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Introduction Bag = bagy + bagaca + (basstz + bazats)ss
In order to take full advantage of the benefits offered by Bag = baay + bagaca + (baagts + bosats)ss
lightweight flexible arms, it is highly desirable to have an B = b
e : . 25 = 0251
explicit, complete, and accurate dynamic model at dis- Bo = b
posal. A planar two-link flexible arm with rotary joints 26 = 0261
subject only to bending deformations in the plane of mo- Bas = b33; + b33ncy + bazstasy
tion is considered (torsional effects are neglected). A pay- Bag = bza1 + bzazca + bagsiasy

load is added at the tip of the outer link, while hub in- Ba = b b bucat
ertias are included at the actuated joints. The kinematic 35 = 0351 + 0352C2 + V3531352
relationships for both rigid and deflected motion can be Bgg = bae1 + bagaca + bseatzss
derived according to [1]. Links are modeled as Euler- Byg = bag1 + bagnca + baastass
Bernoulli beams of uniform density with clamped-mass

boundary conditions, A finite-dimensional model of link Bas = basy + basaca + basalsse

flexibility is obtained with two assumed modes for each Bag = bag1 + bagaca + basatssa
link. The standard Lagrangian approach is followed and Bss = bss1

the resulting dynamic equations are explicited below. The Bes = b

reader is referred to [2] for the details on intermediate steps 56 = 756l

of derivation. A similar research effort has recently been Bas = bser

produced in [3] using Kane’s method.
l 3] g . anes metd where sy = sinfy, ¢z = cosfy, and
Explicit Dynamic Model
The closed-form equations of motion for the considered t1 = 111611 + t12é12
flexible arm can be written as 1o = t91691 + 122620
N . 3 = t31611 + 132612
B(q){ +h(q,q) + Kq = Qu
with the coefficients having the following expressions:
where q = (01 02 611 812 621 692)T is the vector of general- ,
ized coordinates, with 6; being the joint angle, and &;; the biir = Juy + Jo1 A Jpo + myafy
variable associated with ¢;;, the mode shape j of link 1. 2 2 p2
B is the positive-definite symmetric inertia matrix, h is + Jor +mabi Sy +mp (G + 6)

the vector of Coriolis and centrifugal forces, and K is the biia = 2mady + mply)€,
stiffness diagonal matrix (K; = Ko = 0; K3,..., K¢ > 0). - . p
The mat.ring, weighting( the input vector u of the tw)o 2“3 = 2(;7;,2d“ +myts)
joint (actuator) torques, takes on the form (Tzxz Oay4)7, 4=t .
due to the clamped link assumptions. Structural damping biar = Jp2 + Joo + Jp + mply
can be added as Dq, where D is a diagonal matrix. bias = (mady + myls)e

The resulting model is cast in a computationally ad- b AR
vantageous form, where a set of constant coeflicients ap- 123 = Mady + mply
pear that depend on the mechanical parameters of the biaa =~ :

arm. These are: ¢;, length of link ; d;, distance of center

R . = ) . b - . R ”62 i
of mass of link ¢ from joint i axis; ¢;j, mode ¢;; evalu- w1 = A (aa o Joa o o mply)én o

ated at the link end point (superscript ’ denotes spatial + (s + ma + mp) 1911 .

derivative); m;, mass of link ¢; my;, mass of hub i; m,, bizo = (mydy + m, ¢ + 0 )

mass of payload; J,;, inertia of link i about joint ¢ axig; 132 = (2 P f‘)/)((b”’e 1e)

Jhi, inertia of hub #; J,, inertia of payload; EI;, flexural bisa = —(d11,e +£161y,e)

rigidity of link ¢. Moreover: v;; = f;’ pidij(x;)dz; and bisa = —(madas + myla)(P11,6012 . — 012,611 )
¢ . .

wij = [* pidij(i)zide;, where p; is the linear mass den- biar = wya 4+ (Jha + Joo + Jp + 171,,(73)4)’12,6

sity of link .

The inertia matrix turns out of the form + (M2 +ma +mp)lidrae

braz = (mads + mpla)(d12,e + 1672,)
Bi1 = bigt + brisca + (bristy + biata)ss biaz = ~(S12,e + 1610 )

Bi1a = b1a1 + bioaca + (br2stys + biaats)se / /
brag = —(mody + m, ¢ e - s
Bz = by31 + bisaca + (brasts + b134b12)s2 144 = —(mada + mp6)(612,0611,c — D11,612)

By = byq1 + braaca + (braata + bragdiy)ss bist = war + Jpdyy . + mplagan,e
Bis = bis1 + bisaca + bisatisy bisa = (v + mpdare)y

Bis = bis1 + bigaca + bisat1 sz biss = var + mpdare

Bag = byny bie1 = waa + Jpdys o + Mpladon .
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biez = (v22 + mpdaz e)la

bigs = va2 + MpPaz.e

1)221 = th + Joz + Jp + mpfg

boas = (Jnz + Joz + Jp + mpl3)dh
baaz = (mady + myla)dir e

bgaz = —d11,e

bags = —(madz + mpla)das e

baar = (Jnz + Joz + Jp + mpl3)d),
baaz = (mada + mpla)di1z .

bagz = —P12,e

baas = —(mady + myla)Pra.e

basy = war + Jpday o + Mpladai,e

basr = waz + Jpdh . + Mpladare

b331 =m

baaz = 2(mada + mpla) P11, P11,

basz = —2011,e¢11,e

bz =0

baaz = (Madz + mpla)(11,eb)2.e + $12,6P11,e)
baaz = —(B11,e812 ¢ + F12,6611,c)

basy = (war + Jpy . + mpladare)Blye
basa = (v21 + Mpday e)P11,e

bass = —(v21 + Mpda1 €)1t e

basr = (w2 + Jpdho o + Mpladan e)diy
basa = (voz + Mpdaz.e)P11e

bass = —(va2 + Mpd2a.e)Pi1e

bag1 = my

baaz = 2(mady + mpla)dr2,e612

baaz = —2612,e12.¢

bast = (wa1 + Jpdhy o + Mpladar )dla,.
basz = (va1 + Mpdar,e)Pr2.e

basz = —(va1 + Mpa1,e)P12,e

bast = (waz + Jp@h e + Mpladaze)dla,
basa = (vaa + mpdaze)dize

bass = —(vaz + Mpd20,e)Pi2,e

bssy = ma
bse1 = 0
besy = my

ti = 11 — 06

t12 = f12,e — 1619,

tyy = vap + mpdar e

tog = vag + Mmydas e

t31 = ¢’11,e

3y = ¢’1'2,e
A complete ortho-normalization of the mode shapes has
been performed, leading to convenient simplifications in
the diagonal blocks of the inertia matrix relative to the
deflection variables. Additionally, the non-zero stiffness
coefficients in K take on the values w;"jnu, being w;; the

natural angular frequency j of the associated eigenvalue
problem for link 1.
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“The components of h can be evaluated through the
Christoffel symbols, giving

hy = [(hio162 + hrozbis + hrosbiz + hsogda1 + hiosbaz)f
+ (h1068a + h1o7b11 + h108b12 + h109ba1 + hy10622)02
+ (h111621 + hay2ba2)é1s + (h113bar + h114d22)b12) 52
+ [(R11561 + k11602 + h117821 + hyssbar)ty
+ (Ry106; + hyzofa + hi21811 + hyzabia)ta
+ hy23b12611 + h124811612] 6262

ha = (hao10y + haoad1y + haoabr2)0ys2
+ {[(hzméx + haosba1 + haosdaz)ty

+ (hao76y + haosbit + haoobra)tz
+ ha1o8y2611 + ha11611612) 61

+ [(ha12611 + harsbya)ts + (hayabar + harsbaz)ts)bny
+ [har6brata + (har7bar + harsbao)ts)éiz }ea

hs = [(hsor0y + haoals + haozdra + haoabar + haosbaa )0y
+ (haosfa + haoréin + haosbia + haoedar + hatobaz)2
+ (hs11ba1 + har2daz)b11 + (harabay + harabaz)b1a] 52
+ [(harséy + haisba + haréi1 + harsdiz)ts
+ (harebs + hanobar + haadaz)ls
+ h322513é1]0202

hy = [(hqotél + haoaly + haoabyy + haoabar + haosd22)01
+ (haosfa + haorbr1 + haosdyz + haoabay + hatoba2)f2
+ (harrbar + haraba2)éis + (hasabo + ha14622)612] 2
+ [(harshr + harefz + har7éi1 + harabra)ta
+ (hatols + hazobar + haziba)ts
+ haa261161]02co

hs = (h501é1 + hso2b1y + h-503812)9152
+ [hsodh(}l + (hsosbry + hsosbiz)ts] fzc

he = (haor61 + hooadis + heosdr2)0152
+ [1160411(}1 + (heosb1r + heosdr2)ts) O2ca

with the coeflicients having the following expressions:

hior = —2(mada + mpla)é)

hyoa = 2(mads + mpla)(b11,e — L1)1e)
higa = 2mads + mpla)($12, — l1d12,)
hioa = —2(vay + mpd21,e)l1

hios = —2(vaz + mpdaa )b

hios = —(mads + mpta)ly

hyor = —(mads + mpla)14}, )

hios = —2(mads + mpla)l1 6% )

hioe = —2(v21 -+ Mpday,e)ln

hito = —2(vag + Mpé22,e)ly

hiny = —2(vay + mpéan e}y




hi12a = —2(ven + Mp$22, )16 .
hi13 = =2(va1 + Mpa1,e) €165,
hi1a = =2(vap + Mp$a2,e) 01615,
hiis = 2(mqds + myfy)

hi16 = mady + mply

h117 = —(v21 + mpar,.)
hiis = —(vaz + mpdane)
hi1o = =24

higp = -4

hiar = ~(d11,e + 4165, )
hizs = ~(d12,e + L1975 ,)

hizs = —(mady + myls) (611,615, — b12,871.)
hizg = —(mady + myls)($12,6011 . — d11,e805.)
haoy = (mady + mpla)ly

haoz = 2(mada + mpla) g1y
haos = 2(mady + m,la) 12
haos = —(madz + myls)

haos = —(var + mpdar,e)
haos = ~(vaz + mpdos ¢)
hog7 = £,

haos = d11,e + €19,

haos = b12,e + €167, ,

ha10 = (mady + mpla) (11,45 — b12,6911.)
hany = (mady + myly)(612,.61, , — b11,e612..)
hat2 = 11,047, .

ha13 = 11,6412 + 12,6611 )

ha1a = (va1 + mpdoy )11 e

hots = (vag + mpdas )11 e

ha16 = $12,912 .

hair = (va1 + mpdar ) 1o e

hats = (vag + mpdaz )12,

haoy = ~(mady + myls)(fr1,e — (144, ,)

haoz = —2(mads + mpla) 1 .

h3oz = 2(medy + mpls)($12,e01, ¢ ~ b11,e¢1a.)
haos = =2(va1 + mpdar,e )11 e

haos = ~2(vas + mpdaz c) P11,

haos = —(mads + myls)¢y, .

haor = —2(mads + mpl2)bi1,e]; ,

haos = —2(mady + mpla)d11,eBa,

haos = —2(va1 + Myt )11 0

h3to = —2(vay + mpdaz,e) P11 e

hair = =2(va1 + mpdar e)br1,00Y,

h312 = ~2(vga + Mph22.6)B11,e97; o

hsrz = ~2(var + mpdor o) 11,ed),

ha1a = —2(vqp + Mp¢a2,e)P11,eP1a

hais = —(d11,e + €194, )

haie = —¢11,c

hair = —2611,e411 ¢
hais = —(811,6$12,c + B12,61; )
haig = —(madz + mpla)dyy e

hazo = —(va1 + My a1 )16

haz = —(vag + Mpdaac)iie

h3zz = ~(mady + mylo)(b11,e01a, — b12,667; )
haor = ~(mads + my)(f13,e — L1415 ,)

haos = —2(mady + mpla)gra.

haos = 2(mady + mpls)(f11,e81s o — $12,6811 )
haog = —2(var + Mpda1 o )Pr2.e

haos = =2(vay + Mpan e )b1a e

haos = —~(mads + mpls)gya,

hyo7 = =2(mada + Mpla)di2.eBY; .

haos = —2(mady + mpla)d1s 4%, ,

hagg = —2(vay + mpday ¢ )12,

hatg = =2(vaz + mpdan e )h1a e

haiy = =2(va1 + mpda1 e )dra,e 411 .
hara = =2(vaz + mpdao c)b12,e41
hais = ~2(vy + Moy )12, 8); .
haig = 2oz + mpdas )12 o Bla
hats = —(d12,e + 14)5,)

hare = —12c

har = —(é11,610. + d10,.61; )
hats = —2¢12..61, .

hare = —(mady + mpls)d1a .

hazo = —(v21 + mpdor e)drae

hast = —(vaz + my oz e )iz,

hasa = —(mads + My la)($12,e011,e — B11,e612,)
hso1 = (va1 + mypay ¢ );
hso2 = 2(vay + Mpdar o)1y e
hsoz = 2(va1 + mydor )1,
hsoq = va1 + mp oy,

hsos = —(var + mypday e)din e
hsos = ~(va) + mpdoy ¢ )b1a.
hgo1 = (voa + Mpdas ¢ )
heoz = 2(vas + Mpdan )11 e
hoz = 2(vag + Mpdos o)1
heos = va2 + mpdan .

heos = —(vaa + mypdos)d .
heos = ~(v22 + Mpaa e )d1a .

i
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