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ABSTRACT 

One o f   t h e  most  important  features  of   an  advanced 
c o n t r o l   s y s t e m   f o r   a r t i c u l a t e d   r o b o t s   i s   t h e  capa- 
b i l i t y   o f   t r a n s f o r m i n g   t h e  work  space  coordinates, 
w h i c h   n a t u r a l l y   c h a r a c t e r i z e   a n y   r o b o t   t a s k ,   i n t o  
t h e   j o i n t   c o o r d i n a t e s ,  on w h i c h   c o n t r o l   a c t i o n s  
are  developed  ( Inverse  Kinematic  Problem).   Whi le 
s imp le   k inemat ica l   s t ruc tu res   a l low  fo r   c losed 
f o r m   s o l u t i o n s ,   t h e r e   i s  a c l a s s   o f   r o b o t s   f o r  
w h i c h   t h i s   i s   n o t   t r u e .  I f  t h e   t h r e e  axes o f  revo-  
l u t i o n   a t   t h e  end e f fec to r   i n te rsec t   two -by - two  an 
e x a c t   s o l u t i o n  seems n o t   t o   e x i s t .  

The g o a l   o f   t h e   p a p e r   i s   t o   e s t a b l i s h  a f a i r l y  
d i f f e r e n t   s o l u t i o n   a l g o r i t h m ,  as compared t o   t h e  
t r i gonomet r i c   app roach ,   wh ich   y ie lds   so lu t i ons   i n  
the  above  case. The a l g o r i t h m   i s  shown t o  be con- 
vergent   a long any t r a j e c t o r y .  It proves   ve ry   f as t  
s ince  i t  i s  based o n l y  on d i r e c t   k i n e m a t i c s .  Nume- 
r i c a l  examples  are f i n a l l y   d e v e l o p e d .  
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o f  Technology, George W. Woodruff  School  of 
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INTRODUCTION 

The b a s i s   f o r   a l l  advanced  robot   cont ro l  is t h e  re 
l a t i o n s h i p  between  the  Cartesian  coordinates  of  
t h e   e n d   e f f e c t o r ,   w h i c h   n a t u r a l l y   i d e n t i f y   e a c h  
task,  and t h e   j o i n t   c o o r d i n a t e s   o f   t h e   m a n i p u l a -  
t o r .  As a r u l e ,   t h e   d i r e c t   ( j o i n t - t o - C a r t e s i a n  
space)   re la t ionship  is .   un ique,   whereas  the  inverse 
( C a r t e s i a n - t o - j o i n t )  i s  n o t .   A c t u a l l y ,   w h i l e   t h e r e  
i s   o n l y  one  end e f f e c t o r   s t a t e   f o r  a g iven  se t   o f  
j o i n t   c o o r d i n a t e s ,   t h e r e   a r e  a number o f   d i f f e r e n t  
j o i n t   c o n f i g u r a t i o n s   w h i c h   a l l   p l a c e   t h e  end ef feg 
t o r   i n   t h e  same p o s i t i o n  and o r i e n t a t i o n .   I n  many 
cases o n l y  one so lu t ion   cor respond ing  t o  a g iven 
k i n e m a t i c   c o n f i g u r a t i o n   i s   d e s i r e d ,   r a t h e r   t h a n  
t h e   e n t i r e   s e t   o f   s o l u t i o n s .   U s u a l l y   t h e   s o l u t i o n  
i s   t o  be implemented i n   r e a l - t i m e  as i t  c o n s t i t u -  
tes   the   servo   loop   re fe rence;  a minimum number o f  
mathematical  computations i s   t h e n   t o  be performed. 

Typical   s ix-degree-of- f reedom  nonredundant  k i -  
nemat i ca l   s t ruc tu res  have t h r e e   r e v o l u t e   j o i n t s   a t  
t he  end e f f e c t o r ;  it is   the   geomet r ic   parameters  
o f  such j o i n t s   w h i c h   d e t e r m i n e   t h e   s p a t i a l   c o n f i g g  
r a t i o n   o f   t h e   t e r m i n a l  axes of  motion.  Most  of  to- 
d a y ' s   s t r u c t u r e s   h a v e   a - s p h e r i c a l   w r i s t ,   i . e .  
t h r e e   i n t e r s e c t i n g   r e v o l u t e   j o i n t  axes ;   the   app l i -  
c a t i o n   o f   t h e   w e l l - k n o w n   t r i g o n o m e t r i c  method, 
f i r s t  proposed i n  [l], al lows  fo r   c losed  fo rm sol! 

t i o n s   o n l y   f o r   t h e s e   s i m p l e   s t r u c t u r e s  [Z].  I n  0- 
t h e r  cases,  such  as e i ther   two-by- two  in te rsec t ing  
axes  or  nonconverging a t   a l l  axes,  an e x p l i c i t  so- 
l u t i o n  seems n o t   t o  be a t t a i n a b l e   i n   c l o s e d   f o r m ,  
An i t e r a t i v e   s o l u t i o n   t e c h n i q u e  has  been proposed 
i n  [3]  f o r   t h e   c l a s s   o f   t w o - b y - t w o   i n t e r s e c t i n g   r e  
v o l u t e   j o i n t  axes, b u t   i n v o l v e s  an   o rde r   o f  magni- 
tude  and  more  computations  than a c losed  form  so lu 
t i o n ,  even i f  the  t r igonometr ic   approach has s t i l r  
been  used. The e x i s t e n c e   o f   a n   e x p l i c i t   s o l u t i o n  
to   t he   k inemat i c   equa t ions   f o r   t h i s   c lass   o f   man i -  
p u l a t o r s   i s   o f   g r e a t   i m p o r t a n c e   i n   e v a l u a t i n g   t h e  
r o b o t ' s   s u i t a b i l i t y   f o r  computer   cont ro l .  

f a i r l y   d i f f e r e n t   a p p r o a c h  [4], as  compared t o   t h e  
i t e r a t i v e - t r i g o n o m e t r i c  one  adopted i n  [3],  can 
p rov ide   so lu t i ons   f o r   t hose   s t ruc tu res   w i th   two -  
b y - t w o   i n t e r s e c t i n g   r e v o l u t e   j o i n t  axes a t   t h e  end 
e f f e c t o r  [5]. The convergence o f   t h e   r e s u l t a n t   a l -  
g o r i t h m   i s   p r o v e d  by means o f   t h e  Lyapunov d i r e c t  
method.   E f fec t i veness   o f   the   p roposed  so lu t ion  
t e c h n i q u e   m a i n l y   l i e s   i n   t h e   f a c t   t h a t  i t  o n l y  
makes use o f   d i r e c t   k i n e m a t i c s   o f   t h e   m a n i p u l a t o r  
and  the   ex t ra  number o f  mathematical   operat ions re 
q u i r e d  i s  s m a l l ,   r e s u l t i n g   t h u s   i n  a conta ined corn 
pu ta t i ona l   bu rden .   Th i s   i ssue   f avo rs   t he   use   o f  
t h i s   i nve rse   k inemat i c   a lgo r i t hm  a long   any   t ra jec -  
t o r y   a s s i g n e d   i n   t h e   t a s k  space, s i n c e   t h e   s o l u -  
t i o n  sample ra tes   can  be the  same as   t hose   o f   t he  
servo  loops. I n  a d d i t i o n  it will be shown how 
j o i n t   v e l o c i t i e s  can be d i r e c t l y   g e n e r a t e d   a t   s e r -  
vo r a t e   w i t h o u t  any f u r t h e r   c o m p u t a t i o n s ;   t h i s   i s  
of a g r e a t   d e a l   o f   u t i l i t y   f o r   t h o s e  advanced con- 
t ro l   techn iques ,   such as [ 6 ]  fo r   ins tance,   wh ich  
r e q u i r e   r e f e r e n c e   j o i n t   v e l o c i t i e s  as w e l l  as 
j o i n t   v a r i a b l e s .  The same robo t   p ro to type  as i n  
[31 i s  taken as a r e f e r e n c e   i n   o r d e r   t o   a n a l y z e  
the  computational  burden and develop a case  study. 

The goal o f   t h i s  paper i s   t o  demonstrate how a 

KINEMATICS 

The k inemat ics o f  a s e r i a l   l i n k   m a n i p u l a t o r   c a n  be 
s p e c i f i e d  on t h e   b a s i s   o f   t h e   n o t a t i o n s   g i v e n   i n  
[7]. I n   o r d e r   t o   i d e n t i f y   u n i q u e l y   t h e   p o s i t i o n  
and t h e   o r i e n t a t i o n   o f   t h e  end e f f e c t o r ,   s i x  de- 
grees o f  freedom  are needed; t y p i c a l   k i n e m a t i c a l l y  
nonredundant  structures have t h r e e   r e v o l u t e   j o i n t s  ( e  ,e ,e ) ,  whereas t h e  f irst t h r e e   j o i n t s  can be 
e l t h e ?  a91 r e v o l u t e ,  such as t h e  PUMA arm  [8], o r  
two   revo lu te  and  one pr ismat ic,   such as the  Stan- 
fo rd  arm [ 9 ] ;  hence i n   t h e   f o l l o w i n g   t h e s e   j o i n t  
v a r i a b l e s  will be denoted  by  (q ,q , q  ) .  

As f a r   a s   t h e   t h r e e   r e v o l u t i   j g i n s  axes a t   t h e  
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end ef fec tor   a re   concerned ,   th ree   bas ic   conf igura-  
t i o n s   a r e   i l l u s t r a t e d   i n   f i g .   1 .  The case a )  i s  of 
p a r t i c u l a r   i n t e r e s t   s i n c e   i t  becomes p o s s i b l e   t o  
decouple  the  p,osit ion  of  the end e f f e c t o r  from i t s  
o r i e n t a t i o n ,   t h a t  may be use fu l   fo r   con t ro l  purpo- 
s e s .  The cases  b)  and c )  may a l so   occu r   i n   p rac t i -  
cal   robot   designs.   Al l   such  s t ructures   can be con- 
veniently  identified  through  the  following  con- 
s t r a i n t s  on the  aeometric  oarameters  of the l a s t  
t h r e e   j o i n t s .  More s p e c i f i c a l l y ,   t h e   l e n g t h s  
and the   d i s t ances  d n  [7]  a r e   r e s p e c t i v e l y   i n  
t h ree   ca ses :  

a )   concurren t   axes :  a =a =d =O ( f i g .   l a  4 5 5  
b)  two-by-two in te rsec t ing   axes :   a4=a5=0 

( f i g .   l b ) ,  
c )  nonconverging  axes:   a4+0,  a5#0  (fig.  

a 
tRe 

3 

d ,#a 

IC). 
As a consequence  the  knowledge  of  the  geometric pa 
rameters  of a k inemat ica l   s t ruc ture   a l lows   for  i t s  
c l a s s i f i c a t i o n   i n  terms o f   t h e   t h r e e   s t r u c t u r e s  i l  
lus t ra ted   above .  

( a )  ( b )  ( C )  

Fig. 1 .  The l a s t   t h r e e   r e v o l u t e   a x e s  a t  t h e  end e! 
f e c t o r :  
a )  concurrent ,  b )  two-by-two i n t e r s e c t i n g ,  
c )  nonconverging. 

On  t h e   o t h e r  hand a robo t   t a sk   i s   na tu ra l ly   spec i -  
f ied  in   terms  of  end ef fec tor   Car tes ian   coord i -  
na tes  ( p  p . p  ,a.B,y) with   respec t   to  the base 
frame;   pr ' syar$  the components o f   t he  end e f f e c t o r  
pos i t ion   vec tor  p, and a,B,y a re   the   Euler   angles  
which d e f i n e   i t s   o r i e n t a t i o n   ( r o l l ,   p i t c h  and yaw 
angles  can be adopted  as   wel l ) .  The o r i e n t a t i o n ,  
however,  can be conveniently  described  through a 
uni t   approach  vector  2, a u n i t   s l i d i n g   v e c t o r  5 
and a u n i t  normal vector  n. The or ien ta t ion   f rame 
(~,a,n) defined  with  reference  to  the  base  frame 
of' the   manipulator ,   can be eas i ly   de te rmined   s ta r -  
t i n g  from the Euler  angles  [ lo].  Such frame  will 
be re fer red   to   in   the   fo l lowing   s ince   i t   a l lows  
f o r  a un ique   def in i t ion   o f   the   o r ien ta t ion   in  
terms o f  d i r e c t   r e l a t i o n s h i p   w i t h   t h e   j o i n t   v a r i a -  
b les .  Under these  assumptions,   for  any  robot  kine- 
mat ica l   s t ruc ture   wi th  known geometric  parameters, 
the  direct   k inematics   can be wr i t t en   a s  

where q i s   t he   (6x1)   vec to r  of j o i n t   c o o r d i n a t e s ,  
and f ,f , f  a r e   non l inea r   vec to r   func t ions  which 
are   8wz3s-anique;  n=f (9) i s  redundant  since i t  
can be determined a s  tRe vector  product 2 x 5 .  

the   approach  uni t   vector  5 are   independent   of   the  
l a s t   r o t a t i o n  e6. Hence a s  

Usually  the end e f f ec to r   pos i t i on   vec to r  p and 

p' can be assumed as   posi t ion  vector .   Furthermore,  
depending upon t h e   p a r t i c u l a r   s t r u c t u r e ,  i t  f o l -  
lows t h a t  such  posi t ion  vector  e' i s   o n l y  depen- 
dent on 
a )  the f i r s t  three j o i n t   v a r i a b l e s   ( q l  , q 2 ' q 3 ) )  
b )  t h e   f i r s t   f o u r   j o i n t   v a r i a b l e s  ( q 1 9 q 2 , q 3 g e , ) ,  
c )   t h e   f i r s t   f i v e   j o i n t   v a r i a b l e s   ( q 1 , q Z 9 q 3 , e 4 , e 5 )  
r e s p e c t i v e l y   i n   t h e   t h r e e   c a s e s   o f   f i g .   1 .  The 
f i r s t   c a s e   e a s i l y   a l l o w s  the p rope r   de f in i t i on  o f  
a "wrist" whose posi t ion  depends on t h e   f i r s t  
t h r e e   d . o . f . ' s ,  and a "hand" whose o r i e n t a t i o n  de- 
pends on a l l   d . 0 . f . ' ~ .  I n  the   second  case,  which 
i s   o f   i n t e r e s t   i n   t h i s   p a p e r ,   f o u r   d . o . f . ' s   a r e  d l  
sposab le   t o   pos i t i on   t he   vec to r  p'. s ince   a l so  0 
c o n c u r s   t o   i t s   d e t e   m i n a t i o n .   I t  i s  then  possiblg 
t o   p o s i t i o n  E' by-m 7 values  of (Q q ? q  ,e ) ,  u n -  
l e s s  one c o n s t r a i n t   i s  added  in o 6 e 6  ta ohta in  a 
un ique   so lu t ion .   In   t he   l a s t   ca se   t he re   a r e   f i ve  
d . o . f . ' s   a t   d i s p o s a l  which  involve a2 values of 

c o ? ~ s t ? a i ~ t s ~ a r ~  introduced.  
( q  ,q , q  ,e ,e ) t o  pos i t ion  E'. except when two 

THE SOLUTION  ALGORITHM 

The inverse  kinematic problem i s  reconceived  as a 
dynamical  one  in  order  to  achieve a so lu t ion   a lgo -  
rithm  which  only  involves  the  computation  of  di- 
r e c t   k i n e m a t i c s   ( l ) ,   [ l l ] ,  [13]. With re ference   to  
the  kinematic   notat ions  previously  introduced,  a 
typical   robot   task  in   the  Cartesian  space  can be 
assigned  through  the  vectors  (g3s,z). Let 5 denote 
a s o l u t i o n   o f   ( 1 )   r e l a t i v e   t o   t h e s e   v e c t o r s ,  and g 
the a lgor i thm  cur ren t   s ta te   var iab les .   Account ing  
fo r   t he   k inemat i c   s t ruc tu res   o f   f i g .  1 l eads   t o  de 
compose the  inverse  kinematic  problem  into two st? 
ges ;   i n   pa r t i cu la r ,  by working  back  from  point P 
th rough  the   s t ruc ture ,  i t   r e s u l t s   c o n v e n i e n t   t o  
p a r t i t i o n  the problem a t   t h a t   p o i n t  P i ,  dependent 
on a reduced number o f   j o i n t   v a r i a b l e s ,  which  can 
be s t i l l   e x p r e s s e d  i n  terms  of the Cartesian  coor- 
dinates   of   the   ass igned  task.   Correspondingly  the 
vec tor  9 can be p a r t i t i o n e d   a s  

wher q ,R3, 4 ,R3 i n   ca se   o f   sphe r i ca l   wr i s t ,  

- 4 ER i f   t h e   a x e s  do n o t  converge a t   a l l .  
Seth doibg  better  copes  with the actual  kinematic 
s t r u c t u r e  and  proves  very  useful  as  regards  robot 
c o n t r o l .  The case  of   spherical  wrist has been wi- 
de ly   t rea ted   in   [4] .  The aim of   the work now is  t o  
e s t a b l i s h  a two-stage  convergent  algorithm  to sol-  
ve (1)   in   case   o f  two-by-two i n t e r s e c t i n g   a x e s   a t  
the end e f f e c t o r .  For   such  s t ructures   direct   k ine-  
matics ( 1 )  becomes 

E R $ , ? ~ E R ~  i Q   t h e   a x e s   i n t e r s e c t  two-by-two, and 

F i r s t   s t a g e  

Since  the  posi t ion  vector  p' is   determined 
th rough   fou r   j o in t   va r i ab le s ,  a c o n s t r a i n t  must be 
introduced  in   order   to   achieve a unique  solut ion 
f o r  g . To this  purpose,   once  the  task  has been as- 
s i g n e l ,   1 . e ~  ($,x9z), the f i r s t   s t a g e   o f   t h e   a l g o -  
rithm  must  guarantee  not  only  that pi coincides  
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w i t h  2' b u t   a l s o   t h a t   t h e   f i f t h   l i n k   i s   o r i e n t e d  
i n  such a way t o   f o r m  an a n g l e   w i t h   t h e   s i x t h   l i n k  
wh ich   co inc ides   w i th   the   tw is t   ang le   be tween  the  
two l i n k s ,  a so a s   t o  be s u r e   t h a t   t h e   a c t u a l  
c o n f i g u r a t i o 8   i s  a f e a s i b l e  one  as r e g a r d s   i t s   c o n  
stant  geometr ic  parameters.  Such a cons t ra in t   can  
be kinematicalTy  expressed  by . 

where i s   g i - m -   i n   t h e   t a s k  space,  and $ must 
be de te rd ined   t h rough   (q  ,q  ,q ,e ) i n   o r d e r   t o  sa 
t i s f y   t h e  above  const ra iAt  f 5 ) ?  

S e t t i n g   o u t  a dynamic  a lgor i thm  a l lows  the de- 
f i n i t i o n   o f   t h e  +&lowing e r r o r s :  

where f ( ) i s   t h e   d i r e c t   k i n e m a t i c   f u n c t i o n  
which.i%a?$s 4p t o  %. I n   o r d e r   t o   a s s u r e   t h e   c o n  
vergesce o f   t h e   s t a t e   v a r i a b l e s  CJ t o   t he   des i red -  

p a c t  f8rm 
. -  ones LJ , e r r o r  dynamics i s   i n v o l v g d ,   i . e .   i n  com- 

where J i s  the  (3x4)   Jacobian  matr ix  ;;f '/ag and 
s im i la rQy  J is the   (3x4)   Jacob ian   mat8x  
a f  /ag . T6? p o i n t   t h e n   i s   t o   r e l a t e  CJ t o  ,eZ4 
sCZ?s t 8  guarantee   tha t   such  e r ro rsAgo  Rsympth i -  
c a l l y   t o  zero,  and  consequently 4pq9. L e t  

V = .5(e e + eZ4) T 2 
P -w (8 )  

be a p o s i t i v e  Lyapunov f u n c t i o n   a s s o c i a t e d   w i t h  
t h e  a b o v e   e r r o r s .   D i f f e r e n t i a t i n g   w i t h   r e s p e c t   t o  
t i m e  and a c c o u n t i n g   f o r  ( 7 )  y i e l d  

r .  1 c 

It is  t o   u n d e r l i n e   t h a t   t h e   m a t r i x   p r e m u l t i p l i e d  
t o  q i n  ( 9 )  has rank  4.almost  everywhere,  since 4 
d .o?? . ' s   a re  needed t o   p o s i t i o n   t h e   p o i n t  P '  and 
l a y   t h e   f i f t h   l i n k  on a sur face.  To be  more  speci- 
f i c   ( f i g .  2 ) ,  t h e   f i r s t   s t a g e   o f   t h e   a l g o r i t h m  
must   assure   no t   on ly   tha t  p'=g' b u t   a l s o   t h a t   t h e  
f i f t h   l i n k ,   i n d i v i d u a t e d  by d , must l i e  on the  
cone r o f   a x i s  a, angle cx an8 v e r t i x  P ' ;  i n   t h i s  
way, however, 5 and 3 do 8o t   have  necessar i l y   the  
same d i r e c t i o n ,   s i n c e  a is o n l y   g u a r a n t e e d   t o   l i e  
on t h e  cone r '  o f   a x i s  z , same angle and ver-  
t i x  P I ,  so as e v i d e n c e d y n   f i g .  2. Nevehheless,  
i n   t h e  second stage of  t h e   a l g o r i t h m  e will pro- 
v i d e   t o   a l i g n  a w i t h  ; and e6' which d8es n o t  mo- 
d i f y  a, will take  5 over f .  

So f a r  a f i r s t   s u i t a b l e   c h o i c e   f o r  q i s  

* = Y s n(JTe + J14;i_ez4) (10)  
-P 

9 P  p-e P-P 
c 

which  assures  that  V be n e p a t i v e   d e f i n i t e ;  sgnw = 
(sgnw, ... sgnw ), weth FER X(A) denotes the.mi- 
nlmum e i g e n v a l u g   o f   m a t r i x  A. 

P r o v i d e d   t h a t  e (t=O)=g, e (t=O)=O,  (10) a l -  
ways g u a r a n t e e s   n u ? ?   t r a c k i n g   @ s i t i o n   e r r o r s   b u t  
n a t u r a l l y   i n t r o d u c e s ,   i n   t h e   n e i g h b o r h o o d   o f  e = O ,  
e =0, an  equiva lent   ga in  which  tends  to  a. TKYs- 
i $ $ u e   l e a d s   t o   t h e   g e n e r a t i o n   o f  a g r i c h  of har-  
monics whose e f f e c t  on , however, !s cu t   o f f   by  
t h e   f i l t e r i n g   n a t u r e   o f .  3 he in teg ra to rs   wh ich   gene  
r a t e  g ( s e e   a l s o   f i g .   3 ) .  

t u r e   o f   t h e   m a n i p u l a t o r   i s   n o t  so complex  as t o  be 
a b l e   t o   e v a l u a t e   o n - l i n e   t h e   i n v e r s e   o f   t h e   m a t r i x  
p r e m u l t i p l i e d   t o   i n  a c losed  form,  wi thout  ex- 
cess ive  t ime  expen 33 i t u r e ,  a r a t h e r   d i f f e r e n t  
choice i s  

OnPthe  other hand, i f  the   k inemat ica l   s t ruc-  

which  reduces V t o  a negat ive  quadrat ic   form;   the 
p o s i t i v e   d e f i n i e e  ratrix M and  the  pos i t ive  sca-  
l a r  m a f f e c t   t h e   c o n v e r g h c e   r a t e  and a r e   a t  de- 
signe6 s d i sposa l .  The c h o i c e   ( l l ) ,   t h o u g h  i t  i n -  
vo lves more  computat ions,   presents  the  inherent ad 
vantage o f   p r o v i d i n g   c o n t i n u o u s   j o i n t   v e l o c i t i e s ,  
as  compared w i t h   t h e   c h o i c e   ( 1 0 ) .  

4 

F ig .  2. Geomet r ic   task   requ i rements   fo r   the   f i r s t  
s t a g e   o f   t h e   a l g o r i t h m .  

Second stage 

I n   o r d e r   t o   a l i g n  a w i t h  2 and 2 w i t h  x, t h e  
second  stage o f   t h e   a l g o r i t h m   m u s t  be a b l e   t o  de- 
termine 8 and '8 . Since  both s and 5 a r e   i n v o l -  
ved, i t  i? n a t u r g l   t o   d e f i n e   t h e   f o l l o w i n g   e r r o r s :  

where f ,  5 are  assigned i n   t h e   t a s k  space  and s, a 
a r e   t h o s e   i n   ( 4 ) .   P r o g r e s s i n g   a s   f o r   t h e   f i r s t   s t 2  
ge g i v e s   e r r o r  dynamics 

h 

where J and J are   the   (3x4)   Jacob ian   mat r ices  
a f  / a q  'Rnd af 8 4  r e s p e c t i v e l y ,   a n d   s i m i l a r l y  J 
a 3  JaPare thea(3x!) Jacobian  matr ices aS/ag+, and 

L J 
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af / a q  respectively..  Thus 4 must be related  to 
- e: ,+so as  to  assure  that??uch  errors  go  asymp- 
t8tially to  zero (?=$, %=a ,̂ and  obviously n=f) 
and  consequently  q +f-, whFre 3 are  the  deTired 
joint  variable s o d t a n s ,  together  with $ of 
(4). To this end let -P' 

be a  positive  Lyapunov  function  associated  with 
the  above  errors.  Differentiating  with  respect  to 
time and accounting  for (13) give 

At this  extent  one  must  recall  the  following  kine- 
matic  proDerties  concerning  with  the  unit  vectors 
5, 5 [41: 

i) rank(Js) = rank(Ja) = 2 VCJ (16) 

ii) N(Js) = span(?), N(Ja) = span(?) V q  (17) 

(18) ii i )  given x , ~ E R  , J,x + Jay =! if 3 T  T 

- xsspan(s), xcspan(5) 

where N ( A )  denotes  the null space of matrix  A. 

ving  that  other  orientation  singularities o f  (18) 
are o f  no interest  for  a  convergent  algorithm, in 
[4] it has been already  proved  that  a  suitable 
choice  for qh results 

By accounting  for  such  properties and obser- 

& = y p ( J $  + J&, (19) 

where .((A) denotes  the  maximum  eigenvalue  of  ma- 
trix A. It is to  underline  that (19) suffers  from 
the  same  problems  concerned  with  sgn  type  laws in 
(10). 

Remarks 

In  sum,  realizing  the  above  two  stage  algo- 
rithm  always  assures  the  state  variables g conver 
ge to 2, thus  performing  the  inverse  kinematics 
required.  Since  the  number  of  mathematical  compu- 
tations is easily  seen  to be contained,  the  appll 
cation  of  such  an  algorithm  along  a  prespecified 
trajectory in the  task  space  looks  attractive; 
from  the  implementation  standpoint  the  solution 
sample  rates  can be conveniently  increased up to 
the  same  values  of  joint  servo  sample  rates.  A di 
gital implementation by means  of  a  single dedica- 
ted microurocessor  system,  even if for  the  spheri 

and fully described in [12]. 
cal wrist case, has already been realized in lab, 

Nevertheless,  as  the  algorithm  provides  at 
each  step  a  solution  which i s  adjacent  to  the  prg 
ceding  one,  uniaueness  of  the  solution is automa- 
tically  assured.  Starting  with  the  same initial 
conditions q(O)=g(O), moreover,  avoids  any pro- 
blem of indeterminacy  concerned  with  cozn5 = 

cos(* ) and  the  orientation  singularities of 
(181,  f41. 

It  must be emphasized  also  that  the,algorithm 
can  directly  generate  joint  velocities CJ col;reskon 
ding to the  assigned  task  space velocities p,$,+, 
so as  required by advanced  control  techniques, 
such  as [6] for instance. To this  goal, in order 
to  avoid  joint  velocities be rich of harmonics, as 
previously  illustrated,  one  must  give up null trac 
king  errors  and  accept  reasonably  small  errors by 
replacing  the  sgn  type  laws in (10) and (19) re- 
spectively by the  proportional  type  laws 

q = y  (J T e + J  T $e ) ,  
TP P -w - 2 0 ,  z4 (20) 

With  such  choices,  whose  block  diagram  schemes-are 
shown in figg. 3a and 3b respectively, V and V 
result  negative  only  outside  a  region  inPthe pro- 
per  error  spaces  which  contains  the  origin,  thus 
assuring  limited  tracking  errors.  The  maximum  trac 
king  errors will depend  directly  on  task  veloci- 
ties  and inverse1.y on feedback  gains;  it.must.be 
underscored  that  the  steady-state (B=O, ?=O, $ = O )  
errors  are  identically  zero.  It is These-laws-(%) 
and (21) which will be adopted in the  case  study. 

Fig. 3a.  Inverse  Kinematic  Scheme:  first  stage. 

q P l  I I 

Fig.  3b.  Inverse  Kinematic  Scheme:  second  stage. 

A  CASE STUDY 

The  robot  prototype  of fig. 4, [ 3 ] ,  has been sel eg 
ted as a  reference  to  develop  a  case  study  for  the 
inverse  kinematic  algorithm  set  forth in this  pa- 
per,  as  compared  to  the  iterative  procedure  propo- 
sed in [3]. 
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F ig .  4. The p r o t o t y p e  arm r e p o r t e d   i n  [3]. 

D i g i t a l   i m p l e m e n t a t i o n  

Kinematics o f   t h e   m a n i p u l a t o r   o f   f i g .  4, as 
r e g a r d s   t h e   d i r e c t   f u n c t i o n s   w h i c h   a r e   t o  be  eva- 
l u a t e d  a t  each  step o f   t h e   a l g o r i t h m   j u s t   p r e s e n -  
t e d ,   a r e   n o t   r e p o r t e d   h e r e   f o r   b r e v i t y  and  can be 
found i n  [14]. 

The i t e r a t i v e   p r o c e d u r e   p r o p o s e d   i n  [3 ]  i s  
s a i d   t o  converge,   on ly   f rom  the  exper imenta l   s tand 
p o i n t ,   w i t h i n   f o u r   t o   f i v e   i t e r a t i o n s ,   u n d e r   t h e  
assumpt ions   to   admi t   average  o r ien ta t ion   e r ro rs   bg  
low .lo and t o  be a t  a s u f f i c i e n t   d i s t a n c e   f r o m  a 
p o i n t   o f  degeneracy f o r   t h e   k i n e m a t i c a l   s t r u c t u r e .  
Adop t ing   such   so lu t i on   requ i res  8 t ranscendenta l  
f u n c t i o n   c a l l s ,  41 f l o a t i n g   p o i n t   m u l t i p l i e s ,  24 
a d d i t i o n s ,  3 square   roo ts ,   a long  w i th  7 two  argu- 
men t   a rc tangen t   f unc t i on   ca l l s ,   f o r   each   i t e ra -  
t i o n .  Hence the  average number o f  mathematical COIJ 
p u t a t i o n s   r e q u i r e d  makes t h i s   t e c h n i q u e   i m p r a c t i -  
c a l   f o r   p e r f o r m i n g ,   a t   t h e  same se rvo   con t ro l  
r a t e ,   t h e   i n v e r s e   k i n e m a t i c s   a l o n g  a t r a j e c t o r y   g 1  
ven i n   t h e   t a s k  space, u n l e s s   i n t e r p o l a t i o n   b e t -  
ween a c e r t a i n  number o f   v i a   p o i n t s ,   o b t a i n e d   a t  a 
l o w e r   s o l u t i o n  sample  rate, i s  provided.  Neverthe- 
l e s s ,   s i n c e   t h e  number o f   i t e r a t i o n s   c a n n o t  be a 
p r i o r i   f i x e d ,   t h e   w o r s t   c a s e   s o l u t i o n   p e r i o d   m u s t  
be chosen  as  regards  cont ro l   purposes;   the  far ther  
t h e   v i a   p o i n t s   i n   t h e   j o i n t  space are  each  other,  
however, t h e   l a r g e r   t h e   e r r o r s   w i t h   r e s p e c t   t o   t h e  
e x a c t   j o i n t   v a r i a b l e s   a r e .  I f  j o i n t   v e l o c i t i e s   a r e  
needed  too,  an  even  more  conspicuous number o f  ma- 
t h e m a t i c a l   c o m p u t a t i o n s   a r e   l i k e l y   t o  be i nvo l ved .  

th is   paper   over takes  most   o f   the  above  drawbacks:  
a moderate number o f   compu ta t i ons   a re   requ i red   (10  
t r a n s c e n d e n t a l   f u n c t i o n   c a l l s ,  112 f l o a t i n g   p o i n t  
m u l t i p l i e s ,  58 a d d i t i o n s ) ,  no problem o f   s o l u t i o n  
nonun iqueness   a r ises   s ince   the   a lgor i thm  s ta r ts  
w i t h   t h e  same i n i t i a l   c o n d i t i o n s  on   the   s ta te   va-  
r i a b l e s  s and  p rogresses   w i th   con t inu i ty   a lonq a 
t r a j e c t o r y ,   t r a c k i n g   e r r o r s   a r e   v e r y   s m a l l   w h i l e  
s t e a d y - s t a t e   e r r o r s   a r e   p r a c t i c a l l y   z e r o ,  as i t  
will be shown l a t e r .  

On t h e   o t h e r  hand t h e   a l g o r i t h m   d e s c r i b e d   i n  

A fu r ther   remark  i s  t o  be made about   the   task  
t r a j e c t o r y   p l a n n i n g .  I f  t h e   d e s i r e d   t r a j e c t o r y   p a s  
ses i n   t h e   p r o x i m i t y   o f  a s i n g u l a r   p o i n t ,   t h e   a l g g  
r i t h m   o b v i o u s l y   i n v o l v e s   l a r g e   t r a c k i n g   e r r o r s  a- 
round  such  point,  even i f  i t  converges a t  steady- 
s t a t e ;   t h i s   i s   n o t   s u r p r i s i n g   s i n c e   t h e   a c t u a l   r o -  
b o t   t r a j e c t o r y   i n v o l v e s   v e r y   h i g h   v e l o c i t i e s .  The 
a t t e m p t   o f   i n c r e a s i n g   t h e   f e e d b a c k   g a i n s   i n  ( Z O ) ,  
(21) so as t o   c o u n t e r a c t   t h e   t e r m s   r e l a t e d   t o   t h e  
above ve loc i t ies ,   indeed,   can   p resent  some d i f f i -  
c u l t i e s ,  as f a r  as t h e   d i g i t a l   i m p l e m e n t a t i o n   o f  
t h e   a l g o r i t h m  i s  concerned,  unless  such  t ra jectory 
i s  s low enough. On t h e   o t h e r  hand, i f  the  planned 
t r a j e c t o r y   c r o s s e s  a p o i n t   o f   s i n g u l a r i t y ,   t h e   a l -  
go r i t hm ( Z O ) ,  (21)  always  works,  since i t  does n o t  
r e q u i r e  any func t i on   i nve rs ion   ( Jacob ian ,   e t c .  ) .  

It i s  a l so   remarkab le   t ha t   t he   t rack ing   e r ro rs  
i l l u s t r a t e d   i n   t h e   f o l l o w i n g   n u m e r i c a l  examples 
a r e   o b t a i n e d   w i t h  one i t e r a t i o n   o f   t h e   a l g o r i t h m  
so as t o  save computation  t ime; i n  case o f   t r a j e c -  
t o r i e s   w h i c h  pass  by a s i n g u l a r   p o i n t ,  a s u f f i -  
c i e n t  number o f   i t e r a t i o n s  wou ld   a l low  lower   t rac-  
k i n g   e r r o r s .  

L a s t   b u t   n o t   l e a s t ,   b e s i d e s   j o i n t   c o o r d i n a t e s ,  
even j o i n t   v e l o c i t i e s   a r e   d i r e c t l y   g e n e r a t e d  by 
t h e   a l g o r i t h m ,   w i t h o u t   r e q u i r i n g   a n y   f u r t h e r  com- 
p u t a t i o n ,   t h a t   i s  a good o p t i o n a l   f o r   t r a c k i n g   c o n  
t r o l  . 
Numerical  examples 

I n   o r d e r   t o  show t h e   e f f e c t i v e n e s s   o f   t h e   p r o -  
posed  algori thm, two numerical  examples  have been 
s i m u l a t e d   f o r   t h e   r o b o t   p r o t o t y p e   o f   f i g .  4. The 
d e s i r e d   t r a j e c t o r i e s   t o   t r a c k   i n   t h e   C a r t e s i a n  
s p a c e   a r e   i l l u s t r a t e d   i n   f i g .  5. 

t 2. 

A 
Fig .  5. Task t r a j e c t o r i e s   t o  be t racked  
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Trapezoidal   veloci ty   prof i les   have been imposed 
both   for  the pos i t i on   vec to r  and for   the   Euler   an-  
g les   o f   o r ien ta t ion   of   the  end e f f e c t o r ,  Tab, 1 
shows the maximum v e l o c i t i e s  and time i n t e r v a l s  
f o r   e a c h   t r a j e c t o r y .  

Tab. '1. Paramete r s   fo r   t he   ve loc i ty   p ro f i l e s .  

I I I 
.15 0 27 0 

I I 

Tne propor t iona l   type   so lu t ions  (20) (21 )  have 
been adopted,  with  the  inherent  advantage  of  di-  
r e c t l y   g e n e r a t i n g   j o i n t   v e l o c i t i e s .  The computatig 
nal burden has  suggested a s o l u t i o n  samDle per iod 
of 2 ms., on condi t ion   to   use  a s ing le   ded ica t ed  
microprocessor w i t h  f l o a t i n g   p o i n t  u n i t ,  [12], The 
ga ins   i n  ( Z O ) ,  (21) a t   d e s i g n e r ' s   d i s p o s a l  have 
been s e t  u p  a t :  Y = Y h  = 500. 

Due t o   l a c k  OF space   t r ack ing   e r ro r s   a r e   no t  
shown here,  b u t  they  can be found i n  [ T L I ] .  Posi- 
t i o n   e r r o r s  have r e s u l t e d  below 1 mm. and o r i e n t a -  
t i o n   e r r o r s  below -15"   fo r  both t r a j e c t o r i e s .  A t  
s t e a d y - s t a t e ,  however,  they  vanish  in  virtue  of 
the c losed   loop   s t ruc ture  o f  the developed  inverse 
kinematic  algorithm. For t h e  second t r a j e c t o r y ,   i n  
p a r t i c u l a r ,   s i m u l a t i o n   r e s u l t s  showed t h a t  no pro- 
blem a r i s e s   a t   t h e   s i n g u l a r i t y  (B'=$'=O) so a s   i t  
had been a n t i c i p a t e d .   T r a c k i n g   e r P o 4 ,   f i n a l l y ,   i n  
c r e a s e   a s   v e l o c i t i e s   i n c r e a s e ;   t h i s   i s s u e   a c t u a l l y  
matches  with  pract ice ,   s ince  robot   t racking  perfoc 
mance i s  l i k e l y   t o  result higher  in  working  tasks 
than  in  handling  tasks.  

CONCLUSIONS 

This paper  has  presented a so lu t ion   a lgo r i thm  fo r  
the inverse  kinematic problem fo r   robo t i c   man ipu la  
t o r s  whose three end e f f e c t o r   r e v o l u t e   j o i n t   a x e s  
i n t e r s e c t  two-by-two. By working  back  from t h e  end 
ef fec tor   th rough  the   in te rmedia te   l inks ,   the   a lgo-  
rithm  has been p a r t i t i o n e d   a t  an  opportune  point 
whose position,  dependent on a reduced number of 
j o i n t   v a r i a b l e s ,   c a n  be expressed i n  terms o f  t h e  
Car tes ian   pos i t ion  and o r i en ta t ion   coord ina te s  of 
the required  task.  I n  th i s  way a f i r s t   s t a g e   p r o v l  
des  the j o i n t   c o o r d i n a t e s  which de termine   the   pos l  
t i o n   o f  the above  point  along  with a f e a s i b l e   d i -  
r e c t i o n   o f   t h e   f i f t h   l i n k ,   w h i l e  the second  stage 
y i e lds   t he   r ema in ing   j o in t   coo rd ina te s  which a l i g n  
t h e   o r i e n t a t i o n  u n i t  v e c t o r s .   I t  must be under l i -  
ned that   such  technique  can  a lso be appl ied   to   the  
case  of  nonconverging  axesg  see  [5]  for further de 
t a i l s ,   s t i l l  by working back and  accounting  for  a-  
dequate  mechanical  and  geometrical   constraints.  

The occurrence o f  s ingu la r   so lu t ions   can  be 
prevented by s t a r t i n g  w i t h  i n i t i a l   c o n d i t i o n s  on 
t h e   j o i n t   v a r i a b l e s   c o n g r u e n t  w i t h  t h e   i n i t i a l   C a r  
t e s i an   pos i t fon  and or ien ta t ion   of   the   ass igned  
t a s k   t r a j e c t o r i e s ;   . a s  the numerical  algorithm i m -  
plemented  works  with  continuity  along the t r a j e c t g  
ry3   ad jacen t   so lu t ions  i n  t h e   j o i n t   s p a c e   a r e  assu- 

red. The computational  burden i s  con ta ined ,   a l l o -  
wing f o r   s o l u t i o n  sample ra tes   equa l   to   those   o f  
j o i n t   s e r v o s ,  thus avoid ing   in te rpola t ion .  I n  
shor t   the   a lgor i thm  presented  seems t o  be prefer -  
a b l e   t o   i t e r a t i v e - t r i g o n o m e t r i c   t e c h n i q u e s   a s   f a r  
as   computa t ion   t ime,   occur rence   o f   s ingular i t ies  
and need f o r   j o i n t   v e l o c i t i e s   a r e   c o n c e r n e d .  

Future developments  are  devoted  to  extend this 
dynamical  approach f o r  the inverse   k inemat ics   to  
kinematically  redundant  mamipulators  which seem t o  
show potent ia l   advantages   over   cur ren t   robot  de- 
s i g n s .  
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