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Introdiictioii 
In order to take full advantage of the benefits offered by 
lightweight flexible arms, it is highly desirable to have an 
explicit, coniplete, and accurate dynamic model at dis- 
posal. A planar two-link flexible arm with rotary joints 
subject only to bending deformations in the plane of mo- 
tion is considered (torsional effects are neglected). A pay- 
load is added at the tip of the outer link, while hub in- 
ertias are included at the act,uat,ed joints. The kinematic 
relationships for both rigid and deflected motmion can be 
derived according to [l]. Links are modeled as Euler- 
Bernoulli beams of uniform density with clamped-mass 
boundary conditions. A finite-dimensional model of link 
flexibility is obtained with two assumed modes for each 
link. The standard Lagrangian approach is followed and 
tlic resulting dynamic equations are explicited below. The 
reader is referred to [2 for the details on intermediat,e steps 

produced in [3] using Kane’s nietliod. 

Explicit Dynamic Modcl 
The closed-form equations of motion for t8he considered 
flexible arm can be written as 

of derivation. A simi 1 ar research elfort has recently been 

where q = (01 02 611 6 1 2  6 2 1  ~ 2 2 ) ~  is the vector of general- 
ized coordiimtes, with Bi being the joint angle, and 6~ the 
variable associated with &, the mode shape j of link i .  
I3 is the positive-definite symmetric inertia matrix, 11 is 
the vector of Coriolis and cent>rifugal forces, and K is Ihe 
stiffness dia.gona1 ma.trix (Kl = I<:! = 0; K3, . . . , I\’s > 0). 
The matsrix Q ,  weighting the input vcctor II of tlie two 
joint (actuat,or) torques, takes on t,Iic form ( 1 2 ~ 2  0 2 ~ ~ ) ~ ,  
due to the clsniped link assumptions. Structural damping 
can be added as D4, where D is a diagonal mstris. 

The resulting model is cast in a coinputationally a.d- 
vantageous form, where a set of const,ant coeflicienk ap- 
pear t1ia.t depend on the mechanical parameters of tlie 
arm. These a.re: &, length of link i; d i ,  distance of center 
of inass of link i from joint 1: axis; $ij,e, mode &; j  evalu- 
a.tcd at, the link end point (superscript ‘ denot.cs spatial 
derivative); mi, mass of link i; ? n h , i ,  iiiass of h u b  i ;  i n p ,  
iiinss of payload; J o i ,  inertia of link i about joint, i axis; 
J h i ,  inert,ia of h u b  i; .Ip, inertia of payload; EI; ,  flexural 
rigidity of link i. I\iIoreover: vi j  = J:’ pid i j (z i )dz i  and 

wij = p a d i j ( z i ) t i d + i ,  wliere pi is t ~ i e  1ii1ea.r inass den- 
sit,y of link i. 

The inertia matrix turns out, of t.he form 
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where s? = sir,&, c2 = cosO2, and 

wit 11 the coefficient.s having the following expressions: 
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