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Non-Linear Continuum Mechanics

Linearized Continuum Mechanics (LCM) can be modeled by
Linear Algebra (LA) and Calculus on Linear Spaces (ColLS).

Non-Linear Continuum Mechanics (NLCM) calls instead for
Differential Geometry (DG) and Calculus on Manifolds (CoM)
as natural tools to develop theoretical and computational models.
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Hermann Weyl (1885-1955)

In these days the angel of topology and the devil of abstract
algebra fight for the soul of each individual mathematical
domain.

H. Weyl, "Invariants”, Duke Mathematical Journal 5 (3): (1939) 489-502

Adapted to NLCM

In these days the angel of differential geometry and the devil of algebra
and calculus on linear spaces fight for the soul of each individual
continuum mechanics domain.

This lecture is in support of the angel.

Differential Geometry provides the tools to fly higher and see what before
was shadowed or completely hidden.
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A basic question in NLCM

» How to compare material tensors at corresponding points in displaced
configurations of a body?

» Devil's temptation:

» Hint:

In 3D bodies it might seem as natural to compare by translation the
involved material vectors.

This is tacitly done in literature, when evaluating the material
time-derivative of the stress tensor T :

T(p,t) := 0r=¢ T(p, T)

or the material time-derivative of the director n of a nematic liquid
crystal:

fl(p, t) ‘= Or=t "(P, T)
These definitions are connection dependent and geometrically

untenable when considering 1D and 2D models (wires and
membranes).

Tangent vectors to a body placement are transformed into tangent
vectors to another body placement by the tangent displacement map.
This is the essence of the GEOMETRIC PARADIGM.
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Tangent vector to a manifold:
velocity of a curve ¢ € C([a,b]; M), A€ [a,b], x=c(A) base point

vi=0,—xc(u) € T«M
Cotangent vector:
v* € L(TxM;R) € T:M

Tangent map:

> A map ¢ € CHM;N) sends
a curve ¢ € C([a, b] ;M) into
acurve oce€ Cl([a,b];N).
» The tangent map Tx¢ € CO(TXM;TC(X)N)
sends a tangent vector at x € M
v € Tx(M) := 9y=x c(n)
into a tangent vector at ¢(x) € N
Tx$ v € Te(N) == 0p=x (o €) (1)
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Tangent bundle

» disjoint union of tangent spaces:

TM := UyemTxM

» Projection: 7y € CH(TM ; M)
veTyM, 7y(v):=x base point
» Surjective submersion:

Tumu € CH(T,TM ; T,M) is surjective

» Tangent functor
¢eCY{M;N) — T¢eC¥TM;TN)
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Fiber bundles
» E,M manifolds

» Fiber bundle projection:
mue € CH(E; M) surjective submersion

» Total space: E
» Base space: M
» Fiber manifold: (myp(x))~! based at x € M

» Tangent bundle Ty € CO(TE; TM)

> Vertical tangent subbundle ~ Ty € CO(VE; TM) with:
lecVECTE — Teﬂ'M’E~5e:O
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Trivial and
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Klein Bottle
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Sections of fiber bundles
> Fiber bundle e € CHE; M)
» Sections SE,M € CY{(M;E), TM,E O SE,M = IDM
» Tangent v.f. vg € CY{(E;TE), TEOVE = IDR

> Vertical tangent sections Tmygovg =0

Sections of tangent and bi-tangent bundles

» Tangent vector fields:
veCHM;TM) : 7y ov=1Dy
» Bi-tangent vector fields:
X € CY(TM; TTM) : 71 0 X = IDqyy

» Vertical bi-tangent vectors X € Ker Ty
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Tensor spaces

» Covariant sV € Covy(TM) = L (TxM?; R) = L (TxM ; T; M)

v

Contravariant s{°N € CONg(TM) = L (T;M?; R) = L (T;M ; TxM)
> Mixed  sM € Mixg(TM) = L (TxM, TfM; R) = L (TxM ; TxM)

» with the alteration rules:

SSOV =gy o S)l:rhx , SSON _ S}(\'IIX ° g;l

Tensor bundles and sections
> Tensor bundle 71 € C1(TENS(TM) ;M)
> Tensor field sp € C1(M; TENS(TM))

e TENS TENS _
> with: 73 o5 = 1Dy
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Push and pull
Given a map ¢ € CY(M;N)
» Pull-back of a scalar field
f:Nw— Fun(N) — ([f: M~ Fun(M)
defined by:
(CL)x i= Clfe) = fex) € FUN (M)
» Push-forward of a tangent vector field
veC'(M;T™M) + ¢Jv:N— TN

defined by:
(CTV)¢x) 7= CTvx = TxC - vy € TN
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Push and pull of tensor fields

» Covectors
<ClVZ(x)an> = <v2(x)7CTVX> = <TE(X)C ° VZ(X),Vx>
» Covariant tensors
ClseRy = Tew o sey © TxG € Cov(TM)x
» Contravariant tensors
CTSSON = TXC O SSON o TZ(X)C S CON(TN)C(X)
» Mixed tensors

CT Mix __ - T. C o sl\IIX oT, (x)C c MIX(TN)C(X)
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Parallel transport along a curve ¢ € C!([a, b]; M)

» Vector fields
X = C(M) , W eTM Cxp fvx € Tc()\)l\/JI

Cpup T Vx = Vx
uttocft =cut

» Covector fields v} € TiM (by naturality)

(exu v, €xp P vx) = € (v, Vx)

» Tensor fields (by naturality)

Tullio Levi-Civita (1873 - 1941)
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Derivatives of a tensor field
s € C'(M; Tens(TM))
along the flow of a tangent vector field

» Tangent vector fields and Flows

veCY(M;T™M)  FI§ e CY(M;M)

V= 3)\:0 Fl‘;\
» Lie derivative - LD

,Cv S = 8,\:0 Fl‘;\l (S o Fl‘)’\)

» Parallel derivative - PD

Vys = dx_o FI% |l (so FIY)
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How to play the game
according to a full geometric approach

Kinematics
Events manifold: E — four dimensional RIEMANN manifold

Observer split into space-time: v : E +— S x [

>
>

» time is absolute (Classical Mechanics)

» distance between simultaneous events — space-metric
>

distance between localized events — time-metric
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y

» Norm axioms

lenght of symplex’s edges

A
\ lal >0, Ja|=0 = a=0
b] / B llal| + |Ib]| > |lc|]| triangle inequality,
a
evall = [af [al|
C

> Parallelogram rule

B——=C

M Ja =+ bl + fa — bJ7 =2 [Jal? + o]
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The metric tensor

» Theorem (Fréchet — von Neumann — Jordan)

g(a.b) = ;[la+b|*—[a—b|?

Ny

g(el ) el)

John von Neumann (1903 - 1957)

4/:. 2
1 ] ) — det
oL

e .g(el ’e3)

- g(es,e3)
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The metric tensor

» Theorem (Fréchet — von Neumann — Jordan)

[lla+b]* —[la—b]*]

Ny

g(a,b) :=

g(el ) el)

Pascual Jordan (1902 - 1980)

o/] 2
) — det
/' g(es,e1)

e .g(el ’e3)

- g(es,e3)
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The metric tensor

» Theorem (Fréchet — von Neumann — Jordan)

g(a,b) = - [la+b|*—[a—b|?

Ny

g(el ) el)

Kosaku Yosida (1909 - 1990)

B
Ty
A T

e .g(el ’e3)

-+~ g(es, e3)
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Events manifold fibrations

» Time and space fibrations: ~ : E — S x | (observer)

IDs
S<~——> S8
ﬂS,hT T’Ts,(sw)
E ¥ S x| TIE = TI(SxI)°Y
TSE =TS (SxI) Y
W/,El/ i/ﬂ’/,(sw)
IDy
| <—— |

» Space-time metric: gp = s plgs + miplg

» Time-vertical subbundle: spatial vectors
veVE < Temp-v=0

> Ve EV.E <= ATve = (w,0:) € TyS x T4/
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Trajectory

vV v.v. v .Yy

W shutterstock.com - 14978350

Trajectory — a manifold 7, with injective immersion in the events
time-bundle: i 7, € CY(7,;E)

Trajectory metric: g7, =iz, plgE

Trajectory time-fibration ™1, ‘= TIEO© iE,T‘p

time bundle — fibers: body placements €,

Trajectory space-fibration Ts,71, = TSECIET,

not a space bundle — fibers: irregular subsets of the observation
time interval /

Time-vertical subbundle: material vectors

veVel, <<= Tem7,-v=0
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Evolution

Evolution operator @7

v

v

Displacements: diffeomorphisms between placements

pre e CHR:Q,), rtel

Law of determinism (CHAPMAN-KOLMOGOROV):

v

7. 7. 7.
Prs = Priopes

Simultaneity of events is preserved:

v

T‘P
11, (pri(er)) =7

v

Trajectory speed:

7.
VT, (er) := Or=¢ @Tﬁ:(et) — 7—e7"l,’12,0 V7, (er) =1,
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Body and particles

» Equivalence relation on the trajectory:
. Ty
(e1,€) €Ty x Ty, €2 = )% (e1).
with t; = 71',,E(e,-), i=1,2.

Body = quotient manifold (foliation)
Particles = equivalence classes (folia)

» mass conservation
mT‘P’tl - / mT‘P7t2 < ‘CV’T‘P mT‘P - 0
Q Q,

my, € C(7,;VoL(T7,)) mass form
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Tensor fields in NLCM

Space-time fields

sp € C}(E; TENS(TE))

Space-time
metric tensor

Spatial fields

sp € CY(E; TENS(VE))

Spatial
metric tensor

Trajectory fields

s7, € CY(7,; TENS(TT,))

Trajectory metric,
trajectory speed

Material fields

sz, € C}(7,; TENS(VT,))

Stress, stressing,
material metric,
stretching.

Trajectory-based
space-time fields

sp,7, € C'(7,; TENS(TE))

Trajectory speed
(immersed)

Trajectory-based
spatial fields

sp,7, € C'(7,; TENS(VE))

Virtual velocity,
acceleration,
momentum, force
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Time derivatives =
derivatives along the flow of the trajectory speed

Lie time derivative - LTD

» Trajectory and material tensor field

& ._ _ VTe VT
ST‘P = EVT¢ ST‘p = 8,\:0 Fl)\ l(ST‘p (o] F|>\ ),

Material time-derivative - MTD

» Trajectory-based space-time and spatial fields
: ) E VE,. T, |E vT,
SE,T¢ = VVQ, SE,T¢ = 8,\=0 Fl)\ ® ll (SE,T‘P o Fl)\ ‘P) s

with VE,T, ‘= iE,’T‘p TV'T«p .
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Rivers and Cogwheels
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sl .
i

(VvT SE, T, )t —8T=t‘10£tllE(sET¢,T Prt)

= 87':1’ SE,’T‘P,T + vﬂ's Ty ivT¢ SE,7
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(‘CV'T‘P ST‘P)t = Or=t SDT,twL(STq,,T © (p'r,t) = 8‘1':1’ ST‘P,T + EﬂS:TtplvTLp sTw,t
( VT, SE,T‘P)t = Ur=t 907—71' ‘U (SE,T‘P,T o (PT’t) — Ur=t¢ SE,?:;,,T + TS, T ivT¢ SE,7

rule cannot be applied unless
the following special properties of the trajectory hold true:

(x,t) €Ty, =— (x,1)€T, VTEL
x,DETp = (e, (0),0)¢ET,

Both conditions are not fulfilled in solid mechanics, in general.
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Acceleration

MTD of the velocity field

(aE,TLp)t = (Va—w VE,T¢)t ‘= Or=t ‘Pq}?,t i3 (VE,sz,‘r o ‘Pr,t)
= 0r=tVe7,,r T Vs, lvr, VE T, t

This is the celebrated EULER split formula, applicable only in special problems of
hydrodynamics, where it was originally conceived.

This eventually led to the NAVIER-STOKES-ST.VENANT differential equation of motion
in fluid-dynamics.

Notwithstanding its limitations, EULER split formula has been improperly adopted to
provide the very definition of acceleration in mechanics 2

2 See e.g.
1) C. Truesdell, A first Course in Rational Continuum Mechanics
Second Ed. Academic Press, New-York (1991). First Ed. 1977
2) M.E. Gurtin, An Introduction to Continuum Mechanics
Academic Press, San Diego (1981)
3) J.E. Marsden & T.J.R. Hughes, Mathematical Foundations of Elasticity
Prentice-Hall, Redwood City, Cal. (1983)
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» Stretching:
éTq,,t = %(ﬁvzp gT(p)t = 10r=¢ (‘Pr,tlg’f‘p,‘r)

Leonhard Euler (1707 - 1783)

» Euler's formula (generalized)
T,
V Ly, &1, = 1VuE, 87, +sym (gz, o (Tors™ + V7¢)vr,)
» Trajectory connection defined by:

g7, © vZe uz, = iE,Tg,l(gE o VEUE7T¢)
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Stretching:
éTq,,t = %(ﬁvzp gT(p)t = 10r=¢ (‘Pr,tlg’f‘p,‘r)

Leonhard Euler (1707 - 1783)

Euler's formula (generalized)
3Ly, 87, = %V\f:[{, gz, + sym (gr, o (Tors™ + V7 )vr,)
Trajectory connection defined by:
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with T, .
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Stretching = Lie time derivative

of the

>

material metric

Stretching:
éTq,,t = %(ﬁvzp gT(p)t = 10r=¢ (‘Pr,tlg’f‘p,‘r)

Leonhard Euler (1707 - 1783)

Euler's formula (generalized)
3Ly, 87, = %V\f:[{, gz, + sym (gr, o (Tors™ + V7 )vr,)
Trajectory connection defined by:
g7, o Veur, :=ip 7, |(gr o Viug 7,)

with T, .
Vi e, =ik (V. 8k)

g7, 0 TORST‘P (aTw) = iE7T¢l(gE ¢} TORSE(iEg:p TaT‘P))
Mixed form of the stretching tensor (standard):

Dz, = g;—; o %va,, g7, = sym (VT‘”VT‘P)
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> Stress: o1, € C}(Tp; CON(VTy)) in duality with the
> Stretching: 7, = 387, = ;Lvr, &7, € CY(7, ; Cov(VTy))
» Stressing: Lie time derivative

67,,t = (Lvr, 01, )t = Or=t (¢r1loT, )

The expression in terms of parallel derivative:
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Stress

and stressing

Stress: o7, € C}(Tp ; CoN(VTy)) in duality with the

Stretching: &7, := 187, = %LVT¢ g7, € CY(7, ; Cov(VTy))

» Stressing: Lie time derivative

67,,t = (Lvr, 01, )t = Or=t (¢r1loT, )

The expression in terms of parallel derivative:
Ly, o7, = Vz—“’ o7, —sym (VT""VT ocor,)
e Ty 7 1 » 3
is not performable on the time-vertical subbundle of material tensor fields
because the parallel derivative V‘,T“pr on the trajectory does not preserve
time-verticality.



Stress

and stressing

Stress: o7, € C}(Tp ; CoN(VTy)) in duality with the

Stretching: &7, := 187, = %LVT¢ g7, € CY(7, ; Cov(VTy))

» Stressing: Lie time derivative

67,,t = (Lvr, 01, )t = Or=t (¢r1loT, )

The expression in terms of parallel derivative:

c =V sym (V7e

v1, 0T, = Vug, 01, —sym(V'¢vr, oor,)
is not performable on the time-vertical subbundle of material tensor fields
. . 7, .

because the parallel derivative V‘,“T‘:P on the trajectory does not preserve
time-verticality.
Treatments which do not adopt a full geometric approach do not even perceive
the difficulties revealed by the previous investigation.
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A sample of objective stress rate tensors

Co-rotational stress rate tensor, ZAREMBA (1903), JAUMANN (1906,1911), PRAGER
(1960):

T=T-WT+Tw

with T material time derivative.

Convective stress tensor rate, ZAREMBA (1903), OLDROYD (1950), TRUESDELL
(1955), SEDOV (1960), TRUESDELL & NOLL (1965):
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Objective stress rate tensors
A sample of objective stress rate tensors

Co-rotational stress rate tensor, ZAREMBA (1903), JAUMANN (1906,1911), PRAGER
(1960):

T=T-WT+TW

with T material time derivative.

Convective stress tensor rate, ZAREMBA (1903), OLDROYD (1950), TRUESDELL
(1955), SEDOV (1960), TRUESDELL & NOLL (1965):

A -
T=T+L'TH+TL

These formulas, and similar ones in literature, rely on the application of LEIBNIZ rule
and on taking the parallel derivative of the material
stress tensor field according to the trajectory connection.

The lack of regularity that may prevent to take partial time derivatives and
the lack of conservation of time-verticality by parallel transport, are not taken into

account.



Deformation gradient

The equivalence class of all material displacements whose tangent map have the
common value:
Txpre € L(Txe; Ty (Qr)

> is called the first jet of ., at x € Q; in differential geometry

» and the relative deformation gradient in continuum mechanics.

The chain rule between tangent maps:
T 0%Prs = To, (0Pr,t© TxPrs,
implies the corresponding one between material deformation gradients:
Frs=FrtoF¢s.
Time rate of deformation gradient, TRUESDELL & NOLL (1965)
Frs=LeFes

with Ft,s ‘= O0r=tFr;s and L; := 07— F;; time derivatives.

Le(x) - hy := Or=¢ Fr ¢(X) - hx € TxQ:, Vhy € TxQ:
with F;:(x) - hx € TxQ,. The LIE time derivative gives:

Dt (Txpr )1 (Txpr e - he) = Dr—thy = 0
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Change of observer

» Change of observer ¢y € C}Y(E;E),
time-bundle automorphism

> Relative motion ¢ € CY(T,; T¢1e) s
time-bundle diffeomorphism

ol 8 e Teq,

B T, e Ty
=
TIE ™, T, ™, T, ™,
% 1Dy ’ % 1D/ \IL CTTD/ \} o
» Pushed motion
(€Te)r,e
Ct(Qf) - CT(QT)
CrT CTT — (CTSO)TJ = CT o <p7',t o C;l
Q7 Q.
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Consequences of the Geometric Paradigm

Time Invariance and Frame Invariance
of material fields

» Time Invariance sz, . = @, Is7,+

» Frame Invariance sz, = (Ts7,
with: ¢ € CY(7,,;7¢1,) relative motion
Properties of Lie derivative
» Push of Lie time derivative to a fixed configuration

SOt,FIXl(cvzp ST¢)t = Or=t (PT,FIXJ'ST¢7T

» Lie time derivative along pushed motions

ﬁvTCTtP (CTsap) = CT(‘CVT¢ ST¢)
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Constitutive laws

» Constitutive operator Hr,

A material bundle morphism whose domain and codomain are Whitney
products of material tensor bundles

» Constitutive time invariance
Hr, =v, JH7,

(@7 THT, ) (pr e 157,.0) = @r 1(HT, 1(57, )

» Constitutive invariance under relative motions
HTCT‘P = CTHT¢

(CTH7,)(¢TsT,) = ¢T(H7,(s7,))
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Hypo-elasticity

» Constitutive hypo-elastic law
elz, elastic stretching

5'1'9, = eIT‘P
__ gHYPO .
elr, =H7(o7,) 01,
» CAUCHY integrability
<dFHHTZPO(0'T‘P) -dor, -0071,,007,) = symmetric

— HHT?:)O(O'T‘P) = dF¢T¢(UT¢)
» GREEN integrability

(H7°(01,) - 0107,, 0207, ) = symmetric

—_— ¢T¢ (O'T(P) = dFE%P (O'T‘P)
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» Elastic constitutive operator:
hypo-elastic constitutive operator which is integrable and time

invariant
» Constitutive elastic law:
elz, elastic stretching
é’]:,, = eIT‘P

e|7¢ = d,%—E;—‘P(O'T‘P) . CI"’Z:,,



Elasticity

» Elastic constitutive operator:
hypo-elastic constitutive operator which is integrable and time
invariant

» Constitutive elastic law:
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Elasticity

» Elastic constitutive operator:
hypo-elastic constitutive operator which is integrable and time
invariant

» Constitutive elastic law:

elz, elastic stretching

é’]:,, = eIT‘P
2 .
eIT‘P = d,_—E%P(O'T‘P) . 0"]],,

» pull-back to reference:

2
Saf,FIXleITcp»t = dFE;IX((Pt,FIXlUT(pyt) “Or=t @T,lela%"’

= 67':1’ dFE;IX(SOT,FIXlG‘PvT)

Prrx = Prt © Prrix

__— X S
El. '_(Pt,FIXJ/ET‘P,t time invariant



Conservativeness of hyper-elasticity



Conservativeness of hyper-elasticity

GREEN integrability of the elastic operator Hr,
as a function of the KIRCHHOFF stress tensor field

implies conservativeness:

7{/ <UT¢,t7elT¢,t>mT¢,t dt=0
1 Ja,

for any cycle in the stress time-bundle,
i.e. for any stress path o7, € C(I; Con(VTy,))
such that:

O-Tcpat2 = Lptz,tlTa-Tcp,tl ? I = [t17 t2]
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Elasto-visco-plasticity

» Constitutive law

elz, elastic stretching
plz, visco-plastic stretching

ér, =elr, +plg,
2 .
eIT¢ = dFE%p (O'qu) - O7,

plz, € OrFr,(0y)

stretching additivity
hyper-elastic law

visco-plastic flow rule
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Reference strains
» total strain in the time interval / = [s, t]:

€T, ts ' = Sot,slg’fq,,t — 87,5

» reference total strain:

FIX .
é:’Z:P,I '_%/8‘1‘:1& 4PT,F1xlgT¢,,T dt
i

= %Sat,lelgT‘p,t - %‘Ps,mxlg’f‘,,,s
= %@S,FIXl(‘pt7SlgT¢yt - gTvas) = %LPS,FIXleT(pvtvs

» reference elastic and visco-plastic strain:

FIX . FIX .__
eIT‘F,,I -_/‘pt,Fleelth dt, pl’]],,,l '_/(Pt,FIXJ/pITnpvt dt
I I



Reference strains
» total strain in the time interval / = [s, t]:

€T, ts ' = Sot,slg’fq,,t — 87,5

» reference total strain:

FIX .
é:’Z:P,I '_%/8‘1‘:1& 4PT,F1xlgT¢,,T dt
i

= %Sat,lelgT‘p,t - %‘Ps,mxlg’f‘,,,s
= %@S,FIXl(‘pt7SlgT¢yt - gTvas) = %LPS,FIXleT(pvtvs

» reference elastic and visco-plastic strain:
FIX P FIX P
eIT‘F,,I = /¢t,FIXleIT¢,t dt, p|T¢,I = /¢t,FleplT¢,t dt
I !

» additivity of reference strains:

FIX __ AFIX FIX
ET‘P’I - eIqul + P Tw:’
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Material Frame Indifference (MFI)

Ansatz

» Material fields are frame invariant

Principle of MFI

» Any constitutive law must conform to the principle of MFI which
requires that material fields, fulfilling the law, will still fulfill it when
evaluated by another Euclid observer

Hr,,, (C%1s7,) = ¢*THT, (s7,),

for any isometric relative motion ¢'*° € C(7,, i Teisopy,) induced by a change
of Euclid observer ¢i° € C1(E;E).

Equivalent condition

» Constitutive operators must be frame invariant
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» Frame invariance of the hypo-elastic operator
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Examples:
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Examples:

» the simplest hypo-elastic operator is GREEN integrable and frame invariant:
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MFI in elasto-visco-plasticity

» Frame invariance of the hypo-elastic operator

HYPO _ ISO HYPO
HTclSOT‘P - C THT¢

Pushed operator
(COTHE)(¢Tor,) - €167, = COHHE (o7,) - 1,,)

Examples:

» the simplest hypo-elastic operator is GREEN integrable and frame invariant:

v
) —
H%PVt(TT‘P,t) = ]IT<P,t ~F |’T¢,t ® |T¢,t

2p
» the visco-plastic flow rule is frame invariant

These results provide answers to unsolved questions posed in:

J.C. Simé & K.S. Pister, Remarks on rate constitutive equations for finite deformation problems: computational implications, Comp.
Meth. Appl. Mech. Eng. 46 (1984) 201-215.

J. C. Simé & M. Ortiz, A unified approach to finite deformation elastoplastic analysis based on the use of hyperelastic constitutive
equations, Comp. Meth. Appl. Mech. Eng. 49 (1985) 221-245.
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Notion of spatial and material fields

Material time derivative and EULER split formula
Covariance Paradigm

Stretching and stressing: Lie time-derivatives
EULER stretching formula generalized

Covariant formulation of constitutive laws
Notion of time and frame invariance

Rate constitutive relations in the nonlinear range
Covariant theory of hypo-elasticity

Integrability of simplest hypo-elasticity

Covariant theory of elasto-visco-plasticity

VVyVYyVVVYyVVVYyVvYYVYYy

From Lie time-derivatives to partial time derivatives
by pull-back to a fixed configuration

v

Covariant formulation of Material Frame Indifference

v

Notions and treatments of constitutive models in the nonlinear range should be
revised and reformulated

» Algorithms for numerical computations must be modified to comply with the

covariant theory; multiplicative decomposition of the deformation gradient
should be deemed as geometrically inconsistent



