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1. Introduction

The linearly elastic isotropic beam investigated by Saint-Venant
(18564, 1856Db) is still the reference model for engineers to evaluate
strain and stress fields. An extensive list of contributions have been
given by researchers on this basic topic of elasticity theory, to deepen
both theoretical and applicative issues, among which classical treat-
ments as (Timoshenko, 1940; Southwell, 1941; Timoshenko and
Goodier, 1951; Sokolnikoff, 1956; Novozhilov, 1961; Solomon, 1968).

Nevertheless, some results concerning the model could be
usefully reconsidered and discussed, still today. This paper deals
with the notions of shear centre, twist centre, torsion and shear
compliances, as introduced in literature (Timoshenko, 1921, 1922;
Weber, 1926; Schwalbe, 1935; Trefftz, 1935; Cicala, 1935; Osgood,
1943; Goodier, 1944; Weinstein, 1947; Timoshenko and Goodier,
1951; Sokolnikoff, 1956) and investigated in (Reissner and Tsai,
1972; Reissner, 1979; Stephen and Maltbaek, 1979; Muller, 1982;
Romano et al.,, 1992; Stronge and Zhang, 1993; Schramm et al.,
1994; Gruttmann et al., 1999; Sapountzakis and Mokos, 2005;
Lacarbonara and Paolone, 2007). Saint-Venant beam theory is
briefly introduced with an intrinsic formulation, in the wake of the
treatment provided in (Romano, 2002b), for uniform flexure and
torsion, and in (Barretta and Barretta, 2010) for shear and torsion.
The intrinsic formulation leads to an elegant presentation with the
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significant advantage that invariant results and tensorial characters
are detected in a natural way. The plan of the paper is the following.

In Section 2.2 we recall basic results of Saint-Venant theory of
linearly elastic isotropic beam subject to extension, flexure, shear and
torsion. The expression of the axial and transversal components of
the displacement field is the starting point to deduce the formulae for
normal and tangential stress fields acting on the cross sections. The
theory is characterized by the assumption concerning the vanishing
of body force field and of surface loading on the lateral mantle of the
beam and the vanishing of normal interactions between longitudinal
fibres. Equilibrium requirements imply that the resultant axial and
shear forces and the resultant torque about the axis, evaluated on the
tractions acting on a cross section of the beam, are bound to be
constant along the axis. Accordingly, the resultant bending moment
is described by an affine law. The field of elongations of the beam
longitudinal fibres is an affine function of the position vector and is
thus uniquely characterized by a gradient vector and by the elon-
gation of the centroidal fibre. The normal stress is proportional to the
elongation of the longitudinal fibre through the Euler modulus E
(often called Young modulus and denoted also by Y).

The evaluation of the tangential stress field requires the deter-
mination of the following items: the gradient of longitudinal
extensions and of its derivative along the beam axis, called the
shearing; the twisting curvature; the shear warping vector field and
the twist warping scalar field. Accordingly, the shear stress field is
the split into a shear tangential stress field and a twist tangential
stress field, see Section 2.3. The resultant of the former is equal to
the shear force while the latter has a null resultant. The definition of
the shear tangential stress field leads naturally to the notion of
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shear centre as the unique point in the cross section about which
the twisting moment of any shear tangential stress field vanishes.
The first conception of a shear centre is attributed by Timoshenko
(1953) to Robert Maillart (1921—-22), who envisaged it to explain
the results of experimental tests on beams with C-shaped sections.
A documentation on Maillart, and on his outstanding contributions
to the design of reinforced concrete structures, in provided in
(Billington, 1998). The shear centre, defined with a coordinate-
based formalism in (Timoshenko, 1940, Goodier, 1944;
Timoshenko and Goodier, 1951; Sokolnikoff, 1956; Novozhilov,
1961; Solomon, 1968), is introduced with an intrinsic formulation
in Prop. 2. Following the original conception by Trefftz (1935) and
the treatment by Capurso (1971), the twist centre is introduced in
Prop. 4, to define torsion-orthogonal tangential stress fields as the
ones which are uncoupled in elastic energy from twist tangential
stress fields. A general formula is provided in Section 3 for the
relative position of shear and twist centres and it is shown that
shear and twist centres coincide for arbitrary cross sections with
vanishing Poisson ratio and for all thin-walled sections, whether
open or closed and even multi-cell with variable thickness. The
evaluation of the shear deformability of Timoshenko beams with
thin-walled cross sections was carried out in (Romano et al., 1992).
Numerical computations of shear deformability for beams with
arbitrary cross sections were performed in (Schramm et al., 1994)
where early contributions by Cowper (1966) and Mason and
Hermann (1968) were referenced. Initially curved and twisted
composite beams have been investigated in (Borri and Merlini,
1986; Borri et al, 1992). A Timoshenko-like model has been
recently developed in the same context in (Yu et al., 2002; Hodges,
2006) on the basis of the variational asymptotic method (VAM)
proposed in (Berdichevsky, 1976). The energy approach is here
adopted in Section 4 to formulate the expression of the symmetric,
positive definite sliding-torsional compliance operator. It is shown
that the mutual sliding-torsional compliance depends linearly on
the relative position of Saint-Venant shear and twist centres and
that Timoshenko shear centre, evaluated by Saint-Venant beam
theory, is coincident with Saint-Venant twist centre. By a direct
application of the Cauchy-Schwarz inequality, it is proved that the
principal shear factors are strictly greater than unity and that the
torsional factor is not less than unity, being unitary for circular cross
sections, whether compact or tubular. The numerical computations,
reported in Section 5, for asymmetric L-shaped cross sections,
performed according to Saint-Venant theory, confirm that the
distance between shear and twist centres is still quite small, for
a wide range of thickness ratios and that principal directions of the
bending stiffness may be quite distinct from principal directions of
the shear factors tensor, in general. The analytical determinations,
carried out in Section 6, with reference to open circular thin-walled
cross sections, reveal that small corrections due to the curvature of
the middle-line may be neglected, so that coincidence of the shear
and twist centres may be assessed in this case. Extension of the
treatment to non-isotropic and non-homogeneous elastic beams
will be developed in forthcoming contributions.

2. Saint-Venant beam theory
2.1. Notations

Let Q be the cross section of a Saint-Venant linearly elastic
isotropic beam (Saint-Venant, 1856a, 1856b), 0Q2 the boundary with
outward normal versor field n, V the two-dimensional linear space
of translations in the plane of the cross section, V* its dual, k the
unit vector along the z axis of the beam and ReC'(V;V) the
isometric linear operator which rotates by m/2 counterclockwise
the vector fields in V, so that R" = R™! = —R and RR = —I. The

following geometric moments of the cross section, with respect to
a pole O, are of interest in the theory:

o the area (zeroth geometric moment):
/ dA,
o the static moment (first geometric moment):

Fo L= /l)dA7

Q
o the inertia moment (second geometric moment):

Jo:= /P®gPdA
2

where p is the position vector of points in Q with respect to O.

Denoting geSYM(V) = L(V;V") the metric tensor in V, the
tensor product u®¢Vv of the vectors u,ve Vis defined by the identity
(u®gv)-w : = g(v,w)u for any vector we V. Here and throughout in
paper, the dot - denotes linear dependence on the subsequent
argument. The centroid G of the section is the mean point defined
by pc:=Fo/A. In the sequel: N(z) = [,0(r,z)dA is the resultant
normal force, viz. the resultant of the axial component of tractions
on the cross section, $(z) = [,7(r,z)dA is the resultant shear force,
viz. the resultant of the in-plane component of the tractions on the
cross section, M¢(z) = [0(r,z)rdA is the bending moment, defined
as the R-rotated axial vector of the resultant bending moment (the
in-plane component of the resultant moment) of tractions on the
cross section, with respect to the centroid G of the section, Mg (z) =
Jo8(t(r,z),Rr)dA is the scalar resultant twisting moment (the axial
component of the resultant moment) of tractions on the cross
section, with respect to the centroid G of the section. An apex ()
denotes the derivative with respect to z, and r is the position vector
of a point of the cross section with respect to the centroid G.

2.2. Displacement and stress fields

Let ¢¢ be the axial elongation. The bending curvatured(z) = d(0) +
d'z is the gradient with respect to r of the field of the extensions of
longitudinal fibres of the beam; the shearing d’' is the constant
derivative along z of the affine vector function d(z); the twist « is
a scalar parameter which will be shown to be the average of the local-
twist field over the section; o(d’, a)e C?(Q; R) is a warping field, which
is bilinear in their arguments d’ and «; u and v are the Lamé shear
modulus and the Poisson ratio, respectively; E = 2u(1 + ») is the Euler
modulus. The displacement field in the beam subject to extension,
bending, shear and torsion, is conveniently split into tangential and
normal components to the cross section and expressed as function of
the position vector with respect to the centroid. The former is a vector
field u(cg, d(0),d’, &, z)e C' (Q; V) in the cross section and the latter is
a scalar field w(eg,d(0),d’, a,2)eC (Q;R). The expression of the
tangential and normal displacement fields are conveniently written in
intrinsic form as (Barretta and Barretta, 2010):

u(eg,d(0),d .r,2) ==

3 (Rr®@gRr—regr) d(z)
72 z
—vegr — 7d(O) - Ed/ +azRr,

w(eg,d(0),d',a,r,z) = o(d,a,r) +(g(d(O),r)+sG)z+g(d’,r)§.

Remark 2.1.
that:

In Cartesian components r={x,y} and Rr={-y,x} so
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2
_|x* xy
r®gr= ) 2
y

2
, Rr®ger‘3’xy At

The previous intrinsic expression of the tangential component of
the displacement field, when expressed in components, is easily
checked to be equal to the one in (Sokolnikoff, 1956) where
d'={Ky,K,}, ec = 0 and d(0)=0. On the other hand, the warping field
o(d’,0)e C>(Q; R) appearing in the axial component has a different
definition, due to the choice of a different particular integral of the
compatibility equation. This different choice is suggested by the
application of Cesaro formula (Romano, 2002a, b) for the integration
of the strain field and is motivated by the difficulty in translating the
standard coordinate-form into an intrinsic expression.

To compute the strain field as symmetric part of the displace-
ment gradient, according to Euler formula, we first provide the
explicit expression of the derivative of the displacement field. To
this end, we recall the formulae:

V[(Rr®gRr)d(z)] = g(Rr, d(2))R + (Rr)®¢(R"d(2)),

V[(regr)d(z)] =
where Ie L(V;V) is the identity, V = V; is the derivative in the cross
section, V; = ()’ is the derivative along the beam axis and the
transposition () is taken with respect to the metric tensor g.

Let us denote by gve V* the covector associated with the vector
veV, so that g(v,h) = (gv)-h, VheV. The derivative of the
displacement is then described by the four-blocks operator defined
by the identity:

g(r.d(2)I+regd(2),

viu  Vzu | ghy

a

= g(Vru-hy, hy) +g(Viw-hy, hy)

a
+g(Vzu-aq, hy) +g(Vw-aq,a3),

for all hy,hyeV, a1, e R, with the expressions of the component
blocks given by:
Vet = 2( (Rr,d(2))R + (Rr)®g<RTd(z)>

—g(r,d(z))l - r®gd(z)) — veel + azR,

2
—r@gr) d +oRr —zd(0) - 2 d’,

14
vou = - 5

5 (

/ z? /
o, a,r) +2zd(0) + 7d ,
g(r,d(2)) + cc.

Taking the symmetric part of the displacement derivative, the
axial elongation and the tangential strain fields are given by:

Rr®gRr

ViWw = V
VzW

S(Ec,d(z),r) = g(rvd(z)) + &,
{ yd,ar) = % (Rr®gRr — r®gr)d’ + oRr + Vo(d', a,r1).

Moreover, for any versor heV (g(hh) = 1):

g(sym(Vru)-h,h) = ( (Rr,d(2))g(Rh,h) — g(d(z),Rh)g(r,Rh)

—g(ryd(Z)) —g(d(2),h)g(r,h) — 2¢¢)
= —v(g(r,d(2)) + &)

The tangential strain tensor is then circular and the transversal
principal strain is due to the Poisson effect. Accordingly, the normal
and tangential stress fields on Q, solution of the elastostatic
problem, are provided by the formulae:

7(¢c,d(2),r) = E(g(d(2),1) + &),
(d,a,r) = %’j
The field of local-rotations about the beam axis is given by:

(Rr®@gRr—r®gr)d’ + uaRr+uvo(d',a,r).

~ ;(8(Rr.d)+g(d R)g(r,h)

—g(r,Rh)g(d,h) +g(d, h)g(r,Rh)
+g(r,h)g(d,Rh)) +az
= —vg(r,Rd(2)) +az.

g(skew(Vyu)-h,Rh)

The local-twist field is the derivative with respect to z:

g(skew(Veu)-h,Rh) = —vg(r,Rd’) +a = %(
where the last equality is inferred by direct computation. Since
/ (— vg(r,Rd) + a)dA — Aa,

Q

curly(d’, a,r))

the twist «, which is the local-twist at the centroid (r = 0), is equal
to the average of the local-twist field over the cross section
(Sokolnikoff, 1956).

The fulfilment of the bulk and boundary differential conditions
of equilibrium:

divt(d,a,r)+d(d,r) =0
g(t(d',a,r),n(r)) = 0

is equivalent to the requirement that the warping field
o(d', a)e C>(Q; #) be solution of the Poisson-Neumann problem:

in Q,
on 09,

Aop(d'ar)=-2g(d'r), reQ,
dno(d',a.r)= —%g( (Rr@gRr—r®gr)d n(r))
—ag(Rr,n(r)), re 0Q.

Remark 2.2. A discussion concerning the existence of the warping
field o(d’,a) for any cross section Q, whether simply or multiply
connected, and for any shear force S and twisting moment Mg, and its
uniqueness up to a constant, may be found in (Barretta and Barretta,
2010) where the treatment in (Romano, 2002b), based on an elasto-
static analogy, is referred to.

2.3. Shear and twist

The classical Poisson-Neumann problem for the warping field is
conveniently split into a shear problem (in which «=0) and
a torsion problem (in which d’ = 0). Their solution fields will be
called the shear warping ¢%H(d’) and the twist warping ¢™ (a). The
warping field depends linearly on the arguments d’ and «, so that:

o, a) = () + o™ ().

The shear warping field ¢SH(d')e C?(Q;R) is the solution of the
Poisson-Neumann problem:

Az9%M(d' 1) = —2g(d'.1),
{dn(pSH(d’,r) = —%g((Rr®gRr—r®gr)d’,n(r)),

reQ,

re o0,

and the twist warping field ¢™ (@)eC?(Q;R) is solution of the
Laplace-Neumann problem:

{Azq?TW(aJ‘) =0, re @,

dno™ (e, 1) = —ag(Rr,n(r)), redQ.
Setting:

pH(d ) = g(¢™m).d),

the shear tangential stress field on Q is provided by the formula:
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Hd )= ,u(% (Rr®gRr —r®gr) +V¢SH(1‘)T) d =FHr).d,

which defines the tensor Fot(r) having the physical dimension of
a force. Setting ™ (a,r) = a¢™W (r), the twist tangential stress field
on Q is provided by the formula:

™W(a,r): = ,ua(Rr—i—Vd)TW(r)) = of™(r),

which defines the vector f(r) having the physical dimension of
a force times the inverse of a length, d)TW(r) is a squared length and
hence v¢™ (r) is a length.

Lemma 2.1. The resultant shear force S may be evaluated by the
formula:

S:= /‘c(r)dA = - /rdiv (t(r))dA.

Q Q
Proof. By virtue of the identity: div(r®gt(r)) = rdiv 7(r) + 7(r),
the divergence theorem gives:

1(r)dA = [ div(re®gt(r))dA— [ rdiv(t(r))dA
[ /
= fg(t(r),n(r))-rds— /rdiv(r(r))dA,
0Q

Q

and the first integral vanishes since g(t(r),n(r)) = 0 on 3Q.

Since div(t™W(a,r))=0, from Lemma 2.1 it follows that the
resultant of the twist tangential stress field vanishes and that the
resultant of the shear tangential stress field is equal to the shear
force.

Proposition 2.1. The shear force is given by: S = E Jo d.

Proof. A direct computation gives:

S = /rs“(d’,r)dA = —/r div(cs“(d’,r))dA
Q Q
- /Er®grdA~d’ — EJ-d,
Q

where Jg : = [or®gr dA is the second geometric moment of Q with
respect to the centroid.

The same conclusion may be arrived at by a direct integration of
the expression of the field F (d’, r) in terms of the warping, but at
the cost of a much more involved algebra.

The shear tangential stress field may alternatively be expressed
in terms of the shear force as:

HES ) = TH(r) ;, reQ,
with TSH(r) = AFP%(r)(EJ¢)~! a non-dimensional tensor whose
mean value is equal to the identity:

% /TSH(r)dA =1
Q

2.4. Shear centre

The global elastic constitutive relations between the kinematic
parameters {¢g, d(z)} and their dual static counterparts {N, M¢(z)}
are uncoupled, due to the choice of the centroid as origin of
positions, and may be evaluated by a direct computation of the
normal force and of the bending moment:

N = /a(d(z),ec,r)dA — EAec,
Q
Mc(2) = [0(d(2),cG.r)rdA = EJg-d(2)
Q

Here EA is the scalar axial stiffness and E g is the bending stiffness
tensor. Taking the derivative of the latter equation along the beam
axis we infer that Mg(z) = S. The constitutive relations between
the kinematic parameters {d’, @} and their dual static counterparts
{S, M1} may be put in uncoupled form by introducing the shear
centre CSH,

Proposition 2.2. (Shear centre). Any shear tangential stress field
has a vanishing twisting moment about a pole of the cross section Q,
called the shear centre C°H whose position is given by the formula:

rew = —%R / TH(r)"RrdA — —R(EJg)"! /FSH(r)TerA.
Q Q

Proof. Being t5H(d',r) = T!(r)S/A, the vanishing of the resultant
moment about the shear centre C*! is expressed by:

SH g/ _ SH o S
/g(erRrCSH,c (d,r))dA_ /g(Rr,T (r))dA
Q Q

_g(RrCSH7S) = 0.
The first equality then follows by the arbitrariness of S and the
second from the relation FSt(r)d’ = TSH(r) % where EJcd’ = S.
In (Sokolnikoff, 1956) the shear centre is named center of flexure.

Proposition 2.3. The twist « of the beam is proportional to the
twisting moment about shear centre CH

MCSH = ,LLAZKDZ,

with the non-dimensional factor K is given by:

K:= ﬁ /g(Rr,fTW(r)>dA.
Q

Proof. By Prop. 2.2 the twisting moment about C is given by

Mesn = / g(Re ™ (wr))dA= / g(RrfM"(r))dA | -a=pA’Ka,
Q Q

because only twist tangential stress fields are involved.
The twist tangential stress field may be written as:

™(a,r) = of™W(r) = #ﬂw(r)?

where t™W(r) is the inverse of a length. Then
f™W(r) = pnAKtW(r),
and

% /g(Rr,tTW(r))dA = 1.
Q

For a circular cross section, or a circular annulus, it is
fTW(r) = uRr so that: K = Jp/A?, where Jp:= [,g(r,r)dA is the
polar geometric moment of the cross section about the centroid G.
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2.5. Twist centre

To introduce the notion of twist centre, the following expression
of mutual elastic energy per unit length is preliminarily provided.

Lemma 2.2. (Shear-twist mutual elastic energy). A tangential
stress field t(d}, a1), with a null resultant moment about a pole C,
when interacting with a twist tangential strain field Y™ (), performs
an internal mutual work per unit length given by:

Uy := /g(T(dll,a17l‘),’YTW(a27l'))dA
Q

— BRI, S;) + o / o' (d}, r)¢™ (r) dA

ag| Rre +J¢! /quW(r)rdA S;.
2

Proof. Recalling the formula: Y™ (a,,r) = ay(Rr + V¢Tw(r)), the
internal mutual work per unit length is given by:

upp = az/g(f(d/170¢1,l‘)7Rl‘)dA
2

+ aZ/g<r(d’1,a1,r), V¢Tw(r))dA.
0

The evaluation of the twisting moment about the centroid G
gives:

/ g(t(d},a;.r),R)dA = g(Rrc.S;).
Q

On the other hand, the differential and boundary equations of
equilibrium:

~dive(dy. 1) = o'(d;,r) — Eg(dy,r) = g(S.Jg'r).on 2,
g(‘c( {lvalvr)vn(r)) = O’ on 697

inserted in Green’s formula give:

Q

—glg'| [o™wraa) s,
Q

which is the result.

Proposition 2.4. (Twist centre). The twist centre C™ is the pole in

the plane of the cross section Q, such that a tangential stress field
7(d’,«) with vanishing resultant moment about Cc™ performs no
mutual work when interacting with any twist tangential strain field
Y™W(a,r) = a(Rr + Vo™ (r)). The position of C'W is given by the
formula:

raw = RJg! /¢Tw(r)rdA,

Q
where ¢™: = ™ (1)eC2(Q; R).

Proof. The result is a direct consequence of the formula in Lemma
2.2.

This definition of twist centre was introduced in (Trefftz, 1935)
where the tangential stress fields t(d’, &) with vanishing resultant
moment about C™ were said to induce bending without torsion.
We will call them torsion-orthogonal tangential stress fields, as
suggested by the definition in Prop. 4. An analogous treatment in
coordinates was developed in (Capurso, 1971). Another definition
of torsion-free bending was given in (Goodier, 1944).

An alternative definition of twist centre C'W was introduced by
Cicala (1935); Trefftz (1935); Weinstein (1947). It is based on the
observation that the warping ¢™ due to twist is unique to within
an affine scalar function of the position vector. Following the
treatment in (Sokolnikoff, 1956), we assume the expression:

¢"™(r) + gRre.T) - C.

Requiring that zeroth and first moments of the twist warping
are zero:

/(¢TW(r) + g(Rrc,1))rdA = 0,

Q

the value of ¢ and the position of the twist centre are evaluated.

3. Shear centre vs twist centre

The next result concerns the relative position of twist and shear
centres and will be resorted to in Section 4 dealing with the mutual
sliding-torsional compliance and the notion of shear centre in
Timoshenko beam theory. The non-dimensional torsion factor x™%,
defined by:

W 2 [ (€ )€V (r)) da,
Q

and the noteworthy formula:

[ &(s(diarr). 9™ () an = — [ dive(dy, a1, r)6™ )44+ § g(r(d; a0 )™ wpds = [ o', 0™ (r) A
' Q 00 '

Q

XTWAZ
Jp

are referred to in the next proposition.

K =1,

Proposition 3.1. The relative position of twist and shear centres,
C™ and ¢, is provided by the formula:

rew—ren =KR / TH () 't™W(r) dA:%RJE] / FH )™V (r)dA.
Q Q



52 G. Romano et al. / European Journal of Mechanics A/Solids 35 (2012) 47—60

Proof. By definition of twist centre (see Prop. 2.4) the integral:
/g(r(MCSH, 5.1),t"(r))dA
Q

vanishes for any tangential stress field such that:
MCSH = g(R(l‘cTw - I'CSH),S).

M
(Mesi,S,1) = TSH(r);-i-tTW(r) °
computation of the integrand gives, for any S:

Setting a direct

(r(MCSH S, r) t™W(r))
(TSH(r) +t™W(r )g(R(rCTW —Tesn) %),tTW(r))
= g( T W (r) +g<tTW( )7tTW(r))R(rcTw - rCSH)).

The former equality in the statement follows from the note-
worthy formula above. The latter equality is got by the formulae
TH(r) = AP () (E)g) ! and pAKtW(r) = f™WV(r).

The result of Prop. 3.1 reveals that the shear and twist centres
coincide if and only if shear " and twist t' tangential stress fields
are orthogonal in elastic energy. An explicit expression of the
relative position of twist and shear centres in terms of Prandtl
stress function WeC!(Q;R) may be given. Preliminarily we recall
that, according to Prandtl (1903) torsion theory, in a multiply
connected cross section with n holes, see Fig. 1, being:

divt™ = curlRtT™ =0, inQ,
g(t™.n) = g(RT™,t) = 0, ondQ,

the rotated field of twist tangential stresses admits a potential
WeCl(Q;R):

Rt™(a,r) = aRFW(r) = auv¥(r), reQ,

the Prandtl stress function, solution of the Poisson-Dirichlet
problem:

AWP(r) = -2 on Q,
Y(r) =0 on dQ,
Wr) =k on 09, keR, i=1,2,..,n,

with 8Q,, exterior boundary of the cross section and 9Q; boundary
of the hole i = 1,...,n. A linear system of n boundary integrability

Fig. 1. Multiply connected cross section.

conditions provides the values of the scalar constants k;
(Sokolnikoff, 1956).

Proposition 3.2. In terms of the Prandtl stress function We C1(Q; R),
the relative position of twist and shear centres C"V and CH is given by:

r " RJc'R /lll(r)rdAJr Zkl/rdA
Q

cw — I'CSH = ﬁ p

Proof. Recalling the definition:

FH(r) .= u(g (Rr@gRr — rogr) + Vo™ (n)),

the formula in Prop. 3.1 may be rewritten as:

T,

O T V)RJG uw / (Rr@gRr — r@gr)f ™ (r) dA
Q

2(1 Rl oM™
Q

The former integral is evaluated as follows. Taking into account
the relations:

£%(r) = —uRYW(x),
div((Rr@gRr)R) = 3Rr,
div((r®gr)R) = —Rr,
by the Leibniz rule we have the formula:
(Rr®gRr —r®@gr)RV¥(r) = div(¥(r)(Rr@gRr —r®gr)R)
—¥(r)div ((Rr®gRr — r®gr)R)
= div (¥(r)(Rr®gRr — r®gr)R)
— 4Y(r)Rr

Recalling the boundary conditions of the Poisson-Dirichlet
problem a double application of the divergence theorem gives:

p! / (Rr®gRr — r@gr)f" " (r)dA
Q
—/(Rr®gRr —r®gr)RV¥(r)dA
2
= 4R/lI’(r)rdA - /div(W(r) (Rr@gRr — r®gr)R)dA

= 4R/111(r)rdA — égllf(r) (Rr®gRr — r®gr)Rn(r)ds

= 4R/llf r)rdA — Z k,f (Rr®gRr — r®gr)Rn(r)ds
k=1
80,

n
_4 R/’I/(r)rdA+ Zki/rdA
2 k=1 2
The latter integral in the expression of rgaw —reu vanishes.

Indeed, resorting to the divergence theorem and imposing the
differential and boundary conditions:

divf™(r) = 0, reQ,
g™ (m),nr) = 0, redQ,
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Green’s formula gives:

/ voHnf™ (r)dA = — / oSH(r)div £ (r)dA
Q Q

+ o g(f™@).nm) o rds — o

and the result follows.
From Prop. 3.2 it follows that a vanishing Poisson ratio implies
coincidence of shear and twist centres.

Remark 3.1.. Stephen and Maltbaek (1979) have contributed
a formula for the relative position of twist and shear centres in terms of
Prandtl stress function, which in coordinate-free form writes:

v
1+v

Faw — I = RIc'R / U (r)rdA.
0

The result in Prop. 3.2 reveals that in their formula the presence of
holes is not taken into account. Its validity is confined to simply con-
nected cross sections and to tubular sections with the hole centered at
the centroid of the cross section, since then the additional term
vanishes.

Remark 3.2. The formula in Prop. 3.1 reveals that the property of
coincidence of shear and twist centres is equivalent to the vanishing of
the mutual elastic energy between twist and shear tangential stress
fields. For open thin-walled sections of constant thickness, the van-
ishing of this mutual elastic energy follows from the fact that the shear
tangential strain field is constant through the thickness, while the twist
tangential stress field is linear through the thickness with a null mean
value (a butterfly-shaped diagram). Contrary to computations and
conclusions reported in (Andreaus and Ruta, 1998, Section 6.2), for
multi-cellular cross sections the coincidence of the two centres may be
inferred by the same argument. To see this, it is expedient to split the
flux of twist tangential stresses as the sum of Kirchhoff fluxes in
a maximal set of independent loops (Romano, 2002b). The mutual
work is then the sum of the mutual works performed, in each loop, by
the relevant Kirchhoff flux, which is constant along the loop, times the
shear tangential strain, which has a vanishing circulation due to the
kinematic compatibility requirement on the shear warping of the
section middle line.

4. Timoshenko beam compliance and shear centre

The elastic compliance of a Timoshenko beam subject to shear
and torsion is defined by the symmetric linear operator D relating
the static pair shear force and twisting moment around the shear
centre {S, M} and the dual pair shear sliding, torsional curvature
{sH ™1 The elastic compliance operator may be written as
a block array:

_ ‘ Dy; Dy
gDi; Dy
where gD1; is the covector associated with the vector Dy, according

the Euclid metric tensor g. In Timoshenko beam model a shear
centre C5il;o may be defined as follows.

sSH
cTwW

) S
MCSH ’

Definition 4.1. The Timoshenko shear centre Cii,o is the pole such
that the vanishing of the resultant twisting moment about it implies

the vanishing of the torsional curvature c™".

Proposition 4.1. The position vector of the Timoshenko shear centre
with respect to the Saint-Venant shear centre is given by

I'C%r’iwo = st + (D22)_1RD12~

Proof. The vanishing of the resultant twisting moment about
Ciivo:

g(RrCSH — RI'C%’{VIO,S) + MCSH =0,

and the condition ™ = g(D;3,S) +DyyMu = 0, yield the
expression g(Rresi — RrC%O,S) = (Dzz)’lg(Dlz,S) which, holding
for any S, gives the result.

A coordinate expression of the formula above is given in (Yu
et al., 2002).

4.1. Evaluation by Saint-Venant theory

The shear sliding s°" and the torsional curvature ¢’ can be
evaluated by an energy equivalence relation expressed by the
identity:

8(5" )+ Mec™ = [g(5(5" Mr) S g
Q

where S, M::S” are arbitrary shear force and twisting moment and
the tangential stress fields are solutions of elastostatic problems
according to Saint-Venant beam theory, so that:
_aSHyw S w . Mt

(S, Mesu,x) =T (1‘)~E+t (r) -

The shear sliding vector s> is non-dimensional and the
torsional curvature c™ is the inverse of a length. Introducing the
non-dimensional shear factor tensor:

oSH . %/TSH(r)TTSH(r)dA
i)

SH

and recalling the formula Y™A2K = Jp, the sliding-torsion
compliance blocks are expressed by:

SH
Dy = A
o1
D22 = 7. T a2
Wp  wA%K
XTW
Dy = ER(rCSH - l‘CTw) = D22R(I'CSH - rCTW).

A significant new outcome of this analysis is the following.

Proposition 4.2. Timoshenko shear centre evaluated by Saint-
Venant beam theory is coincident with Saint-Venant twist centre.

Proof. The expressions of compliance blocks evaluated by
Saint-Venant theory give:
rc%-lmo = Tesn + (Dzz)i] RD{;, = Fesi+ (l'CTw — rCSH) = Few.

Recalling the formulae M = uA?Ka and S = E Jed', the
expression of the pair (sSH, c™W) (shear sliding, torsional curvature)
in terms of the pair (d’, @) (shearing, twist) is given by:

SH xH ’
S = MTEJG -d + R(rcsH — rcTW) L,
™ = gR(ren — rew)-d +a.

This linear system uncouples and the mutual sliding-torsion
compliance Dy vanishes if and only if coincidence of shear and
twist centres occurs, a result not explicitly quoted in literature.

Proposition 4.3. (Principal shear factors). The eigenvalues of the
shear factors tensor x°! are strictly greater than unity.
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Proof. Let e be a unit eigenvector of x*". By the mean value
formula in Section 2.3 we infer that:

g [1m A= 1= 4 [g(1Hme.e)dr - glee) - 1.
Q Q

Then Cauchy-Schwarz inequality:

/ g(T%(r)e, 19 (r)e) da / g(e,e)dA
Q Q
2

> g(TH(rjee)dA | .
[s(enes)

yields the result since equality holds if and only if the shear
tangential stress field TSF(r)e is proportional to the constant field e.
The proof of Prop. 4.3 is based on the sole mean value property
of the operator TSH. The result concerning the eigenvalues of the
shear factors tensor x> is therefore valid even if approximate shear
tangential stress fields are adopted for its evaluation, according to
the pure equilibrium theory due to Jourawski (1856); Rankine
(1858); Grashof (1878), as considered in (Romano et al., 1992).

Proposition 4.4. (Torsion factor). The torsion factor x™* is not less
than unity and is equal to unity if and only if the section is a circle or
a circular annulus.

Proof. Observing that Jp:= [,g(r,r)dA = [,g(Rr,Rr)dA and
applying the Cauchy-Schwarz inequality, we get:

W= % / g(Rr, Rr)dA / g(tTW(r),tTW(r))dA
Q Q

2

> % /g(Rr,tTW(r))dA -1,
Q
where the last equality follows from the formula reported before
Prop. 2. Equality holds only under proportionality of the fields
t"™(r) and Rr and this requires that the cross section boundary is
made of a circle or of two concentric circles.

Remark 4.1. The analytical expression of the shear factors tensor x°!
for thin-walled, open and closed cross sections, was given in (Romano
et al, 1992). There the Cauchy-Schwarz inequality was applied to
prove that the eigenvalues of x5! are strictly greater than unity, a proof
reproduced also in (Romano, 2002b). This result has been reformulated
in (Favata et al., 2010) with no mention of these previous contributions,
notwithstanding a reference to (Romano, 2002b) in a footnote. The
treatment in (Favata et al., 2010) is limited to coincidence of the prin-
cipal axes of x> and Jg and adopts a needlessly involved argument to
assess the results here proven in Prop. 4.3 and 4.4.

5. Numerical computations

Let us consider a cross section Q whose boundary is a closed
polyline, with vertices P1,Py,...,Py,Py.1 = Py (see Fig. 2). The posi-
tion vector, with respect to a pole O, of the i-vertex is denoted by p;.
The divergence theorem provides the following formulae to eval-
uate (Romano, 2002b):

e the area:

n

g(p;, Rpi 1)
i=1

e fan- %fg(p,n(p» ds = 3
Q 0Q

Pl = Pn+1

@)

Fig. 2. Polygonal cross section.

o the first geometric moment with respect to the pole O:

Fo:= /pdA = % %(p®gp)n(p)ds
Q 2Q
1 n
=5 ;g(l)i, Rp; 1) (Pi + Pit1)-

e the second geometric moment with respect to the pole O:

1
Joi= [ Pegpds = 4 § gp.n(p)pesPds
Q 0Q

1 n
=1 > &(Pi,RP;;1) [Pi®gP; + SYM(P; ®gPii 1) + Piy1 @gPis1]-
i=1

A Cartesian coordinates system {x,y} with origin in the centroid
G will be adopted in the sequel.

5.1. L-shaped sections

Let us compute the positions of the shear and twist centres (see
Prop. 2.2 and 2.4) and the shear factors tensor of the L-shaped cross
section drawn in Fig. 3. Table 1 provides, in components, the
outward normal vector n and the parametric representation of the
sides.

Yyt
Ps P;
G
€T
y Py Ps
IJ
P, P,

Fig. 3. L-shaped cross section.
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Table 1 ) 5.1.2. Second computation
Geometric data of the boundary of the L-section. e Lamé shear modulus: p=1, Poisson ratio: »=0,3, shearing
Side In| Ir] vector: |d'| = {0,1}.
PP, {0, -1} {xp, <X <Xxp,,yp,p,}
P,P; {1.0} {xp,p,,yp, <Y < yp,} Matlab helps in solving the Poisson equation:
P3P, {0, 1} {xp, <X <Xxp,,¥p,p,}
P,P;s {1,0} {Xp,p;,Yp, <Y <¥p,} A-oSH
4Ps 4 5 X — _2
PsPs {0, 1} {Xp, <X < Xp,,Yp,p,} 207 (%) Y,
PeP -1,0} {xpop,.yp, <Y <y} with the Neumann conditions on the boundary of the L-cross

section:

5.1.1. First computation
e Lamé shear modulus: u=1, Poisson ratio: »=0,3, shearing
vector: |d'| = {1,0}.

v(x? — y3
e side P]PZ:(dn(pSH) (*x,yp,p,) = #7

o side PoP3= (dn¢H)(Xp,p,.y) = Xp,p, 2,
V(y%3p4 - Xz)
2 9

o side P4Ps = (dn¢t)(xp,p,.y) = Xp,p, 2,

Matlab  helps in solving the Poisson equation:
A,¢SH(x,y) = —2x, with the Neumann conditions on the boundary
of the L-shaped cross section:

o side P3Py = (dno™) (x,yp,p,) =

: SH Y(Vg,p, —X)
o side PPy = (dn¢>")(X,¥p,p,) = —YP,P,X; e side PsPg= (dn¢t) (X,yp,p,) = 7"5"5 i
ide P,P daoSH V(yz _X12’2P3) .
e side P,P3 = (dn¢”") (Xp,p,.y) = I T e side Pﬁpl:(dn(/’s“)(xpeppy) = —Xpgp, VY.
o side P3Py = (dn¢>")(X.yp,p,) = Yp,p,7X. In Fig. 5 the shear tangential stress field:
v(y* — Xg,p.)
4 Ps

side P4Ps = (dn®") (xp,p,.y) = — apSH

2 wxY) = FF(y) = —mwxy +p——(x.y),
side PsPg = (dn¢SM)(x, yp,p,) = Yp,ps?X,

V(yz - Xlziepl)

’ apSH
$Hxy) = BY(xy) = %(XZ —yz) +u(g—y(X,}’)~
o side PgP; = (dn¢™H) (xpep,,y) =

2 . is plotted. The colour spectrum measures the norm of the elastic
In Fig. 4 the shear tangential stress field: shear tangential stress field:
" doSH SH o SH 2 SH 2 1
$Hxy) = By =5 (%) +ut - xy), [ x| = [(59) e + (57) &)

d
SH(xy) = Fi(xy) = —uvxy+u(§—y(x,y)

is plotted. The colour spectrum measures the norm of the elastic ~ >-1-3- Third computation

shear stress field: e Lamé shear modulys: p=1, Poisson ratio: v=0,3, twist: a=1.
Matlab helps in solving the Laplace equation:
2 2 1
[y = () @y + (57) @« D™ (x,y) = O,

BETRETERE RN
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Fig. 4. Shear tangential stress field t°"; shearing |d'| = {1;0}.
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Fig. 5. Shear tangential stress field t°1; shearing |d'| = {0;1}.

with the Neumann conditions on the boundary of the L-cross
section:

e side P1P2=>(dn(PTW)(X7yP1P2) =

x

side PoP3 = (dno™)(Xp,p,.y) =V,

o side P3Py = (dno™)(x,yp,p,) = —X,

side P4Ps= (dno™)(xp,p,.y) = Y,

side PsPg= (dno™)(X,yp,p;) = —X,

o side PgPy = (dno™)(Xpp,.¥) = —¥.

In Fig. 6 the twist tangential stress field:

T™W
WXy = fVxy) = u(—y+a(gx (x,y)),

TW
Py = [Mey) = w20 ).

The colour spectrum measures the norm of the elastic twist
tangential stress field:

1

[ = (%) 0w+ (3%) )]
In Figs. 7—11, the shear centre C!, the principal directions of the
bending stiffness tensor E J¢ and of the shear factors tensor x>, for
different values of the thickness ratio, defined as the ratio between
the thickness and the length of the middle-line of the L-shaped
section, are drawn. In Table 2, the coordinates of the shear and twist
centres of the L-sections, drawn in Figs. 7—11, are reported. In these
figures the twist centre C™ is not drawn since its coordinates are
substantially coincident with the ones of the shear centre €31, in
accordance with the analytical evaluation for thin-walled sections,
reported in Section 6.

6. Discussion

e The issue of the relative position of twist and shear centres, dealt
with here in Section 3, was discussed by Stephen and Maltbaek

bNdhbilawn~w

T T rrrrrrrrr1r1rrr 11 riT

-1
-13
-15
ATH

7531135791113

Fig. 6. Torsion tangential stress field ¢™"; twist a=1.
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. @ . ®
Y Principal directions of the Y Principal directions of the
— — bending deformability ’ — — bending deformability
| tensor 1 tensor
I _ Principal directions of the | Principal directions of the
\ | shear deformability tensor \ ] shear deformability tensor
i
|
O Il o
<+ [y <t -
I » il »
T xr
~ == = o
\
\ A
- - % =
L1 20 20
Fig. 7. a: Thickness factor 1/59, b: thickness factor 2/58.
(1979) who, following a methodology introduced by Novozhilov What however remains to be checked is the existence of the

(1961), provided an expression of the relative position of twist conjugate harmonic functions. For tubular sections the existence
and shear centres in terms of Prandtl stress function . Anyway condition for the conjugate y to ¢; writes:

this methodology has a limited validity when applied to

multiply connected cross sections. Indeed, following the steps ]{ dn¢q(r)ds = / dx [(1 +)x% — Vyz]dA

which led to their formula for the relative position of twist hote Orore

and shear centre, it turns out that an essential role is played
by the vanishing of the integrals ¢,,%(r)dny;(r)ds and

2(1+v) /di = 0.

$20 ¥ (r) dny (r)ds with 1,3, harmonic functions conjugate to Qe

the harmonic functions ¢, ¢, respectively fulfilling the Neu- ) o

mann boundary conditions dn¢; (r) = [(1 + »)x? — ry?]nx and Imposing the analogous condition for y,, we see that the
dnh2(r) = [(1 +»)y? — »x?]n, with x,y inertia principal coordi- centroid of the hole must coincide with the centroid of the section.

nates. The vanishing of these integrals is in fact assured by the The non-trivial existence conditions for the conjugate functions
constancy of the function W on each connected boundary, since was overlooked in (Stephen and Maltbaek, 1979) where an example

by conjugacy: of application of the formula to closed thin-walled sections is
reported.
f VY (r)-nds — }{ Vo, (r)-dsrds — 7{ dsdy (s)ds — 0. . 'Ijo estimate the correction dug to the curvature of the mlddl.e—
0 2Q o) line on the evaluation of the distance between shear and twist
. @ . )
y Principal directions of the y Principal directions of the
—l— — — bending deformability —r— - l:endingdel'nﬂmbilitv
tensor lensor
[ Principal directions of the [ Principal directions of the
Y 7 shear deformability tensor | shear deformability tensor
I ¥
Y ‘|
i |
o | o \l‘
I | e = o <t A !
1 e 2 » 1 = ' >
- - —‘l \G- lv' ’| G’ :U
\
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_— F= - - — ] ™ fe===4 <+
\ \
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I
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Fig. 8. a: Thickness factor 3/57, b: thickness factor 4/56.
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. @ . O
y Principal directions of the y Principal directions of the
— — bending deformability — — bending deformability
tensor T tensor
[ Principal directions of the I Principal directions of the
| shear deformability tensor \ I shear deformability tensor
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Fig. 9. a: Thickness factor 5/55, b: thickness factor 6/54

centres, let us consider a thin-walled open circular section, as
depicted in Fig. 12. By symmetry, the vertical component of the
difference rgw —ress vanishes, while the horizontal compo-
nent is given by:

XT{A’,’ " / g(t™(r), T (R "h)dA,

Q

g(l‘crw — Tesn, h) =

being h the horizontal versor from the centre towards the opening.

Due to the curvature of the middle-line, the length, normalized
to unity at the middle-line, assumes the value 1 + n/R, along each
chord at the point of outward positive abscissa n from the middle-
line. It may then be considered as sum of a constant unit diagram
and of a butterfly-shaped diagram with maximum value 6/(2R).
Along each chord the twist tangential stress t"V(r) is normal to the
chord and has a butterfly-shaped diagram with maximum value
3/0. Then, to evaluate the factor:

XT{’V’AZ = ( Q/ g(tTW<r>,tTW<r>)dA)_1,

we observe that the diagram of g(t™(r),t™(r)) on each chord is
a parabola, symmetric about the middle-line, vanishing there and
with maxima located at the extreme points and equal to 9 /62. Its
area is then equal to (9/62)6/3 = 3/6.The length of the middle-line
is ¢ = 27R so that the integral at the r.h.s. is given by 67R/J,
because, by symmetry, the contribution of the butterfly-shaped
length diagram n/R vanishes. On the other hand, the diagram of
TSH(r)RTh along any chord is constant and its integral over the
section is equal to the area 27R0 of the cross section. The product of
the butterfly-shaped diagram of t™ (r) with maximum value 3/6
and of the butterfly-shaped length diagram with maximum value
0/(2R) yields a symmetric parabola whose area is given by
(1/3)3/(2R) = 1/(2R). The integral [,g(t™ (r), T"(r)R"h)dA is
thus evaluated to be equal to (27Rd)/(2R) = 0. At last we get that

3 yJL @
y Principal directions of the Principal directions of the
— — bending deformability bending deformability
T tensor tensor
I Principal directions of the | Principal directions of the
Y T shear deformability tensor | shear deformability tensor
1
| |
|
|
i
o \ o - o I
< - < |
= > ; >
= G €T G T
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Cst ! C |
0 i
o ™~ e ®
\
/ bl
20 . |20

Fig. 10. a: Thickness factor 7/53, b: thickness factor 8/52.
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Fig. 11. a: Shape factor 9/51, b: shape factor 10/50.

g(raw — resu, h) is equal to m66/(67R) = e /(6R). The torsion factor
may be easily computed by the knowledge of the values Jp = 27R36
and A = 27R6 so that Y™ = 1/2w(R/6)6m(R/6) = 3(R/0)%. For
typical thickness to radius ratios of about 1/10, the distance
between the two centres is estimated to be as small as /60 and the
torsion factor is ™ = 300. For a circular tube the torsion factor is
unitary, ™ = 1.

e The mutual work performed in a Saint-Venant beam by
a tangential stress field interacting with a torsion elastic strain
field, is evaluated by integrating along the beam axis expression
of the virtual work per unit length provided in Lemma 2.2. Being:
o (d r)p™(r) = (o(d,r)¢™(r)), the integration yields:

i
L L

Uz : = /Uudl = Loyg(Rrc,$1) + ap /U(dﬁyl')fw(l')d/* dz
0 0

~ Lagg(Rec.S1) + o f (o(dy.r,L) — oy r,0)¢™ (r)dA,
Q
where C is a point of the cross section where the tangential stress
field t(d), ay,r) has vanishing twisting moment. Special cases, of

the expression for U, have been reported in literature. For
instance, formula 5.7 in (Andreaus and Ruta, 1998):

UlR = WET) = qv| o1 [ow!,
D

and formula 3.2 in (Ecsedi, 2000):

Table 2
Positions of shear and twist centres vs. thickness ratio in L-section.

Thickness ratio [resn [T

1/59 {-3.23, -13.13} {-3.23, -13.19}
2/58 {-3.13, -12.84} {-3.14, -12.86}
3/57 {-3.05, —12.40} {-3.05, —-12.39}
4/56 {-2.97, -11.82} {-2.98, -11.81}
5/55 {-2.90, -11.11} {-2.90, —-11.09}
6/54 {-2.82, -10.30} {-2.82, -10.26}
7/53 {-2.73, —9.40} {-2.73, —-9.35}
8/52 {-2.61, —-8.45} {-2.62, -8.37}
9/51 {-2.46, —7.48} {-2.47, -7.38}
10/50 {-2.35, -6.07} {-2.36, -5.94}

UE, = 6 (xsQ - ysP)L— / $(x.y)0(x.y,0)dA |,
A

when written in our notations, respectively become:

UAR = Layg(Sy,Rrc) + Lay / o(d;. x. L™ (r)dA,
Q
Uf, = Leyg(S1.Rec) - a [ o(dr.0)¢™ (r)dA.
Q

The former refers to a beam with a vanishing bending moment
atz =0, so that ¢(d’,r,0) = 0 in Q, with a misprinted factor L. The
latter refers instead to a beam whose bending moment vanishes at
z=1L,sothat o(d’,r,L) = 0in Q.

e In a recent paper by Dong et al. (2010) it is sustained that
principal directions of the shear factors tensor and of the
bending stiffness should coincide and that “when two forces are
applied simultaneously to a cross section, it leads to an incon-
sistency. Only one force should be used at a time, and two sets of
calculations are needed to establish the shear correction factors
for a non-symmetrical cross-section”. Both claims are in contrast
with the theoretical and numerical evidences adduced in
(Romano et al., 1992) for thin-walled sections, and in (Schramm
et al,, 1994) and in the present paper for arbitrary sections.

Fig. 12. Thin-walled open circular cross section.
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Moreover they are inconsistent with the assumed linearity of
the elastostatic problem.

7. Conclusions

The paper is devoted to a presentation of Saint-Venant beam
theory under shear and torsion, with special attention to the notions
of shear and twist centres and on the evaluation of the sliding-
torsional elastic compliance to be adopted in Timoshenko beam
theory. Previous contributions in literature are discussed and new
evidences and corrections are exposed. The treatment adopts an
intrinsic (coordinate-free) formalism which provides the suitable
framework for theoretical investigations and for a direct imple-
mentation of numerical computation methods. The relative location
of shear and twist centres, and the expression in terms of Prandtl
stress function, are formulated in full generality, extending the
validity of a previous contribution by Stephen and Maltbaek (1979)
to multiply connected cross sections. The investigation of the
sliding-torsional elastic compliance of Timoshenko beam theory
and the numerical computations performed on L-shaped cross
sections of various thickness, show that principal directions of shear
and bending are in general different. The sliding-torsional coupling
term is found to be linearly dependent on the relative position of
shear and twist centres and the Timoshenko shear centre is shown
to be coincident with the Saint-Venant twist centre, when evaluated
by energy equivalence with Saint-Venant beam theory, results not
quoted before in literature. The theory exposed in the paper can be
extended to include beams whose elastic properties are orthotropic
and non-homogeneous fibre by fibre. This extension, which is
needed for in the elastic analysis of fibre reinforced beams, will be
developed in detail in a forthcoming contribution. The Timoshenko-
like modelling of initially curved and twisted composite beams
developed in (Yu et al., 2002; Hodges, 2006) and successfully tested
in numerical experiments, provides valuable benchmarks.

Acknowledgements

The financial support of the Italian Ministry for the University
and the Scientific Research (MIUR) is gratefully acknowledged.

References

Andreaus, U.A,, Ruta, G.C,, 1998. A review of the problem of the shear centre(s).
Continuum Mech. Therm. 10, 369—380.

Barretta, R., Barretta, A., 2010. Shear stresses in elastic beams: an intrinsic approach.
Eur. J. Mech. A/Solids 29, 400—409.

Berdichevsky, V.L., 1976. Equations of the theory of anisotropic inhomogeneous
rods. Dokl. Akad. Nauk. SSSR 228, 558—561.

Billington, D.P., 1998. Robert Maillart, Builder, Designer, and Artist. Cambridge Univ.
Press, ISBN 9780521571326. 365 pages.

Borri, M., Merlini, T., 1986. A large displacement formulation for anisotropic beam
analysis. Meccanica 21, 30—37.

Borri, M., Ghiringhelli, G.L., Merlini, T., 1992. Linear analysis of naturally curved and
twisted anisotropic beams. Composites Engineering 2, 433—456.

Capurso, M., 1971. Lezioni di Scienza delle Costruzioni. Pitagora Editrice, Bologna,
Italia.

Cowper, G.R., 1966. The shear coefficient in Timoshenko’s beam theory. J. Appl.
Mech 33, 335—340.

Cicala, P., 1935. Il centro di taglio nei solidi cilindrici. Atti Accademia delle Scienze di
Torino (serie Fisica) 70, 356—371.

Dong, S.B., Alpdogan, C., Taciroglu, E., 2010. Much ado about shear correction factors
in Timoshenko beam theory. Int. J. Solids Struct 47, 1651—1665.

Ecsedi, 1., 2000. A formulation of the centre of twist and shear for nonhomogeneous
beam. Mech. Res. Commun 27 (4), 407—411.

Favata, A., Micheletti, A., Podio-Guidugli, P., 2010. On shear and torsion factors in the
theory of linearly elastic rods. ]. Elasticity 99, 203—210. Classroom Note.

Goodier, ].N., 1944. A theorem on the shearing stress in beams with applications to
multicellular sect.s. J. Aero. Sci. 11 (3), 272—280.

Grashof, F,, 1878. Elastizitdt und Festigkeit, second ed.. Berlin.

Gruttmann, F,, Sauer, R., Wagner, W., 1999. Shear stresses in prismatic beams with
arbitrary cross-sections. Int. J. Numer. Meth. Engng 45, 865—889.

Hodges, D.H., 2006. Nonlinear Composite Beam Theory. AIAA, Reston, Virginia.

Jourawski, D.J., 1856. Sur la résistance d’'un corps prismatique et d’'une piéce com-
posée en bois ou en tole de fer a une force perpendiculaire a leur longueur.
Meémoires Annales des Ponts et Chaussées 2, 328—351.

Lacarbonara, W., Paolone, A., 2007. On solution strategies to Saint-Venant problem.
J. Comp. Appl. Math. 206, 473—497.

Mason, W.E., Hermann, LR., 1968. Elastic shear analysis of general prismatic beams.
J. Eng. Mech. Div., ASCE 94, 965—983.

Muller, P., 1982. On the location of the centers of twist and flexure. Mech. Res.
Commun 9 (6), 367—372.

Novozhilov, V.V., 1961. Theory of Elasticity. Pergamon, London.

Osgood, W.R., 1943. The center of shear again. J. Appl. Mech 10 (2), A62—A64.

Prandtl, L., 1903. Zur Torsion Von Prismatischen Staben. Physikalische Zeitscrift 4,
758—-770.

Rankine, J.M., 1858. Applied Mechanics, first ed.. London.

Reissner, E., Tsai, W.T., 1972. On the determination of the centers of twist and of
shear for cylindrical shell beams. ]J. Appl. Mech 39, 1098—1102.

Reissner, E., 1979. Some considerations on the problem of torsion and flexure of
prismatical beams. Int. J. Solids Struct 15 (1), 41-53.

Romano, G., Rosati, L., Ferro, G., 1992. Shear deformability of thin-walled beams
with arbitrary cross sections. Int. J. Numer. Meth. Eng 35 (2), 283—306.

Romano, G., 2002a. Scienza delle Costruzioni, Tomo I. Hevelius, Benevento.
http://wpage.unina.it/romano. in Italian.

Romano, G., 2002b. Scienza delle Costruzioni, Tomo II. Hevelius, Benevento.
http://wpage.unina.it/romano. in Italian.

Saint-Venant, de AJ.C.B., 1856a. Mémoire sur la torsion des prismes, avec des
considérations sur leur flexion ainsi que sur I'équilibre intérieur des solides
élastiques en général, et des formules pratiques pour le calcul de leur résis-
tance a divers efforts s’exercant simultanément. Mémoires Présentés par
divers savants a I’Académie des sciences de I'Institut de France 14, pp.
233-560.

Saint-Venant, de AJ.C.B., 1856b. Mémoire sur la flexion des prismes, sur les
glissements transversaux et longitudinaux qui I'accompagnent lorsqu’elle ne
s’opére pas uniformément ou en arc de cercle, et sur la forme courbe affectée
alors par leurs sections transversales primitivement planes. Journal de Math-
ématiques Pures et Appliquées 2¢ série 1, 89—189.

Sapountzakis, E.J., Mokos, V.G., 2005. A BEM solution to transverse shear loading of
beams. Comput. Mech 36, 384—397.

Schramm, U., Kitis, L., Kang, W., Pilkey, W.D., 1994. On the shear deformation
coefficient in beam theory. Finite Elements in Analysis and Design 16, 141—162.

Schwalbe, W.L.,, 1935. Uber den Schubmittelpunkt in einem durch eine Einzellast
gebogenen Balken. Z. Angew. Math Mech. (ZAMM) 15, 138—143.

Sokolnikoff, L.S., 1956. Mathematical Theory of Elasticity. Mc-Graw-Hill.

Solomon, L., 1968. Elasticité Lineaire. Masson, Paris.

Southwell, R.V., 1941. An Introduction to the Theory of Elasticity, second ed. Oxford
University Press.

Stephen, N.G., Maltbaek, J.C., 1979. The relationship between the centres of flexure
and twist. Int. ]. Mech. Sci. 21 (6), 373—377.

Stronge, W.J., Zhang, T.G., 1993. Warping of prismatic bars in torsion. Int. ]. Solids
Struct. 30 (5), 601—606.

Timoshenko, S.P.,, 1921. On the correction for shear of the differential equation for
transverse vibrations of prismatic beams. Philos. Mag 41, 744—746.

Timoshenko, S.P., 1922. On the transverse vibrations of bars of uniform cross
sections. Philos. Mag 43, 125—131.

Timoshenko, S.P., 1940. Strength of Materials. D. Van Nostrand & Co, New York.

Timoshenko, S.P., Goodier, ].N., 1951. Theory of Elasticity. Mc-Graw-Hill, New York.

Timoshenko, S.P., 1953. History of Strength of Materials: With a Brief Account of the
History of Theory of Elasticity and Theory of Structures. McGraw-Hill, New York.

Trefftz, E., 1935. Uber den Schubmittelpunkt in einem durch eine Einzellast gebo-
genen Balken. Z. Angew. Math Mech. (ZAMM) 15, 220—225.

Weber, C., 1926. Ubertragung des Drehmomemtes in Balken mit doppel-
flanschischem Querschnitt. Z. Angew. Math Mech. (ZAMM) 6, 85—97.

Weinstein, A., 1947. The center of shear and the center of twist. Quarterly Appl.
Math. 5, 97—-99.

Yu, W., Hodges, D.H., Volovoi, V.V., Cesnik, C.E.S., 2002. On Timoshenko-like
modeling of initially curved and twisted composite beams. Int. J. Solids Struct
39 (19), 5101-5121.


http://wpage.unina.it/romano
http://wpage.unina.it/romano

	On torsion and shear of Saint-Venant beams
	1. Introduction
	2. Saint-Venant beam theory
	2.1. Notations
	2.2. Displacement and stress fields
	2.3. Shear and twist
	2.4. Shear centre
	2.5. Twist centre

	3. Shear centre vs twist centre
	4. Timoshenko beam compliance and shear centre
	4.1. Evaluation by Saint-Venant theory

	5. Numerical computations
	5.1. L-shaped sections
	5.1.1. First computation
	5.1.2. Second computation
	5.1.3. Third computation


	6. Discussion
	7. Conclusions
	Acknowledgements
	References


