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ABSTRACT 

The problem of c o n t r o l l i n g  a one l i n k   f l e x i b l e  arm 
i s  cons ide red   i n   t h i s   pape r .  An assumed mode method i s  
adopted  to   der ive  the  dynamic  equat ions of mot ion;   the  
system i s  then   t r ans fo rmed   t o   s ingu la r ly   pe r tu rbed  
form. An in t eg ra l   man i fo ld   approach  i s  proposed  leading 
t o   t h e   d e r i v a t i o n  of a reduced  order  system  which  in- 
c o r p o r a t e s   t h e   e f f e c t s  of t h e   f l e x i b i l i t y   d i s t r i b u t e d  
a l o n g   t h e   s t r u c t u r e .  An approximate  technique i s  f i n a l -  
l y  p resented   which   a l lows   the   synthes is   o f  a feedback 
l i n e a r i z i n g   c o n t r o l .  

INTRODL'CTION 

The performance of today 's   manipulator   arms i s  l i m -  
i t e d  by t h e i r   r i g i d i t y .  Lower arm cos t ,   h igher   mot ion  
s p e e d ,   b e t t e r   e n e r g y   e f f i c i e n c y ,   s a f e r   o p e r a t i o n   a n d  
i m p r o v e d   m o b i l i t y   a r e   a l l   b e n e f i t s   w h i c h   a r e   p o t e n t i a l -  
l y  a c h i e v a b l e   w i t h   l i g h t e r   a r m s  [l]. The p r i c e   t o   p a y ,  
however, i s  the  much more  complex  dynamics,  due t o   t h e  
f l e x i b i l i t y   d i s t r i b u t e d   a l o n g  a l igh tweight   mechanica l  
s t r u c t u r e .  

This   i s sue   hard ly   compl ica tes   the   cont ro l   p roblem 
and v e r y   l i t t l e   l i t e r a t u r e   e x i s t s   i n   t h e   f i e l d  of f l e x -  
i b l e   l i n k  arm c o n t r o l .   F i r s t   r e s e a r c h   e f f o r t s   a r e   d e -  
s c r i b e d   i n  [ 2 , 3 , 4 ] .  The same idea  which i s  behind [ 4 ]  
i s  fo l lowed   i n   t h i s   pape r .  The system i s  t ransformed  to  
s ingu la r   pe r tu rba t ion   fo rm  to   ach ieve  a reduced  order  
system  which  could  a l low  the  synthesis  of a feedback 
l i n e a r i z i n g   c o n t r o l ,   i n   t h e  same manner a s  i t  is poss i -  
b l e   f o r   r i g i d   a r m s .  To t h i s   g o a l   a n   i n t e g r a l   m a n i f o l d  
approach i s  pursued [ 5 ] .  The s o l u t i o n  on the   mani fo ld  
i s  then  expanded  in  powers of the   per turba t ion   parame-  
t e r  so a s   t o   ob ta in   an   approx ima te   computa t iona l  means 
t o  syn thes i ze   t he   l i nea r i z ing   con t ro l .   Con t ro l   imp le -  
m e n t a t i o n   i s s u e s   a r e   f i n a l l y   d i s c u s s e d .  

THE MODEL 

The one l i n k   f l e x i b l e  arm of f i g .  1 is cons ide red .  
A s o l u t i o n   t o   t h e   f l e x i b l e   m o t i o n  of t he   l i nk   can   be  
obtained  through modal ana lys i s ,   unde r   t he   a s sumpt ion  
of s m a l l   d e f l e c t i o n s  of t h e   l i n k ,  

m 

1 
y ( q , t )  = C s i ( t ) o i ( q )   ( 1 )  

This work was p a r t i a l l y   p e r f o r m e d  when Bruno S i c i l i a n o  
was on l e a v e   a t   G e o r g i a   T e c h   a s   V i s i t i n g   S c h o l a r .   T h i s  
m a t e r i a l  is based   i n   pa r t  on r e sea rch   suppor t ed  by t h e  
NATO S p e c i a l  Programme Panel  on  Sensory  Systems  for 
Robot ic   Control   under   grant   no.  586/85,  by the  Computer 
Integrated  Manufacturing  Systems  Program a t  Georgia 
Tech,  and by t h e   M i n i s t e r 0   d e l l a   P u b b l i c a   I s t r u z i o n e .  

where $ is the   e igen func t ion   expres s ing   t he   d i sp l ace -  
ment o h  assumed mod? i of l i n k   d e f l e c t i o n ,  6 .  i s  the  
t ime-varying  amplitude of mode i of t h e   l i n k   i n d  m i s  
the  number  of modes used   t o   desc r ibe   t he   de f l ec t ion   o f  
t h e   l i n k .  

For a c lamped-f ree   v ibra t ing  beam the  or thonormal  
modal e i g e n f u n c t i o n s   i n   ( 1 )   a r e   g i v e n  by 

$ , ( E )  = s i n ( p i c )  - s inh(Bic)  + (2 )  

vi(cos(PiS) - cosh(Bi5)) 

sinBi + s i n h p  i 
i cosBi + coshBi 

v =  

8 .  4 = p A ( 2 ~ r i ~ ) ~ L ~  

E1 

i = 1, ..., m 

5 = ri/L 

where : 

L = beam l e n g t h  
A = beam c r o s s   a r e a  
E = Young's  modulus 
I = beam a r e a   i n e r t i a  
p = dens i ty  
f i  = frequency of t h e   i t h  mode. 

The dynamic  equations  of  motion  for  the  one  l ink 
f l e x i b l e  arm can   be   wr i t ten   in   the   fo l lowing   form [4] 

where 

8 i s  t h e   j o i n t   y a r i a b l e ,  
6 = ( 6  ... 6 ) i s  t h e   v e c t o r  of d e f l e c t i o n s ,  
u i s  t i e   c o n t r o l   t o r q u e   a t   j o i n t   l o c a t i o n ,  
M i s  t h e   i n e r t i a   m a t r i x  

m 
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mlp = %"p-l,e p-1 

m PP = % + %t"p-l,e + Jp';-l,e - h 1 2 ( ~ g ) ~  T + hl l (pz)U 

mpq = %'p-l,e 0 q-1,e + JpO;l-l ,e  q-l ,e = -h '   (pz)f (6,11g,@) - Hi2(pg)Z2(6,pg) + (13) 

+ W  
p = 2,. . . , m + i  i = -h (Pz) f  (6,pgDpi) - h 1 2 ( ~ z ) L 2 ( 9 , p z )  + (12) T 

2 2 11 - 1 

0 '  
-12 - 1 q = p+l,  . . . ,m+l 

-H;2(ug)z + h i 2 ( p ~ ) ~  
wi th  

T 
w h e r e   t h e   p r i m e   i n d i c a t e s   t h e   f a c t   t h a t  ?he te rms  on 
t h e   r i g h t   s i d e  of  (13)  have  been  scaled by K, by v i r t u e  
o f   t he   de f in i t i on   (11 ) .   In   t he   fo l lowing ,   however ,   t he  
primes w i l l  be  dropped  without loss o f   g e n e r a l i t y .  

0 = ($le ... 
-e 

-e 

1 AN INTEGRAL MANIFOLD  APPROACH 
wi =  PAL^^, Oi(S)SdS i = 1, ..., m 

Al though   mos t   s t anda rd   r e su l t s   i n   s ingu la r   pe r tu r -  
b a t i o n   t h e o r y   h a v e   b e e n   d e r i v e d   f o r   s y s t e m s   i n   s t a t e  

where : space ,   fo r   t he   pu rpose  of t h i s  work,   the   second  order  
Lagrangian  formulation  (12)  and  (13) w i l l  be   considered 

% = beam mass i n   t h e   f o l l o w i n g .  
% = payload mass It can  be f i r s t   o b s e r v e d   t h a t   s e t t i n g  p = 0 y i e l d s  
I = j o i n t   i n e r t i a  
J = beam i n e r t i a   r e l a t i v e   t o   j o i n t  (14) 
J = p a y l o a d   i n e r t i a ,  

f and f a r e   n o n l i n e a r   t e r m s  

0 6 = -h l l (0) f l (e*O,O)  - ll12(cJL2(e,g) T + 

P -5F2(0)% + h l l (2 )uo  
0 

1 -2 - 0 = -h -12 (0 ) f  - 1 (i,O,O) - H22(g)f2(6,0) + (15) 
(5) 

(6) 
-H22(0)% + h12(0)uo 

where h = z(u=O) and u = u(p=O). It is  seen  from ( 5 )  
K is an   equ iva len t   sp r ing   cons t an t   ma t r ix   t ha t  f (8,OTO) = 0, and  f rom  (6)   that  f2(i,g) = 0. 

Since  d22(@ i s  inve r t ib l e ,   eqs .   (15 )   can   be   so lved   fo r  

-0. 0 

K = d iag (k l  ... km' (7 )  a s  

E 1  1 d Oi(S) 
2 (16) 

k .  
= -J L3 0 [; dE ] dS. which, when s u b s t i t u t e d   i n t o   ( 1 4 ) ,   y i e l d s   t h e   r e d u c e d  

order   system (p = 0) 
Since  the  c lamped-free  assumption  has   been made f o r   t h e  
v i b r a t i n g  beam, t h e r e  is no displacement a t   j o i n t   l o c a -  = (h l l (0 )  - h~2(0)H;:(O)h12(O))uo.  (17) 
t i o n  and then  no c o n t r o l   f o r c e   i n   t h e   l o w e r   e q s .  O f  

( 3 ) .  It can  be  checked  that   the   system  (17)  i s  r i g h t   t h e  
B e i n g   t h e   i n e r t i a   m a t r i x   p o s i t i v e   d e f i n i t e ,  i t  Can r i g i d   s y s t e m ,   i . e .  

be   inverted  and  denoted by H which  can  be  par t i t ioned 
as fo l lows:  1 

e =- 0 '  (18) 
m (0) 

(8) 
11 - 

In   the   fo l lowing   an   in tegra l   mani fo ld   approach  i s  pur- 
sued   wi th   the   goa l  of a c c o u n t i n g   f o r   t h e   f l e x i b i l i t y  

Eqs.  (3)  then become d i s t r i b u t e d   a l o n g   t h e   s t r u c t u r e   i n   t h e   r e d u c e d   o r d e r  
system. From 151 a 2m-dimensional  manifold  defined 

e = - h  f - h  f - h  K 6 + h l l U  T T (9) by t h e   e q u a t i o n s  ?J 
11 1 -12-2 -12 - 

= -h12fl - H22L2 - H K b  + h U -  22 - -12 (10) = g e A U , ! - o  - - 
(19) 

In  o r d e r   t o   p u t   t h e   s y s t e m  ( 9 1  and  (10) i n   S i n g u l a r l y  i = h(ere,U,FL) 
pe r tu rbed   fo rm,   t he   r a t io   E I /L   i n   (7 )   can   be   r ega rded  
a3 t h e   i n v e r s e  of t h e   p e r t u r b a t i o n   p a r a m e t e r ,   i . e .  IJ = is  s a i d   t o  be   an   i n t eg ra l   man i fo ld   fo r   t he   sys t em  (12 )  
L /EI. AS a ma t t e r   o f   f ac t   t he   l onge r   t he  arm the   b ig -   and   (13 )   i f  i t  i s  i n v a r i a n t   u n d e r   s o l u t i o n s  of  (12)  and 
ger  ,,, a n d   s i m i l a r l y   f o r  E I ,  i . e .  i n   t h e  limit p -* 0 (13).  In o t h e r   w o r d s ,   i f   t h e   s y s t e m   l i e s   a t  t = to on 
when E + m ( r ig id   a rm) ,   Consequent ly   the   mat r ix  K i n   t h e   m a n i f o l d   t h e n   t h e   s o l u t i o n   t r a j e c t o r y   r e m a i n s  on 
( 7 )  can  be  factored as K = f / p .  Defin ing   the   mani fo ld  z' f o r  t > t It fol lows  f rom [6] t h a t  z 

a c t u a l l y   e x i s t s   f o r  (1%) and  (13)   s ince H iE 
n o n s i n g u l a r ,   b e i n g   p o s i t i v e   d e f i n i t e .  (The  vec%%r h 

z := -Ki (11)   def ined   in   (19)  is  n o t   t o  be  confused  with  the  blocks 

I f   t h e   f l e x i b l e   d y n a m i c s  is a s y m p t o t i c a l l y   s t a b l e ,  
y i e l d s   t h e   e q s .   o f   t h e   s y s t e m   i n   s i n g u l a r l y   p e r t u r b e d   t h e   s o l u t i o n   o f   ( 1 2 )   a n d   ( 1 3 )  w i l l  r ap id ly   approach  
form,   i . e .  on a fa s t   man i fo ld  @ and  then   f low  a long   the   in te l l  

g ra l   man i fo ld  z [7]?9e A s  ).I -* 0, of cour se ,  -* zo 
which i s  t h e  slo8 manifo ld   ident i f ied   by  h+, i n   ( l g ) .  

The f u n c t i o n  & defining  must   be a s o l u t i o n   o f  
( 1 3 ) ,   i . e .  

1 -  

u of   the   mat r ix  H i n  ( 8 ) ) .  
- 

u 
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uh(e,e,u,P) = g ( e , e , u , P )  

g ' - h l 2 ( u h ( e , e , u , u ) ) f l ( e l u h ( e , e , u , u ) , ~ ~ ( e , e , ~ , u ) ) +  

.. . 
(20) 

- ~ , , ( u ~ ( e , e , ~ , u ) ) ~ , ( e , u ~ ( e , e , u , u ) )  + 

-~~~(~h(e,e,u,u))h(e,e,u,~) + 

I I ~ ~ ( P ~ ~  $ 8  ,U,V))U 

where i t  is unders tood   tha t  5 and & a r e   t o t a l   d e r i v a -  
t i v e s   a l o n g   t h e   s o l u t i o n s   o f  (12 )  and (13). 

Once h i s  determined  f rom  the  manifold  condi t ion 
( Z O ) ,  the   des i red   reduced   order   sys tem i s  de f ined  by 
combining (12) and (19)  as 

e = - h l l ( P ~ ( e , e , u , ~ ) ) f l ( e , ~ ~ ( e , e , u , ~ ) , ~ ~ ( e , e , u , P ) ) +  

- h 1 2 ( ~ h ( e , e , u , u ) ) ~ 2 ( 6 , ~ ~ ( e , e , u , ~ ) )  T + (21)  

-h,,(~~(e,i,u,~i))~(e,e,~,u) T + 

h l l ( u h ( 8 , e , u , u ) ) u  

This  system is of t he  same d i m e n s i o n   a s   t h e   r i g i d   s y s -  
tem (18),  but  i t  i n c o r p o r a t e s   t h e   e f f e c t s   o f   t h e   f l e x i -  
b i l i t y   t h r o u g h   t h e   i n t e g r a l   m a n i f o l d   d e f i n e d   b y  (19). 
T h i s   p o i n t  i s  h e l p f u l   s i n c e ,   i n   t h e   f o l l o w i n g   s e c t i o n ,  
i t  w i l l  be  shown tha t   an   approx ima te   l i nea r i z ing   con-  
t r o l   f o r  (21) can   be   synthes ized ,   p rovided   tha t   the  
func t ions  h and u a re   expanded   t o   any   o rde r   i n  P. 

APPROXIMATE FEEDBACK LINEARIZING CONTROL 

The computation of a l i n e a r i z i n g   c o n t r o l   u ( e , B , v , V )  
f o r  ( 2 1 ) ,  where v is a new inpu t   t o   t he   sys t em [8],  i s  
complicated by the   need   t o   so lve   t he   man i fo ld   cond i t ion  
( 2 0 )  f o r  &. A p rac t i ca l   computa t iona l   app roach  i s  based 
on expanding   the   func t ion  h i n  (19)  a s  [ 71  

- h(B,8,u,P) = b ( O , f i , u )  + ? h , ( e , e , u )  + ... (22)  

and  cor respondingly   the   cont ro l  u a s  

u ( e , e , v , P )  = u,(e,e,v) + pu,(e,e,v) + ... ( 2 3 )  

where i t  can  be  recognized  that   and uo a r e   t h e   f u n c -  
t i ons   i n t roduced   i n   (14 ) - (16 ) .  The expansions (22)  and 
(23)  s h a l l  be s u b s t i t u t e d  in (20) t o   y i e l d  a s e t  of 
eqs .   in   which   the   l ike   powers   o f  p on b o t h   s i d e s   a r e   t o  
be   equated .   This   p rocess  is u s u a l l y   v e r y   t e d i o u s ,   b u t  
i t  can be performed  using a symbolic   manipulat ion  lan-  
guage.  For  the  system ( 1 2 )  and (13) a l l  t h e   f o l l o w i n g  
express ions   have   been   ob ta ined   us ing  REDUCE: 

u 0 : 0 = -a22(g$+E12(g)uo ( 2 4 )  

' : '$0 5, -e-e 22 - -O 22 - -1 -12 - u 1  i 2 ( 9  $T)g   (0)h  -E (0)h  +G (0) 1 .* 

2 '. . -  
P : = -2%ehl2(g)(&,)(&,) + 

e t c . ,   w i t h  A = det (M(2))   and   the   bars   over  h12 and H 
i n d i c a t e  tha? the  terms have  been  scaled  by A t h l s  

2 2  

p o s i t i o n  is n e c e s s a r y   s i n c e   t h e  mass ma t r ix  is  f t h c t i o n  
of u .  The f i r s t   l i n e  of ( 2 4 )  can be s o l v e d   f o r  ho as 
i n   ( 1 6 )  ( A  c a n c e l s   o u t )  0 

(16 ' )  

a n d ,   a f t e r   o b t a i n i n g   t h e   r i g i d   s y s t e m  (18) (neg lec t ing  
a term O(u)), so can be des igned .  Knowing u,,, Lo i s  
a l s o  known and $, can be e x p l i c i t l y  computed a s  

The second   l i ne  of (24)   then  can  be  solved  for  hl as 

-1 0 2 2 - 4 E t  2 2 -  -e-e 2 2 - 4  h = - A  G-'(O)h + 8%-'(0) ( 0  $ T ) i   ( 0 ) h  + (26) 

which, when s u b s t i t u t e d   i n  (21) .  g ives  

The c o n t r o l s  uo and u1 can  be  designed  and so f o r t h .  
This   process   can  be  cont inued up t o  any   o rde r   i n  P. In 
the   fo l lowing  i t  is assumed t h a t   t h e   f i r s t   o r d e r   c o r -  
r ec t ion   t e rm is s u f f i c i e n t   t o   a c c o u n t   f o r   t h e   f l e x i b i l -  
i t y   i n   t h e   r e d u c e d   o r d e r   s y s t e m  ( 2 7 ) .  

The ze ro   o rde r   con t ro l   t e rm  can  be chosen as t h e  
l i n e a r i z i n g   c o n t r o l  

where v is a new inpu t   t o   t he   sys t em.  
As f a r   a s   t h e   f i r s t   o r d e r   c o n t r o l  term is con- 

cerned ,  i t  t u r n s   o u t   t h a t ,   i f   o n l y   o n e  mode i s  used   to  
approximate   the   def lec t ion  (m = 1 i n  ( l ) ) ,  i t  is  poss i -  
b l e   t o   d e s i g n  u1 so as t o   o b t a i n   h l  = 0 ,  i . e .  

E x t e n d i n g   t h i s   t e c h n i q u e   t o   g r e a t e r   o r d e r   t e r m s   l e a d s  
t o  a v e r y   i n t e r e s t i n g   r e s u l t :   t h e   i n t e g r a l   m a n i f o l d z  
can  be  forced  to   the  s low  manifold Eo and  the reduce! 
order  system  behaves by des ign  as t h e   r i g i d   s y s t e m .  

In prac t ice ,   however ,  more than  one mode  may be re- 
qu i r ed   t o   app rox ima te   t he   de f l ec t ion .   In   t ha t   ca se  
E12(g) is  n o t   i n v e r t i b l e  and the  above  technique i s  no t  
appl icable   anymore.   This  is n o t   s u r p r i s i n g   s i n c e   t h e  
f l e x i b l e   l i n k  arm is n a t u r a l l y  a d i s t r i b u t e d   p a r a r a e t e r  
system  which  can  never   be  completely  "s t i f fened" by one 
c o n t r o l   a c t u a t o r   c o - l o c a t e d   w i t h   j o i n t   l o c a t i o n  [31. By 
examining  eq.  (271,  however, a d i f f e r e n t   s t r a t e g y   c a n  
be  adopted.  The f i r s t   o r d e r   c o n t r o l   t e r m ,   i n d e e d ,   c a n  
be chosen   as  

1133 

which   cance ls   the   t e rm  in  P. With t h e   c o n t r o l s  u 
(28) and u1 i n  (30) t h e   f i r s t   o r d e r   r e d u c e d   o r d e r  0 sys-  in 
tem r e s u l t s   t h e n  

which y p r e s e n t s   t h e   o v e r a l l   s y s t e m   l i n e a r i z e d  up t o  
o rde r  u f o r   t r a j e c t o r i e s   i n   t h e   n e i g h b o r h o o d   o f  2 

I f  a j o i n t   t r a j e c t o r y   B ( t )  i s  t o  be   t r ackedy ' the  
new inpu t  v can   be   s e t   a s   ( i nve r se   mode l   t echn ique )  

where k and k a r e   p o s i t i o n   a n d   v e l o c i t y   g a i n s .  
In Ease  thx  fast   dynamics i s  n o t   s t a b l e ,   o r   e v e n t u -  

a l l y  i s  o n l y   l i g h t l y  damped, a n   a d d i t i o n a l   f a s t   c o n t r o l  
term  must  be  added  to  the  control u given  by ( 2 3 ) ,  
adopt ing  a c o m p o s i t e   c o n t r o l   s t r a t e g y  [ 7 , 4 ] .  In t h i s  
way s o l u t i o n s   o u t s i d e   t h e   i n t e g r a l   m a n i f o l d  may 



way s o l u t i o n s   o u t s i d e   t h e   i n t e g r a l   m a n i f o l d  may " rap id-  
ly"   f low  a long   the   fas t   mani fo ld   (paramet r ized  by t h e  
s low  va r i ab le s )   t o   t he   i n t eg ra l   man i fo ld   wh ich  becomes 
a n   a t t r a c t i v e   s e t .   T h i s  is a s e p a r a t e   d e s i g n   i s s u e   a n d  
is beyond the   purpose  of t h i s   p a p e r .  

CONCLUDING REMARKS 

I n   t h i s   p a p e r   t h e   c o n c e p t  of a n   i n t e g r a l   m a n i f o l d  
has  been  adopted  with  the  purpose of ob ta in ing  a more 
accura te   reduced   order   model   for  a one l i n k   f l e x i b l e  
arm. The e f f e c t s  of t h e   f l e x i b i l i t y   a l o n g   t h e   s t r u c t u r e  
have   been   incorpora ted   in   the   reduced   order   model   up   to  
t h e   f i r s t   o r d e r .   T h i s   i s s u e  is very   impor tan t   s ince  i t  
has  been shown how a f eedback   l i nea r i z ing   con t ro l   can  
be   synthes ized   for   the   reduced   order   model ,   a lmost   in  
t he  same way a s  i t  is done f o r  a r i g i d  arm. One c r u c i a l  
po in t  is  t h a t   u s i n g   t h e   c o n t r o l   s t r a t e g y   p r o p o s e d   i n  
(22)-(32)   requires   the  measurements   of   the   joint   angle ,  
ve loc i ty ,   acce l e ra t ion   and   j e rk   ( s ee   (25 ) ,   (28 )   and  
(32 ) ) .  As  a ma t t e r  of f a c t  one   has   pos i t ion   encoders  
and   t achomete r s ;   acce l e ra t ion   and   j e rk   t hus   need   t o   be  
r e c o n s t r u c t e d   a n d   t h i s  may c a u s e   s t a b i l i t y   p r o b l e m s .  
Furthermore  the  fas t   dynamics is r e q u i r e d   t o   b e  
a s y m p t o t i c a l l y   s t a b l e   o t h e r w i s e   a n   a d d i t i o n a l   f a s t   c o n -  
t ro l   t e rm  must   be   added   to   the   cont ro l  ( 2 3 ) .  An alter-  
n a t i v e   s t r a t e g y  may be  based  on a combination  of  'ac- 
t i v e '  modal  feedback  control  and  'passive'   damping so 
as t o   i n c r e a s e   t h e   s t r u c t u r a l  damping  [9]. A l l  t hose  
t o p i c s  will c o n s t i t u t e   t h e   s u b j e c t  of f u t u r e   r e s e a r c h .  
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