


Pierre de Fermat

1601 - 1665 = Jacob Bernoulli
Brachistochrone 1654 - 1705

Least action
principle

Pierre Louis Moreau de Johann Bernoulli
Maupertuis 1667 - 1748

1698 - 1759
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Calculus of v

) /I Li(q.q)df := Oy /I Li(py(a).dey(q) -q)dt =0

s ]

/((ith(q ! q) 2 V¢(q) o (qut(q : q) : ch(q)) = Leonhard Eler
yer 1707 - 1783

ﬂ((quf(q- q) = Or=tdqliz(qr . 47)) - Ve(a) dt + /MW) dt =0

weEUlEr's equation Or—t dgL-(q.q) = dyqLi(q.q)

| aplace told his students, "Liesez Euler, Liesez Euler, c'est notre maitre a tous"
("Read Euler, read Euler, he is our master in everything”)
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Force potential

T

grangian «— |, = K 4+ P

l

Kinetic energy

Hamilton’s principle

Sir Isaac Newton

1643 - 1727 (5/L(q?q,z‘) dt =0
JI

Sir William Rowan
Hamilton 1805 - 1865
Lagrange equation

arzt (iélLT(q ’ q) — qut(q : q)

Joseph-Louis Lagrange
VIDP=2007. 1736 - 1813
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aum dynamics
Hamilton’s princi C ty-time phase-space TC x [

DIC (C

' ~ € CYI;C)

Velocity —— v: = {v(t),¥t)} € Ty ¢ TC

----------

Lifted path in the — T
velocity phase space I =Ty € C(1;TC)

Lagrangian of the system —— L; € CYTC;R)

Fiber-derivative —— d.L;(v) := dy_oL:(,(v)) € C(TC;T*C)
P, € ok (’I[‘(C ’[[“(C) configuration-preserving flow:
(V) =7(v), VAER.

IMIDE=200 7



VMIDP-2007 Palermo, June 3-6, 2007




sed by the variational

= s

|

1!

1

' 1
e — )= . O )

_ o,1 € CI(TC:TC) such that the velocity
i, S 7T C) is an infinitesimal isometry of ~ € C

" Action principle in terms of the Lagrangian:

The trajectory of a continuous dynamical system in the
configuration manifold is a time-parametrized path ~ € C'(1:C)
fulfilling the variational condition

s /I Li(py1ve) dt = /() (e Li(ve). vo(m(v) ) dt.

w.n..for any flow o, € CH(C;C) in the configuration manifold whose
velocity field v, = Or—op, € C'(v:TC) is an infinitesimal
isometry of y.
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arity condition

The action pi " velocity-time phase-space is
equ:valent to ondition:

°{Vt91}°{v¢(vt),0} =

1) = 01, ({v . ) —E(v. t)dt

Oy, ({ve.t}) - Vi - vy(ve) = d(E(vy, t) dt) - { Vi, 1} - {ve(vi) .0}

which, applying Palais formula to the r.h.s., becomes:

AB({ve.1}) Ve Vglve) = ~duy o Eelve)

Applying Palais formula to the I.h.s we get:
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configuration mai
fulfilling the vari

e CY(C: C) in the configuration manifold whose
______ 2l ield v, (7(v:)) at the actual configuration is an admissible
infinitesimal isometry.
Special forms
Affine connection:

(Or—t de L-(vi) + Vy,(de Ls 0 vi) — dpLe(Ve), Vi (T0(Ve)))

= (dpLi(ve). TORS(V,, Vo )(T(V4)) )

Torsion-free connection: Lagrange law

(Orzt de L (v¢) + Vy (de Lt 0 Vi) — dp Le(Ve). Vo (T (Ve)) ) = 0

IMIDE=200 7
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/1M

=0 /1 Lt(‘PA]Vf)J{ = /}I (de Li(ve). vp(m(vy)) ) dt
|

Ih=0 /I o, v, dt =

1‘, :
¥4 : LS

é Or—t (dsL-(v;), vy(m(v,))) dt

Law of dynamics l
0A:O Lt(SO/\TVt) — Z?T:t <dFLT(VT)? Vw(ﬂ(v")»

ML (ve)]], vo(mw(ve))) =0

Giovanni Romano

VIDB-2007
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Hamilton’s law l I m Lagrange’s law by a translation Xees®

in terms of {/ m ans of Legendre’s transform and of

the next res jial case in linear spaces is referred
ltoas (1 1854) by Gantmacher.

- 15 atlves of Legendre transforms
anifold with an affine connection the following relation holds:

dBHt(V*) S dBLt(det(V*)) =0

and

Hamilton’s canonical equations

5 I T VAN T N A B V(T (v]))) = (vi, TORS( Ve, Vi ) (75 (v7)))
: — dFHt(V;) g

MDP2007,



| »bi equation

If thru any poi ood of a point {x.t} € Cx I
there is a uni / starting from a fixed point, the
action integre / n functional J € CYC x I:R)

according t

(t)) dt

,.),

Differential of the action functional

d S {x=—=

dJ(x,t) =v; —Hv;)dt e T, ,(Cx I) <+ { = '
Ot J-(x)= Hi(v}).

Hamilton-Jacobi equation

The action functional fulfils the Hamilton-Jacobi equation:

@T:t JT —+ Ht Oth = 0

VIDE=200 7
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David Hilbert Albert Einstein
1862 - 1943 1879 - 1955

Lagrange’s Equation (1788)
87':25 quT(q 3 q) = quz‘(q ) q) \

Noether’s Theorem (1918)
— Oy daLe(dr . &) - Vo () = 0

Emmy Amalie Noether
\)274e v/ 1882 - 1935
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ngent and
t bundles

oMl boundary

Stefan Banach
1892 - 1945

w(m) ¥ local chart

e
—

Banach space (complete normed linear space)

Differentiable manifold

MDP2007,
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or fields

flow  velocity

I I

Oh=0p\(m) = v(m)

Sydney Chapman And11<'e3lr Nikg:.a:)evich
olmogorov
- 1903-1987
We——

Prta — Pr P, <«—— Chapman - Kolmogorov law
MDP=2007,
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/— fisherman’s derivative

(Lyw)(m) := Dr—o ()| W)(m)

Lie bracket \

(Low)f=[vulf = v(uf)—u(vf), VfeCAM:R)

v,u «—— vector fields on M

MDP2007,



VMIDP-2007 Palermo, June 3-6, 2007




VMIDP-2007 Palermo, June 3-6, 2007




ivative and

(s ‘ormula

operation on differential k-forms
defined by Stokes formula:

€7 — j{ = (dimM = n)
M oM

The exterior derivative is the natural extension of the

fundamental theorem of calculus for functions (O-forms) to
integration of n-forms on compact n-dimensional chains.

This celebrated formula is named the Newton = Leibniz - Gauss
- Green - Ostrogradski - Stokes - Poincaré formula in:

Arnold V.I.: Mathematical methods of classical mechanics, Springer Verlag,
I ———————— | - ;L —
New York (1989).
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T\
X

: Gottfried Wilhelm
Sir Isaac Newton B o T cibniz
1643 - 1727 1646 - 1716

?

There may be no portrait
of George Green, but he
has a memorial stained-
glass window in the Hall of
the Cambridge college of
which he was a Fellow.

It depicts Green's
Theorem.

Johann Carl George Green
Friedrich Gauss 1793 - 1841
1777 - 1855

VIDE-2007;

André Marie Ampere
1775 - 1836

Mikhail Vasilevich
Ostrogradski
1801 - 1862
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- George Gabriel Stokes T homson Hermann-Hariicel

1819 - 1903 (Lord Kelvin) 1839 - 1873
1824 - 1907

Osborne Reynolds Jules Henri Poincaré Guido Fubini
1842 - 1912 1854 - 1912 1879 - 1943

VIDE=200 7
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Ly w" = (dwvide e

Elie Joseph Cartan
1869 - 1951

_____This formula provides the relation between the Lie and the
exterior derivative of a differential form.

MDP:2007,



P [Vr (wh - v) — dy(w! -vr) —w' - [vp. V]

Richard Palais

With my wife and frequent co-author, Chuu-lian
Terng at the dedication of a memorial bust of Sophus
Lie, at Lie's birthplace in Nordfjord, Norway.

’_‘ 3 ) |-‘1.: At :"'-‘: :
s 31 362 B3 10 S it [ 5] Bt
UEHD 3L G

Palais. R. Definition of the exterior derivative in terins of the Lie derivative.
Proc. Am. Math. Soc. 1954: 5: 902-908.
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M
" g e CY(M;BL(TM2;R))

Differentiabl '

R

A
A Vo

~ {M:g} — Riemannian manifold

Levi-Civita connection

‘Georg Friedrich
Bernhard Riemann
is the torsion-free and metric-preserving connection: 1826-1866

i) TORS(v,u)=Vyu—V,v—[v,ul =0,

21) NN
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