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ABSTRACT 

A f o r m u l a t i o n   i s   p r e s e n t e d   f o r   d e s i g n i n g   o p t i m a l  
o u t p u t   f e e d b a c k   r e g u l a t o r s  0 -  f i x e d   o r d e r .  The  formu- 
l a t i o n   e x p l o i t s  a n   o b s e r v e r   c a n o n i c a l   f o r m   t o   r e p r e s e n t  
the   compensa to r   dynamics .   The   f o rmu la t i on   p rec ludes  
t h e   u s e   o f   d i r e c t   f e e d b a c k   o f   t h e   p l a n t   o u t p u t .  The 
m a j o r   c o n t r i b u t i o n   o f   t h e   p a p e r   i s   t o   p r e s e n t  how t h i s  
approach t o  compensator   des ign may b e   e x t e n d e d   t o  
o u t p u t   f e e d b a c k   o f   s i n g u l a r l y   p e r t u r b e d   s y s t e m s .  The 
r e s u l t   i s   t h a t   t w o   c o m p e n s a t o r s   a r e   d e s i g n e d   t h a t  
ope ra te   on   separa te   t ime   sca les ,   and   wh ich  may be 
i m p l e m e n t e d   w i t h   d i f f e r e n t   s a m p l i n g   r a t e s .  

d e f i n e   a n   o p t i m a l   o u t p u t   f e e d b a c k   p r o b l e m ,   w i t h   t h e  
q u a d r a t i c   p e r f o r m a n c e   i n d e x :  

where   t he   augmen ted   s ta te   vec to r  i s  

2 = [ X t  2 1  
a n d   t h e   c o n t r o l  i s  d e f i n e d   a s  

- -  
u z - G C X  

C I. INTRODUCTION 

I t  has  been shown [l] t h a t   f o r  a m u l t i v a r i a b l e  
s y s t e m   d e s c r i b e d   b y  

Some o f   t h e   a d v a n t a g e s   t o   t h e   a b o v e   c o m p e n s a t o r   f o r m u l a -  
t i o n   a r e   t h a t   t h e   c o m p e n s a t o r   i s   r e p r e s e n t e d   b y  a 
minimum  number o f   p a r a m e t e r s ,   a n d   t h e s e   a r e   c o m p a c t l y  
p l a c e d   i n   t h e   e q u i v a l e n t   c o n s t a n t   g a i n   m a t r i x   i n  ( 1 0 ) .  
A c o n v e r g e n t   n u m e r i c a l   m e t h o d   f o r   c a l c u l a t i n g  G i s  
g i v e n   i n   [ 2 ] .  A1 so,  because we have   p rec luded   the   use  
o f   d i r e c t   f e e d b a c k   o f   t h e   o u t p u t ,   t h e   d e s i g n   c a r r i e s  
t h e  same a d v a n t a g e   o f  a f u l l   o r d e r   o b s e r v e r   i n   r e d u c i n g  
t h e   e f f e c t   o f   s e n s o r   n o i s e ,   a n d   i m p r o v i n g   r o b u s t n e s s  t o  
h igh   f requency   unmode led   dynamics   by   guarantee ing  an 
a d d i t i o n a l  20 d b / d e c a d e   r o l l - o f f   ( o v e r   t h a t   o f   t h e   o p e n  
l o o p   p l a n t )   a t   h i g h   f r e q u e n c i e s .  

T h i s   p a p e r   c o n s i d e r s   t h e   e x t e n s i o n   o f   t h e   a b o v e  
f o r m u l a t i o n   t o   t w o   t i m e   s c a l e   s y s t e m s .  We have  found 
t h a t   t h i s   e x t e n s i o n  becomes v e r y   t r a n s p a r e n t  when  one 
makes use o f   r e c e n t   f r e q u e n c y   d o m a i n   r e s u l t s   f o r  
two  t ime  sca le   sys tems  [2 ,3 ] .  

11 .  TWO TIME SCALE  FORMULATION 

A l i n e a r   t i m e - i n v a r i a n t   s i n g u l a r l y   p e r t u r b e d   s y s -  
tem i s   d e s c r i b e d   b y :  

i = Ax + Bu X E R ~  

y Cx + Du ~ E R '  

a f i x e d   o r d e r   c o m p e n s a t o r   w i t h o u t   d i r e c t   f e e d t h r o u g h   o f  
t h e   o u t p u t   c a n   b e   f o r m u l a t e d   i n   o b s e r v e r   c a n o n i c a l   f o r m  
as : 

0 

U Z - H Z  U E R  ( 3 )  

( 4 )  
n 

PU - Ny u EF. C 
C ( 5 )  uc 

where 

H =b ' l o c k   d i a g { [ O  . . .  0 l ] lxv, i= l , . . . ,m} ( 6 )  
1 

l l o c k   d i a g  [P,, . . . ,  P,] ( 7 )  P =b 

i1 All x1 + AI2 x2 + B1 u X ~ E R  nl ( 1 4 4  

E x2 A21 x1 + A 2 2  x2 + B2 u X ~ E R  n2 ( 1 4 b )  1 0  0 . 0 L x  v 
1 i  

I n  ( 3 - 5 )  N and P a r e   f r e e   p a r a m e t e r   m a t r i c e s   w i t h  
d imens ions  ( n  x 0 )  and  (nc x m ) ,   r e s p e c t i v e l y .  The 

d i m e n s i o n s   o f  H and P a r e   d e f i n e d   b y   t h e   o b s e r v a b i l -  
i t y  i n d i c e s   o f   t h e   c o m p e n s a t o r ,   w h i c h   a r e   c h o s e n   t o  
s a t i s f y :  

c o  

m 

i )  1 vi nc i i )  vi 5 vi+l 

i =1 

The  augmented  sys tem  mat r ices :  

where 0 < E << 1, a n d   d e t  { A 2 2 }  # 0 .  To c o n t r o l   s y s -  

tems o f   t h i s   f o r m  i t  i s   d e s i r a b l e   t o   s e p a r a t e l y   d e s i g n  
two  compensators,  one f o r   t h e   s l o w   s u b s y s t e m   t h a t  
r e s u l t s   f r o m   f o r m a l l y   s e t t i n g  E = 0,  and  one f o r   t h e  
f a s t   s u b s y s t e m   o b t a i n e d   f r o m   t h e   t i m e   s t r e t c h i n g  
t r a n s f o r m a t i o n  T t / E .  I n   [ 3 ]  i t  i s  shown t h a t  a two- 
f r e q u e n c y   s c a l e   t r a n s f e r   f u n c t i o n   m a t r i x   c a n   b e  decom- 
posed i n   t h e   f o r m :  

C ( S , E )  C1(s,€) + C 2 ( € s , c )  + D ( E )  ( 1 5 )  

Thus, 3. s t r i c t l y   p r o p e r   t w o   t i m e   s c a l e   c o m p e n s a t o r   i n  
t h e   c a n o n i c a l   f o r m   o f   ( 3 - 5 )   w o u l d   h a v e   t h e   f o l l o w i n g  
s t r u c t u r e :  

c, ER"' G = [ N  P ] 
1 

C 2 ~ R  
nc2  
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uCi Piu - Niy i = 1 , 2   ( 1 8 )  

I n  [4 ]  i t  i s  shown t h a t   t h e   c l o s e d   l o o p   p o l e s   o f  
t h e   s y s t e m   ( 1 4 , 1 6 - 1 8 ) ,   w i t h   t h e   e x c e p t i o n   o f   " h i d d e n "  
and " l o s t "  modes,  can  be  approximated f o r   s u f f i c i e n t l y  
s m a l l  E by t h e   r o o t s   a s s o c i a t e d   w i t h   t h e   r e t u r n   d i f f e r -  
e n c e   m a t r i x   e x p r e s s i o n s :  

d e t  { I  + C s ( s )   P s ( s ) }  0 ( 1 9 a )  

d e t  { I  i. C f ( p )   P f ( p ) }  = 0, p = E S  ( 1 9 b )  

where 

P s ( s )  Co(sInl - Ao) Bo + Do 
-1 

(20a)  

( 2 0 b )  P f (P)  = C2(p In2  - A221 B2 
-1 

C S ( d  = C1(S'0) + C2(0,O)  (20c) 

Cf(P) = C2(P,0)   (20d)  

and A. 

C1 - C 2  A;: A21, Do - C 2  A;: B2. The h idden modes 

w i t h i n  P and C ,  a n d   t h e   l o s t  modes a r i s i n g   f r o m   s e t t i n g  
E = 0, a r e   s t a b l e  i f  t h e   t r i p l e s  (Ao, Bo, C o )  and  (A22, 

B2,  C2) a r e  stabilizable-detectable. 

N o t e   t h a t   ( 2 0 c )   a n d   ( 2 0 d )   i m p l y  

-1 
- A12  A22  A21'  Bo B1 - A12 A-' 22 B 2 '   co 

C S ( 4  = C f ( 0 )   ( 2 1 )  

T h e   c o m p e n s a t o r   t r a n s f e r   f u n c t i o n   C ( S , E )   a s s o c i a t e d  
w i th   (16 -18 )   can   t hen   be   app rox ima ted   as  

C(S,E) $(SI + Cf (P )   (22 )  

where C s ( s )  Cs(s)  - C S ( - ) .   C o m p a r i s o n   o f   ( 2 2 )   w i t h  

(16-18)  shows t h a t  

The d i f f i c u l t y   t h a t   a r i s e s   h e r e   i s   t h a t   t h e  
e x p r e s s i o n   f o r   t h e   s l o w   p o l e s   g i v e n   i n   ( 1 9 a )   i s   i n  
t e r m s   o f   C s ( s ) .   T h i s   i m p l i e s   t h a t  ES(s) shou ld   be  

d e s i g n e d   f o r   t h e   r e d u c e d   p l a n t   P s ( s )   w i t h   C f ( o )   a s   a n  

i n n e r   l o o p   f e e d b a c k ,   a s   i l l u s t r a t e d   i n   F i g .  1, where 
f rom  (23b )  

e e  0 

C f ( 0 )  H2 (-P2 + P2 HZ) N2 

T h u s   t h e   f a s t   s u b s y s t e m   d e s i g n   s h o u l d   b e   p e r f o r m e d  
f i r s t   u s i n g   t h e  augmented  system  matr ices:  

where A b  = A. - Bo C f ( o )  C o ,  B b  = Bo- C f ( o )  Do. 

SUMFlARY 

A f o r m u l a t i o n   h a s   b e e n   p r e s e n t e d   f o r   d e s i g n i n g  
ou tpu t   f eedback   compensa to rs   f o r   two   t ime   sca le   sys -  
t e m s .   T h e   f o r m u l a t i o n   r e s u l t s   i n  a d e s i g n   t h a t   a v o i d s  
d i r e c t   f e e d b a c k   o f   o u t p u t s   t o   i n p u t s ,   a n d   m i n i m i z e s   t h e  
number o f   f r e e   p a r a m e t e r s   n e e d e d   i n   t h e   c o m p e n s a t o r  
r e p r e s e n t a t i o n .  
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F i g .  1 .  Equivalent  slow  subsystem 
design l oop .  

w h i c h   f o l l o w   d i r e c t l y   f r o m   ( 9 , 1 0 ) ,   ( 2 0 b )   a n d   ( 2 3 b ) .  
T h i s   i s   f o l l o w e d   b y  a s low  subsys tem  des ign   where   the  
a u g m e n t e d   s y s t e m   m a t r i c e s ,   i n c l u d i n g   t h e   i n n e r   l o o p  
f e e d b a c k   t h r o u g h   C f ( o ) ,   h a v e   t h e   f o l l o w i n g   s t r u c t u r e s :  
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