

Since [Jun|l1 < |un||-v1, by @6) we have ||u,|1 < R provided
(28) K % Cy < R.

Since (w, pt) € Any1, we can apply Lemma [Tl and we define h,,1 according
to the scheme, namely

(29) Bt i= —F'(un) " [F(n) + (I — Pus1)g).
By (@) we have

K
(30) [Pntallo < > [1F(un) + p(I = Poy1)gllz—1-

By construction (&), u, satisfies
F/(unfl)hn = —Lyup_1 + /J’f(unfl) + M-Png

By Taylor expansion F(uy,) = F(up—1) + F'(up—1)hn — pQ(tpn—1, hy), where Q
is defined in (Id]). Thus

(31) Flup) = —l(I — P)g + Q(un—1, )]
and (B0) gives
(32) Iniallo < % 1(Pass — Pa)g + Q1 )1

Now (Ppt+1 — Pn)g = (I — P,)Pot1g, then by (I2)
1

1
[(Prt1 = Pr)gllr—1 < NE [1Prt19llr—14p < NP 191l50

for
T—1+08<sy pB>0.

To estimate ||Q(un—1,hn)||-—1, Wwe note that

I
| Aty /Q Vha Pt < lenealallhall? < K 2 Co

10



by @8), and ||hn|l1 < Nullhnllo by ). For the second term, recalling that
2<141,

180, [ F(@unes - ha) o Vhnlla < bl oll2u 1 + ol
< 2K$co 411l
by @), and [[hullr41 < N7 Anllo by (D). Then
1Qtn—1,hn)ll—1 < 3K 5 CoNZ a3

As a consequence, ([22) holds true provided

1 1
(33) Ky N7 lgllso < 5 K exp(—by"*1)
and
1
(34) 31, %co N hally < 5 exp(=bx™).

Condition (33) is satisfied for

2K1||g||80
exp|(8 — bx)x]
and, by (ZI)), condition ([B4)) is satisfied for

exp[(b(2 — x) — 7 — 1)x] }1/3
6K CoK2 '

(35) B> by, K>

I T
Since 27 < sg, we can fix x € (1,2) so close to 1 that
7'—1—1—(7'—|—1)L < 5.

2-X

Now we fix b such that

b2—x)>7+1, T—14+bx < so
and then we fix § as
B=so—7+1.
So (33) and (24) are satisfied for K big enough, and we fix K in such a way.
Then [27),28) and ([B4) are satisfied for p/+ small enough. O

4 The solution

Lemma 3. (Existence of a solution). Assume the hypotheses of Lemmal[2 and
suppose that (w,e) € A, for all n € N. Then the sequence (u,) constructed in
Lemma[2 converges in Xry1 t0 Uoo 1= Y 1oq M. Uso 15 a solution of ([I3]) and

(37) ltoolr+1 < gc

11



for some C. Moreover, (up)y converges to (uso)er n Xr_1,

(38) l(ws)aller < =5 €

50 Uo 1S G classical solution of (B).

Proof. By (23)), the series ), ||hx|l-+1 converges, u, converges to s in X, 41
and (37) holds true.
By (@3) there holds w?(hi)y = Ahy + uPog. By () and ()

Kpu
[AR][r—1 + pll Pogll-—1 < - exp[(—=b+ 7+ 1)x] + ullgllso

so that

W
< -
(39) [()elle-r < € 2

for some C (recall that v < A1). For n > 1, by (29)) and 3T
(40) F'(un)hps1 = p[(Potr — Po)g + Q(un—1, hn)],
thus
W (Ani1)ie = Ahpgr + p(f (wn)[Bnga] + (Po = Pa-1)g + Q(un—1,hn)).
By 25),32),33) and B4]) we get

(41) [(ins)aller < € =25 expl(=b+ 74+ 1),

It follows that () converges in X,._1, (uco)tt € Xr—1, so that u, has regu-
larity H® C C? in time and (B8] holds true. As a consequence F(u,,) converges
to F(uoo) in X‘r—l-

On the other hand, by (1),([33) and (34

K
1F (a1 < T exp(=bx™+),
1

and F(u,) — 0in X;_1 . Then F(us) = 0. O

Remark 6. We will prove in Lemma [@ that the set {(w,u) € A, Vn € N} is
nonempty and has positive, large measure. As a consequence, the sequence (uy,)
of Lemma [3 is defined for all (w, u) in that large set.

Lemma 4. (Uniqueness of the solution). Assume the hypotheses of Lemma[3.
There exists 61 € (0,00] such that, for u/v < 61, us is the unique solution of
@3 in the ball {v € X141 : ||v]lr+1 < 1}.

Proof. Suppose v is another solution of ([I3)), with ||v|;+1 < 1. Let v, := P,v.
Projecting the equation F(v) = 0 on X ™ gives

Lovn = p(f(vn) + Bu(0) + Pog),  Ru(v) = Avn/Q V(0 — w2 da.

12



Since u,, solves (&), that is
F/(un)thrl = —Loun + p(f(un) + Pny19),
the difference w,, := v,, — u,, satisfies
Lown = p(f(vn) = f(un)) = pRn(v) + w(Prt1 — Pn)g = F'(un) b -
Since f(vyn) — f(un) = f'(un)[wn] + Q(un, wy), applying F”(u,)~?
(42) W, = Npg1 + ,UF/(un)_l[Q(umwn) + Rn(v) = (Pog1 — Pa)gl
Now, by (I9)
1 () ™ Qe o < K 2 1Qun wn) 1.
By assumption and (BT
[wnll2 < l[wnllr+1 < [[0llr1 + Ucollr41 < C
and by @) [lunll2 < |lunllr+1 < C, so that [|Q(un, wn)|lr—1 < Cllwyllo and
_ 1
| F () ™' Q1 wi) [0 < K %C lwallo < 5 llwallo
provided /7 is small enough. Thus [@2)) gives
1 %
5 lwallo < llhntaflo + K 5 [ Rn(v) = (Pnt1 — Po)gllr—1-

By (22) and ([I2) the right-hand side tends to 0 as n — oo, so that ||v, —uy,|lo —
0. Since v, converges to v and u, t0 us in Xy, it follows that v = . O
5 The Cantor set of parameters

Lemma 5. (Regular dependence on the parameter w). Assume the hypotheses
of Lemmal@d There exist d3 € (0,01] such that all the maps

o+ Ap O {(w, 1) s /7 < 82} = X (w, 1) = hn(w, 1)
are differentiable w.r.t. w and
1

for some C.

Proof. u; = hy € XW is defined for (w, ) € Ay and it solves w?(hy)y =
Ahi+1Pyg. Recalling RemarkBland Lemmalll by the classical implicit function
theorem it follows that h; is differentiable w.r.t. w. Differentiating w.r.t. w gives

2w(h1)tt + Lw[ﬁwhl] =0.
We apply L;! and by ([[3) and ([B9)

Db [l < C -
%

13



for some C.
Assume that forn > 1

(44) 10uhillo < C‘W% expl(=b+ 7+ 1)x] VE=1,...,n.

hn+1 solves [ @0Q), then it is differentiable w.r.t. w. Differentiating [@Q) gives
F'(un)[0uhny1] = =20 (hnt1)ee + pf" () [0otin, hng1] + 100 (Q(un—1, hn))-
We apply F’(u,)~! and observe that
() bl < 722 a1 < 5 expl(=b 7+ D)
by { I)). To estimate
(45) Ky S 7" () Ot 1]+ 0(Qutn 1, )1

we write all the integral terms and apply ([II) and (@4) to each of them. We
write here the calculations for two terms, the other ones are analogous. First,

(46) ||A(8wun)/ﬂvun o Vhnti|lr—1 < [ Qwtinllr41llunll2llhnt1llo

and [|O0utn |71 < [|0wtinllo N1,

. H k
Optin|lo < Ouh <C— —b 1 = ,
Isunllo < 32 0uhlo < € 257 3 espl(=b 7+ Dx') = 5

ltnll2 < lltnllos1 < Cpi/y by @),
K
N o < =F expl(—b+ 7+ DX by @D,

so that @8) < C(u/v)?(u/v*w) exp[(=b + 7+ 1)x""1]. As second example,
1801 [ Tty 09 @utt )t < o N7 Ot
At the end we have
TN nt1
< -) — _
@ <0 (5) sy epl(-b+7+ )]

for some C, so that (@4) holds true for k = n+ 1 provided p /7 is small enough,
independently on n.

Finally, [|0,unllo < >-7_; 10wkl and (@) implies (@3). d

Lemma 6. (The Cantor set). There exist d3 < 02 such that the Cantor set
Ay = A N {(w, 1) : p < 037}, v € (0, A1), has the following measure property.

For every interval I = (w01, w2) with 0 < &y < Wy < 00 there is a constant C
depending on I such that, denoted by R., the rectangular region R, = Ix (0, d37),

Ry N A

>1-Cy.
R|

14



Proof. We fix u, we recall that A, (p) :== {w : (w,u) € A,,} and define
Ey = Ap(p) \ Anga(n), neN.

We have to prove that U,enFE, has small measure. As a consequence, its com-
plementary set Ao (i) := NpenAn(p) will be a large set. Let

8

We note that Q7 = () for all j,n because v < Ay and pln) =0 for { = 0. Suppose
that w € Q7;. Then C\; < wl < C'A; for some C,C" by (EI]). Moreover

mi= {w s lwpM ) = Al <

250

10,9 | < 21| Bustinl|

by (B2)). Recalling the definition (4] of a,, by [@3) and (25
|0uanll = ||2/ Vi 0 V(@n) dall i < 2unl[uuallo < c“—w

for some C, so that

3
00" < 1L
YW

By (&) it follows that

3 l
(47) B (wpl™ (w, 1)) = p{" —wczj— >
provided p/v is small enough, say p/y < d3. Fix 0 < @1 < @3 < oo. If
Q7, N (01,w2) is nonempty, then

8~ v c’ C// ’
4 ar L ( A\ ) = A
( 8) | l| <7 l)\T < Cw2 37 )\}-+1 € 9 J (Dl J (])
for some C,C’,C". Since Ey = Uy, <N17l>1QJ ;» we have the estimate
(49) [Eon(@n,@)| < Y. > 199, <~C Z
X <Ny IEA(H) A <N, Aj

for some C depending on (w1, @s).
To estimate |E,, N (&1,02)|, n > 1, we notice that

E.= |J und.w.

Aj<Npy1,1>1

For the sets Q}"l with N, < Aj < Nyp41 we use [@8) and we get

~ 1
n o
U Q5N (wlaw2)‘ <qC E N
Nn<Xj<Npi1 Np<Aj<Np41 J
LEA(H)
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where C' is the constant of [@3)). To estimate the remaining sets, suppose that
w € QF, for some \; < Ny, [ > 1. Then by (52)

(n—1)

|Aj — wp | (b

I — wpi™]+ wlp™ —pi" Y]
e
A7

IN

IN

+ 2wlpllan — an—1|oo -

Since wl < CAj and |lan — an—1|lgr < ||Anllo]|2Un—1 + hnll2, by @1),25) we

have
3

Ny —wp" Y < L+ ON LS exp(—bx™).
)\JT y
Thus
3
n v n— v 0
N An(e) € {w s <y —wp"Y < &+ O em(—bx)
j j v

and by (@1)

3
€4 0V An(p)] < sz% exp(—bx") .

It follows that

3
n _ 12 "
oy Aj <N,
LEA()

for some C' depending on (w1,@32). Now, by @) A; < N,, implies j < (N,/C)4,
then
(Nn/C)*
Z )\j < Z Cljl/d < C/// 51/dd§ < C///Nngl
Aj<Na J<(Nu/C) 0

for some C"’. As a consequence

Z Ajexp(—bx") < Cexp[(—=b+d+ 1)x"].
)‘jSNn

Then

1
|En N (@01, @2)] < ’YC( Z N +exp[(—=b+d+ 1)X”])
Np<Aj<Npi1 J

for some C, and

| BEnn(@1,a2)] < 70(2% +> expl(=b+d+ 1)X"]) .

neN j>1"7 neN

The first series converges because by (@)

1 1

=1 j=1
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being 7 > d. The second series converges because b > d + 1. Thus

| U BN (@n@2)| <Cy
neN
and the relative measure of Ay, (1) in (01, 09) satisfies

[Aco (1) N (@1, @)

wa — W1

>1-Cy

for some C.
Finally, we integrate in u in the interval where u/v < ds,

437
|AOODRV|:/ [Ace (1) N (@1,02)] dp.
0

6 Inversion of the linearised operator

In this section we prove Lemma [l Let u € X" h € X(*+D  The linearised
operator is

F'(u)h = Lyh — pf'(u)[h] = Dh+ Sh
where we split F’(u) in a diagonal part
Dh := w?hy — Ah(l + ,u/ |Vu|? da:)
Q
and a “projection” part

Sh = —MAu/ 2Vuo Vhdz.
Q

We recall here some results on Hill’s problems. The proof is in the Appendix.

Lemma 7. (Hill’s problems). Let a(t) be 2m-periodic and ||alleo < 1/2. The
eigenvalues p? of the periodic problem

{y” +p*(1+a(t)y=0

50 (1) = y(t + 2m)

form a sequence {p?}ien such that
1
(51) glngSZZ Vi e N.

For «, 8 2m-periodic, ||also, [|8]lco < 1/2,

(52) Ipi(a) = pi(B)] <2l — Blloc VI EN.

The eigenfunctions 1 (t) of B0) form an orthonormal basis of L*(T) w.r.t.
the scalar product

2
(u,v)p2 :/ uv(l + «) dt
0
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and also an orthogonal basis of H'(T) w.r.t. the scalar product

2m
(u,v) g1 = / u'v' dt + (u,v)p2 .
0
The corresponding norms are equivalent to the standard Sobolev norms,

1 1
(53) 3 19l < llyllez < 2yl 2, 5 vl < lyllz: < 2ylla-

Lemma 8. (Inversion of D). Let u € X, a(t) := [,|Vu|?*dz € HY(T),
llallz: < 1, ||alleo < 1/2. Let p? be the eigenvalues of the Hill’s problem

(54) {y”+p2(1+ua(t))y= 0

y(t) = y(t +2m).
If (w, p) satisfy the non-resonant condition

wpr — Aj| > ;—T YA; < Npp1, LEN,
J

then D is invertible, D=1 : X(n+t1) — x(n+1) gpg
-1 ¢ (n+1)
(55) D™ hllo < > [kl VheX

for some constant C.
Proof. If h =) h;(t) p;(x), then Dh =) D;h;(t) ¢;(x), where
Djz(t) = w?2"(t) + /\?z(t)p(t), p(t) == 1+ pa(t).
Using the eigenfunctions () of (54)) as a basis of H*(T),
Djz(t) = Z()\? —w?pi)Zn(t) p(t), z= Z Z1u(t),
leN leN

and K := (1/p)Dj is the diagonal operator {\3 —w?p} }ien. Since [A? —w?pf| >
’y/)\;_l for all Aj < Ny41, we have that K is invertible and

2(r-1)

—1 2 _ 21 2 2 J 2
e zllH;a—§(—A§_w2p?) Il < g NI,
c

By B3) K, 2)lmr < 4(N]7/9) 12l g Since Dy 'z = K; ' (2/p) and [[1/p]| s
is smaller than a universal constant,

T—1
1D} 2l < —2— 2]l a1 -
Y
Since D~'h = > D;lhj (t)p;(x) we obtain (B]). O

Lemma 9. (Control of S). For all s >0, if u € Xsyo then S : Xg — X, is
bounded and
[Shlls < pllullst2llullzllRllo  Vh € Xo.

18



Proof. Since fQ Vu o Vhdx does not depend on z,

/VUOVhda:H .
Q H(T)

Jo Vo Vhdz = Y5, Xuj(0)h(t), so || foy Vuo Vhda| ) < [ulslhllo by
Hoélder inequality. O

HAu/ VuOVhdxH < ||Aul|s
o s

Proof of Lemma[ll F’(u) =D+ S = (I +SD~!)D where I is the identity
map. Since D~! satisfies (55), we have to prove the invertibility of I + SD~!
in norm || ||-—1. By Neumann series it is sufficient to show that
1
(56) |SD™ h),—1 < = ||h]|r—1 Vhe XTHD,
By Lemmas [§ and
_ _ Cu
ISD™ Rllr-1 < pllullr—142llull2| D™ hllo < ~ [ull? 41 172l 7=

because ||ul|2 < ||u|lr+1. Thus the condition

K 2 1 .
Ll < 5 = K
implies (56) and by Neumann series ||(I + SD™1) " h|,—1 < 2||hl/-—1. O

7 Proof of the theorems

Proof of Theorem [Il Let g € X, 5, and 2d < 2(s1 — 1) < s¢ as assumed in
the theorem. We apply Lemma [2] with

T:=8—1.

The construction of the sequence (uy,) is possible provided the parameters (w, )
belong to A, for all n € N. Lemma [0 assures that, for u/vy sufficiently small,
the set A, of parameters satisfying this property is a nonempty set, which is
very large in a Lebesgue measure sense. Lemmas Bl and E] complete the proof.
U

Proof of Theorem [2. Let g € X, 5, with 2d < 2(s1 — 1) < so as assumed
in the theorem. We consider a Lyapunov-Schmidt reduction splitting the space
Xs,s in two subspaces Xo s =Y @& (W N X5,5),

Y= {y(t) e H TR, Wi={we Koo : wlet) = Y w;(0x)}

We denote Ily, IIy the projectors on Y, W, and observe that Ily is the map

U — u(zx,t) dz.
(0,2m)4

We define
gO(t) = HY97 g(xat) = HWg
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We decompose u(z,t) = y(t) + w(z,t), y € Y, w € W, and note that
fu) = fly+w) = flw) e W.

Then projecting equation (@) on Y gives

(57) Wiy (t) = ugo(t) (Y equation)

while projecting it on W

(58) Low = p(f(w)+g) (W equation).

Equation (B7) is an ODE. With direct calculations (or by Fourier series) we see
that (B7) admits 27-periodic solutions if and only if

(59) /O " o) dt =0

and (B9) is just assumption (§). We note that, if y(¢) solves (1), then also
y(t) + ¢ solves (B7), for all ¢ € R. Moreover, the unique solution y(t) of (&)
such that fOQﬂ y(t) dt = 0 satisfies

L
Iyl < 1y [l < 2 llgol| £

To solve (B8], we consider all the calculations in Sections BIAI5IG replacing
Xo.s with Xo s MW and Aj, ¢;(x) with A;, ¢;(z), 7 > 1. It follows the existence
of a unique solution w € X, ,, N W of (E8) satisfying

ol < 2C, lwmllos2 < =25 C.

Then u = y + w solves @) @). Since

ull? o, = 1yl + wllZ o lueellZ o2 = 19" 17 + lweellZ 5, 2,

we obtain estimates ([@)). O

8 Appendix

Proof of Lemma [7l The proof follows from classical results in [19, 22]. First,
if y” + p*(1 + a)y = 0, then

27 2
/ y?dt = pQ/ (1+a)y*dt,
0 0

so that p? > 0 because 1 + « is positive. pZ = 0 is an eigenvalue, the cor-
responding eigenfunctions are the constants, and all the other eigenvalues are
positive.
By [19, Theorem 2.2.2, p.23], for every k € N both par11 and payo satisfy
2
S+ 12 <p? <2k +1)°
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and (BI)) follows.

The equivalence (53] and the orthogonality of () w.r.t. (, )1 can be ver-
ified by direct calculations.

To prove (B2)), we define

q(9)(t) = q(t) :== 1+ a(t) + 9(B(t) — a(t)), ¥ €[0,1]

and the “Liouville’s change of variable” t — £

1 t 1 2m
=10 e c=g =g [ Vads,  e=o [ Vi@
We note that p2, y(t) satisfy

{y"m +p2q(t)y(t) =0

(%0) (1) =yt +2m)

if and only if p?, 2(¢&) satisfy

(61) {z"(g) +2p? = Q(F(9)]2(€) =0

2(€) = 2(€ + 2m)

where
2(6) == y(FE)VaT©). Q) :=—%2((f))3 ﬂ@()t)

The operators T'(9) : z +— —z" + 2Q(f)z are selfadjoint in L?(0,27). We apply
[22] Theorem 3.9, VIL.3.5, p.392] to the holomorphic family {T'(¢9) : ¢ € [0,1]}
(see [22 Definition VIIL.2.1, p. 375, Example 2.12, VIL.2.3, p. 380 and Example
6.13, I11.6.8, p. 187] to verify the hypotheses of the Theorem in the present case)
to prove that the eigenvalues and eigenfunctions of (€1 are analytic in ¥. As
a consequence, the eigenvalues and eigenfunctions of (G0) are analytic in ¢ as
well. This allows us to differentiate the equation

Di(9)" +p(0)*(1+ a +9(8 — a)yu(9) =0

w.r.t. 9. Recalling that fo% q? dt = 1, multiplying by ¢;() and integrating

2m
oop(0) = 5 m(9) [ (3= cpn(0)*ar.

Since p;(¥) < 21 and ¢(9) > 1/2,

18— af

gy 10 dt < 28 ol

0 s l
1001 >|g/0
and
1
p(8) — pi(a)] s/o 109p1(9)] d < 21|15 — ] .
O

Acknowledgements. The author would like to thank Massimiliano Berti for
his encouragement and many suggestions and John Toland for very useful dis-
cussions.

21



References

(1]

A. Arosio, Asymptotic behaviour as t — 400 of the solutions of linear hyperbolic
equations with coefficients discontinuous in time (on a bounded domain), J. Diff.
Eq. 39 (1981), n.2, 291-309.

A. Arosio, Averaged evolution equations. The Kirchhoff string and its treatment
in scales of Banach spaces, in: 2nd Workshop on functional-analytic methods in
complex analysis (Trieste, 1993), World Scientific, Singapore.

A. Arosio, S. Spagnolo, Global solutions of the Cauchy problem for a nonlinear
hyperbolic equation, in: Nonlinear PDE’s and their applications, Collége de France
Seminar, Vol. VI, 1-26, H. Brezis & J.L. Lions eds., Research Notes Math. 109,
Pitman, Boston, 1984.

A. Arosio, S. Panizzi, On the well-posedness of the Kirchhoff string, Trans. Amer.
Math. Soc. 348 (1996), no.1, 305-330.

P. Baldi, M. Berti, Forced vibrations of a nonhomogeneous string, preprint, 2006.
S.N. Bernstein, Sur une classe d’équations fonctionelles aux dérivées partielles,
Izv. Akad. Nauk SSSR Ser. Mat. 4 (1940), 17-26.

M. Berti, Topics on “Nonlinear oscillations of Hamiltonian PDFEs” | to appear
in Progress in nonlinear differential equations and their applications, Birkh&auser,
Boston.

M. Berti, P. Bolle, Cantor families of periodic solutions of wave equations with
C* nonlinearities, preprint 2007.

M. Berti, P. Bolle, Cantor families of periodic solutions for completely resonant
nonlinear wave equations, Duke Math. J. 134 (2006), no. 2, 359—419.

J. Bourgain, Construction of quasi-periodic solutions for Hamiltonian perturba-
tions of linear equations and applications to nonlinear PDE, Int. Math. Res. No-
tices 11 (1994), 475-497.

J. Bourgain, Construction of periodic solutions of nonlinear wave equations in
higher dimension, Geom. and Funct. Anal. 5 (1995), 629-639.

J. Bourgain, Quasi-periodic solutions of Hamiltonian perturbation of 2D linear
Schrédinger equations, Ann. of Math. 148 (1998), 363-439.

J. Bourgain, Periodic solutions of monlinear wave equations, Harmonic analy-
sis and partial differential equations, 69-97, Chicago Lectures in Math., Univ.
Chicago Press, Chicago, IL, 1999.

G.F. Carrier, On the nmonlinear vibration problem of the elastic string, Quart.
Appl. Math. 3 (1945), 157-165; ——, A note on the vibrating string, Quart.
Appl. Math. 7 (1949), 97-101.

W. Craig, Problémes de petits diviseurs dans les équations auzx dérivées partielles,
Panoramas et Syntheéses, 9, Société Mathématique de France, Paris, 2000.

W. Craig, E. Wayne, Newton’s method and periodic solutions of nonlinear wave
equations, Comm. Pure Appl. Math. 46 (1993), 1409-1501.

P. D’Ancona, S. Spagnolo, Global solvability for the degenerate Kirchhoff equation
with real analytic data, Invent. Math. 108 (1992), 247-262.

R.W. Dickey, Infinite systems of nonlinear oscillation equations related to the
string, Proc. Amer. Math. Soc. 23 (1969), no.3, 459-468.

M.S.P. Eastham, The spectral theory of periodic differential equations, Scottish
Academic Press Ltd., Edinburgh, 1973.

D. Fujiwara, Concrete characterization of the domains of fractional powers of
some elliptic differential operators of the second order, Proc. Japan Acad. 43
(1967), 82-86.

L. Glimm, P. Lax, Decay of solutions of systems of hyperbolic conservation laws,
Mem. Amer. Math. Soc. 101, AMS, Providence RI, 1970.

22



[22]
23]
[24]
[25)

(26]

27]

28]
[29]
[30]
31)
(32
[33)
34
[35)

(36]

T. Kato, Perturbation theory for linear operators, 2nd ed., Grundlehren der math-
ematischen Wissenschaften 132, Springer-Verlag, Berlin, 1976.

G. Kirchhoft, Vorlesungen tiber mathematische Physik: Mechanik, ch.29, Teubner,
Leipzig, 1876.

S. Klainerman, A. Majda, Formation of singularities for wave equations including
the nonlinear vibrating string, Comm. Pure Appl. Math. 33 (1980), 241-263.

S. Kuksin, Nearly integrable infinite-dimensional Hamiltonian systems, Lecture
Notes in Math. 1556, Springer, Berlin, 1993.

J.L. Lions, On some questions in boundary value problems of mathematical
physics, in: Contemporary developments in continuum mechanics and PDE’s,
G.M. de la Penha & L.A. Medeiros eds., North-Holland, Amsterdam, 1978.

J.L. Lions, E. Magenes, Espaces de fonctions et distributions du type de Gevrey
et problemes auz limites paraboliques, Ann. Mat. Pura Appl. 68 (1965), 341-417;
——, Problemes aux limites non homogenes et applications, Dunod, Paris, 1968.
R. Manfrin, On the global solvability of Kirchhoff equation for non-analytic initial
data, J. Differential Equations 211 (2005), 38—60.

J. Moser, A new technique for the construction of solutions of nonlinear differen-
tial equations, Proc. Nat. Acad. Sci. U.S.A. 47 (1961), 1824-1831.

J. Moser, A rapidly convergent iteration method and non-linear differential equa-
tions. I. II., Ann. Scuola Norm. Sup. Pisa (3) 20 (1966), 265-315 & 499-535.

R. Narasimha, Nonlinear vibration of an elastic string, J. Sound Vibration 8
(1968), 134-146.

P. Plotnikov, J. Toland, Nash-Moser theory for standing water waves, Arch. Ra-
tion. Mech. Anal. 159 (2001), 1-83.

S.I. Pokhozhaev, On a class of quasilinear hyperbolic equations, Mat. Sbornik 96
(1975), 152-166 (English transl.: Mat. USSR Sbornik 25 (1975), 145-158).

J. Poschel, A KAM theorem for some nonlinear PDEs, Ann. Scuola Norm. Sup.
Pisa, cl. Sci., IV ser. 15 (1996), n.23, 119-148.

P. Rabinowitz, Periodic solutions of nonlinear hyperbolic partial differential equa-
tions. II, Comm. Pure Appl. Math. 22 (1969), 15-39.

M. Reed, B. Simon, Methods of modern mathematical physics, Academic Press,
Inc., New York, 1978.

S. Spagnolo, The Cauchy problem for Kirchhoff equations, Rend. Sem. Mat. Fis.
Milano 62 (1994), 17-51.

C.E. Wayne, Periodic and quasi-periodic solutions of monlinear wave equations
via KAM theory, Comm. Math. Phys. 127 (1990), 479-528.

E. Zehnder, Generalized Implicit Function Theorems, Chapter VI, in: L. Niren-
berg, Topics in nonlinear functional analysis, Courant Inst. of Math. Sciences,
New York Univ., New York, 1974.

23



	Introduction
	Functional setting and main results
	Case of Dirichlet boundary conditions
	Case of periodic boundary conditions
	Outline of the proof

	The iteration scheme
	The solution
	The Cantor set of parameters
	Inversion of the linearised operator
	Proof of the theorems
	Appendix

