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ABSTRACT 

Control of lightweight  flexible arms moving along 
predefined paths can be successfully  synthesized on the 
basis of  a two-time scale  approach.  A model following 
control can be designed for  the reduced order slow  sub- 
system.  The  fast  subsystem is a linear system in which 
the  slow  variables  act  as  parameters.  The  flexible  fast 
variables  which model the  deflections  of  the arm along 
the  trajectory can be sensed through strain gage mea- 
surements. For full state  feedback  design  the  deriva- 
tives  of  the  deflections need to be estimated. The main 
contribution of  this  work is the design of an output 
feedback controller which includes  a fixed order dynam- 
ic compensator, based on a  recent  convergent numerical 
algorithm  for calculating LQ optimal gains. The design 
procedure is tested by means  of  simulation  results  for 
the  one link flexible  arm  prototype in the laboratory. 

INTRODUCTION 

Control is one  of  the crucial points to an effec- 
tive use of  lightweight  flexible arms. The control 
problem,  however, is more  complicated than in case  of 
rigid arms,  due  to  the  flexibility  distributed along a 
lightweight mechanical structure.  The  dynamic model for 
a  flexible arm can be derived via  a  Lagrangian-assumed 
modes  method [l]. The  result is an extended number of 
generalized  coordinates, and then  state  variables, to 
handle  for control purposes. 

An efficient control strategy based on a  singular 
perturbation  approach  has been proposed in [2]. A 
two-time  scale  analysis  of  the  system is performed: a 
slow  subsystem which is of  the  same order as  that  of  a 
rigid arm, and a  fast linear subsystem in which the 
slow  state variables play the role  of parameters. A 
composite control [3] is then adopted: a  slow model 
following control can be first designed to track  a  de- 
sired joint  trajectory, and a linear fast  state  feed- 
back control provides  to  stabilize  the  deflections 
along  the trajectory. The  flexible  fast  variables which 
model the  deflections  of  the  arm along the  trajectory 
can be sensed through strain  gage  measurements [ 4 ] .  For 
full state  feedback  design,  however,  the  derivatives  of 
the deflections need to be estimated. 

This work  was partially performed when Bruno Siciliano 
was  on  leave  at  Georgia Tech as Visiting Scholar. This 
material is based in part on research supported by the 
NATO Special Programme Panel on Sensory  Systems  for 
Robotic Control under grant no. 586/85, by the  Computer 
Integrated Manufacturing Systems Program at  Georgia 
Tech, and by the NASA Langley Research Center under 
grant no. NAG-1-234. 

The goal of  this paper is the  design  of an output 
fast  feedback  controller  which  includes  a  fixed  order 
dynamic  compensator [5], based on a  recently proposed 
convergent numerical algorithm  for calculating LQ opti- 
mal gains [6]. The design procedure is applied  to  the 
one link  flexible  arm  prototype in the  laboratory 
[2] and simulation  results  are presented. 

THE  TWO-TIME  SCALE  CONTROL  APPROACH 

The  dynamic model for a  flexible link arm can be 
derived via a  Lagrangian-assumed  modes method 1 . For 
the purpose of  this  work  the  state  space  formulation 
derived in [2] will  be adopted. Let xT (gT iT) and 

the vector of  joint  variables and 6 E Rm is the  vector 
of  deflection  variables  obtained via the  assumed  modes 
expansion.  The model results in the  following form: 

- zT ( 6T iT) be the  state  variables,  where g E Rn is 

- i = Fx + gl(x) + A1(x)~ + B1(x)u (la) 

T o  0 1  T o 1  

B2 [ B:.] 
where u E Rn is the control vector. 

Under the assumption  that  the spectrum of rigid 
body motion is well separated  from  the  spectrum  of 
flexible link deflections,  the  system can be considered 
a  singularly perturbed one. As proposed in [ 7 ] ,  the 
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system o f   e q u a t i o n s  (1) can  be a r t i f i c i a l l y   s c a l e d   i n  
t h e   f o l l o w i n g  way: 

where  the  parameter p i s   i d e n t i f i e d  as a t i m e   s c a l i n g  
parameter so t h a t   t h e   v a r i a b l e s  z a r e   s c a l e d  on a sepa- 
r a t e   t i m e   s c a l e   i n   a c c o r d a n c e  wi th t h e   r e l a t i v e   s p e e d  
w i th   wh ich   these  var iab les   change  the i r   magn i tudes .  The 
development o f   s i n g u l a r   p e r t u r b a t i o n   t h e o r y   i s  on t h e  
b a s i s   t h a t  l~ r e p r e s e n t s  a smal l   parameter .   S ince   the  
system  (2)  i s   n o n l i n e a r ,   t h e   p r o c e d u r e   f o r   i d e n t i f y i n g  
p i s   n o t   s t r a i g h t f o r w a r d  and may i n v o l v e   c o n s i d e r a b l e  
e f f o r t ,  even i f  f l e x i b l e  dynamics  are known t o  be f a s t -  
e r   t h a n   r i g i d   d y n a m i c s .  The v i e w p o i n t   t a k e n   i n   [ 2 ]   a n d  
here  i s   t h a t  l.~ i s   g i v e n  by t h e   r a t i o   o f   t h e   h i g h e s t  
f requency   o f   t he   s low   dynamics   vs   t he   sma l les t   f requen-  
c y   o f   t h e   f a s t   d y n a m i c s .  

F o r m a l l y   s e t t i n g  p 0 accompl ishes a model o r d e r  
r e d u c t i o n   f r o m  n + m t o   n ,  as t h e   d i f f e r e n t i a l  equa- 
t i o n s   ( 2 b )   d e g e n e r a t e   i n t o   t h e   a l g e b r a i c   t r a n s c e n d e n t a l  
e q u a t i o n s  

where  the  bar  i s  used t o   i n d i c a t e   t h a t   t h e   v a r i a b l e s  
a r e   i n   t h e   s l o w   t i m e   s c a l e   w i t h  p = 0. S ince  the  system 
(3)  i s   l i n e a r   i n   t h e   f a s t   v a r i a b l e s  z, i t  i s   p o s s i b l e  
t o   f i n d   t h e   q u a s i - s t e a d y   s t a t e   s o l u t i o n   t o   ( 2 b )  [ E ]  

S u b s t i t u t i n g   ( 4 )   i n   ( 2 a )   y i e l d s   t h e   s l o w   t i m e   s c a l e  
subsys tem  (o f   o rde r  n )  

r o  1 

D e f i n i n g   t h e   f a s t   s t a t e   v a r i s b l e  change  around  the 
e q u i l i b r i u - m   t r a j e c t o r y  zf = r - z, and  cor respond ing ly  
yf u - g ,  t h e   f a s t   t i m e   s c a l e   s u b s y s t e m   ( o f   o r d e r  m) 
r s u l t s  

where T = t / p  i s   t h e   f a s t   t i m e   s c a l e .  It must  be empha- 
s i z e d   t h a t   t h e   s y s t e m  ( 6 )  i s  a 1 inear  system  paramet-  
r i z e d   i n   t h e   s l o w   v a r i a b l e s  x. 

U n d e r   t h e s e   r e s u l t s ,   t h e   d e s i g n   o f  a feedback  con- 
t r o l  g f o r   t h e   f u l l   o r d e r   s y s t e m   ( 2 )  can  be  performed 
on t h e   b a s i s   o f  a c o m p o s i t e   c o n t r o l   s t r a t e g y  
[31  as 

_ _  
- u = u(x) + U f ( i ' l f )  ( 7 )  

w i t h   t h e   c o n s t r a i n t   t h a t   g f ( i , O )  = 0 such   t ha t  gf i s  
i n a c t i v e   a l o n g   t h e   s o l u t i o n  ( 4 ) .  

S ince   the   s low  t ime  sca le   subsys tem ( 5 )  i s   o f   o r d e r  
n, i t  i s   q u i t e   s t r a i g h t f o r w a r d   t o   d e s i g n   t h e   s l o w  
c o n t r o l  as 

- l(i) E+(:)(&) + & i )  ( 8 )  

where 1 i s  a new c o n t r o l   i n p u t   w h i c h   a l l o w s   t h e   s y s t e m  
( 5 )  t o   t r a c k  a r e f e r e n c e  model s p e c i f i e d  by  [2]. 

A t  t h i s   p o i n t   t h e   s i n g u l a r   p e r t u r b a t i o n   t h e o r y   r e -  
q u i r e s   t h a t   t h e   f a s t   t i m e   s c a l e   s u b s y s t e m  ( 6 )  _be u n i -  
f o r m l y   s t a b l e   a l o n g   t h e   e q u i l i b r i u m   t r a j e c t o r y  z g i v e n  
i n  ( 4 ) .  Assuming t h a t   t h e   c o u p l e  (A;,B;! i s   u n i f o r m l y  

s t a b i l i z a b l e   f o r  a n y   s l o w   t r a j e c t o r y  x, a f a s t   s t a t e  
f e e d b a c k   c o n t r o l   o f   t h e   t y p e  

u f ( i , z f )  = K f ( i ) z f  (9) 

w o u l d   s t a b i l i z e   t h e   s y s t e m  ( 6 )  t o  z 0. The s y n t h e s i s  
o f   t h e   c o n t r o l  (9), however ,   requ i r l s  full f a s t   s t a t e  
feedback. I n   r e a l i t y   t h e   d e f l e c t i o n   v a r i a b l e s  6 can  be 
s e n s e d   t h r o u g h   s t r g i n  gage  measurements  [4],  whereas 
t h e i r   d e r i v a t i v e s  6 need t o  b e   r e c o n s t r u c t e d ,   e . g .   v i a  
an observer .  To overcome t h i s  drawback, i n   t h e   f o l l o w -  
i n g   t h e   d e s i g n   o f  an o u t p u t   f e e d b a c k   c o n t r o l l e r   i n   l i e u  
o f  ( 9 )  i s  p resented .  

FEEDBACK  CONTROLLER DESIGN 

I n  [5] it i s  shown t h a t   f o r  a m u l t i v a r i a b l e   s y s t e m  
d e s c r i b e d   b y  

x Ax + Bu 

y = cx  

a f i x e d   o r d e r   c o m p e n s a t o r   w i t h o u t   d i r e c t   f e e d t h r o u g h   o f  
t h e   o u t p u t   c a n  be f o r m u l a t e d   i n   o b s e r v e r   c a n o n i c a l   f o r m  
as 

i = P 0 z + I  u nc c zcRnC ( I l b )  
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where 

0 

H = block  diag {[0 ... 0 11 nixl, i=l, ..., m} (12) 

and 

0 0 0 

P = block  diag [P1, ..., Pm] (13) 

with 

In (11) N and Pz are  free  parameter  matrices  with 
dimensions  (nc  x p) and  (nc  x m), respectively. 
The  dimensions  of H o  and  Po  are  defined by the 
observability  indices  of  the  compensator,  which  are 
chosen  to  satisfy: 

!! 

The  augmented  system  matrices 

G [N Pz] (15b) 

define  an  optimal  output  feedback  problem,  with  the 
quadratic  performance  index 

J = E  r[xtQx + uiRuc]  dt 
x. 0 

where  the  augmented  state  vector  is 

it = [Xt Zt] 

FREQUENCY  SHAPING 

structural  modes.  However,  past  papers on this  subject 
have  required  that  the  frequency  shaping  be  realized  as 
part  of  the  compensator  design [5,9,10]. We  present 
here  an  approach  to  frequency  shaping  that  does  not 
increase  the  order  of  the  compensator.  The  idea  is  to 
adopt  the  following  performance  index 

J = Ex [[xtQx + y2  t  y2 + u,Rul t  dt 
0 

where  y2  is  defined by 

y2 = Ew + Jyl 

That  is,  y2  is  the  output  of  a  filter  driven by a 
suitably  chosen  linear  combination  of  the  plant  states. 
The  augmented  system  matrices  become: 

o - H O B  

A = [ :lM io] 

where  now it = [x w z 1. The  resulting  weighting 
matrix,  when  the  performance  index  is  reformulated in 
the  form (16) becomes 

t t t  

Q t C ~ J  t t  J C ~  C ~ J ~ E  
O l  

r 

Q t C ~ J  t t  J C ~  C ~ J ~ E  

p = E ~ ~ J C ~  E ~ E  

0 0 - 

NUMERICAL  RESULTS 

We  present in this  section  the  numerical  results 
based on the  flexible  arm  model  developed in [Z]. The 
fast  subsystem  as  defined by (6) is  parameterized  by x. 
To  simplify  the  design  of  an  output  feedback  compensa- 
tor, x was  chosen  as  the  final  joint  configuration. 
This  was  also  done in [ Z ] ,  where  the  fast  subsystem 
design  uses  full  state  feedback.  The  resulting  fast 
subsystem  matrices  are: 

It  is  well known that  frequency shaped  cost 
functions  are  a more direct  approach to  damping 
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l o  0 1 0 1  lo 1 
0 0  

-205.4  -1900 0 

- 53.01  -8051 0 -0.75 

The f l e x i b l e   f a s t   s t a t e   v a r i a b l e s   a r e   z f  = [61,62,61, 

b 2 ]  where s t r a i n  guage  measurements o f  61 and 6 2  r e p r e -  

s e n t   d e f l e c t i o n s   o f   t h e  arm a t   t h e   e n d p o i n t   a n d   a t   t h e  
m idpo in t ,   respec t i ve l y .   Thus ,  C i n  (10 b )   i s  

t 

The open l o o p  modes a r e   a t  2 w i j ,  where wl= 13.88  and 

w2 = 89.8 The f requency   shap ing   dynamics   in   (18)   were  

d e f i n e d  as t h e   r e a l i z a t i o n s   o f   t h e   t r a n s f e r   f u n c t i o n s :  

s 2 /Wi + 2SdS/Wi + 1 
Yl./$ = ki 2 i = 1,2 (23 )  

1 s /Wi + 2SS/Wi + 1 

where cd  = 0 .7 ,  5 = .01. T h i s   i n   e f f e c t   a m p l i f i e s   t h e  

w e i g h t i n g s  on t h e   p l a n t   s t a t e  6, i n   t h e   v i c i n i t y   o f  

u i .The  we igh t ings  on  each mode a re   i ndependen t l y  

c o n t r o l l e d   b y   s e l e c t i n g   t h e   w e i g h t i n g   p a r a m e t e r s ,  ki.A 

second  order  compensator  (nc = 2 )  was des igned  us ing  

t h e   n u m e r i c a l   a l g o r i t h m   i n   [ 6 ]   f o r   c a l c u l a t i n g  LQ 
op t ima l   ou tpu t   f eedback   ga ins ,   w i th  Q 0, R =Od i n  
( 2 0 ) .  The parameters k .  were   ad jus ted   t o   ach ieve   t he  
d e s i r e d   d a m p i n g   i n   t h e   s k r u c t u r a l  modes. 

E x p e r i e n c e   w i t h   s o l u t i o n   p r o c e d u r e  showed t h a t   t h e  
damping  on t h e   ' c l o s e d   l o o p   s t r u c t u r a l  modes c o u l d  be 
i n d i v i d u a l l y   a d j u s t e d   b y   t h e   c h o i c e   o f   k . .   M o r e o v e r ,  
the  damping  can be i n t r o d u c e d   w i t h   o n l y   m i h o r   c h a n g e   i n  
n a t u r a l   f r e q u e n c y   ( l e s s   t h a n  5 % ) .  The compensator 
i n t r o d u c e s   t w o   a d d i t i o n a l   c l o s e d  1 oop,  low  f requency 
p o l e s   t h a t   a r e   a l m o s t   u n o b s e r v a b l e   i n   t h e   p l a n t   s t a t e s .  
For kl = 350, k 2  = 345, t h e   c l o s e d   l o o p   s t r u c t u r a l  

mode dampings  were c1 = 0.52  and c2  0 .70   respec t ive-  

l y .  A t t e m p t s   t o   f u r t h e r   i n c r e a s e   t h e   d a m p i n g   r e s u l t e d  
i n  c o n v e r g e n c e   d i f f i c u l t i e s   w i t h   t h e   n u m e r i c a l  
a l g o r i t h m  used t o  f i n d   t h e   o p t i m a l  G .  Norma l l y ,   t he  
a l g o r i t h m   c o n v e r g e d   i n   f e w e r   t h a n   1 0   i t e r a t i o n s .  

The f i n a l   s o l u t i o n   f o r  G was 

CONCLUSIONS 

An o u t p u t   f e e d b a c k   c o n t r o l l e r   w i t h  a f i x e d   o r d e r  
dynamic  compensator i s   s u c c e s s f u l l y   d e s i g n e d   t o  damp 
t h e   f a s t   s t r u c t u r a l  modes o f  a f l e x i b l e  arm. I t  i s  
f o u n d   t h a t   t h e   u s e   o f   f r e q u e n c y   s h a p e d   c o s t   f u n c t i o n a l s  
i n  an o u t p u t   f e e d b a c k   s e t t i n g   l e a d s  t o  a 
s t r a i g h t f o r w a r d   d e s i g n   p r o c e d u r e ,   w i t h o u t   t h e   n e e d   t o  
rea l i ze   t he   f requency   shap ing   dynamics  as p a r t   o f   t h e  
compensa to r .   Th i s   pe rm i t s   t he   des ign   o f   l ow   o rde r  
compensators f o r   s t r u c t u r a l  mode damping. 
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