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Summary

Weanalyse athree-field method for the approximate solution of structural problems based on a suitable
variant of the Hu-WasHizu functional in which the lack of kinematic compatibility, caled the strain gap, is
assumed asanindipendent variable. A fulldiscussion of wellposedness and convergenceproperties isprovided.
A comparison with previous treatments is performed and computational issues are discussed.

Introduction

Thestraingapmethodis athree-field method forthe approximateanalysis of linear el astostati cproblems
based onasuitablevariantofthestandard Hu-WasHizu functionalinwhichthel ackof kinematiccompatibility,
the strain gap, isassumed as an indipendent variable. The analysis of the well posedness of the discrete method
is developed in the context of two-field mixed formulations by grouping toghether the displacement and strain
gap tria fields and by splitting the discrete problem into a sequence of a reduced problem and of a stress
recovery problem. Error bounds estimates are obtained by a suitable specialization of basic results dueto F.
BrEezz1 [3], [4]. Recent contributions by the first author and co-workers are also resorted to [7], [8]. On these
bases it is possible to provide sufficient criteria to assess the well posedness of the method and asymptotic
estimates of the rate of convergencein energy norms. It is shown that the enhanced strain method proposed
by J.C. Simo and M.S. Rira1 [2] isasingular case of the strain gap method since the a priori satisfaction
of the discrete kinematic compatibility formally eliminates the stresses from the problem. Our analysisreveals
that the evaluation of the stress field is a direct consequence of a consistent variational formulation and shows
that the stress interpolation plays a basic role in the convergence analysis. Previous convergence treatments
[5], [6] were in fact based on the assumption that the enhanced strain shape functions should be orthogonal to
a suitable set of complete polynomials, a condition which is here shown to be unnecessary.

Mixed Formulation

Let us consider a structural problem defined on a regular bounded domain (2 of an euclidean space
and governed by a kinematic operator B which is the regular part of a distributional differential operator
B:V +— D of order m acting on kinematic fields u € V' that are square integrable on {2 and such that the
corresponding distributional strain field Bu € D' is square integrable on a finite subdivision 7 ,(£2) of 2.
The kinematic space V isapre-HILBERT space when endowed with the topology induced by the norm

2 2 2
lul? = ul? +Bul?,

where H and H are the spaces of kinematic fields and linearized strain fields which are square integrable on
2 [13]. The conforming kinematisms u € £ define aclosed linear subspace £ C H™ (7 (£2)) C V of the
SOBOLEV space H™ (7 (12)), where 7 (£2) isagivenfinite subdivision of (2.

Thus £ C H™(7(2)) is an HILBERT space and the operator B € Lin{L,H}, that defines the
linearized regular strain Bu € ‘H associated with the conforming kinematic field uw € £, is linear and
continuous.



The kinematic operator B € Lin{L, H} isassumed to be regular in the sense that for any £ C V the
following conditions are met [13]

dmKerB < + 00,
HBuHHZCB”uHE/KerB Vue L < ImB closedin H.

A necessary and sufficient condition in order that the operator B € Lin{£, H} beregular isthat an inequality
of the KORrN’stype be fulfilled in every regular subdomain P C (2 [13]

I BuHH(p) +lu HH(p) >au HHm(p) Yuec H™(P).

The equilibrium operator B € Lin{H, L'} isthe continuous operator dual to B € Lin{L, H}. BANACH'S
closed range theorem [11], [12] ensures that ImB' c £’ isclosed too and that the orthogonality properties

ImB = (KerB)*, ImB = (KerB)",

holdtrue. Let o € H and € € H bethestressand the strainfields, ¢ € £’ beaload functional and 6 € H be
the an imposed field of distorsions. The linear elasticity operator £ € Lin{H,H} is continuous, symmetric
and H-€lliptic, that is such that

(Ee,e) >celelf, VeeH.

where (( -, - ) istheinner product in H . The elastostatic problem is then defined by the conditions
(o,Bu)=(/,u) Vae £ equilibrium,
(Ee—-90)—0d,8)=0 Ve e H €asticlaw,
(Bu—€¢,7)=0 Vo € H compatibility .

The solutions of the elastostatic problem can be characterized as stationarity points of the Hu-WASHIZU
functional
ple,ou)= 5 (E(e—=6),e=8)+(o,Bu—c)—({ u),

wheeue L, ecH,o € H and ( -, - ) istheduality pairing between £ anditsdual £’. Defining the
strain gap
g:=Bu—-eeH,

the functional ¢(e, o, u) can bere-written as

p(u,g,0)= 3 (EBu-g—6),Bu—g-8)+(o,g)— (L, u),
withu e L, g € H, o € H and the stationarity condition are given by
(EBu—-g),Bu)y=(L,u)+ (&6, Bu) Vuecl,
{((5(Bug)07g))—((55,g)) Vgen,
(g,o)=0 Vo eH.

Note that the last variational condition imposes the kinematic compatibility by requiring the vanishing of the
strain gap. It is convenient to rephrase the three-field problem above as a two field problem. Tothis end we
introduce the dual product HILBERT Spaces

X :=LxH, X =r'xH,

with the standard inner product between x = {u,g} € X and x’' = {f,0} € A’ definedby (x', x) =
(f,u)+ (o, g),thecontinuous bilinear forms

a(x,X) :=(&Bu-g),Bu-g), j(0.,X):=(0,8),
X

and the continuouslinear form (f, X) := (¢, @) — (€6, 8)) .



Strain Gap Method

The strain gap method (SGM ) provides approximate sol utions of the three-field variational problem M
by means of aconforming FEM interpolation based on three families of finitedimensional subspaces £;, C L,
D, C 'H, S}, C H depending on a parameter h which goes to zero as the finite element mesh is refined
ever more. By taking into account the isometric isomorphism between the HILBERT space X", , dual to the
linear subspace &';, C X', and the quotient HILBERT space X’/Xﬁ and by setting X';, = £;, x Dy, the
approximate mixed problem M;, can be expressed by

a(Xh7§h)+j(Uh7ih):<f7§h> VKh,e‘)c‘h7 Ahxh+J/}L0-h: fh+XJ_7
Mp,) —

j(ﬁlmxh) =0 vEh E‘Sh' Jhxh :Si;
where A, € Lin{X,, X} }, J;, € Lin{Xx,,,S}}, J) € Lin{S,, X} } aretheoperatorsassociated withthe

The mixed problem M, can thus be split into a sequence of two problems.
m The reduced problem in the product space KerJ, x KerJ,,
Myp) a(xp.Xp) = (f,%X,) VX, € Kerd,,, x,¢€ Kerdy,
which can be explicitly written as
{((5(Buh—gh), Bu, ) =(¢,u;,) Vu,€eLl,, u,€Ly,
M (EMBuy, —gy). 8y ) = (E6.8,) VELED,, gD
m The stressrecovery problem
Sp) J(opXp) = —a(xy,Xp) + (£, Xy ) VX € Kerdy, oy €8y,
where x;, € KerJ;, issolution of the problem M, .
The problem s;, admits aunique solution for any dataif and only if KerJ’h =38y ﬂDﬁ = {o}.
By introducing the reduced discrete operator A ;, € Lin{KerJ,,, (KerJ, )"} andthereduced discrete
functional f,;, € (KerJ,;,)" defined by
(AopXp, Xp ) =a(xy,Xp,) VX, X, € Kerdy,,
{(foh,ih>:<f,ih> VX, € Kerd,,,
the problem M,;, can bewritten in the form
Mop)  AonXp =fon, Xp € Kerdy,
where
{Adﬂ%jﬁﬁ%%(KHJmL Vx, € KerJ,

£, =5+ (Kerd,)*:.
The problem M,;, admits aunique solution for any dataif and only if KerA ;, = Ker A, N KerJ;, = {o}.
The bounds of the mean square error of the approximate solution are based on uniform closedness
properties concerning the discrete bilinear forms a € Bil { KerJ;, x KerJ,} and j € Bil {S;, x X}, } which
can be expressed by the uniform inequalities

inf sup ilon.xp) >¢;>0,
XhEXh O'hGSh H op HH/KerJ’h H Xh HX/KerJh
inf sup a (. %) >c, >0,

%, ckerd), xpekerd, 1% Ly 1% [l 3
whith ¢ and ¢, independent of the mesh parameter 5 .



Uniform conditions of this kind are referred to in the literature as discrete inf-sup conditions or
also as LBB (LADYZHENSKAYA-BABUSKA-BREZZI) conditions [4]. The discrete inf-sup condition con-
cerning the bilinear form a can be deduced from the stronger condition of KerJ, -ellipticity of the form
a € Bil {KerJ;,, x KerJ,} sincewehave[9]

Uniform ellipticity. Lettheproperties KeeBNL,;, = {o},, Bﬁhm@i = {0}y, ImB closedin H and
BL;, + Dj, unoformly closed in H be fulfilled. Then

2
a(xp,Xp) 2 o[ Xp 5 Vx5 € Kerdy,

that is the symmetric bilinear form a € Bil { KerJ;, x KerJ,} isuniformly elliptic. O

The previousresult, the uniquenesscondition S hﬂDﬁ = {o} andtheuniform closednessof ImJ; =
Dy, + S or equivalently of ImJ), = S, + D;- lead to the following error bound [10]

— — < inf -X inf -0
1% =xnlly+ 1o =onlhy < e in, 1x =Ry lly+co il o=l
which can be written in terms of the threefields {u,,,g;,, 0} as
u—u oc—o <ec inff |lu—1a c inf ||lo—& ,
I il +1enllzy +1 hlly < xﬁheﬁhH hlle+ Uﬁheshll h 1l
with ¢, and ¢, independent of 5.
Asymptotic Rate of Convergence

Let us consider atwo or three-dimensional elastostatic problem and assume that the bounded domain
2 ,thedataand the elasticity £ beregular enough to ensure that the displacement and the stress sol utions meet
the regularity properties u € H2(2) and o € H(12).
Weconsider isoparametric finite element meshes which enjoy the properties
o the displacement shape functions on the reference element K generate the vectorial polynomial linear
subspace P ( K') whosecomponentsarearbitrarypolynomialsofdegree < 1 orthesubspace Q;( K )
whose components are arbitrary polynomials of degree < 1 in each variable,

e the stress shape functions generate a tensorial subspace containing the linear subspace Qu(K) =
Py(K') whose components are arbitrary constant tensors.

Then a standard result of polynomial approximation theory [1] ensures that

inf u—1u <ec. hl|u inf o—70 <c.hl|lo
it u= < ehfuly i o=y <ol ol

where || - ||, isthe norm in the SoBoLEV space H™({2) and | - |, is the corresponding seminorm
involving only derivatives of total order m . The error bounds provide the following linear estimates for the
rate of convergence of the approximate solution to the exact one in terms of energy norms

la—wylly +lenlly <auh (Jula+laly),
o —oaplly < agh(lulp+loly).

It is worth noting that, as was to be expected, no role is played by the shape functions of the strain gap in
determining the asymptotic rate of convergence. Infact the exact straingapis zero and hence every interpolating
subspace does the job.



Computational 1ssues

Let us analyse the uniform well-posedness conditions
i) BL,ND,= {o}, BLy + D, uniformly closedin H,
ii)  S,ND;y= {o}, &+ D uniformlyclosedin X .

The former involvesthe conforming subspace £;, which depends on the a priori unknown element assembly
operations and hence cannot be checked in a finite element analysis. This shortcoming can be circumvented
by considering the larger non-conforming kinematic space V;, © £, formed by the cartesian product of the
local kinematic spaces generated by the displacement shape functions over the single elements, to get the local
sufficient conditions BV, N D, = {0}, and BV}, + D, uniformly closedin . What we realy need are
conditions susceptibletobe verified onthereferenceelement K of anisoparametricfinite element mesh. Let us
append the subscript ;- tofields defined overthereference element K . Thecondition ¢i) canbeeasilysatisfied

by choosing Dy sothat Sy C Dy . IF the isoparametric maps are homothetic it turns out that B ;- = B

and the condition B ;- V- N D 5 = {o} can beimposed on the reference element by computing the GRaAM
determinant of the set of shape functions which generates the space BV - x D i and implies the sufficient
condition BY;,ND;, = {0}, . Furtherinthecaseof homothetic mapstheuniform closednessof BV}, +D;, in
H istrivialy satisfied [10]. Theeffectiveness of the SGM requiresthat D;, = Dy, mSt # {o} . Thiscondition

must be checked by the evaluation of an £2(P) inner product on each actual element P . In performing the
transformation back to thereferenceelement K theintegration will involvethe unknown jacobian determinant
of the isoparametric map. No problem arises if we consider affine equivalent finite el ement meshes since the
constant jacobian determinant field isirrilevant in imposing the orthogonality conditions. I1nthe case of general
isoparametric maps the jacobian determinant isno more constant. As aconsequence theintegral of the product
of any two fieldson an actual element isno more proportional to theintegral of the product of the corresponding
two fields in the reference element. A skilful trick was proposed in [2] in order to overcome this shortcoming
in verifying their assumptionthat D;, C S ﬁ . The authors of [2] proposed in fact to define the shape functions
of the enhanced strains in the reference element as the quotient of ssmple polynomia expressions divided by
the jacobian determinant. It follows that, in performing the integral transformation, the jacobian deteminant
disappears from the integral over the reference element and the orthogonality condition can be simply verified
once and for all in terms of simple polynomial expressions on the reference element. This procedure was also
adopted in the convergence analysis of enhanced strain methods developed in [6] and can be carried out since
the interpolation properties of the enhanced strains shape functions do not play any role due to the fact the the
exact field to be interpolated is the null one.

Comparison with Previous Results

The strain gap method discussed here is based on an idea first contributed by J.C. Simo and M.S.
Rirarin[2]. Intheir original analysis the authors of [2] recognized that the condition BL;, N D;, = {o}y
was necessary to get uniqueness of the displacement solution and that the subspace @h of effectivestrain gaps
should be non trivial to get an enhanced flexibility for coarse meshes with respect to the standard displacement
method. Thebasic differencewith our approachliesin thefact that in[2] theorthogonality condition Dj, C Sﬁ

was imposed as an essential requirement of the method. The elements of the subspace D,;, C St were named
enhanced strains. According to our scheme the subspace D, is rather the direct sum of two complementary
subspaces. One of them f)h plays the same role as the enhanced strains, while the other one effects the
necessary control on theinterpolating stressfield. Thisapproach |eads to a consistent method af approximation
and permits to get a well-defined variational stress recovery and a full convergence result. The convergence
analysisperformedin[5] and[6]lead toclaimthatforsimplicial finiteelements (suchastrianglesand tetrahedra)



the convergence requirements imply that the enhanced assumed strain method collapses into the displacement
method. The underlying reason for this limitation phenomenon is that in proving convergence, due to the
assumption Dy, C St , the authors of [5] and [6] were compelled to invokethe BRAMBLE-HILBERT lemma
[1], [12] in order to get abound for the term

sup {(EBu,gp) | lgnlly <1}
Bpedy

To this end they had to assume that the subspace of enhanced strains must be £2(K )-orthogonal in elastic
energy to the polynomial spacestill thedegree k£ —1 if k isthedegree of polynomiasincluded in the subspace
interpolating the displacement fields. For simplicial elements this polynomial space is Py (K) [1] and it
turns out that in two and three-dimensional continua meshed by undistorted elements the approximate strains
Buy compatible with the displacement fields uy € V- belongto P,._;(K). Asaconsequence the term
(EBug, g ) vanishesfor any uy € Vg, g € Dg and the reduced problem collapses into the
standard diplacement method. For n-cube elements the limitation phenomenon does not necessarily occour
since the relevant polynomial spaceis Q. (/) but the compatible strain space is not included in Q;,_ (K).
It can be shown [10] that for undistorted simplicial elements the limitation is not motivated by convergence
requirements. Our analysis, which does not assume the condition D, C Si, revealsthat the convergence of

the SGM (and hence of the EAS method) does not requirethe £2 (K)-orthogonality between enhanced strains
and polynomials of degree < k — 1. Infact the error bound estimates provided in [10] and quoted here are
based on a consistent formulation of the discrete problem in which the stress fields are not eliminated. This
fact permits to get adirect bound for the bilinear form j (o},, x;,) which wasinstead assumed to be zeroin [5]
and [6]. It isremarkable that our error estimates depend on the approximation properties of both the spaces
L, and §;, interpolating the displacements and the stresses. On the contrary the estimate of the error in terms
of diplacements and enhanced strains derived in [5] and [6] were independend of the interpolation properties
of the space S, . Thisfact makes the difference.
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