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ABSTRACT

A formulation is presented for designing optimal
output feedback regulators oF fixed order. The formu-
lation exploits an observer canonical form to represent
the compensator dynamics. The formulation precludes
the use of direct feedback of the plant output. The
major contribution of the paper is to present how this
approach to compensator design may be extended to
output feedback of singularly perturbed systems. The
result is that two compensators are designed that
operate on separate time scales, and which may be
implemented with different sampling rates.

I. INTRODUCTION

It has been shown [1] that for a multivariable
system described by

X = Ax + Bu xeR" (1)

y e Clx +Du yeRF (2)

a fixed order compensator without direct feedthrough of
the output can be formulated in observer canonical form
as:

Uz -Hz ueR M (3)
. o nc
z=Pz+ Ue zeR (4)
"e
u. =@ Pu - Ny ucsR (5)
where
H =block diag{[0...0 ljlxvi7=l,...,m} (6)
P =block diag [Pl,...,Pm] (7)
0 0 0 0
e _ |1 0 0 O
Pi= 1o 1 0 0 (8)
0 0 10 ViX Vg
it

In (3-5) N and P are free parameter matrices with
dimensions (nc X p) and (nC x m), respectively. The

dimensions of H° and P° are defined by the observabil-
ity indices of the compensator, which are chosen to
satisfy:

m
i) Z v BN, i) vy < ovigy
i=1
The augmented system matrices:
S I S . 0
A = R B = (9)
| O P nc
. ¢ -oH
c = s =[N P ] (10)
L O H -
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define an optimal output feedback problem, with the
quadratic performance index:

)= Exo{Jo[xth +ufru ] ) (11)

where the augmented state vector is

Xt =[xt 2t (12)
and the control is defined as
u = -G C x (13)

o

Some of the advantages to the above compensator formula-
tion are that the compensator is represented by a
minimum number of parameters, and these are compactly
placed in the equivalent constant gain matrix in (10).
A convergent numerical method for calculating G is
given in [2]. Also, because we have precluded the use
of direct feedback of the output, the design carries
the same advantage of a full order observer in reducing
the effect of sensor noise, and improving robustness to
high frequency unmodeled dynamics by guaranteeing an
additional 20 db/decade roll-off (over that of the open
loop plant) at high frequencies.

This paper considers the extension of the above
formulation to two time scale systems. We have found
that this extension becomes very transparent when one
makes use of recent frequency domain results for
two time scale systems [2,3].

IT. TWO TIME SCALE FORMULATION

A linear time-invariant singularly perturbed sys-
tem is described by:

nl

Xy = A11 Xy + A12 Xo + Bl u xleR (14a)
. n2

e X, ® A21 Xy + A22 X5 + B2 u xzsR (14b)
y = Cl Xy + C2 X5 (1l4c)

where 0 < € << 1, and det {A22} # 0. To control sys-

tems of this form it is desirable to separately design
two compensators, one for the slow subsystem that
results from formally setting ¢ = 0, and one for the
fast subsystem obtained from the time stretching
transformation = @ t/e. In [3] it is shown that a two-
frequency scale transfer function matrix can be decom-
posed in the form:

C(s,e) = Cl(s,a) + Cz(ss,s) + D(e) (15)
Thus, a strictly proper two fime scale compensator in

the canonical form of (3-5) would have the following
structure:

u = -chl - H2C2 (16)
. _° ncl
&y ¢ plcl + Ueq clsR (17a)
. 0 ne2
€C, = chl t U, CZER (17b)



U @ Piu - Niy i=1,2 (18)

In [4] it is shown that the closed loop poles of
the system (14,16-18), with the exception of "hidden"
and "lost" modes, can be approximated for sufficiently
small ¢ by the roots associated with the return differ-
ence matrix expressions:

det {I + Cs(s) Ps(s)} a0 (19a)

det {I + Cf(p) Pf(p)} =0, p = €S (19b)
where

P(s) mC (sl - A )T B + D, (20a)

Pe(p) = Cy(p1 5 = Apy) T B, (200)

Co(s) = €,(5,0) + €,(0,0) (20¢)

Ce(p) = Cylp,0) (204)
and A, = Ay - App Agp Ry By B B) - Ay Az By €, B
C, - Cy Ayg Ay, D 8 -C, A2y B,. The hidden modes

within P and C, and the lost modes arising from setting
e = 0, are stable if the triples (A Bo’ Co) and (A22,

B

o!
21 C2) are stabilizable-detectable.

Note that (20c) and (20d) imply

C (=) = C(0) (21)
The compensator transfer function C(s,e) associated
with (16-18) can then be approximated as

C(s,e) = C(s) + C(p) (22)

where Cs(s) o Cs(s) - Cs(w).
(16-18) shows that

Comparison of (22) with

°

Cs(s) = H (sInl =P+ P Hl) Ny (23a)
Cf(p) = H2 (pIn2 - P2 + P2 H2) N2 (23b)
The difficulty that arises here s that the

expression for the slow poles given in (19a) is in
terms of Cs(s). This implies that Cs(s) should be

designed for the reduced plant Ps(s) with Cf(o) as an

inner loop feedback, as illustrated in Fig. 1, where
from (23b)

Cf(o) a H2 (-P2 + PZ H2) N2 (24)
Thus the fast subsystem design should be performed
first using the augmented system matrices:
- A22 -BZH2 - 0
Ay = ° B |1
0 P n
2 c2
~ C2 0
C, = ° G, = | N, P 25
27| o Hy 2= [ N2 P2) (25)

which follow directly from (9,10), (20b) and (23b).
This is followed by a slow subsystem design where the
augmented system matrices, including the inner loop
feedback through Cf(o), have the following structures:

1040

. -
t -R!
- A BoHl - 0
Ay = o By 1
0 p n
L 1] cl
. ¢ -0 |
0 0
C, = . G, = N, P (26)
o W] 17 [ M P
where Ao = Ao - Bo Cf(o) Co’ Bo = Bo- Cf(o) Do'
SUMMARY

A formulation has been presented for designing
output feedback compensators for two time scale sys-
tems. The formulation results in a design that avoids
direct feedback of outputs to inputs, and minimizes the
number of free parameters needed in the compensator
representation.
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Fig. 1. Equivalent slow subsystem

design loop.



