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Mized formulations in elasticity are analysed and ezistence and uniqueness of the solution are discussed in the context of
Hilbert space theory. New results, referred to in the analysis of elasticity problems, are proved. They are concerned with
the closedness of the product of two linear operators and a projection property equivalent to the closedness of the sum of
two closed subspaces. A setl of two necessary and sufficient conditions for the well-posedness of an elastic problem with a
singular elastic compliance provides the most general result of this kind in linear elasticity. Sufficient criteria for the
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and applications are exemplified.
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1. Introduction

Mixed formulations in elasticity, in which both the stress and the kinematic fields are taken as basic unknowns of the
problem, are motivated either by singularities of the constitutive operators or by computational requirements.

The pioneering contributions by I. BABUSKA [1] and F. BREZZI [2] have provided mixed formulations leading to
saddle-point problems with a sound mathematical foundation. A comprehensive presentation of the state of art can be
found in chapter II of [3] where existence and uniqueness results and a priori error estimates are contributed.

The present paper is devoted to the abstract analysis of elasticity problems in which the elastic compliance is
allowed to be singular so that the elastic strains are subject to a linear constraint. Problems involving such constraints
have been recently analysed in [4, 5] and critically reviewed in [6].

Our aim is to provide criteria for the assessment of the well-posedness property for these problems. Well-posed-
ness corresponds to the engineering expectation that a (possibly non-unique) solution of a problem must exist under
suitable variational conditions of admissibility on the data.

An elastic model capable to encompass all the usual engineering applications must then include a possibly singu-
lar elastic compliance and external elastic constraints characterized by a non-coercive stiffness operator.

The treatment of such general kind of models is out of the range of applicability of the results that can be found
in treatises on the foundation of elasticity [see e.g. 7, 8]. New necessary and sufficient conditions for the existence of a
solution and applicable criteria for their fulfilment are thus needed.

Banach’s fundamental results in Functional Analysis and classical properties of Hilbert spaces are the essential
background for the investigation [9, 10]. A review of the essential notions and propositions can be found in [11] and
[12].

To provide a self-consistent presentation we devote an appendix to a brief exposition of classical results referred
to in the subsequent analysis. We further give simpler proofs in Hilbert spaces of some basic results of Functional
Analysis usually dealt with in the more troublesome context of Banach spaces.

The proof of some original results is also contributed in a preliminary section. They are concerned with a variant
of an inequality which characterizes the closedness of the sum of two closed subspaces and with a criterion for the
closedness of the image of the product of two operators.

An abstract treatment of linear problems governed by symmetric bilinear forms yields a reference framework for
the subsequent analysis. The characteristic properties of structural models are then illustrated and the problems of
equilibrium and of kinematic compatibility are discussed.

The mixed formulation of an elastic structural problem with a singular behaviour of the constitutive operator
and of the external elastic constraints is then discussed.

The analysis is based on the split of the stress field into its elastically effective and ineffective parts. By expres-
sing the effective part in terms of the strain field an equivalent problem in terms of the kinematic field and of the
ineffective stress field is obtained. The discussion of this problem is illuminating and reveals which condition must be
fulfilled for its equivalence to a reduced problem whose sole unknown is the kinematic field. This is a classical sym-
metric one-field problem in which trial and test fields belong to the same space. The necessary and sufficient conditions
for well-posedness of the reduced problem are discussed in detail and applicable criteria for their fulfilment are contrib-
uted.

The well-posedness of the more challenging situation in which the external elastic energy is not semielliptic is
then discussed. This extension is motivated by the analysis of elastic structures resting on elastic beds. The treatment
starts with the observation that, in the applications, the external elastic energy can be assumed to be semielliptic with
respect to rigid kinematisms and is based on an original result named the elastic bed inequality.
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It is shown that the condition ensuring the equivalence of the mixed problem to a reduced one and the well-
posedness criteria of the reduced problem are always met for simple structural models, defined to be those in which the
subspaces of rigid displacements and of self-stresses are finite dimensional. This result provides a theoretical basis to
engineers’ confidence to get a solution of structural assemblies composed by one dimensional elements such as bars and
beams with possibly singular elastic compliances and resting on elastic beds.

The discussion of two- or three-dimensional structural models with singular elastic compliance is by far more difficult
and the answer to well-posedness is generally negative due to the infinite dimensionality of the subspace of self-stresses. The
condition which fails to be met is the one ensuring the equivalence between the mixed problem and the corresponding
reduced one. Actually, a singularity of the elastic compliance imposes a constraint on the strain fields. The compatibil-
ity requirement induces a corresponding constraint on the kinematic fields and hence reactive forces are originated.

The equivalence above requires the existence of elastically ineffective stresses in equilibrium with the reactive
forces. The trouble arises from the fact that only very special singularities of the elastic compliance ensure the exist-
ence of such stress fields. This difficulty explains why the discussion of mixed problems is by far more challenging than
the discussion of one-field problems.

2. Preliminary results

To provide a comprehensive presentation of the subject we report in the Appendix some basic definitions and results of
Functional Analysis which all subsequent developments will make reference to.

Further we present here some new results which have been discovered in the development of the investigation on
mixed problems.

First we quote a variant of proposition A.5 providing an inequality which plays a basic role in the analysis
carried out in section 7. The result is due to the first author.

Proposition 2.1. A projection property: Let & be a Hilbert space and of C X and B C X closed subspaces
such that their sum of + B is closed. Let us further denote by Il ., and II 4 the orthogonal projectors on of and A in X .
Then there exists a constant k > 0 such that

1%l nm < Xl + EMHL%] 4y VX EX,

1%/ 02 < 1Xlla/m + BT ax] 4/, VX EX.

Proof: The proof of proposition A.5 shows that
s Vacs/, be.

[BS z)dnB < [x—al, +clatb

Setting a = II ;x and taking the infimum with respect to b € # we get the first inequality. Setting b = IT4x and
taking the infimum with respect to a € .o/ we get the second one. O
A simple geometrical sketch of the previous result is given in Fig. 2.1.

Fig. 2.1. Geometrical interpretation of the

ANB HAme ANB Hﬂmgx projection property
Remark 2.1: For any pair {x, y} € Z x & we have

Ul + Iy )2 < Il + Iy < V2 Ul + 1y 122,

and hence the inequalities in propositions A.5 and 2.1 can be rewritten as

2 P 2
1% /0 < XM/ + 11%12)) Vx e,
2 A 2 2 .
1%l nm < k1%l + HLsx|yy) VX €X',
2 Sle2 2 ,
1xlz/wna < k(%75 + M axly,.,) Vx€X,

with obvious definitions of the constants. These inequalities are the ones directly invoked in our analysis.
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We derive hereafter a useful criterion for the closedness of the image of a product operator.
To this end we premise the following lemma.

Proposition 2.2. An equivalence between closedness properties: Let & be a Hilbert space and </, %
subspaces of & with # closed. Then of + % is closed in & if and only if the subspace (o + B)/ A is closed in the factor
space X'/ A.

Proof: Let o/ + % be closed in Z. Then .o + % is a Hilbert space for the topology of Z and hence the sub-
space (o + %)/4% is closed for the topology of Z'/%A.

Now let (o7 + B)/% be closed in X /%. A Cauchy sequence {a, + b,} with a, € o/ and b, € # will converge to
an element x € 2 and we have to show that x € .o/ + 4. First we observe that

lan + by — x|, > buel; la, —x+bll, = |la, — XH;T/%’ :

Hence by the closedness of (of +%)/% the sequence {a,+ #} C (o +%)/% will converge to the element
X+ B € (4 +AB)/%B. 1t follows that x € .o/ + % which was to be proved. O
We can now state the result concerning the range of a product operator.

Proposition 2.3. Product operators: Let 2, %, % be Hilbert spaces and F € Lin{%, #} and G € Lin{%, ¥}
be continuous linear operators and ' € Lin{#%’, 2"} and G’ € Lin{Z’, #'} their duals. Let InF be closed in %. Then
the following equivalence holds:

Im GF closed in & <= ImG' +KerF' closed in %',

that is, the image Im GF of the product operator GF € Lin{Z, Z} is closed in % if and only if the subspace
Im G’ + Ker ¥’ is closed in %'.

Proof: Let us consider the operator G, € Lin{ImF, 2} and its dual G/ € Lin{Z’, %'/Ker F'} which are de-
fined by
G,y=Gy VyeImF; Gz =Gz +KerF' Vz' € 7.

Proposition A.3 shows that Im G, =ImGF is closed if and only if InG) = (ImG’ + Ker F')/KerF’ is closed in
%' /Ker F'. By Proposition 2.2 this property is equivalent to the closedness of Im G’ + Ker F’ in %/, O

3. Symmetric linear problems

In view of its application to the theory of linear elastic problems we discuss here an abstract symmetric linear problem
in a Hilbert space.

Let a be a continuous symmetric bilinear form on the product space Z x 2 and A € Lin{Z’, 2’} the associated
symmetric continuous operator, so that

a(x,y) =a(y, x) = (Ax,y) Vx,yeZ.
Given a closed subspace .Z of 2 and a functional ¢ € 2”7, we consider the linear problem
P) a(x,y)=Ily) x€¥ VyeZ.

The duality between 2 and 2" induces a duality between % C 2 and the quotient space 27/ %+ by setting for any
xe2' vt
X, y)=(xy) VyeZ Vxex.

It is then convenient to provide an alternative formulation of the problem in terms of a reduced operator
A, € Lin{Z, 2’/ %*} and of a reduced functional I, € 2"/ %+ defined by

Ax=Ax+ %t Vxe¥, I=I1+22".
We have

a(x,y)=(Ax,y) = (Ax,y) Vx,ye ¥
and problem P can now be rewritten as

P) Ax=Il, x€%.

Definition 3.1. Well-posedness: The symmetric problem PP is said to be well-posed if it admits a solution for
any data [, € (Ker AO)L.

Banach’s closed range theorem, Proposition A.3, shows that the well-posedness of problem [P is equivalent to the
closedness of Im A, in 2’/ %*. The basic properties of well-posed symmetric linear problems are reported hereafter.
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Proposition 3.2. Existence and uniqueness properties: The solution set of a well-posed symmetric problem IP
enjoys the following characteristic alternative:

i) If Ker A, # {0} the solution set is a non-empty linear variety parallel to Ker A, for any admissible data
4, € (Ker A,,)L.

ii) If Ker A, = {o} the solution is unique for every data l, € X'/ L*.

We notice that the range and the kernel of the reduced operator are given by
ImA, = (AZ + 2/ 2+,
KerA, = (A" 9N =AL) " ny.

The closedness of Im A, can be expressed by stating that the bilinear form a is closed on ¥ x & and is equiva-
lently expressed by the conditions

) [Axllyr o = callXllz/kera, VxeZ,

. alx

i) sup 20V, Yxe 2,
yes HY|I/KerAO

i) inf sup a(x, ) >0 >0,
xeiﬂyey ”X Z /Ker A, ”y Z/Ker A,

iv) AL+ 2+ isclosed in 2.

Property iv) is a direct consequence of proposition 2.2.
It is important to provide an expression of the kernel of the reduced operator in terms of the kernel of the
symmetric bilinear form a defined by

Kera=KerA={xecZ |a(x,y)=0 VyeZ}.
Although in general we have only that
KerA, = (A%)" N D Keran ¥,
the next result provides a sufficient condition to get an equality in the expression above.
Proposition 3.3. A formula for the kernel: Let the symmetric bilinear form a be positive on the whole space X :
a(x,x)>0 v¥xeZ.
Then we have
KerA, = (AY)'NY =Keran¥.
Proof: We first observe that
xe(AY)'NY = axy =Axy =(Ay,x)=0 x€¥ Vye¥
=alx,x)=0 x€2.

By the positivity of a the zero value is an absolute minimum of a in 2 so that any directional derivative will vanish at
a minimum point. Hence we have

alx,x)=0 x€e¥=axy)=0 x€¥ VyeZ < xcKeran¥
and the proposition is proved. O
The next result provides a criterion for the closedness of a on ¥ x Z.

Proposition 3.4. A sufficient closedness condition: The inequality

a(x, X) > callx é/KerA“ a>0 Vxe¥
implies the closedness of a on ¥ x £.

Proof: It suffices to observe that the inequality

inf sup ax, y) > i M >, >0
xe¥yey |[x Z/Ker A, ly Z/KerA, *€Z |x I /Ker A,
provides the result. O

By propositions 3.3 and 3.4 we get the result which will be directly referred to in the discussion of elastic prob-
lems.
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Proposition 3.5. Semi-ellipticity: Let the symmetric bilinear form a be positive on the whole space 2. Then
the property of semi-ellipticity of a on &

2
a(X7 X) 2 Ca”X Z/(Keran %) vxe

is sufficient to ensure the closedness of a on & x &L .

4. Linear structural problems

The formal framework for the analysis of linear structural models is provided by two pairs of dual Hilbert spaces:

e the kinematic space ¥~ and the force space 7,
e the strain space & and the stress space .,

and a pair of dual operators:

e the kinematic operator B € Lin{7", 9},
e the equilibrium operator B’ € Lin{.%, 7 }.

Remark 4.1: In applications stresses and strains are defined to be square integrable fields. Accordingly we shall
identify the stress space ¥ and the strain space & with a pivot Hilbert space. The inner product in = % will be
denoted by ((, -)) and the duality pairing between ¥~ and Z# by (-, -).

The kinematic and the equilibrium operators are the dual counterparts of a fundamental bilinear form b which
describes the geometry of the model:

b(v,0)=((o,Bv))=(Bo,v) Yo, ver .
As we shall see, the well-posedness of the structural model requires the closedness of the fundamental form b on

& x ¥ which is expressed by the inf-sup condition [13]

: b(v, 9) ,
inf sup = inf sup
o’ ver |0y /kear IVl ks  VEV 0e7

b(v, o)

”Hy/KerB’ HVH’V/KerB

>0.

This means that the kinematic and the equilibrium operator have closed ranges and can be expressed by stating any
one of the equivalent inequalities

IBvlly > eolVllyjkas YWVEY = [Bols=>clollygn Vo€,

where ¢y, is a positive constant.

4.1 Linear constraints

Rigid bilateral constraints acting on the structure are modeled by considering a closed subspace ¥ C ¥~ of conforming
kinematisms.

The duality between ¥~ and % induces a duality pairing between the closed subspace ¥ and the quotient space
F | L+ by setting

f,v)=(fv) WeZ vVicfecF /¥ .
It is convenient to introduce the following pair of reduced dual operators:

e the reduced kinematic operator By € Lin{.#, 2}, defined as the restriction of B to &,
e the reduced equilibrium operator B, € Lin{%, # / %"}, defined by the position B, 0 := B'o + £*.

The kernels and the images of the reduced operators are given by
KerBy =KerBNY; KerB, = (B) ' ¥+ = (BY); ImBy=BY%; ImB,, =(ImB 4 %%)/2*,
and we denote by

o Zr := Ker BN .Z the subspace of conforming rigid kinematisms and by
o S := (BZL)" the subspace of self-equilibrated stresses (self-stresses).

A variational theory of structural models with linear external constraints requires that the fundamental form b
is closed on & x . As shown below this property is in fact necessary and sufficient to express in variational form the
problems of equilibrium and of kinematic compatibility.

We recall that by Banach’s closed range theorem, Proposition A.3, the closedness of b on & x & can be stated
in the equivalent forms
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e orthogonality conditions:

ImBg = (KerB,)", ImB', = (KerBy)",
e inequality conditions:

IBully > esllull,jkeBnyy Yu€EZL >0,

By

g,—/yLZCb”o'”y/(By)L Yo ¢, >0,

e inf-sup conditions:

b(v, o b(v, o
inf sup (v, o) = inf sup (v, o) >0.
oS vey |a||5"/KerB'y ||V||7//KerB veEL gey H””y/KerB’g, ||V||’V/KerB

The closedness of b on & x £ can be also expressed by requiring the closedness of the sum of two subspaces, as
shown hereafter.

Proposition 4.1. Equivalent closedness properties: Let £ be a closed subspace of ¥". Then we have
BY closedin ¥ <= ImB' + %+ closed in F .
If in addition Im B is closed in & the closedness properties above are equivalent to the closedness of Ker B+ % in 7.

Proof: The first result follows directly from the expressions of InBg and Im B’y by recalling propositions A.3
and 2.2. The last statement is a simple consequence of proposition A.8. O
We can then state the main results.

Proposition 4.2. Equilibrium: Let [ € # be an external force and l, =1+ L+ € f/fi the corresponding
load on a constrained structural model. The property that BZ is closed in 9 is necessary and sufficient to ensure that
the equilibrium problem

Byo=1, 6% <= Bo=l+r 0¥, rc %"
admits a solution for every load satisfying the consistency condition
I, € (KerBy)" <= le(KeeBNZ)"

or in variational form (I, v) =0 Vv € ¥r =KerBN.Z . The degeneracy condition S s = {0} is necessary and suffi-
cient for the solution to be unique.

Proposition 4.3. Compatibility: A kinematic pair {€, w} with € € @ and w € V" is said to be compatible with
the constraints if there exists a conforming kinematic field v.€ & such that

Bv=¢—Bw.

The property that BZ is closed in & 1is necessary and sufficient to ensure that the compatibility problem admits solu-
tion for every kinematic pair satisfying the consistency condition

e—Bwec (KerB))" = (Leart) "
or in variational form
((07 8)) = ((07 BW)) Vo € ysclf .

The degeneracy of the subspace Lwr of rigid conforming kinematisms is necessary and sufficient in order that the
solution be unique.

4.2 Elastic structures
A linearly elastic structure is characterized by a symmetric elastic operator E € Lin{2, %’} which is Z-elliptic:

((Be, €)) > colle]l}, ce>0 Vee D,
The elastic strain energy in terms of kinematisms is provided by one-half the quadratic form associated with the
positive symmetric bilinear form

a(u, v):==((EBu, Bv)) VYu,ve?v
which is called the bilinear form of elastic strain energy.

The elastostatic problem for a constrained structural model consists in evaluating a conforming kinematism

u € % such that the corresponding stress field ¢ = EBu is in equilibrium with the prescribed load I, =1+ £+
7Lt
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In terms of elastic strain energy the problem is written as
a(u,v)=Ilv) ue¥ Wwe¥
and is well-posed if and only if a is closed on & x Z.

The elastic stiffness of the structure A = B'EB € Lin{7", #} is the symmetric bounded linear operator asso-
ciated with a according to the formula

(Au, v) =a(u,v) Yver.
A direct verification of the closure property of a on & x & is often not possible in applications and hence it is

natural to look for simpler sufficient conditions.
A key result is provided by the following

Proposition 4.4. Closedness of the elastic operator: The closedness of BY and the Z-ellipticity of the
elastic operator E are sufficient to ensure the closedness of the bilinear form a on & x & .

Proof: From the inequalities
(Ee, &) > co|le]l?, Vee 7,
[Bully = cvllully ) kepny Yu€ZL
it follows that
a(u, u) > Ca”“”i/'/(Keerz) Vue 7,
where ¢, = ¢ ¢}. The strict positivity of E ensures that Kera = Ker B so that the inequality above can be written as
a(u, u) > aallullkeuany) YUE L,
which by proposition 3.5 implies the closedness of a on ¥ x Z. O

In applications the Z-ellipticity of the elastic operator E is easily checked so that the real task is to verify the
closedness of B%Z.

Proposition 4.5. A closedness criterion: Let ImB be closed in &. Then the subspace BY is closed in & if
the subspace Ker B can be written as the sum of a finite dimensional subspace and of a subspace included in &L :

KerB=N+ 9%, dimN <+ %,CZ.

Proof: By proposition 4.1 we have to verify the closedness of the subspace Ker B 4+ . in #". The assumption
ensures that Ker B+ % = N+ % with dim A < 400 and hence setting .o/ = % and 4 = N in proposition A.7 we get
the result. O

Remark 4.2: In most engineering applications the kernel of the kinematic operator B is finite dimensional so
that the condition in proposition 4.5 is trivially fulfilled. A relevant exception is provided by the models of cable or
membrane structures in which the subspace Ker B of rigid kinematic fields is not finite dimensional. The condition in
proposition 4.5 is however still met [13].

5. Mixed formulations

A more challenging problem concerns the elastic equilibrium of a structural model with a partially rigid constitutive
behaviour and subject to external elastic constraints.

Rigid bilateral constraints, which have already been analysed, will not be explicitly considered to simplify the
presentation. They can however be taken into account by substituting the kinematic operator B € Lin{7", 2} with the
reduced operator By, € Lin{%, 9}.

The analytical properties of the general model of elastic structure under investigation are described hereafter.

e The internal elastic compliance of the structure is expressed by a continuous symmetric bilinear form c(a, ) which
is positive and closed on & X &, i.e.
) el Nl izl > [elo, )] Vo, Te s,
i) c(o, 1) =c(r, 0) Vo, 1€ 7,
iii) c(e,0)>0 Yo%,
c(o, 1)

iv) inf sup >0.

€’ ges 0lly/kerc ITllo ke c
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The elastic compliance operator C € Lin{.%, 2} is defined by
((Co, 1))=c(o,T) Vo,t€¥,
and Im C is closed in & by virtue of iv). The elements of the kernel of C are the elastically ineffective stress fields.

e The external elastic stiffness of the structure is expressed by a continuous symmetric bilinear form k(u, v) which is
positive on ¥ X ¥, i.e.
) Akl Al vl = k(a, v)| - Va, ve s,
i) k(u, v) =k(v, u) Yu, vevr,
iii) k(u,u) >0 Yue v .

The external elastic stiffness operator K € Lin{7", # } is defined by
(Ku, v):=k(u,v) Yu,ver.

The elements of the kernel of K are kinematic fields which do not involve reactions of the external elastic con-
straints.

We emphasize that the form k is not assumed to be closed on ¥~ x ¥". As we shall see this is important in
applications and makes the static and the kinematic equations of the mixed formulation play different roles.
The mixed elastostatic problem is formulated in operator form as

Ku+Bo=f K B f
WA “[5 %

Bu-Co =9 - ' )
where S € Lin{7" x &, # x 9} is called the structural operator.
Equation IM; expresses the equilibrium condition in which

u
g

u

S

)

f € & is the assigned load,
—Ku € # is the reaction of the external elastic constraints,
B'o € 7 is the total external force.

Equation IMs expresses the kinematic compatibility condition in which

0 € 9 is an imposed distorsion,
Co € 7 is the elastic strain,
Bu € Z is the total strain field.

Imposed distorsions are often considered in engineering applications e.g. to simulate the effect of temperature
fields in the structures.
The variational form of the mixed elastostatic problem is given by

M k(u,v)+b(v,e)=(f,v) uev VYvev,
) {b(u,r)—c(a,r)_(6,7> ccY Vred.

Problems of this kind have been longly analysed in the literature (see e.g. the references in [14, 15, 16]) following
the pioneering works by I. BABUSKA [1] and F. BREZZI [2]. A comprehensive presentation of the state of the art can be
found in the book [3] by F. BREzzI and M. FORTIN on Mixed and Hybrid F.E.M. formulations.

The approach proposed here is directly related to the original existence and uniqueness theorem by BREzZzI [2].
His analysis was concerned with a mixed problem M in which the form ¢ was taken to be zero and neither the symme-
try nor the positivity of the form k were assumed.

A more general case in which a positive and symmetric form c is included has been recently addressed in [3],
theorem II.1.2, by adopting a perturbation technique. A sufficient condition for the existence of a solution of the mixed
problem is provided in [3] under a special assumption concerning the bilinear form ¢ of elastic compliance.

However many engineering models of elastic structures fall outside the range of the existing results.

The analysis which we develop here is intended to provide a well-posedness result capable to encompass the
usual engineering models in elasticity.

We preliminarily quote a result concerning the kernel of the structural operator S.

Proposition 5.1. Representation of the kernel: Let the forms ¢ and k be symmetric and positive. The kernel
of the structural operator S is then given by

KerBNKerK

KerS = ‘KerB'ﬁKerC '
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Proof: A pair {u, o} belongs to Ker S if and only if

k(u,v)+b(v,6)=0 Vvev, Ku+Bo=0,
b(u,7) —c(o,7) =0 Vre¥ Bu—-Co =0

which imply that

{k(u, u) + b(u,6) =0,
b(u,0) —c(o,0) =0.

Subtracting we get k(u, u) 4+ ¢(o, ¢) = 0 and the positivity of k and ¢ implies that k(u, u) = 0 and c¢(e, o) = 0. Hence,
being u and ¢ absolute minimum points of k and ¢, their derivatives must vanish. By the symmetry of k and c these
conditions are expressed by Ku = o and Co = o. Substituting in the expression of the kernel we infer that Bu = o
and B'e = o. O

If a solution {u, 6} € 7" x & to problem M exists, the data {f, 8} € # x 2 must necessarily meet the following
variational conditions of admissibility:

fe (KerBNKerK)", 8¢ (KerB' NKerC)"

which express the orthogonality of {f, 0} to the kernel of the structural operator.
The engineers’ confidence in finding solutions to elasticity problems is based upon the implicit assumption of
well-posedness of the problem, a condition explicitly restated hereafter by recalling definition 3.1.

Definition 5.2. Well-posedness of the mixed problem: The mixed problem M is well-posed if the structural
operator S has a closed range. The variational conditions of admissibility on the data {f, 8} € (Ker S)" are then also
sufficient to ensure the existence of a solution, unique to within fields of the kernel Ker S of the structural operator.

Remark 5.1: The well-posedness of the mixed problem M requires the validity of the orthogonality relations
ImB +ImK = (KerBNKerK)", ImB+ImC = (KerB'NKerC)".

By remark A.2 the equalities above hold if and only if the sum of the two subspaces on the left hand sides is closed.

5.1 Solution strategy

Our aim is to provide a necessary and sufficient condition for the well-posedness of the mixed problem M.

Planning the attack, we first try to transform the mixed problem MM into a problem involving only kinematic
fields.

To this end we must modify condition My of kinematic compatibility by inverting the elastic law to get an
expression of the stress field o € ¥ in terms of the strain associated with the kinematic field u € ¥". Since the internal
elastic compliance operator C € Lin{%, 2} is singular, we have to pick up its non-singular part.

Due to the symmetry of C and the closedness of Im C, the subspace Ker C of elastically ineffective stresses and
the subspace Im C of elastic strains fulfil the orthogonality conditions

KerC = (ImC)" and ImC = (KerC)".

Recalling Remark 4.1 the spaces 2 and % can be identified without loss in generality. We can then perform the
direct sum decomposition of the stress-strain space into complementary orthogonal subspaces:

92 =9%=ImC&KerC.

The reduced compliance operator C, € Lin{Im C, Im C}, defined by
Cio=Co VoeImCCY9,

is positive definite and the operator C can be partitioned as follows:

Co o with 0'* eImC
O O o,cKerC"’

*
g

Co= [
0.()

We also define in & = % the symmetric orthogonal projector P = P’ onto the subspace Ker C of elastically
ineffective stresses so that

ImP =KerC, KerP =ImC.
The kernel of the product operator PB € Lin{7", Ker C} is defined by
KerPB={ue 7 |BueInC}

and its elements are the kinematic fields which generate elastic strain fields.
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Remark 5.2: According to Remark 5.1 the closedness of ImB +Im C = ImB + Ker P is a necessary condition
for the well-posedness of the mixed problem. Further, by proposition 2.3, this assumption is also equivalent to the
closedness of ImB'P’ in # and hence, by the closed range theorem, proposition A.3, to the closedness of Im PB.

Let us then assume that Im PB is closed in & so that for any é € (Ker B' N Ker C)" we can perform the decom-
position

0=20,+06" with d,€mB and 6" €ImC.

Choosing u, € 7~ such that Bu, = , the compatibility equation My can be rewritten as
Bu*=C,0" +4".

Denoting by E the inverse of C, we can also write
" = E(Bu" -6").

Substituting into the equilibrium equation M; we get the following problem in the unknown fields u* € Ker PB and
o, € Ker C:

P) (K+BEB)u*+B'o,=f—Ku,+BE§".
Let us now define the bilinear form of the elastic energy:
a(u®, v)=(ku®, v) + (EBu*,Bv)) Yu* cKerPB Vve7
and the effective load:
(I,v)=(f, v) — k(u,, v) + (Ed*, Bv)) Vve7.
The stiffness operator A = K + B’EB is defined by the identity
(Au*, v) =a(u*, v) Vu*eKerPB VYve7 .
The discussion above is summarized in the next statement.

Proposition 5.3. First equivalence property: The closedness of ImPB ensures that for any given
0 € (Ker B'NKer C)* the mized problem

M) k(u,v)+b(v,o)=({,v) uey Vvevr,
b(u,7) —c(e,7)=(0,7) 06€¥ V¥
in the unknown fieldsu € v~ and 0 € & is equivalent to the variational problem
P) a(u®,v)+ (0, Bv))=({,v) Ve
in the unknown fields u* € KerPB and o, € KerC provided that the pair {u,, 5*} € xImC is such that
o =Bu, + 6"
The discussion of problem P is based on its equivalence to a classical one-field problem which is formulated by

restricting the test fields v € ¥ to range in the subspace Ker PB C 7.

Proposition 5.4. Second equivalence property: The closedness of Im PB ensures that the variational prob-
lem

P) a(u®,v)+ ((6,Bv)=(,v) Ve

in the unknown fields u* € Ker PB and 0, € Ker C s equivalent to the reduced problem

P a(u®,v*) = v*) w*eKerPB

in the unknown field u* € Ker PB.
Proof: Clearly if {u*, 0,} € KerPB x Ker C is a solution of problem P then u™ will be solution of problem
IP*. In fact we have that ((,, Bv")) = 0 for all v¥ € Ker PB since 6, € Ker C and Bv* € Ker P =Im C = (KerC)".
Conversely if u* € Ker PB is solution of problem P* the reactive force r € # defined by
r,v)=au, v)—(,v) Ve

will belong to (KerPB)". The assumption ImPB closed ensures that ImB'P’ = (Ker PB)" and hence for any
r € (Ker PB)" we can find a 6, € InP’ = Ker C such that B'g, = r. Then (r, v) = ((6,, Bv)) for all v.€ ¥~ and the
pair {u*, @,} is solution of problem P. The field @, is unique to within elements of the subspace Ker B’ N Ker C of
elastically ineffective self-stresses. I:|
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Remark 5.3: It is worth noting that the expression of the effective load I depends upon 8" and the field u,
which in turn is determined by d, only to within an additional rigid field.

Further the additive decomposition of admissible distorsions é into the sum 8, + " is unique only to within
elements of ImB N Im C.

Anyway it can be easily shown that the solution u = u, + u* and 0 = g, + o”" of the mixed problem M remains
unaffected by this indeterminacy of I.

Let us now discuss the well-posedness of the reduced problem P*.

5.2 The reduced structural model

Problem P* is the variational formulation of the elastostatic problem for a structural model subject to the rigid bilat-
eral constraints defined by the subspace Ker PB C 7~ of conforming kinematic fields. It is formally equivalent to the
symmetric linear problems discussed in section 3.

Preliminarily we remark that by proposition A.2 the continuity of the elastic stiffness E = C, is ensured by the
continuity of C and the closedness of ImC. The continuity of E € Lin{Ker P,Ker P} implies the continuity of
A = K+ B’EB so that A € Lin{KerPB, 7 }.

The bilinear form a is then continuous on Ker PB x 7~ and hence a fortiori on Ker PB x Ker PB.

We then consider the canonical surjection I € Lin{#, % /(Ker PB)"} and define
e the reduced elastic stiffness A,:==ITA € Lin{Ker PB, # /(Ker PB)"},

e the reduced effective load I,==ITl € 7 /(Ker PB)™,
or explicitly
A,u"=Au* 4+ (Ker PB)" Vu* € KerPB and £,:={+ (Ker PB)".
The following result is a direct consequence of the discussion carried out in section 3.
Proposition 5.5. Well-posedness of the reduced problem: The symmetric linear problem
IP*) Au =1, u* € Ker PB

is well-posed if and only if Im A, is closed in F /(Ker PB)L. This closure property is equivalent to the closedness of the
symmetric form a on Ker PB x Ker PB and is expressed by the inf-sup condition

* %
inf a(u ’V)

>0.
w eKerPB v eKerPB |[u” v /ker A,

X
v || ¥ /Ker A,

The existence of a solution is thus guaranteed if and only if I, € (Ker AO)J‘ and the solution is unique to within elements
of Ker A,.

The positivity of the elastic compliance C in & implies that the elastic stiffness E = C;l is positive definite on
Im C. On this basis the next result provides an important formula for Ker A,.

Proposition 5.6. Kernel of the reduced stiffness: Let the forms ¢ and k be symmetric and positive. The
kernel of the reduced stiffness operator A, is then given by

KerA, =KerBNKerK.

Proof: By definition the elements of Ker A, are the kinematic fields u”® € Ker PB which meet the variational
condition

k(u*, v*) + (EBu*, Bv*)) =0 W" € Ker PB.
Setting v = u* € Ker PB we get
k(u®, u™) + (EBu”, Bu®)) =0.

Both terms, being non negative, must vanish. Hence by the positive definiteness of E on ImC we have that
u* € KerB.

By the positivity of k in 7~ and the condition k(u™, u*) = 0 we infer that the field u™ € Ker PB is an absolute mini-
mum point of k in #". Taking the directional derivative along an arbitrary direction v € ¥~ by the symmetry of k we get

k(u' , v)=0 VWwe? < Ku'=o0o <= u'eKekK

and the result is proved. O
By the representation formula of Ker A, provided in the previous proposition the admissibility condition on the
data of problem P* can be written

I, € (KerBNKerK)".
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Now for any pair {u,, 8"} € 7" x InC we have
((Ed", Bv)) —k(u,, v) =0 Vv e KerBNnKerK.

The admissibility condition on ¢, amounts then to the orthogonality requirement
fe (KerBNKerK)".

On the other hand, when the pair {u,, 6*} ranges in ¥~ x Im C, the corresponding distorsion é = Bu, + 0" will range
over the whole subspace ImB +Im C and this subspace, by the assumed closedness of ImPB, coincides with
(Ker B' N Ker C)*.

In conclusion the admissibility condition

fe(KerBNKerK)",  {u,,0"} €7 xImC,
for the data of problem P* coincides with the admissibility condition
fe(KeeBNKerK)", 8¢ (KerB' NKerC)",

for the corresponding data of the mixed problem M.
The previous results are summarized in the following theorem.

Proposition 5.7. Well-posedness conditions for the mixed problem: Let the continuous bilinear form k
be positive and symmetric on ¥V~ x ¥~ and the continuous bilinear form c be positive, symmetric, and closed on ¥ X & .
The mized elastostatic problem M is well-posed if and only if the following two conditions are fulfilled:
a1) The image of PB is closed in &, or equivalently, ImB + Im C is closed in 9, i.e.

PB PB
inf sup (o, w) = inf sup (o, u))
uey oe¥ ||‘7||f//(KerB/P/> ||u||7//(KerPB) scs uer ||o] 7 /(Ker B'P’) ”uHV/(KerPB)

>0,

ag) the bilinear form of the elastic energy is closed on Ker PB x Ker PB, i.e.

inf u e (u, v)+(EBu, Bv')) >0.
weKaPB v eKePB ||u

X

¥ /(Ker BNKerK) v ”’V/(KerBﬂKerK)
In other terms conditions a1) and a2) are equivalent to state that the structural operator S € Lin{7" x &, F x @} has
a closed range so that the orthogonality condition ImS = (Ker S)L holds.

Applicable sufficient criteria for the fulfilment of the conditions a;) and ag) will be discussed in the next section.

6. Sufficient criteria

Proposition 5.7 provides a set of two necessary and sufficient conditions for the well-posedness of a general elastic
problem.
More precisely condition a;) states the equivalence of the mixed problem
M) k(u,v)+b(v,0)=(f,v) uey VYvev,
b(u,7) —c(o,7)=(0,7) 06€9% Vice¥
to the reduced problem P* and condition ag) provides the well-posedness of problem P*.
Let us now discuss these two conditions in detail.

6.1 Discussion of condition a;)
By remark 5.2 the condition a;) can be stated in the equivalent forms
e the subspace Im PB is closed in &,

e the subspace Im B'P’ is closed in &,
e the sum KerP +ImB = Im C + Im B is closed in .

Condition a;) is trivially fulfilled by the structural models belonging to one of the two extreme categories:

i) the elastic compliance is not singular, so that Ker C = {o} and P = O,
ii) the elastic compliance is null, so that KerC =% and P = 1.

Case i) corresponds to classical elasticity problems in which every stress field is elastically effective.
Case ii) corresponds to the opposite situation in which every stress field is elastically ineffective. The statics of a
rigid structure resting on elastic supports is described by an elastic problem of this kind whose mixed formulation is
F) k(u,v)+b(v,0)=(f,v) ue?v VYvev,
b(u, ) = (d, 1) ccyY Vred.

This is exactly the saddle point problem first analysed by BREzzI in [2].
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The existence and uniqueness proof contributed in [2] addressed the more general case in which the bilinear form k
in problem IF was neither positive nor symmetric.
A discussion of the general mixed problem

G k(u,v)+h(v,0)=(f,v) uwe¥ Yvev,
) {b(u,t)—c(a,r)—(&r) ces Vres

in which the bilinear forms k and c are neither positive nor symmetric, is carried out by ROMANO et al. in [17]. The
results contributed in [17] include as special cases the existence and uniqueness theorem by BREzzI and its extensions
due to NICOLAIDES [18] and BERNARDI et al. [19] in which the bilinear form ¢ was absent.

Remark 6.1: The analysis performed in the previous section addressed the general case of an elastic mixed
problem M with a possibly non-degenerate kernel of the structural operators S. Structural problems in which the
kernel of S in non-degenerate are usually dealt with in the engineering applications. An example is provided by elastic
problems in which rigid kinematic fields not involving reactions of the elastic supports are admitted by the constraints.

To deal with the presence of a non-degenerate kernel, the symmetry of the governing operator S and the positiv-
ity of the elastic operators K and C seem however to be unavoidable assumptions. They play in fact an essential role
in deriving the representation formulas for the kernels provided in propositions 5.1 and 5.6.

Remark 6.2: It is worth noting that, for two- or three-dimensional non rigid structural models with a singular
elastic compliance, condition a;) is difficult to be checked and is far from being verified as a rule.

A relevant exception is provided by the incompressibility constraint of Stokes problem ([20], [21]). We emphasize
that a singularity of the elastic compliance C is equivalent to the imposition of constraints on the strain fields. Strain
constraints in continua have been recently discussed by ANTMAN and MARLOW in [4, 5] and critically reviewed by
ROMANO et al. in [6].

6.2 Discussion of condition ay)

Under the assumption that the bilinear form k is Ker PB-semielliptic, and hence closed on Ker PB x Ker PB, the next
result yields a sufficient criterion for the fulfilment of condition as).

Proposition 6.1: Condition ay) is satisfied if the following properties hold:
i) k(u, u) > ck||u|\42,f/KerK ck >0 VucKerPB,
ii) (EBu, Bu)) > cl[ufl} x,p ¢>0 VueKerPB,
iii) KerB +KerK closed.

Proof: By proposition A.5 finite angle and remark 2.1 property (ii7) is equivalent to

2 2 2
lully ke + 1l ke s = @llUllyjkaknkas) YA€V

so that, summing up (i) and (ii) and suitably defining a positive constant ¢, we get
k(u, u) + ((EBu, Bu)) > ca||u||3/-/(KeerKerB) Vu € Ker PB
which implies the closedness condition as). O
Remark 6.3:

e Condition (i) is fulfilled in structural problems with discrete external elastic constraints. In fact when only a finite
number of external elastic constraints are imposed, the subspace ImK is finite dimensional and the constant ¢y is
provided by the smallest positive eigenvalue of the symmetric positive matrix associated with the restriction of the
bilinear form k to #"/KerK x #"/Ker K. An example is provided by an elastic plate resting on a finite number of
elastic supports, as shown in Fig. 6.1.

Fig. 6.1. Elastic plate on a finite number of elastic supports
dim (Im) K < 400
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e Condition (ii) follows from a standard ellipticity property of internal elasticity
(Ce, 0)) = colloly e VoS,
equivalent to
((Ee, €)) > colle]|, Ve € KerP =ImC,
and from the closedness of the fundamental form b(u, o)
|Bull, > cblullyjken Yues .

The positive constant in (i) is given by ¢ = cec}.

e Condition (iii) is a consequence of the finite dimensionality of Ker B in most structural models. More generally it
follows from the closedness condition in proposition 4.5.

7. Elastic beds

Let us finally consider the general problem of the elastic equilibrium of a structural model in which

e the constitutive behaviour is partially rigid,
e the external elastic constraints include the presence of elastic beds so that Im K is not finite dimensional in % .

An example is provided by an elastic plate resting on an elastic bed, as in Fig. 7.1. Such a model is commonly
adopted in engineering applications to simulate a foundation interacting with a supporting soil.

The difficulty connected with this kind as problems lies in the fact that the bilinear form of the external elastic
energy is not semi-elliptic on ¥~ x ¥ as required by condition i) of proposition 6.1.

To enlight the problem let us consider the model of an elastic beam resting on an elastic bed of springs
(Winkler soil model). The flexural elastic energy of the beam is provided by one-half the integral of the squared second
derivative of the transverse displacement. On the other hand, the elastic energy stored into the elastic springs is equal
to one-half the integral of the squared transverse displacement. The kinematic space ¥~ is defined to be the Sobolev
space #? to ensure a finite value of the elastic energy. Considering a rapidly varying elastic curve of the beam, as
depicted in 7.2, we get an extremely high value of the elastic energy in the beam and a negligible energy in the elastic
bed.

— — = — AAAAAAAAAAAAAAAAAAAA - — —-

Fig. 7.1. Elastic plate resting on an elastic bed Fig. 7.2. Large elastic energy with small displacements

The discussion above leads to the conclusion that the semi-ellipticity condition on the bilinear form k of elastic
constraints energy must be relaxed.

A by far less stringent requirement is the property that k is positive semi-definite on Ker PB x Ker PB and
semi-elliptic only on Ker B x Ker B, that is with respect to rigid kinematic fields, according to the inequalities

i) k(u,u) >0 VueKerPB,

i) k(u, u) > CkHu”i'/KerK x>0 VueKerB.

We remark that rigid kinematic fields cannot undergo very sauvage oscillations. In the case of the simple beam
of 7.2 they are in fact affine functions. In general, when Ker B is finite dimensional, property ii) above is a consequence
of property i) since ¢, > 0 is the smallest positive eigenvalue of a non-null symmetric and positive matrix. We have
now to prove that these less stringent assumptions on k are sufficient to ensure the fulfilment of condition as).

To this end we provide a preliminary result.
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Proposition 7.1. The elastic bed inequality: The assumptions
i) k(u,u) >0 VuecKerPB,

ii) k(u, u) > ¢f|u

2
¥ Ker K Vu € KerB,

iii) ((EBu, Bu)) > ceci|ju

S kes Vu€KerPB
ensure the validity of the inequality

k(u, u) + (EBu, Bu)) > cq|[Mull} ok ¢z >0 VYueKerPB
where II denotes the orthogonal projector on Ker B in .

Proof: We proceed per absurdum by assuming that the inequality is false. Then, prescribing that
|[MTual|, ke x = 1, the infimum of the first member would be zero. By taking a minimizing sequence {u,} we have

lim k(u,, u,)+ ((EBu,, Bu,)) =0.

n—oo
By i) both terms of the sum are non-negative and then vanish at the limit. Hence from iii) we get

lim ((EBu,, Bu,)) =0= lim ||u, — u,|, =0

n—o0
and by the continuity of k and assumption ii)

lim k(u,, u,) =0= lim k([Tu,, ITu,) =0= lim [[u,|, k. =0
n—oo n—oo

n—oo

contrary to the assumption that [[ITu,[/, k. x = 1- O
An applicable criterion for the validity of condition as) is now at hand.

Proposition 7.2: Condition ay) is satisfied if the following properties hold:
i) k(u,u) >0 VYueKerPB,
k(u, u) > acful} ok Vu€KerB,

S kes VU € KerPB,

ii

)
iii) ((EBu, Bu)) > cec}||u
)

iv) KerB + KerK closed.

Proof: Proposition 2.1 and Remark 2.1 ensure that property iv) implies the existence of a constant & > 0 such
that

2 2 2
[Tually ek + 1l ke = @llully/keknkes YUE .

Condition ay) then follows by adding inequality iii) and the one proved in proposition 7.1. O

7.1 A well-posedness criterion

Conditions i), ii), iii) of proposition 7.2 are always fulfilled by elastic structural models. Further, by remark A.2, the
closedness of Im B ensures that condition a;) can be equivalently stated by requiring the closedness of Ker C + Ker B'.
Then, to get a well posed mixed problem, what we really have to check is the fulfilment of the two properties concern-
ing the kernels of the elastic operators, as stated in the next proposition.

Proposition 7.3. Well-posedness criterion: Let InB be closed in & and conditions 1), ii), iii) of proposition
7.2 be fulfilled. Then the closedness properties
a;) KerB' + Ker C is closed in &,
b) KerB + KerK is closed in ¢~
ensure that the mized elastostatic problem M is well posed.

By virtue of proposition A.7 a relevant situation in which condition a;) and b) are fulfilled is provided by the
following family of structural models.

Definition 7.4. Simple structures: A structural model is said to be simple if the subspaces Ker B of rigid
kinematisms and Ker B’ of self-equilibrated stress fields are finite dimensional.

All one-dimensional engineering structural models composed by beam and bar elements belong to this class and
hence the related elastic problems are always well-posed. A simple frame composed of two beams which are axially
undeformable and flexurally elastic is depicted hereafter. The stress fields are pairs of diagrams of bending moments
and axial forces.
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Fig. 7.3a shows the diagram of axial forces in the vertical beam which corresponds to a self-equilibrated and
elastically ineffective stress field. It cannot be evaluated by solving the elastic problem. Since this stress field generates
the whole subspace Ker B’ N Ker C the imposed distorsions d must satisfy the related orthogonality condition which
requires that the mean elongation of the vertical beam must vanish. Fig. 7.3b shows a diagram of axial forces and
bending moments which is self-equilibrated but elastically effective.

A beam on elastic supports is sketched in Figs. 7.4 and 7.5 to show examples of kinematic fields which respec-
tively belong to Ker K and to Ker B N Ker K.

i

=

‘](\)[‘ € KerB'NnKerC

M
€ Ker B’
‘ N’ er
!
Fig. 7.3. Flexurally elastic and axially rigid beams
At
—— e —————— - T=—=axn] arTay
— = L el
——====== < =

Fig. 74. ue KerK Fig. 7.5. u € KerBNKerK

8. Conclusions

The analytical properties of mixed formulations in elasticity have been investigated with an approach which provides a
clear mechanical interpretation of the properties of the model and of the conditions for its well-posedness.

Necessary and sufficient conditions for the existence of a solution have been proved and effective criteria for their
application have been contributed. In particular we have shown that all familiar one-dimensional engineering models of
structural assemblies composed of bars and beams fulfil the well-posedness property in the presence of any singularity
of the elastic compliance.

The case of two- or three-dimensional structural models drastically changes the scenary due to the infinite dimen-
sionality of the subspace of self-stresses so that well-posedness of the mixed problem will be almost never fulfilled when
the elastic compliance is singular. As relevant exceptions we quote structural models with either fully elastic or per-
fectly rigid behaviour.

The problem is strictly connected with the discussion of constrained structural models in which a linear con-
straint is imposed on the strain fields.

By means of simple counterexamples [5, 6] it can be shown that there is little hope to get well-posedness of a
mixed problem when the elastic compliance is singular. In this respect Stokes’ problem concerning the incompressible
viscous flow of fluids, for which well-posedness is fulfilled, must be considered as an exception.

Although the analysis has been carried out with explicit reference to elastostatic problems, we observe that the
results can as well be applied to the discussion of a number of interesting problems in mathematical physics modeled
by analogous mixed formulations.

A variant of the proposed approach can also be applied to the discussion of problems in which linear constraints
are imposed on the stress field, as shown in [22].

Appendix

To make the paper reasonably self-consistent and to provide a direct reference to known results of Functional Analysis, we collect
here the most important theorems which are referred to in the paper.
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The proofs of some results are explicitly reported in the simplest context of Hilbert space theory since they are usually formu-
lated and proved in the more complex setting of Banach spaces.

First we recall the statement of Banach’s open mapping theorem and closed range theorem (see [9] for a general proof in
Frechét spaces. A much simpler proof of the closed range theorem in Hilbert spaces is provided in [13]). We also report some impor-
tant consequences of the open mapping theorem and their specialization to Hilbert spaces where the projection theorem and the Riesz
representation theorem provide fundamental analytical tools.

A linear operator A: Z +— % between two Hilbert spaces is continuous if the counter-images under A of open sets in % are
open sets in Z. Continuity of linear operators is equivalent to boundedness which means that there exists a constant C > 0 such that

Clxllz > [Ax]ly VxeZ.

On the basis of Baire-Hausdorff lemma (see [10] theorem IL.1) the Polish mathematician S. BANACH proved a number of
celebrated results which provide the foundation of modern Functional Analysis.
Most deep results of Functional Analysis rely upon the following theorem (see [10] theorem II.5).

Proposition A.1. The open mapping theorem: Let & and % be Banach spaces and A € Lin{Z, ¥} a continuous linear
operator which is surjective. Then there exists a constant ¢ > 0 such that

”}’”w <c=Ixeq: ||X

<1, Ax=y.
As a consequence the operator A will map every open set of & onto an open set of %.

As a corollary it can be proved (see [10] corollary IL.6) that the inverse of a continuous one-to-one linear map between two
Hilbert spaces also enjoys the continuity property.

Proposition A.2. The continuous inverse theorem: If a continuous linear operator A € Lin{Z, %} establishes a one-to-
one map between &' and % then the inverse operator is linear and continuous.

In the sequel the symbol (e, e) will denote the duality pairing between dual Hilbert spaces.
We recall that, given a closed subspace .7 of a Banach space Z', the factor space Z/.</ is a Banach space when endowed with
the norm

%[l 4 per = mf{f|x — %[l | X € o},

where x., denotes the equivalence class x + .oZ. Let 4 be a Hilbert space and I ,, be the orthogonal projector on the closed subspace
o/ CZ. The factor space 2’/ is a Hilbert space for the inner product

Xty Yor)apy=x—Myx,y —Iyy)y VXo, ¥y €EX/A;  XEXyYEYy

and the associated norm can be written as

%Ml = min{[lx = X[ [ X € o} = |x = Mx] -

For every element x € x,, we shall set [|x[|,/ ., = X5/,
Given a pair of Hilbert spaces {Z, #} a bilinear form a(x, y) on & x % is bounded if for a positive constant C' the following
inequality holds

Cllxlly lIylly = la(x, y)| VxeZ, ye¥.

Denoting by {2’, %'} the spaces in duality with {%, %}, a pair of bounded linear operators A € Lin{Z, %'} and A’ € Lin{%, 2"}
can be associated with a by the identity

a(x,y) = (Ax,y) =(A'y,x) VxeZ,ye¥.

The discussion of the well-posedness of variational formulations is founded upon the following fundamental result due to
Banach. A proof in Banach spaces can found in [9], [10] and a simpler proof in Hilbert spaces in [13].

Proposition A.3. The closed range theorem: Let {Z', #} be a pair of Hilbert spaces, a(x,y) a bounded bilinear form on
X xW, and A € Lin{Z, %'} and A’ € Lin{%, '} the bounded linear operators associated with a. Then the following properties are
equivalent:

i) Tm A is closed in %' <= TImA = (KerA')",
ii) Tm A’ is closed in &' <= ImA’'= (KerA)",
iii)

)

iif) |Ax[ly > cllxlly/kwa VXEZ,

) Al = ellyllowea Yy €Y,

where ¢ > 0 is a positive constant.

Remark A.1: We recall that, by definition

[lAx 4= sup a(x, y) .
<€

er |IIx

a(x,
o= Sup (x, ¥) |A’y
NASK

v ylly ’

These expressions can be modified by observing that being
alx,y)=(A'y,x) =0 VxeZ VyecKerA',
a(x,y)=(Ax,y)=0 Vye® VxeKerA
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we have
sl — sup 205V Ay aly)
vew |yl ver yoekea Y +¥olly  yew |y W [Ker A’
and
a(x, y) a(x, y) a(x, y)

A'yl||,» = sup =sup sup = sup .
” ”1 xex ”X”y x€Z x,€KerA ‘X+X0||,T xed HX||,9,”/KcrA

Since the same constant ¢ > 0 appears in iii) and iv) of proposition A.3, these inequalities are easily shown [13] to be equivalent to

a(x, y)

a(x, y) = inf sup
Z [Ker A Hy”!,V/KerA’

inf sup
Z/Ker A Hy”!?//KerA’ yew xex |Ix

xeX ye¥ HX

>0,

which will be referred to as the inf-sup conditions.

When the properties in proposition A.3 hold true, we shall say that the bilinear form a is closed on Z x %.
Proposition A.1 implies the following result concerning the sum of two closed subspaces of a Banach space (see [10] theorem
11.8):

Proposition A.4. A representation lemma: Let Z be a Banach space and of C X and B C X closed subspaces such that
their sum of + B is closed. Then there exists a constant c¢ >0 such that every x € o/ + B admits a decomposition of the kind
x=a+bwithaec,be |a|, <clx|, and ||bll, < cx|l,-

Proof: By endowing the product space 2 x 2 with the norm |{x, y}|,xz=I%ls+ ¥l the linear operator
A e Lin{Z x Z, '} defined by A{x, y}:=x+y is continuous and surjective. Then by proposition A.1 there exists a constant ¢ > 0
such that every x € &/ + % with ||x||,, < ¢ can be written as x =a+ b with a € <&/, b € 4, and |a||, + ||b||, < 1. Hence by homo-
geneity we get that x € .o/ + % admits the decomposition x = a+ b with a € o7, b € 4, and ||a||, + ||bll; < 7 ||x]|4- O

From lemma A.4 we get a useful characterization of the closedness of the sum of two closed subspaces (see [10] corollary I1.9
for a proof in Banach spaces).

Proposition A.5. The finite angle property: Let 2 be a Hilbert space and of C X and B C X closed subspaces such that
their sum o/ + A is closed. Then there exists a constant ¢ > 0 such that

1%z nm < Xy + 1Xllg/4) Vx€X.

Proof: Let a € o/ and b € 4. Then by proposition A.4 there exist a € .7, b € 4, and a constant k > 0 such that

atb=atb and |al, <kla+bl,, [, <kla+bl,.
By observing that a —a =b — b € ./ N # we have that Va € .« and Vb € %
1%ll2/ 0 < lIx = (a=a)[l, < [Ix —all; +l1ally < llx —all, + &lla+bll, .

We get the result by a further application of the triangle inequality
la+b

7 <|x—a

2 tlx—b

U AR]
taking the infimum with respect to a € o7 and b € # and setting ¢ = k + 1. O

Fig. 9.1 provides a geometrical interpretation of proposition A.5.

||X —1I ;x x + ||X _HJZX”‘Q/*
>clx—Mynpx|, VxeZ

Fig. 9.1. Geometrical interpretation of the fi-
AN BVI g% nite angle property

The following lemma provides two basic orthogonality relations.

Lemma A.6. Orthogonality relations: Let o/ and # be two subspaces of an Hilbert space X, and </* and B+ their orthogo-
nal complements in the dual Hilbert space Z'. Then

i) (o +B)" =0 B
If of and # are closed subspaces we have also that

i) (t+8) =N B
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Proof: The equality i) is evident. To prove ii) we observe that o/ N 2 C (o/* + B)" since x € /N # and f € (4 + B)
implies (£, x) =0. The converse inclusion follows from &% C.o#%+ %+ so that (ot + jL) C o/t = /. Analogously
(4t + B C # and hence (- + B C 4N . O

Remark A.2: We recall that in a Hilbert space we have /1 = .o/ where .o/ denotes the closure of 7. Given any pair of
subspaces ./, # C 2 we have the inclusion (.&/ N %) DAt + B If o/ and B are closed we get an equality if and only if .o/* + 2+
is a closed subspace of 2’. In fact from property i) of lemma A.6 we infer that (o7 N %) = (ot + 35

Further, by virtue of property i) of lemma A.G6, any pair of subspaces .o/, # C Z will meet the relation (<7 + %)LL
= (ot n ,%l)L. Hence the equality .« + % = (/N #*)" holds if and only if ./ + % is closed in Z.

A useful criterion for the closedness of the sum of two closed subspaces is provided by the next result [13].

Proposition A.7. Closedness of the sum of two closed subspaces: Let .o/ and # be closed subspaces of a Hilbert space X'
with one of them finite dimensional. Then the subspace o/ + A is closed.

We can now prove a deep result which has been referred to in the paper (see [10] theorem II.15 for a proof valid in Banachs
spaces).

Proposition A.8. Closedness of the sum of orthogonal complements: Let us consider two closed subspaces o/ and B of
an Hilbert space &, and their orthogonal complements o/~ and B* in the dual Hilbert space X'
Then o + A is closed in X if and only if oZ+ + B+ is closed in 2.

Proof: By virtue of lemma A.6 the following equivalences hold true:
i) A +B  closed = i) A+B=(A+B) " = (2 nBYH,
iil) /T + B cosed <= iv) A 4+8 = (gt +2) = (a0 B)"
Let us now show that i) = iv).

Being (o N B)" = (4 + B D o' + #* it suffices to prove the converse inclusion (o7 N B)" C .o/t + B+
Since o7 + # is closed, proposition A.4 ensures that there exists a constant ¢ > 0 such that any x € &/ + % admits a decom-
position of the kind

x=a+tb wih aco: bea: fal, <cxl, bl <,
Now let f € («# N #)*. Then we can define the linear functional ¢ on .o + %:
(¢, x)=(f,a) Vxed+HB
since the definition does not depend on the decomposition of x. Further ¢ is continuous since
(g, x)| = [{, &) < Il llall, < clflly (%[l Vx e +2.
Let IT be the orthogonal projector on .o/ + % in 4. The continuous linear functional ¢ € 2" defined by
(¢, x)= (¢ [Tx) Vxex
is such that
¢ <R f—gpecot.

The implication iii) = ii) is proved in an analogous way. OJ
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