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ABSTRACT 

The cont ro l   o f  a f l e x i b l e  arm i s  the  focus  of 
t h i s  work. The dynamic  model i s  obta ined   v ia   an  
assumed mode method,  and a s ingu la r ly   pe r tu rbed  
model  of the  system i s  then  derived. The  new fea-  
t u r e  of t h i s  model is t h a t   m u l t i p l e  boundary l a y e r s  
are considered,  one  for  each  assumed mode. A com- 
p o s i t e   c o n t r o l   s t r a t e g y  i s  then   pursued .   F i r s t  a 
slow  control is  des igned   for   the   r ig id   sys tem,   then  
a number of   fas t   cont ro ls   (one   for   each   layer )  make 
t h e   f a s t  dynamics i n   t h e   l a y e r s   s u i t a b l y  damped. A 
case  study i s  f i n a l l y  worked out   and  s imulat ion 
r e s u l t s   a r e   p r e s e n t e d .  

INTRODUCTION 

Lightweight   f lexible  arms  have  been  recently 
in t roduced   w i th   t he   goa l   o f   ach iev ing   bene f i t s   l i ke  
lower arm cost ,   h igher   motion  speed,   bet ter   energy 
e f f i c i e n c y ,  improved  mobility  etc. [l]. Control  
cer ta in ly   represents   one  key t o   a n   e f f e c t i v e   u s e  of 
f l e x i b l e  arms. One successfu l  way of   obtaining a 
dynamic  model f o r  a f l e x i b l e  arm i s  based  on  an 
assumed mode method [2] .  The  much more complicated 
dynamics  associated  with a f l e x i b l e  a r m ,  however, 
hardly  complicates   the  control   problem:  an  extended 
number of s ta te  v a r i a b l e s  i s  t o  be  handled  for  con- 
t r o l  purposes. Some of t h e   r e s e a r c h   e f f o r t s   p r o -  
duced so far  can  be  found i n  [2,3,4]. 

In  [ 5 ]  a s ingular   per turba t ion   approach   has  
been f i r s t   p u r s u e d   t o   d e r i v e  a new model f o r   t h e  
system so t h a t  a composi te   control   s t ra tegy  can  be 
appl ied.  The same idea is a l s o   a t   t h e   b a s i s   o f   t h i s  
work. Here,   the new f e a t u r e  i s  t o  o b t a i n  a singu- 
l a r l y   p e r t u r b e d  model wi th   mul t ip le   boundary   l ayers  
[6], each  of  them  obtained  in  correspondence  of 
each  assumed mode. The inherent   advantage  with  this  
choice is t h a t  a number of   scalar   systems i s  t o  be 
cont ro l led .  A composi te   control   s t ra tegy is again 
adopted  for   the  mult i layer   system. It is  shown, 
a l s o ,   t h a t  a state v a r i a b l e   f i l t e r  is used   i n   o rde r  
t o   r e c o n s t r u c t   h i g h e r   o r d e r   d e r i v a t i v e s   o f   j o i n t  
v a r i a b l e s ,  which a r e  needed t o   s y n t h e s i z e   t h e   f a s t  
cont ro ls .  

This  paper i s  based on research  supported by t h e  
Minis te r0   de l la   Pubbl ica   I s t ruz ione .  

It  has   to   be  ment ioned,   however ,   that   ful l  
s t a t e   a v a i l a b i l i t y  on t h e   f l e x i b l e   v a r i a b l e s  i s  
assumed f o r   f a s t   c o n t r o l   d e s i g n .  A case  study i s  
f ina l ly   deve loped   and   ex tens ive   s imula t ion   resu l t s  
are provided. 

THE DYNAMIC MODEL 

The f l e x i b l e  arm of   f ig .  1 i s  considered  in  
t h i s  work. A s o l u t i o n   t o   t h e   f l e x i b l e   m o t i o n  of t h e  
l ink  can  be  obtained  through modal analysis ,   under  
the  assumption  of   small   def lect ions  of   the   l ink,  

m 
y ( r l r t )  = x i  6i ( t )$ i ( i l )  (1) 

1 

where $I, is the   e igenfunct ion   express ing   the   d i s -  
placemeit  of assumed mode i of l i n k   d e f l e c t i o n ,  6 ,  
i s  the  time-varying  amplitude  of mode i of   t he  lid 
and m i s  t h e  number of modes used t o   d e s c r i b e   t h e  
d e f l e c t i o n  of t h e   l i n k .  

I f   t h e   v i b r a t i n g  beam i s  clamped a t   t h e   j o i n t  
end  and f ree   ad   the   d i s ta l   end ,   the   o r thonormal  
modal e igen func t ions   i n  (1) a re   g iven  by 

$I i (S)  = sin(Bi5) - s inh(B.5)  + ( 2 )  
V i ( C 0 S ( P i S )  - C O S A ( B i S ) )  

s inp  + sinhpi 

cosp. + coshg. 
v =  i 

i = I, ..., m i 

2 4  
pA(2nfi) L 

p. = 
E 1  

where : 

L = beam length 
A = beam c ross   a r ea  
E = Young's  modulus 
I = beam a r e a   i n e r t i a  
p = dens i ty  
f .  = frequency  of i t h  mode. 

The dynamic equat ions  of   motion  for   the  one 
l i n k   f l e x i b l e  arm can  be  wri t ten  in   the  fol lowing 
form [ 7 ]  
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where 

8 i s  t h e   j o i n t  xariable, 
d e f l e c t i o n s ,  - 6 = ( 6  . . . 6m) i s  the vec tor   o f  

u is tke c o n t r o l   t o r q u e   a t   j o i n t   l o c a t i o n ,  
M is t h e   i n e r t i a   m a t r i x  

. m  1 ,m+l 

. . m  . m  
PP P9 

. . m  . . 
Pq 

* ' a 

l,m+l 

m = J + M L + Io + s(9e6-) 

m ~ p  = sL'pP-1 ,e  p-I 

"pp = "53 + MLqp-l ,e P p - l , e  

m -  

2 T 2  
11 0 L 

+ w  

+ J @ '  
2 

p = 2 , .  ..,m+l 

pq - %@p-l,e'q-l,e p p - ~ , e   q - l , e  
+ J @' 4 '  

q = p + l ,  ..., m + l  

wi th  

T 
--e @ = ($le ... 

where : 

"53 = beam mass 
ML = payload mass 
Io = j o i n t   i n e r t i a  
J = beam i n e r t i a   r e l a t i v e  t o  j o i n t  
J = pay load   i ne r t i a ,  

f and CJ are nonl inear  terms 

0 
P 

i = l , . . . , m  
c;=1 

K is an   equiva len t   spr ing   cons tan t   mat r ix  

K = d i a g ( k  . . . km) 

Since  the  clamped-free  assumption  has  been made f o r  
t h e   v i b r a t i n g  beam, t h e r e  is no  displacement a t  
jo in t   l oca t ion   and   t hen  no c o n t r o l   f o r c e   i n   t h e  
lower eqs.  of ( 3 ) .  

A SINGULARLY  PERTURBED MODEL 

In  the  fol lowing a s ingu la r ly   pe r tu rbed  model 
for   the   sys tem (3) - (7)  w i l l  be  derived.  Being  the 
i n e r t i a   m a t r i x  ( 4 )  p o s i t i v e   d e f i n i t e ,  it can  be 
inverted  and  par t i t ioned  as   fol lows:  

1 .  

- tT = (tl .. . tm' 
T 

-1 
h.  = ( h .  11 ... him) i = l r . . . , m  

Eqs. (3) then become .. 
e = - s f - t g - L ~ i + s u  T T 

- 
1. T T 6 .  = - t . f  - h . g  - h.K6 + t . u  i = 1, ..., m (10) 

1 -1- -1 - 
The system ( 9 ) -  (10) w i l l  be  transformed now to  a 
s ingu la r ly   pe r tu rbed  form. One d i f f i c u l t y   i n   p e r -  
forming th i s   t r ans fo rma t ion  i s  the  proper   choice  of  
f a s t  and   s low  var iab les ,   and   the   se lec t ion   of   one  
(or   yore)   per turba t ion   parameters .   In  171 t h e   r a t i o  
E I / L  i n   ( 7 )  was r e g a r d e d   a s   t h e   i n v e r s e   o f   t h e  
pe r tu rba t ion   pa rame te r ;   t ha t   cho ice ,  however,  does 
n o t   t r u l y  match the   phys ica l   na ture   o f   the   subsys-  
tem (lo), since  one  parameter is picked  for  a l l  t h e  
modes. Therefore ,  a more r e a l i s t i c   a p p r o a c h  seems 
t o   i n t r o d u c e  m pe r tu rba t ion   pa rame te r s   fo r   t he  m 
assumed modes a s  E = l /ki  (i=l, . . . ,m) , performing 
t h u s  a mult i - t ime  scal ing  with E 

i ng   l eads   no t   on ly  t o  a boundary !iH;k;:"&t a l s o   t o  
a sublayer ,  a subsublayer  and so for th .  A f u r t h e r  
advantage is gained  by t h i s   c h o i c e ;  m scalar prob- 
lems are obtained  which  can  be  solved  in  an  explic- 
it feedback  form,  thus  simplifying  the  implementa- 
t i on   o f   t he   con t ro l  law [6] .   Defining  then 

i Such  do- 

m 1  
- Z := KC = X 1 -6i 

-1 
E i  

- E = K = diag(e l  .. . 6 = E 5  

y i e lds   t he   eqs .   o f   t he   sys t em  in   s ingu la r ly   pe r -  
turbed  form, i .e.  

-h. CEg)z + t i (Ez)u  T 
-1 

i = 1, ..., m 

In   the   fo l lowing  it i s  r e a s o n a b l e   t o  assume t h a t  
t h e   c o n t r i b u t i o n s   o f   t h e   d e f l e c t i o n s  t o  t h e   i n e r t i a  
matr ix  M i n  (4)  are n e g l i g i b l e ,  i .e.  m (Ez) = E . 
A s  a consequence ,   t he   quan t i t i e s   i n  (8f 'wiil  notlIfe 
func t ions   o f   t he   f a s t   va r i ab le s  zi [SI. 

A t  t h i s   p o i n t   t h e   t y p i c a l   s t e p s   o f   s i n g u l a r  
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per turba t ion   formula t ion   can   be   t aken .   S ta r t ing  
from the  bottom  of (13), because  of  the  presence of 
E t h e  last system  of (13) e x h i b i t s  a boundary 
layer  phenomenon i n   t h e   f a s t   v a r i a b l e  z . I f   t h e  
boundary  layer  decays,  then  the  dynamics Omf 8 and 5 
w i l l  vary  s lowly.   Formally  set t ing ern = 0 accom- 
p l i s h e s  a model order  reduction  from m + 1 t o  m ,  
because  the l as t  d i f f e r e n t i a l   e q u a t i o n   i n  (13) 
degene ra t e s   i n to   t he   a lgeb ra i c   t r anscenden ta l  equa- 
t i o n  

m r  

. m-1 m-7 

. m-1 m - l  
-h g ( 5 ,  C .€ .E . )  - C . h  .g. - h + t ii -m- 

1 1 1 1  1 l m l 1  m m m   m m  

where t h e   b a r  is used t o   i n d i c a t e   t h a t   t h e   v a r i -  
ables belong t o  the so-called  slow  subsystem  with 
E. = 0.  Being H i a  (8) p o s i t i v e   d e f i n i t e ,  h > 0; 
&erefore  it is p o s s i b l e   t o   f i n d   t h e   d i s t i n c y q u a s i  
s t eady- s t a t e   so lu t ion  Z t o  (14). Plugg ing   t h i s  
solut ion  into  the  upper   eqs .   of  (13) formally 
y i e l d s   t h e  slow subsystem  or  the  reduced  order  sub- 
system 

m 

.. . m-1 m-1 . 
5 = -sf$, c .E..;., c . E . Z . )  + 

l L l l  1 = 1 1  

To der ive  the  fas t   subsystem  or   the  boundary  layer  
system, it i s  assumed tha t   the   s low  vaqiab les  are 
cons tan t  i n  t h e  boundary  layer;   that  is 8 = 0 and 5 
= 0. Opera t ing   t he   f a s t   s t a t e   va r i ab le  change 
around  the   equi l ibr ium  t ra jec tory  z - 
and  correspondingly u = u - urn, t he   f a s t   subsys -  

m’ 

tem of  (13) r e su l t s  (fm= 0 and 2 = 2 on t h e  bounda- 
ry   l aye r )  

- 
- f m -  ‘ m -  

E Z  -h z + t U  
.. 

m fm mm fm m fm (16a) 

t h a t  is  

where T = t / E  is t h e   f a s t  time sca le .  
It should Ee c l e a r  now t h a t   t h e  above  procedure 

can   be   i t e r a t ed   fo r   t he   i n t e rmed ia t e   l aye r s  up t o  
o b t a i n   t h e  slowest scalar   subsystem; it can  be 
checked tha t   the   s lowes t   subsys tem i s  r i g h t   t h e  
r ig id   sys tem,   i . e .  

m 11 

where it is understood  that  El i s  the  s lowest  con- 
t r o l   o b t a i n e d   v i a  

- m 
u = u l +  C . U .  

1 f l  

A s  evidenced by the   r ig id   sys tem (17) and  the m 
boundary layers   o f   the   k ind  (16), t he   goa l  now i s  
t o  design  the  s low  control  iil, and  then  design  the 
f a s t   c o n t r o l s  u which damp o u t   t h e   f a s t  dynamics 
of  the  boundary  fiayers . 

COMPOSITE CONTROL 

Under t h e   r e s u l t s  of t he   p rev ious   s ec t ion ,   t he  
design 0: a feedback  control  u f o r   t h e   f u l l   s y s t e m  
(12) -  (13) can  be  divided  into m + 1 separate  de- 
s igns  of   feedback  controls  ill and  ufi i = l,. . . ,m 
f o r   t h e  m -t 1 scalar   systems,  namely a multi-time 
scale   composi te   control  [6] as i n  (la), wi th   t he  
c o n s t r a i n t s   t h a t  u fi(zfi=O) = 0 such   t ha t   u f i   a r e  
inac t ive   a long   t he   so lu t ions  z . ,  i = I, ..., m. 

AS far as the  s low  contro? is concerned, i f  ‘an 
angu la r   t r a j ec to ry  e ( t )  i s  t o  be  tracked,  an  obvi- 
ous  choice  for 5, would  be 

where k and kv are p o s i t i o n  and ve loc i ty   ga ins .  
The t r a a i n g   c o n t r o l  (19), however, i s  n o t   f e a s i b l e  
f o r   f a s t   c o n t r o l s   d e s i g n .  More s p e c i f i c a l l y ,  from 
(16b)  the  equation  of  the  i- th  boundary  layer re- 
s u l t s  

The c o n t r o l  u can  be  thought  of  as f i  

1 

where  vfi is  t h e  new input   to   the   sys tem  g iven  by 

vfi = k . z  . + VTikVfigfi p f 1   f l  ( 2 2 )  

where k and kvfi are feedback  gains   to   be  de-  
signed pn o r d e r   t o   a c h i e v e  a s u i t a b l y  damped fas t  
dynamics.  Here, t h e  first c ruc ia l   a s sumpt ion   t o  
make i s  t h a t   f u l l   s t a t e   a v a i l a b i l i t y  i s  assumed as 
r e g a r d s   t h e   f a s t   v a r i a b l e s .   I n   p a r t i c u l a r ,   t h e   d e -  
f l e c t i o n s  & .  can be obtained  f rom  s t ra in   gage mea- 
surements [$],  whereas   t he i r   de r iva t ives  need t o  be 
r econs t ruc t ed ;   t h i s  is an  open  research  issue  that  
w i l l  soon  be  investigated.  

I n   o r d e r   t o   e v a l u a t e  $i, however, i. i s  a l s o  
needed  and,  via (14), t h e  lrst order   derevat ive  of  
t h e  slow c o n t r o l  ii needs t o  be  evaluated.  There- 
fore, . . if   the  contro3 u would  be  chosen a s   i n  (191, 
a l s o  i? would be  neede2.  In  order t o  overcome t h i s  
drawback, a s e c o n d   o r d e r   s t a t e   v a r i a b l e   f i l t e r  
needs t o  be  placed a t  the   ou tpu t   o f   t he   r i g id   sys -  
tem. In  terms of   the  Laplace  var iable  s ,  t h e   r i g i d  
system (17)  under a c o n t r o l  u = mllv, r e s u l t s  

f i  

s ~ = v .  2 
( 2 3 )  

L e t  
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2 
A(s)O = 6 A(s)  = X i  ais  , a = 1 (24) 

i 

0 
2 

be  an  asymptot ical ly   s table   reference model f o r   t h e  
system  (23) ,  where i s  t h e   i n p u t   t o   t h e  model 
which  allows t o   t r a c k   t h e   t r a j e c t o r y   s p e c i f i e d  by 
8. The goal  of  the  design is to   ach ieve   ou tput   per -  
f e c t  model following, when a state v a r i a b l e   f i l t e r  
i s  placed a t  the  output   of   (23) .  L e t  then 

1 1 
- =  , f 2 = 1  (25) 
F ( s )  2 

0 
c f iSi  

be the   t r ans fe r   func t ion   o f  a second  order 
asymptot ica l ly   s tab le  s ta te  v a r i a b l e   f i l t e r .  P e r -  
f e c t  model  following w i l l  be  achieved i f   t h e   t r a n s -  
f e r   f u n c t i o n  8 ( s ) / u ( s )  of the  system  plus   the  con-  
t r o l l e r  i s  e q u a l   t o   t h a t   o f   t h e   r e f e r e n c e  model 
l / g ( s ) .  To th i s   pu rpose   t he   con t ro l l e r   con f igu ra -  
t i o n  of f i g .  2 can  be  considered, where 

2 i 
G ( S )  C giS I g2 = 1 (26) 

0 

1 
D ( s )  = X i  dis . 

0 

i (27) 

The design  goal  is t h e n   r e f o r m u l a t e d   a s   t h a t   t o  
f i n d   t h e   c o e f f i c i e n t s   i n   ( 2 6 ) - ( 2 7 )   s u c h   t h a t  

e ( s )  G ( s )  1 
- =  = -  ( 2 8 )  
;(S) F ( S ) s 2  + D ( s )  A ( S ) '  

A t  t h i s   e x t e n t ,   d e f i n i n g   t h e   f i l t e r e d   v a l u e s   o f   t h e  
v a r i a b l e s  e and ii r e s p e c t i v e l y  as 

Bf (s)  = 8(s ) /F ( s )   (29 )  

C f ( s )  = c ( s ) /F ( s )  ( 3 0 )  

l e a d s   t o  write the   i npu t  v t o   t h e   s y s t e m  as 

V ( S )  = G ( s ) G f  (SI - D ( s ) B f ( S ) .  (31) 

It i s  easy  to   recognize  that ,   account ing  for   (26)  
and ( 2 7 ) ,  t h e   f i r s t   o r d e r   d e r i v a t i v e  of t h e   c o n t r o l  
v ,  which i s  needed by v f i   i n  ( 2 2 ) ,  i s  phys ica l ly  
a v a i l a b l e  now, on c o n d i t l o n   t h a t   t h e   d e s i r e d  tra- 
j e c t o r y   8 ( t )  i s  s u f f i c i e n t l y  smooth ( a t   l e a s t  up t o  
t h e   t h i r d   o r d e r   d e r i v a t i v e ) .  

A CASE  STUDY 

The c o n t r o l   s t r a t e g y   o u t l i n e d   i n   t h e  above  sec- 
t ions   has   been   tes ted   v ia   s imula t ions   for   the   one  
l i n k   f l e x i b l e  arm e x i s t i n g   i n   t h e   F l e x i b l e  Automa- 
t ion  Laboratory a t  Georgia  Tech. Two assumed modes 
have  been  considered  in  the  expansion (1) [E]. The 
d a t a   f o r   t h e  dynamic model i n   t h e  form (3)  can  be 
found i n  [9]. It  i s  s i g n i f i c a n t   t o   r e p o r t   h e r e   t h a t  
t h e  two per turba t ion   parameters  are r e s p e c t i v e l y  cl 
= 0.1805  and  c2 = 5.0363-3. 

An-acgular   t ra jec tory  i s  commanded from e ( 0 )  = 
O o  t o  e ( T )  = 30' , f lowing  the  smoot3  veloci ty  

A s  f a r  as the   s low  cont ro l   des ign ,  two p o l e s   i n  
-2.5  have  been  chosen f o r   t h e   r e f e r e n c e  model, i .e .  
a. = 6.25  and a = 5 i n   ( 2 4 ) .  The p o l e s   o f   t h e   f i l -  
t e r  have  been a i l  p l a c e d   a t  -12, i .e.  f = 144, f 
= 24 i n   ( 2 5 ) ,  0 1 

Two p o l e s   i n  -3 have  been  chosen  then  for  the 
two boundary  layer  systems  of  kind  (20),  i .e. k 
= k = 9 and V r k  = V5kvf2  = 6 i n  ( 2 2 ) .  P f l  

'@ree sets olf Vfs%mulatlons  have  been  carried 
o u t ;   f i r s t   o n l y   t h e  slow control   has   been  appl ied 
t o   t h e   s y s t e m  ( 3 ) ,  then   the   s low  cont ro l  + t h e   f a s t  
c o n t r o l   f o r   t h e   f i r s t   l a y e r ,   f i n a l l y   t h e   s l o w  con- 
t r o l  + t h e  two f a s t   c o n t r o l s   f o r   t h e  two l a y e r s .   I n  
Figs. 3-5 repor ted  are t h e   t r a c k i n g   e r r o r s  a t  t h e  
t i p  of   the arm, under  the  above  three  controls.  It 
can   be   seen   tha t   the   addi t ion   o f   the   fas t   cont ro ls  
improves  the  t racking  performance  and  the  t racking 
error a t   s t e a d y - s t a t e  i s  convenient ly  damped out .  
An i n t e r e s t i n g   p o i n t  i s  t h a t   t h e  improvement  gained 
by the   s econd   f a s t   con t ro l  i s  minimum. This  is i n  
accordance  with  the  issue  that   the   ampli tudes  of  
the  upper modes a r e  much smaller as compared t o  
t h a t   o f   t h e   f i r s t  mode; t h e   c o n t r i b u t i o n   t o   t h e   t i p  
d e f l e c t i o n  is then minimum. 

sl p r o f i l e  6 = a t  ( T  - t) , a 140 X 90 / T , T = 2 s .  

CONCLUSIONS 

A s ingular   per turba t ion   approach   has   been   de-  
ve loped   for   cont ro l  of a l i gh twe igh t   f l ex ib l e  arm. 
The f l e x i b i l i t y   d i s t r i b u t e d   a l o n g   t h e   s t r u c t u r e   h a s  
been  modeled by an assumed mode method. The novel ty  
i s  t h a t  a mult i -boundary  layer   s t ructure   has   been 
ob ta ined   fo r   t he   sys t em,   i n   v i r tue   o f   t he   de f in i -  
t i o n  of the   per turba t ion   parameters  as t h e   i n v e r s e s  
of   the   spr ing   cons tan ts   for   each  assumed mode. A 
composi te   control   s t ra tegy  has   been  then  adopted 
leading   to   the   des ign   of  a s low  con t ro l   fo r   t he  
r ig id   sys tem + a number o f   f a s t   c o n t r o l s   f o r   t h e  
boundary l aye r s   t aken   i n to   cons ide ra t ion .  The actu-  
a l  s low  con t ro l l e r   r equ i r e s  a s t a t e   v a r i a b l e   f i l t e r  
i n   o r d e r   t o  have p rac t i ca l ly   imp lemen tab le   f a s t  
c o n t r o l l e r s .  A case study  has   been  f inal ly  worked 
o u t ,  showing the   e f fec t iveness   o f   the   p roposed  
mul t i - t ime   s ca l e   con t ro l   s t r a t egy .  
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Fig. 3. T ip   pos i t i on   e r ro r   ( s low  con t ro l ) .  

Fig. 1. The f l e x i b l e  arm. 

Fig. 2. The l i n e a r   t r a c k i n g   c o n t r o l l e r .  
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F i g .  5. T ip   pos i t ion   e r ror   (composi te   cont ro l :  
Slow + fast-1st layer  + fas t -2nd   layer ) .  


