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Abstract

The dynamic model of a robot manipulator is usually de-
scribed by a set of nonlinear, highly coupled differential
equations. However, linear control schemes (namely PD
or PID independent joint controllers) are often used, the
manipulator being regarded as a set of linear independent
dynamic systems with the nonlinear and coupling effects
acting as disturbances. These simple schemes cannot
achieve good performance due to their inherent low re-
jection to disturbances. A way to overcome this problem
without losing the simplicity of a linear controller is to
use also acceleration information. This paper describes
ezperiments intended to demonsirate that such a solu-
tion is feasible and effective. Using a transputer-based
system we were able to reconstruct acceleration and ve-
locity information from position measurements and con-
trol a high-speed parallel robol. The obtained results con-
firm the good performance of the control scheme which
we believe can be a valid allernative to model-based con-
trol algorithms.

Keywords: Robotics, Independent joint control, Linear
control, Acceleration feedback, Disturbance rejection.

1. Introduction

In recent years, model-based controllers have received a
growing attention from the robotics community. These
controllers compensate for the available estimates of the
dynamic terms in a feedforward or in a feedback fash-
ion with linear feedback loops overcoming the effects of
imperfect modeling and unavoidable disturbances [1,2].
They have also proved their effectiveness for manipula-
tors with high gear ratios, for which is commonly ac-
cepted that nonlinear and coupling effects can be ne-
glected [3,4].

There are two main disadvantages related to this
kind of controllers. One is the necessity of a complex
process to identify the actual terms of the dynamic
model. The other is the difficulty to face problems aris-
ing from payload variations, variable friction coefficients
and so on, so that adaptive control schemes have to be
considered [5].

Another possible approach in robot control is to re-
gard the manipulator as a set of linear decoupled dy-
namic subsytems with the nonlinear and coupling effects
acting as disturbances. Following this approach, simple
linear controllers can be designed; as a matter of fact
most, if not all, industrial manipulators are controlled by
means of independent PD or PID joint controllers. The
obtained performance is obviously very poor if dynam-
ics effects are not negligible (as when tracking of high-
speed, high-acceleration trajectories is required) since
such simple controllers cannot reject the effect of these
disturbances.

A possible way to achieve better performance, still
retaining the simplicity of linear independent joint con-
trol, is to use also acceleration information in the feed-
back. In a recent paper [6], this problem has been ad-
dressed and a state variable filter has been presented
to reconstruct the acceleration —and eventually the
velocity— from position measurements. The proposed
controller required very short sampling times and only
simulations were provided showing that it is possible to
effectively use this method within the constraints im-
posed by available computers.

In this paper we show that such a controller has
good performance also in a real experimental setup. We
have implemented it on a multi-transputer system con-
trolling a high-speed parallel robot. Experimental result
are presented. The controller has been tested at differ-
ent sampling times and compared with a classical PID
controller.

The paper is organized as follows. Section 2 gives the
basic theory on the design of the controller. In Section
3 we describe the experimental setup. The results are
presented and commented in Section 4. Conclusions are
drawn in Section 5.

2. Controller design

The dynamic equations of an n degree-of-freedom ma-
nipulator in free space can be written as

(B.+ Bu(q))a+C(g,9)a+ Fq+g(g)=7 (1)

where g is the (n x 1) vector of joint variables, B. is
the (n x n) constant diagonal matrix whose elements
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are the average values of joint inertias, with B, being
the remaining part of the positive define symmetric in-
ertia matrix, Cq is the (n x 1) vector of Coriolis and
centrifugal forces, F'q is the (n x 1) vector of joint fric-
tion forces, g is the (n x 1) vector of gravitational forces,
and 7 is the (n x 1) vector of joint driving forces. In
a gear-driven manipulator, the joint driving forces are
provided by the actuators via kinematic transmissions.
This leads to the relation

K.q=qm (2

where g, is the (n x 1) vector of actuator displacements,
and K, is an (n x n) diagonal matrix whose elements
are greater than unity. The (n x 1) vectors of actuator
driving forces 7y, is given by

Tm = m&m"‘Fmém-}*Kr_lf (3)

where I, and F,, are (n x n) diagonal matrices whose
elements are the inertia and the viscous friction coef-
ficients of the motors plus the transmissions, and 7 is
given by (1).

Plugging (1) into (3) gives

Tm =(Im + K:IBGK:I)&m"'

4
(Fm + K,._lFK,._l)"Jm + TNL )

where
T~L = K 'By K \4m + K;'CK [ qm + K1 g. (5)

From (4) it is clear that the manipulator can be regarded
as a set of independent linear dynamic systems, with
the nonlinear and coupling terms given in (5) acting as
disturbances. It is understood that 7xz can include also
any model uncertainty of system components.

The simplified model for an actuated joint is de-
scribed by the voltage-to-position second-order transfer
function
— km
- 3(1+ s7y)

G(s) (6)
where kmn and 7, depends on the parameters in eq. (4)
and on the particular actuator used.

A classical joint controller (hereafter called P-PI)
which operates only on position and velocity information
is shown in Fig. 1.

Fig. 1. P-PI controller

With this controller, assuming the joint dynamics
is described by (6) and choosing Ty = 75, the result-
ing input/output transfer function can be written in the
classical form

1
—5r 7 (7)
1+ 2ot &

Wn

W(s) =

If the natural frequency wy (related to the bandwidth)
and the damping ratio ¢ (related to the overshoot) are
given as design requirements, the controller gains Kp
and Ky can be obtained from the relations

Ky = 22 ®
2
KpKy = E’-’l (9)

Obviously, since an integrator term is present in the con-
troller, the system has zero error at steady-state when a
step disturbance occurs. A measure of the disturbance
rejection factor during the transient is given by

Xp=KpKy. (10)

It must be remarked, moreover, that if the joint con-
troller is required to follow a high-speed trajectory, the
tracking capabilities of the scheme can be improved by
feedforward cancellation of the motor dynamics. In par-
ticular, the input of the P-PI scheme can be modified

into
2

8 8
(t+ 2+ oo =)

resulting into a zero tracking error.

The reader is referred to [6] for further details on the
derivation of this and the following controller.

In order to allow the setting of desired values for the
disturbance rejection factor, the addition of an acceler-
ation feedback loop has been proposed in the P-P-PI
controller drawn in Fig. 2 assuming that acceleration
measurements are available.

Fig. 2. P-P-PI controller

Again, by choosing T4 = 7,,,, one obtains the same
closed-loop transfer function as in (7). We can compute
the gains Kp, Ky and K4 from the relations

Wn
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1+knKa= o)
W,

(13)
n
KpKvKas = Xr. (14)

Now the disturbance rejection factor Xr can be a fur-
ther design requirement instead of being fixed when w,
and ¢ are given as for the P-PI controller.

Perfect tracking can be achieved by a feedforward
compensation action, i.e. modifying the input as

2
(1+:_+(1+ka.4)3

kmKpKv Ka (15)

) Qa(s).

The main problem of the P-P-PI controller of Fig. 2
is direct measurements of acceleration which in general
are either not available or too expensive to get. How-
ever, it is possible to reconstruct the joint acceleration
(and eventually velocity too) using a state variable filter
whose input is the joint position measurement.

Fig. 3. State variable filter

The filter (Fig. 3) is characterized by a natural fre-
quency wny = vE1k2 and by a damping ratio (y
%1 / f’; Choosing filter bandwidth to be larger than joint
servo bandwidth —at least a decade off to the right—

good reconstruction of velocity and acceleration can be
obtained.

3. Experimental setup

In order to test the practical implementation of the pro-
posed P-P-PI controller, the high-speed three-degree-of-
freedom parallel robot DELTA (7] available at LIRMM
was considered (Fig. 4).

Fig. 4. DELTA robot
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This robot has a traveling plate connected to the
base plate by three kinematic chains actuated by
PARVEX brushless motors. Each motor is equipped
with a digital encoder whose resolution is 10000 counts
per revolution. It was exploited the possibility, offered
by the motors’ amplifiers, of controlling the currents.
Even if the robot is very light, the nonlinear and cou-
pling dynamical terms cannot be considered negligi-
ble [8]; this is due also to the fact that, in the laboratory
prototype, the gear ratio is only 1:10.

A very fast three-Transputer system of INMOS
T800’s was utilized, whose boards were developed at
LIRMM (Fig. 5). One of the boards is used to imple-
ment the control algorithms and communicate with the
host PC; the decoding of joint encoders’ measurements
plus the reconstruction of both joint velocity and accel-
eration are performed on another transputer board; the
third board is basically a D/A output board.

Fig. 5. Transputer system layout

A rough identification process was performed; with
only the arm connected to the motor via the gear trans-
mission, the identified parameters of the linear model
in (5) are k,, = 837.7sec/V and T, = 0.4sec. Also,
the presence of a static friction torque of 0.05Nm was
identified.

The design specs for the P-PI controller were wp =
62.8rad/sec and {( = 0.7; the gains were computed
via (8,9), resulting in a disturbance rejection factor
Xr = 4.7. On the other hand, different values of
Xgr were set for the P-P-PI controller and the rela-
tive gains were computed via (12-14). As for the state-
variable filter used to reconstruct velocity and acceler-
ation, wny = 628rad/sec and { = 0.5 were chosen to
ensure good reconstruction. Both the controllers and
the reconstructing filter were converted in their discrete-
time equivalent versions before implementation.

4. Experimental results

Two sets of experimental tests were performed. In the
first set, only one motor with its arm connected via the
gear transmission is controlled so that no dynamic cou-
pling is present; the same conditions as for the identifi-
cation process hold. In the second set, the whole robot
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was employed and the same controller for one motor
with the same gains as above were used while the other
motors are not controlled; this allows to evaluate the ca-
pability of rejecting the disturbance caused by dynamic
coupling.

First, the two control schemes (P-PI and P-P-PI)
were compared at a sampling time of 0.3msec. For
each test the following schemes were used: without feed-
forward (labelled 1 in the figures), with feedforward of
static friction (label 2), with feedforward of velocity and
velocity+acceleration (egs. (11) and (15) — label 3),
with both feedforward actions (label 4). In all trials,
the same motor was moved of 5000 encoder counts us-
ing a fifth-order polynomial as the reference trajectory
(dashed line in the figures); the motor starts and arrives
at rest, and it reaches one half of the maximum allow-
able velocity and acceleration. This corresponds to a
Joint motion of 0.314rad to be performed in 0.075sec,
with a maximum velocity of 8rad/sec and a maximum
acceleration of 340rad/sec?; at the arm tip the result-
ing maximum velocity is of 2m/sec and the maximum
acceleration of 88 m/sec? (~ 9g!).

Figure 6 shows the obtained trajectories and track-
ing errors when the P-PI controller was used and only
the arm was connected. Notice that the use of feedfor-
ward terms gives better results, since the system is in
the same condition under which identification was car-
ried out. In Figure 7 the same curves are plotted when
the whole robot is running; it is quite evident to rec-
ognize the poor performance of the scheme. The errors
are given in encoder counts; 100 counts correspond to
0.00628rad at the joint.

Next, the P-P-PI controller was applied under the
same conditions. The disturbance rejection factor was
Xgr = 10; larger values lead to gains causing instability.
In Figures 8 and 9 the errors are plotted for the single
arm and the whole robot, respectively. It is clear that
this scheme performs better than the P-PI scheme; the
errors in both cases are as much as half of the previous
ones —the rejection factor is now almost doubled.

In order to obtain higher disturbance rejection fac-
tors with the P-P-PI controller while preserving closed-
loop system stability, it is necessary to decrease the sam-
pling time. With a sampling time of 0.2 msec, it was pos-
sible to achieve Xp = 15. Figure 10 shows that track-
ing errors for the whole robot become smaller. Further,
with a sampling time of 0.16 msec, which is the minimum
achievable with the transputer system, it was obtained
Xr = 18. The resulting errors for the whole robot are
plotted in Fig. 11. In this case, it is worth noticing
that there is no substantial difference on the tracking
performance when feedforward is added; in fact, with
such a rejection factor, the P-P-PI controller does not
need an accurate knowledge of the model. Nevertheless,
it should be recalled that the feedforward actions are
based only on a rough identification of the linearized
model and of the static friction torque.

5. Conclusions

Experiments on the use of acceleration feedback in the
control of a high speed parallel robot have been de-
scribed in this paper. The acceleration (and velocity)
information is computed from the position measure-
ment via a state variable filter. The controller has been
implemented on a transputer-based system. The ob-
tained results have confirmed the theoretical findings,
i.e. closing an extra feedback loop around the distur-
bance input achieves better performance over the con-
ventional PID scheme in terms of disturbance rejection
factor. In conclusion, it is believed that the proposed
control scheme represents a practical, valid alternative
to model-based control schemes of second-order mechan-
ical systems with highly coupled dynamics.
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Fig. 6. P-PI scheme for the sole arm at a sampling time

of 0.3 msec: a) time history of desired and actual

joint trajectories, b) time history of tracking er-
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Fig. 8. Time history of tracking errors with the P-P-PI

scheme for the sole arm at a sampling time of

0.3 msec
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Fig. 9. Time history of tracking errors with the P-P-PI

scheme for the whole robot at a sampling time

of 0.3 msec
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Fig. 10. Time history of tracking errors with the P-P-PI
scheme for the whole robot at a sampling time
of 0.2 msec
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Abstract : This paper deals the characterization of short-
est paths for a non-holonomic mobile robot constrained to
move with a minimal turning radius. We provide the parti-
tion of the configuration space induced by the shape of the
shortest paths reaching the origin. This work completes the
results obtained by Reeds and Shepp [8], and more recently,
by Sussmann et al [11] and Boissonnat et al [1].

Keywords : Optimal Trajectory Synthesis, Optimal Con-
trol, Nonholonomic Mobile Robot.

1 Introduction

A car-like robot is defined as the following control sys-

tem . 0 0
T cos
) |=| sing 0 | (1)
(3) (% 1)(“’2)

with

(2)

(z,y) € R? are the coordinates of the robot position,
while 8 € S! is the direction of the robot. This system
is an approximated model of a car moving forward and
backward with a lower bounded turning radius and an
upper bounded velocity. The minimum turning radius
and the maximum velocity are assumed to be 1.

The problem of characterizing the shortest paths was
first addressed by Dubins [4]. He proves the existence
of shortest paths when w; = 1 (i.e. the robot moves
only forward with a constant velocity). He provides a
sufficient family of simple paths which are sequences of
at most 3 pieces consisting of straight line segments or
arcs of circles of radius 1. This family always contains a
shortest path.

In [3], Cockayne and Hall provide the classes of Du-
bins’s paths by which the system can reach a given point
and obtain the set of all the positions reachable at fixed
time.

Reeds and Shepp extend Dubins’s result to a system
moving forward and backward with a constant velocity
(i.e. |wi] = 1) [6]. They prove that a shortest path can
always be chosen among 48 simple paths constituted by

wi(®)l <1 and |wa(t)] <1

*This work is supported by the ECC Esprit 3 Program (Project
6546 PROMotion).

some sequences of at most 5 pieces which are straight line
segments or arcs of circle of radius 1. Such simple paths
contain at most 2 cusps.

All these studies have been done without any reference
to the optimal control theory. More recently, Sussmann
et al [9] and Boissonnat et al (1] independently give a
new proof of Reeds and Shepp’s result by using the max-
imum principle. Such new proofs refine the previous re-
sult. Sussmann et al reduce to 46 the number of the
potentially shortest paths. Moreover they prove that the
solutions for the system (1) with |wy| = 1 hold when
|w1| S 1.

In this paper, we complete the study by providing the
partition of R? x S! induced by the shape of the short-
est paths reaching the origin. This partition provides a
way to compute a synthesis of the shortest paths. More-
over, we derive the sets of points where the shortest paths
are not unique, and, among them, the sets of points of
discontinuity (i.e. the cut-locus of the system).

The study is based on the following method :

1/ We first prove symmetry properties in each plane
Py corresponding to constant value of §. These re-
sults allow us to restrict our study to one quadrant
bounded by two symmetry axes in Py (Section 3.1).
Then we prove that we only have to consider the
value of 6 in [—=, 7] (Section 3.2).

2/ We compute all the domains in Py corresponding to
the starting point of each type of path in Reeds and
Shepp’s family refined by the symmetry properties.
We parametrize the paths by two real numbers whose
variations induce a foliation of each domain.

3/ We reduce these domains by using symmetry proper-
ties and direct geometric arguments combined with
the necessary conditions provided by the maximum
principle (Section 5).

4/ At this point, almost all the domains are adja-
cent. Only two overlapping domains require a spe-
cific study (Section 6).

In our reasoning, we restrict the study to planes P, corre-
sponding to constant directions of the robot. In Section
7, we precise the values of 6 for which each domain ex-
ists.

Notations : We use the notations introduced by Reeds
and Shepp and revised by Sussmann and Tang. A path is
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