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Summary

We analyse a three-field method for the approximate solution of structural problems based on a suitable
variant of the Hu-Washizu functional in which the lack of kinematic compatibility, called the strain gap, is
assumed as anindipendent variable. A fulldiscussion of wellposedness and convergenceproperties is provided.
A comparison with previous treatments is performed and computational issues are discussed.

Introduction

Thestraingapmethodis athree-field method forthe approximateanalysis of linear elastostaticproblems
based onasuitablevariantofthestandard Hu-Washizu functionalinwhichthelackofkinematiccompatibility,
the strain gap, is assumed as an indipendent variable. The analysis of the well posedness of the discrete method
is developed in the context of two-field mixed formulations by grouping toghether the displacement and strain
gap trial fields and by splitting the discrete problem into a sequence of a reduced problem and of a stress
recovery problem. Error bounds estimates are obtained by a suitable specialization of basic results due to F.
Brezzi [3], [4]. Recent contributions by the first author and co-workers are also resorted to [7], [8]. On these
bases it is possible to provide sufficient criteria to assess the well posedness of the method and asymptotic
estimates of the rate of convergence in energy norms. It is shown that the enhanced strain method proposed
by J.C. Simo and M.S. Rifai [2] is a singular case of the strain gap method since the a priori satisfaction
of the discrete kinematic compatibility formally eliminates the stresses from the problem. Our analysis reveals
that the evaluation of the stress field is a direct consequence of a consistent variational formulation and shows
that the stress interpolation plays a basic role in the convergence analysis. Previous convergence treatments
[5], [6] were in fact based on the assumption that the enhanced strain shape functions should be orthogonal to
a suitable set of complete polynomials, a condition which is here shown to be unnecessary.

Mixed Formulation

Let us consider a structural problem defined on a regular bounded domain Ω of an euclidean space
and governed by a kinematic operator B which is the regular part of a distributional differential operator
B : V 7→ D′ of order m acting on kinematic fields u ∈ V that are square integrable on Ω and such that the
corresponding distributional strain field Bu ∈ D′ is square integrable on a finite subdivision T u(Ω) of Ω .
The kinematic space V is a pre-Hilbert space when endowed with the topology induced by the norm

‖u ‖2V = ‖u ‖2
H

+ ‖Bu ‖2H ,

where H and H are the spaces of kinematic fields and linearized strain fields which are square integrable on
Ω [13]. The conforming kinematisms u ∈ L define a closed linear subspace L ⊂ Hm(T (Ω)) ⊂ V of the
Sobolev space Hm(T (Ω)) , where T (Ω) is a given finite subdivision of Ω .

Thus L ⊂ Hm(T (Ω)) is an Hilbert space and the operator B ∈ Lin {L,H}, that defines the
linearized regular strain Bu ∈ H associated with the conforming kinematic field u ∈ L , is linear and
continuous.
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The kinematic operator B ∈ Lin {L,H} is assumed to be regular in the sense that for any L ⊂ V the
following conditions are met [13]





dim KerB < +∞ ,

‖Bu ‖H ≥ cB ‖u ‖L/KerB ∀u ∈ L ⇐⇒ Im B closed in H .

A necessary and sufficient condition in order that the operator B ∈ Lin {L,H} be regular is that an inequality
of the Korn’s type be fulfilled in every regular subdomain P ⊆ Ω [13]

‖Bu ‖H(P) + ‖u ‖H(P) ≥ α ‖u ‖Hm(P) ∀u ∈ Hm(P) .

The equilibrium operator B
′
∈ Lin {H,L′} is the continuous operator dual to B ∈ Lin {L,H} . Banach’s

closed range theorem [11], [12] ensures that Im B
′
⊂ L′ is closed too and that the orthogonality properties

Im B = ( KerB
′
)⊥ , Im B

′
= ( KerB)⊥ ,

hold true. Let σ ∈ H and ε ∈ H be the stress and the strain fields, ` ∈ L′ be a load functional and δ ∈ H be
the an imposed field of distorsions. The linear elasticity operator E ∈ Lin {H,H} is continuous, symmetric
and H-elliptic, that is such that

(( Eε , ε )) ≥ cE ‖ ε ‖2H ∀ ε ∈ H .

where (( . , . )) is the inner product in H . The elastostatic problem is then defined by the conditions




(( σ , Bu )) = 〈 ` , u 〉 ∀u ∈ L equilibrium ,

(( E(ε − δ) − σ , ε )) = 0 ∀ε ∈ H elastic law ,

(( Bu− ε , σ )) = 0 ∀σ ∈ H compatibility .

The solutions of the elastostatic problem can be characterized as stationarity points of the Hu-Washizu
functional

φ(ε,σ, u) = 1
2 (( E(ε − δ) , ε − δ )) + (( σ , Bu− ε )) − 〈 ` , u 〉 ,

where u ∈ L , ε ∈ H , σ ∈ H and 〈 . , . 〉 is the duality pairing between L and its dual L′ . Defining the
strain gap

g : = Bu− ε ∈ H ,

the functional φ(ε,σ, u) can be re-written as

ϕ(u,g,σ) = 1
2 (( E(Bu − g − δ) , Bu− g − δ )) + (( σ , g )) − 〈 ` , u 〉 ,

with u ∈ L , g ∈ H , σ ∈ H and the stationarity condition are given by




(( E(Bu− g) , Bu )) = 〈 ` , u 〉 + (( Eδ , Bu )) ∀u ∈ L ,

(( E(Bu− g) − σ , g )) = (( Eδ , g )) ∀g ∈ H ,

(( g , σ )) = 0 ∀σ ∈ H .

Note that the last variational condition imposes the kinematic compatibility by requiring the vanishing of the
strain gap. It is convenient to rephrase the three-field problem above as a two field problem. To this end we
introduce the dual product Hilbert spaces

X : = L ×H , X ′ = L′ ×H ,

with the standard inner product between x = {u,g} ∈ X and x′ = {f, σ} ∈ X ′ defined by 〈 x′ , x 〉 =
〈 f , u 〉 + (( σ , g )) , the continuous bilinear forms

a (x,x) := (( E(Bu − g) , Bu− g )) , j (σ,x) := (( σ , g )) ,

and the continuous linear form 〈 f , x 〉 : = 〈 ` , u 〉− (( Eδ , g )) .
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Strain Gap Method

The strain gap method (SGM) provides approximate solutions of the three-field variational problem M
by means of a conforming FEM interpolation based on three families of finite dimensional subspaces Lh ⊂ L ,
Dh ⊂ H , Sh ⊂ H depending on a parameter h which goes to zero as the finite element mesh is refined
ever more. By taking into account the isometric isomorphism between the Hilbert space X ′

h , dual to the

linear subspace Xh ⊆ X , and the quotient Hilbert space X ′/X⊥
h and by setting Xh = Lh × Dh the

approximate mixed problem Mh can be expressed by

Mh)

{
a (xh,xh) + j (σh,xh)= 〈 f , xh 〉 ∀xh ∈ Xh ,

j (σh,xh) = 0 ∀σh ∈ Sh .
⇐⇒




Ahxh + J′hσh= fh + X⊥

h ,

Jhxh = S⊥
h .

where Ah ∈ Lin {Xh,X ′
h} , Jh ∈ Lin {Xh,S ′

h} , J′h ∈ Lin {Sh,X ′
h} are the operators associated with the

bilinearformsand 〈 fh , xh 〉 : = 〈 f , xh 〉 ∀xh ∈ Xh . Weset D̃h = Dh∩S
⊥
h sothat KerJh = Lh×D̃h .

The mixed problem Mh can thus be split into a sequence of two problems.

The reduced problem in the product space KerJh × KerJh

Moh) a (xh, xh) = 〈 fh , xh 〉 ∀xh ∈ KerJh , xh ∈ KerJh ,

which can be explicitly written as

Moh)





(( E(Buh − gh) , Buh )) = 〈 ` , uh 〉 ∀uh ∈ Lh , uh ∈ Lh ,

(( E(Buh − gh) , gh )) = (( Eδ , gh )) ∀gh ∈ D̃h , gh ∈ D̃h .

The stress recovery problem

Sh) j (σh,xh) = −a (xh,xh) + 〈 fh , xh 〉 ∀xh ∈ KerJh , σh ∈ Sh ,

where xh ∈ KerJh is solution of the problem Moh .
The problem Sh admits a unique solution for any data if and only if KerJ′h = Sh ∩D⊥

h = {o} .

By introducing the reduced discrete operator Aoh ∈ Lin {KerJh, ( KerJh)′} and the reduced discrete
functional foh ∈ ( KerJh)′ defined by





〈 Aoh xh , xh 〉 = a (xh,xh) ∀xh,xh ∈ KerJh ,

〈 foh , xh 〉 = 〈 f , xh 〉 ∀xh ∈ KerJh ,

the problem Moh can be written in the form

Moh) Aohxh = foh , xh ∈ KerJh ,

where 



Aoh xh = Ah xh + ( KerJh)⊥ ∀xh ∈ KerJh ,

foh = fh + ( KerJh)⊥ .

The problem Moh admits a unique solution for any data if and only if KerAoh = KerAh ∩ KerJh = {o} .
The bounds of the mean square error of the approximate solution are based on uniform closedness

properties concerning the discrete bilinear forms a ∈ Bil {KerJh × KerJh} and j ∈ Bil {Sh × Xh} which
can be expressed by the uniform inequalities





inf
xh∈Xh

sup
σh∈Sh

j (σh,xh)

‖σh ‖H/KerJ′
h
‖xh ‖X/KerJh

≥ cj > 0 ,

inf
xh∈KerJh

sup
xh∈KerJh

a (xh, xh)

‖xh ‖X ‖xh ‖X
≥ co > 0 ,

whith cj and co independent of the mesh parameter h .
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Uniform conditions of this kind are referred to in the literature as discrete inf-sup conditions or
also as LBB (Ladyzhenskaya-Babuška-Brezzi) conditions [4]. The discrete inf-sup condition con-
cerning the bilinear form a can be deduced from the stronger condition of KerJh-ellipticity of the form
a ∈ Bil {KerJh × KerJh} since we have [9]

Uniform ellipticity. Let the properties KerB∩Lh = {o}L , BLh ∩ D̃⊥
h = {o}H , Im B closed in H and

BLh + D̃h unoformly closed in H be fulfilled. Then

a (xh,xh) ≥ co ‖xh ‖2X ∀xh ∈ KerJh ,

that is the symmetric bilinear form a ∈ Bil {KerJh × KerJh} is uniformly elliptic.

The previous result, the uniqueness condition Sh∩D⊥
h = {o} and the uniform closedness of Im Jh =

Dh + S⊥
h or equivalently of Im J′h = Sh + D⊥

h lead to the following error bound [10]

‖x − xh ‖X + ‖σ − σh ‖H ≤ cx inf
xh∈Xh

‖x − xh ‖X + cσ inf
σh∈Sh

‖σ − σh ‖H ,

which can be written in terms of the three fields {uh,gh,σh} as

‖u− uh ‖L + ‖gh ‖H + ‖σ − σh ‖H ≤ cx inf
uh∈Lh

‖u− uh ‖L + cσ inf
σh∈Sh

‖σ − σh ‖H ,

with cx and cσ independent of h .

Asymptotic Rate of Convergence

Let us consider a two or three-dimensional elastostatic problem and assume that the bounded domain
Ω , the data and the elasticity E be regular enough to ensure that the displacement and the stress solutions meet
the regularity properties u ∈ H2(Ω) and σ ∈ H1(Ω) .

We consider isoparametric finite element meshes which enjoy the properties

• the displacement shape functions on the reference element K generate the vectorial polynomial linear
subspace P 1( K ) whosecomponentsarearbitrarypolynomialsofdegree ≤ 1 orthesubspace Q1( K )
whose components are arbitrary polynomials of degree ≤ 1 in each variable,

• the stress shape functions generate a tensorial subspace containing the linear subspace Q0(K) =
P0(K) whose components are arbitrary constant tensors.

Then a standard result of polynomial approximation theory [1] ensures that

inf
u∈Lh

‖u− uh ‖1 ≤ cu h |u |2 , inf
σ∈Sh

‖σ − σh ‖0 ≤ cσ h |σ |1 ,

where ‖ . ‖m is the norm in the Sobolev space Hm(Ω) and | . |m is the corresponding seminorm
involving only derivatives of total order m . The error bounds provide the following linear estimates for the
rate of convergence of the approximate solution to the exact one in terms of energy norms




‖u− uh ‖1 + ‖gh ‖0 ≤ αu h ( |u |2 + |σ |1 ) ,

‖σ − σh ‖0 ≤ ασ h ( |u |2 + |σ |1 ) .

It is worth noting that, as was to be expected, no role is played by the shape functions of the strain gap in
determining the asymptotic rate of convergence. In fact the exact straingapis zero and hence every interpolating
subspace does the job.
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Computational Issues

Let us analyse the uniform well-posedness conditions

i) BLh ∩ D̃h = {o} , BLh + D̃h uniformly closed in H ,

ii) Sh ∩D⊥
h = {o} , Sh + D⊥

h uniformly closed in H .

The former involves the conforming subspace Lh which depends on the a priori unknown element assembly
operations and hence cannot be checked in a finite element analysis. This shortcoming can be circumvented
by considering the larger non-conforming kinematic space Vh ⊇ Lh formed by the cartesian product of the
local kinematic spaces generated by the displacement shape functions over the single elements, to get the local
sufficient conditions BVh ∩ D̃h = {o}H and BVh + D̃h uniformly closed in H . What we really need are
conditions susceptible tobe verified on the reference element K of an isoparametric finite element mesh. Let us
append the subscript K tofields defined overthereference element K . The condition ii) canbeeasilysatisfied
by choosing DK so that SK ⊂ DK . IF the isoparametric maps are homothetic it turns out that BK = B

and the condition BKVK ∩ D̃K = {o} can be imposed on the reference element by computing the Gram

determinant of the set of shape functions which generates the space BVK × D̃K and implies the sufficient
condition BVh∩D̃h = {o}H . Furtherinthecaseof homothetic mapstheuniform closednessof BVh+D̃h in
H is trivially satisfied [10]. Theeffectiveness of the SGM requires that D̃h = Dh∩S⊥

h 6= {o} . This condition
must be checked by the evaluation of an L2(P) inner product on each actual element P . In performing the
transformation back to the reference element K the integration will involve the unknown jacobian determinant
of the isoparametric map. No problem arises if we consider affine equivalent finite element meshes since the
constant jacobian determinant field is irrilevant in imposing the orthogonality conditions. In the case of general
isoparametric maps the jacobian determinant is no more constant. As a consequence the integral of the product
of any two fields on an actual element is no more proportional to the integral of the product of the corresponding
two fields in the reference element. A skilful trick was proposed in [2] in order to overcome this shortcoming
in verifying their assumption that Dh ⊂ S⊥

h . The authors of [2] proposed in fact to define the shape functions
of the enhanced strains in the reference element as the quotient of simple polynomial expressions divided by
the jacobian determinant. It follows that, in performing the integral transformation, the jacobian deteminant
disappears from the integral over the reference element and the orthogonality condition can be simply verified
once and for all in terms of simple polynomial expressions on the reference element. This procedure was also
adopted in the convergence analysis of enhanced strain methods developed in [6] and can be carried out since
the interpolation properties of the enhanced strains shape functions do not play any role due to the fact the the
exact field to be interpolated is the null one.

Comparison with Previous Results

The strain gap method discussed here is based on an idea first contributed by J.C. Simo and M.S.
Rifai in [2]. In their original analysis the authors of [2] recognized that the condition BLh ∩ D̃h = {o}H
was necessary to get uniqueness of the displacement solution and that the subspace D̃h of effective strain gaps
should be non trivial to get an enhanced flexibility for coarse meshes with respect to the standard displacement
method. Thebasic difference with our approach liesin thefact that in[2] theorthogonality condition Dh ⊂ S⊥

h

was imposed as an essential requirement of the method. The elements of the subspace Dh ⊂ S⊥
h were named

enhanced strains. According to our scheme the subspace Dh is rather the direct sum of two complementary
subspaces. One of them D̃h plays the same role as the enhanced strains, while the other one effects the
necessary control on the interpolating stress field. This approach leads to a consistent method af approximation
and permits to get a well-defined variational stress recovery and a full convergence result. The convergence
analysis performed in[5] and[6]lead toclaimthatforsimplicial finiteelements (suchastrianglesand tetrahedra)
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the convergence requirements imply that the enhanced assumed strain method collapses into the displacement
method. The underlying reason for this limitation phenomenon is that in proving convergence, due to the
assumption Dh ⊂ S⊥

h , the authors of [5] and [6] were compelled to invoke the Bramble-Hilbert lemma
[1], [12] in order to get a bound for the term

sup
gh∈Xh

{(( E Bu , gh )) | ‖gh ‖X ≤ 1} .

To this end they had to assume that the subspace of enhanced strains must be L2(K)-orthogonal in elastic
energy to the polynomial spaces till the degree k−1 if k is the degree of polynomials included in the subspace
interpolating the displacement fields. For simplicial elements this polynomial space is Pk(K) [1] and it
turns out that in two and three-dimensional continua meshed by undistorted elements the approximate strains
BuK compatible with the displacement fields uK ∈ VK belong to Pk−1(K) . As a consequence the term
(( E BuK , gK )) vanishes for any uK ∈ VK , gK ∈ DK and the reduced problem collapses into the
standard diplacement method. For n-cube elements the limitation phenomenon does not necessarily occour
since the relevant polynomial space is Qk(K) but the compatible strain space is not included in Qk−1(K) .
It can be shown [10] that for undistorted simplicial elements the limitation is not motivated by convergence
requirements. Our analysis, which does not assume the condition Dh ⊂ S⊥

h , reveals that the convergence of
the SGM (and hence of the EAS method) does not require the L2(K)-orthogonality between enhanced strains
and polynomials of degree ≤ k − 1 . In fact the error bound estimates provided in [10] and quoted here are
based on a consistent formulation of the discrete problem in which the stress fields are not eliminated. This
fact permits to get a direct bound for the bilinear form j (σh,xh) which was instead assumed to be zero in [5]
and [6]. It is remarkable that our error estimates depend on the approximation properties of both the spaces
Lh and Sh interpolating the displacements and the stresses. On the contrary the estimate of the error in terms
of diplacements and enhanced strains derived in [5] and [6] were independend of the interpolation properties
of the space Sh . This fact makes the difference.
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