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ABSTRACT 

Redundancy  represents  one  key  towards  design 
and  synthesis of more  versatile  manipulators.  Ob- 
stacle  avoidance  and  limited  joint  range  constitute 
two  kinds  of  constraints  which  can  be  potentially 
met  by  a  kinematically  redundant  manipulator. The 
natural  scenario  is  the  inverse  kinematic  problem 
which  is  certainly  a  crucial  point  for  robotic  ma- 
nipulator  analysis  and  control. 

Based  on  a  recently  proposed  dynamic  solution 
technique,  the  inverse  kinematic  problem  for  redun- 
dant  manipulators  is  solved in  this paper.  The 
kinematics  of  the  manipulator  is  appropriately  aug- 
mented  in  order to include  the  above  mentioned  con- 
straints;  the  result  is  an  efficient,  fast  dynamic 
algorithm  which  only  makes  use  of  the  direct 
kinematics  of  the  manipulator.  Extensive  simulation 
results  illustrate  the  tracking  performance  for  a 
given  trajectory in the  Cartesian  space,  while 
guaranteeing  a  collision-free  trajectory  and/or  not 
violating  a  mechanical  joint  limit. 

INTRODUCTION 

A  manipulator  is  termed  kinematically  redundant 
if  the  number  of  degrees  of  freedom  (DOF's)  is 
higher  than  the  number  of  task  space  coordinates. 
The  most  general  location of an object  in  the 
Cartesian  space  is  completely  specified  by  six co- 
ordinates,  three  for  position  and  three  for  orien- 
tation.  In  that  case  a  manipulator  is  considered 
redundant  if  it  has  more  than  six  DOF's.  The  space 
of  redundant  solutions  can  be  conveniently  exploit- 
ed  to  obtain  a  more  versatile  manipulator  in  terms 
of  its  kinematical  configuration  and  its  interac- 
tion  with  the  environment.  In  particular,  redun- 
dancy  can  be  used  to  meet  constraints  on  joint 
range  availability  and/or  to  obtain  trajectories  in 
the  joint  space  which  are  collision-free  in  pres- 
ence  of  obstacles  along  the  motion.  Ultimately  an- 
other  challenging  use  of  redundancy  is  in  keeping 
the  manipulator  in  a  configuration  which  makes  it 
as  dexterous  as  possible,  that  is  also  avoiding 
kinematic  singularities. 

This  paper  is  based  on  research  supported  by  the 
Minister0  della  Pubblica  Istruzione. 

The  crucial  point  for  robotic  manipulator  anal- 
ysis, and  then  control  synthesis,  is  the  capability 
of  transforming  the  task  space  coordinates  into  the 
joint  space  coordinates,  that  is  solving  the  in- 
verse  kinematic  problem.  The  direct  kinematic  prob- 
lem  allows  one to specify  in  a  unique  straightfor- 
ward  manner [ 11 the  relationship  between  the  (n  x 
1) joint  vector  q  and  the  (m  x 1) Cartesian  vector 
x  as 

- 
- 

- x = f(q) (1) 

where 2 is  a  continuous  nonlinear  function,  whose 
structure  and  parameters  are  known; it associates 
to  each 4 a  unique 5 ,  while  the  inverse  mapping 

g = f (5) - (2)  
-1 

may  have  many 9 ' s  associated to each x and,  because 
of  complexity  of (1) , is  hard to express  analyti- 

The  most  direct  approach  for  solving  the  in- 
verse  kinematic  problem  is  certainly to obtain  a 
closed-form  solution  to (2 )  [ll]. This  does  not 
apply  to  all  manipulators;  a  sufficient  condition 
for  obtaining  a  closed  form  solution  was  estab- 
lished  by  Pieper [15]. 

In  order  to  overcome  the  drawbacks  encountered 
in  solving (1) in  terms  of 3, an alternative  tech- 
nique  is  based on the  relationship  between  joint 
velocities 4 and  Cartesian  velocities i, 

cally. 

- = J(q)i ( 3 )  

where J(q) is  the  Jacobian  matrix al/aq. The  above 
relation  can  be  inverted to provide  the  so-called 
Jacobian  control  method [ Z ]  for  redundant  manipula- 
tors 

4 = J (q)g t 
- ( 4 )  

which  yields  locally  a  minimum  norm  joint  velocity 
vector  in  the  space  of  least-square  solutions  to 
the  left  hand  side  of ( 3 ) ;  the  superscript t de- 
notts  tQe-yoore-Penrose  pseudoinverse  defined as Jt 
= J  (JJ ) . The  solution  to ( 3 )  can  be  also  modi- 
fied  by  the  addition  of  a  second  term  to (4) as 

- 4 = + (I - J~J)Z - (5)  

The  projection  operator  (I - JtJ)  selects  the  com- 
ponents  of 5 which  are  in  the  space of homogeneous 
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s o l u t i o n s  t o  ( 3 ) ,  and  therefore  5 can  be  used  for 
op t imiza t ion   purposes .   Jo in t   range   ava i lab i l i ty  i s  
optimized  in  [3].  Obstacle  avoidance i s  achieved   in  
[4,16,17].  Conceptually  similar are t h e   s o l u t i o n s  
based on the  use of general ized  inverses   proposed 
for  minimization of actuator  energy  consumption 
[5] ,  and  obstacle  avoidance [ 6 i .  A r a t h e r   d i f f e r e n t  
approach i s  then  proposed  in  [ 7 ] ;  it is e s s e n t i a l l y  
an   i t e r a t ive   t echn ique  which is based  on a con- 
s t ra ined   nonl inear   op t imiza t ion   a lgor i thm  us ing  a 
modified Newton-Raphson method. 

The goa l   o f   th i s   paper  i s  t o  ex tend   the   inverse  
k inemat ic   so lu t ion   a lgor i thm  proposed   in   [8 ,9]   to  
t h e  case of  redundant  manipulators. It i s  shown how 
c o n s t r a i n t s  on t h e   j o i n t   v a r i a b l e s   a n d / o r  con- 
s t r a i n t s  due t o   o b s t a c l e s   i n   t h e  workspace  can  be 
sys t ema t i ca l ly   i nco rpora t ed   i n   t he   so lu t ion   a lgo -  
rithm. The properly  extended  direct   kinematics i s  
t o  be  evaluated [ l o ] .  Th i s   a s su res   t ha t  a l l  t h e  
advantages  of  the dynamic s o l u t i o n  are r e t a i n e d ,  
such as c o n t i n u i t y  of the s o l u t i o n ,   d r a s t i c  redu'c- 
t i o n  of computation time, and  generat ion  of   joint  
v e l o c i t i e s   a t  no a d d i t i o n a l   c o s t .  A case  s tudy  for  
a simple  planar  four D O F ' s  manipulator shows t h e  
performance  of  the  proposed  solution. 

THE GENERAL DYNAMIC SOLUTION 

The general  dynamic solut ion  technique  present-  
ed i n   [ 8 , 9 ]  i s  gene ra l i zed   i n   t he   fo l lowing   t o   t he  
case  of  unconstrained  redundant  manipulators. 

The inverse  kinematic  problem is conceived  as  a 
dynamical  one i n   o r d e r   t o   o b t a i n  a gene ra l   so lu t ion  
algorithm  which  requires  only  the  computation  of 
d i rec t   k inemat ics  (1). Let i(t) (n x 1) be a solu- 
t i o n   t o  (1) r e l a t i v e   t o  a g iven   Car tes ian   t ra jec to-  
r y  g ( t )  (m x 1). The fo l lowing   e r ror   vec tor  e ( t )  
can  be  defined  between  the  desired  trajectory g ( t )  
and t h e   a c t u a l   t r a j e c t o r y  x ( t )  obtained  from  the 
algori thm state v a r i a b l e s  q ( t ) ,  

- e ( t )  = g( t )  - x ( t )  ( 6 )  

In   o rder  t o  assure  the  convergence  of q ( t )  t o  i(t), 
e r r o r  dynamics is involved, i.e. via   (3)   (dropping 
t h e  time dependence), 

With the  choice 

t h e  dynamic  system  of  Fig. 1 a s s u r e s   t h a t  2 -+ 0, 
and  then 3 + i. This  issue  can  be  recognized Qy 
cons ide r ing   t he   e r ro r  Lyapunov func t ion  v = .5e e 
and v e r i f y i n g   t h a t  i ts time d e r i v a t i v e  i s  negat ive 
d e f i n i t e  by v i r t u e  of (8) [8,9,19] .   In   the  fol low- 
ing it seems a p p r o p r i a t e   t o   g i v e  some remarks on 
the   so lu t ion   a lgor i thm  based  on ( 8 ) .  

Remark 1. L e t  r a n k ( J )  = m. Suppose t h a t  ~ ( 0 )  = 

r o r ,  it na tura l ly   in t roduces ,   in   the   ne ighborhood 
of 5 = 0, an  equivalent   gain,   dependent   on  s ta te  
v a r i a b l e s ,  which  tends t o  m .  T h i s   p o i n t   l e a d s   t o  
the   genera t ion   of  a 5 r i ch   i n   ha rmon ics ,  whose e f -  
f e c t  on 9, however, is c u t   o f f  by t h e   f i l t e r i n g  
na ture   o f   the   in tegra tors .   Therefore ,  whenever a l s o  

- 0 ;  since  (8)  always  guarantees a n u l l   t r a c k i n g  er- 

j o i n t   v e l o c i t i e s   a r e   n e e d e d ,   e i t h e r   a d d i t i o n a l   f i l -  
t e r i n g  on must   be   in t roduced   or   f in i te   t rack ing  
e r r o r s  must   be  admit ted  via   the  purely  proport ional  
cont ro l  l a w  

With th i s   cho ice   r e su l t s   nega t ive   de f in i t e   on ly  
outs ide  a region i n  t he   e r ro r   space  which  contains 
e = 0 ,  t h a t  i s  a t t r a c t i v e   f o r  a l l  t r a j e c t o r i e s .  
Obvio<sly t h e  maximup t r ack ing   pos i t i on   e r ro r  w i l l  
depend d i r e c t l y  on 1 1 ~ 1 1 ,  and  inversely on a; it m u s t  
be   underscored,   however ,   that   the   s teady-state  (& = 
0 )  e r r o r  is iden t i ca l ly   ze ro   [8 ,9 ,19 ] .  

An a l te rna t ive   inverse   k inemat ic   so lu t ion   a lgo-  
rithm can  be  conceived by consider ing 

- 

- 

where M i s  a p o s i t i v e   d e f i n i t e   m a t r i x  whose 
e igenvalues   a f fec t   the   pos i t ion   e r ror   convergence  
rate t o   z e r o .  The c o n t r o l  l a w  (10)  r e c a l l s  a so- 
lu t ion   s imi la r   to   the   pseudoinverse   Jacobian  con- 
t r o l   ( 4 ) .  It should  be  noted,  however,  that (10) 
seems  more robus t   than   the   pure   pseudoinverse  
Jacobian   cont ro l   (4) ,   s ince  it i s  ob ta ined   v i a  a 
dynamic computational scheme which i s  inherent ly  
closed-loop. 

Among t h e   t h r e e   s o l u t i o n s  above  derived, ( 8 ) ,  
(9 )  and (101, t he   p ropor t iona l  one  (9) seems t h e  
most a t t r a c t i v e  from the  computat ional   point  of 
view.  Since by a proper  choice  of  the  feedback  gain 
t h e   t r a c k i n g   e r r o r  e can  be  conveniently  bounded, 
as shown in   s eve ra l   s imu la t ions   ca r r i ed   ou t  
[10 ,13 ,14 ,19 ,20] ,   th i s   so lu t ion   can   be   adopted   in  
the  fol lowing  for   pract ical   implementat ion  of   the 
inverse  kinematic  solution  algorithm.  Furthermore 
an   appea l ing   fea ture   o f   the   so lu t ion   (9)   l i es   in  
t h e   p o s s i b i l i t y  of  achieving  the  following  physical  
i n t e r p r e t a t i o n  [ g ] .  A fundamental   relationship  be- 
tween t h e  (n x l) v e c t o r  of j o i n t   t o r q u e s  2 and t h e  
Car tes ian  (m x 1) force   vec tor  2 appl ied  a t  t h e  end 
e f f e c t o r  i s  [11] 

It can  be  recognized  that   applying  the  above  in- 
verse   kinematic   solut ion  a lgori thm  along a t r a j e c -  
t o ry   a s s igned   a t   t he   end   e f f ec to r  i s  e q u i v a l e n t   t o  
regard   the   vec tor  a 2  as t h e   e l a s t i c   f o r c e   v e c t o r  
which  has t o  be appl ied  a t  t h e  end e f f ec to r   o f  an 
idea l   k inemat i c   s t ruc tu re ,   w i th   nu l l  mass and u n i t  
viscous damping c o e f f i c i e n t ,   i n   o r d e r   t o   t r a c k   t h e  
d e s i r e d   t r a j e c t o r y .  

Remark 4. Let now rank(J)  < m. I t  could  be ar- 
gued t h a t  J e = 0 when e belongs t o   t h e   n u l l   s p a c e  
of JT. I n   t h e   l i g h t  of t h F  above  equivalence, how- 
ever ,   the   nu l l   space  of J is  i n   t h o s e   d i r e c t i o n s  
along  which a Car t e s i an   fo rce   app l i ed   a t   t he  end 
e f f e c t o r  i s  completely  neutral ized by t h e  mechani- 
c a l   c o n s t r a i n t s  of the  manipulator.  From the  imple- 
mentation  viewpoint,  the  occurre,nce  of  such  situa- 
t ion  can  be  detected by having llsll = 0 and llell $ 0. 
Then,  assuming t h a t   t h e   t a r g e t   t r a j e c t o r y  i s  
p l anned   cons i s t en t ly   w i th   t he   ac tua l   kyxmat i c  
s t r u c t u r e ,  it can  be  s ta ted  that   a lways J 2 j. 2 ,  
when e # 0. 

A s  it had  been  ant ic ipated,   only  direct  
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kinematics (f,J) is to  be  computed,  which d r a s t i -  
cal ly   reduces  the  computat ional   burden.   In   actual  
f a c t ,   o n l y  one i t e r a t i o n   p e r   l o o p  i s  t o  be  intended 
for   the   d ig i ta l   implementa t ion   of   the   a lgor i thm  for  
t r a j e c t o r y   t r a c k i n g .  The implementation  of  the a l -  
gorithm  on a single  dedicated  microprocessor  system 
has   been   rea l ized   in   the   l abora tory   for  a 
nonredundant  manipulator [12], 

It should  be  emphasized  that   the  dynamic  system 
of  Fig. 1, based oy t h e   s o l u t i o n  (9), w i l l  produce 
j o i n t   v e l o c i t i e s  q ( t )  a t  no a d d i t i o n a l   c o s t ,  and 
with a s l igh t   mod i f i ca t ion  it can   a l so   genera te  
j o i n t   a c c e l e r a t i o n s  $(t) [9] .   This   point  i s  very 
advantageous  for  advanced  control  purposes [8]. 

L a s t  b u t   n o t   l e a s t ,  it i s  t o  be  mentioned t h a t  
t he   so lu t ion   a lgo r i thm  he re   de r ived  is completely 
general  and  manipulator  independent. An even  short-  
er number of  computations are requi red   and   be t te r  
performance is achievable ,  however, i f   t h e   a l g o -  
rithm is customized to   each   pa r t i cu la r   k inemat i c  
s t r u c t u r e ,  as regards   the  last  three  axes   of   motion 
a t  t h e  end e f f e c t o r :   s p h e r i c a l  w r i s t  [10,13,19,20], 
two-by-two intersect ing  axes   [10,14,19,20] ,  
nonconverging  axes  [10,19,20]. 

INCLUSION OF CONSTRAINTS 

A s  previously  ant ic ipated,   redundancy  can  be 
convenient ly   explo i ted   to   so lve   the   inverse  
kinematic  problem  with  obstacle  avoidance  and/or 
l imi t ed   j o in t   r ange .  The occurrence   o f   e i ther   o r  
bo th   o f   the   above   s i tua t ions   se t s  some c o n s t r a i n t s  
which  can  be  systematically  incorporated i n  t h e  
so lu t ion   a lgo r i thm  ou t l ined   i n   t he   p rev ious   s ec -  
t i o n ,  on the   condi t ion   tha t   the   t ask   space   vec tor  
i n  (1) is properly  enlarged.  

A set of t a s k   s p a c e   v a r i a b l e s   t h a t   d e s c r i b e   t h e  
conf igura t ion   of   the   manipula tor   wi th   respec t   to  
t he   obs t ac l e  i n  the workspace  and/or t o  the limits 
on the   j o in t   va r i ab le s   can   be   de f ined .  The only 
requirement is to   exp res s   t hose   va r i ab le s   i n   t e rms  
of t h e   j o i n t   v a r i a b l e s  so as to  ob ta in   t he  augment- 
ed  direct   k inematics   [ lO,19]  

- Y = f (4) 

where y i s  a ((m+v) x 1) vec to r ,   w i th  0 5 v 5 n-m, 
which i s  comple te ly   spec i f ied   in   the   t ask   space .  
Then a s o l u t i o n   t o  ( 1 2 )  can  be  formally  obtained 
with a cho ice   a f   t he   t ype   (9 )  which  proves  very 
powerful ,   especial ly   for   on-l ine  control   purposes .  

For   the   sake   o f   c la r i ty ,   the  two cases   of  ob- 
s tac le   avoidance   and   l imi ted   jo in t   range   a re  treat- 
ed sepa ra t e ly   i n   t he   fo l lowing .   None the le s s   t hey  
both   l ead   to   ex tend   the   t ask   space   vec tor   as   in  
(12), and  then it w i l l  b e   p o s s i b l e   t o   s o l v e   t h e  
inverse  kinematic  problem  under  both  constraints,  
as   demonstrated  la ter .  

Obstacle  Avoidance 

One of   the   po ten t ia l   advantages   o f  a 
kinematically  redundant  manipulator i s  the   use   o f  
the  extra   ( redundant)  DOF's t o  maneuver i n  a com- 
plex  workspace  and  avoid  contact  with  obstacles.  
The a b i l i t y   o f   t h e  human arm t o  work i n  such  envi- 
ronments  provides a good model  of t h i s   a b i l i t y .  

A s s u m e  t h a t  a manipulator is t r a c k i n g  a d e s i r e d  
c o l l i s i o n - f r e e   e n d   e f f e c t o r   t r a j e c t o r y   i n   t h e   t a s k  

space. One or more l i nks   a long  i ts  kinematical  
s t r u c t u r e ,  however, may happen t o  b e   t o o   c l o s e   t o  
an  obstacle   in   the  workspace,   and a c o l l i s i o n  i s  
expected.  Since  the  inverse  kinematic  algorithm  (9) 
p rov ides   j o in t   con f igu ra t ions  which are a d j a c e n t   t o  
each   o ther  as the  manipulator  proceeds  along  the 
t r a j e c t o r y ,   o n e   o r  more c o n s t r a i n t s   n e e d   t o   b e   i n -  
t r o d u c e d   i n   o r d e r   t o   a v o i d   t h e   c o l l i s i o n   w i t h   t h e  
obs tac le .  The idea   t ha t   fo l lows  i s  similar i n  some 
r e g a r d   t o  the approach  taken  in   [6]   and  in  [16]. 

In   the  fol lowing it i s  supposed   tha t   obs tac les  
a r e  modeled as convex  volumes i n   t h e  3D-space; t h i s  
formalism  seems  effect ive  because  the  actual   ob-  
s t ruct ions  can  a lways  be  enveloped  in  a convex  vol- 
ume ( the   s imp les t  i s  a sphe re ) ,   wh i l e  it is e a s y   t o  
compute t h e   d i s t a n c e  from  such  volumes t o   t h e   l i n k s  
of   the  manipulator .   For  a p lanar  mechanism  one 
might  simply  adopt  disks t o  model o b s t a c l e s ,  as 
done f o r   i n s t a n c e   i n  [17]. 

It  can  be  assumed t h a t  a l ink   has   avoided  a 
convex o b s t a c l e   i f  i ts minimum dis tance   f rom  the  
obs tac le  i s  g r e a t e r   t h a n  a preplanned  threshold 
d i s t a n c e .   I f  a l l  l i n k s   s a t i s f y   t h i s   c o n d i t i o n   t h e r e  
i s  no   reason   for   modi fy ing   the   cur ren t   so lu t ion  
a long   the   t ra jec tory ,   and   the  dynamic s o l u t i o n  a l -  
gorithm  (9) w i l l  s e l ec t   one  of t h e   p o s s i b l e  
configurations,   depending  on  the i n i t i a l  j o i n t  con- 
f igura t ion .  

On t h e   o t h e r  hand, i f   t h e   d i s t a n c e  between  one 
o f   t he   l i nks  and  an  obstacle  becomes less than   t he  
th re sho ld ,   t he   cu r ren t   so lu t ion  i s  t o  be  modified. 
It  is understood  that  a t  most n - m c o n s t r a i n t s   o f  
such  type  can  be  activated. One might   a l so   th ink   of  
s e t t i ng   s eve ra l   va lues   o f   t h re sho lds  i n  correspon- 
dence  of  each l ink  of   the  manipulator .   This   can  be 
done  accounting  for  the  type of senso r s   u sed   t o  
d e t e c t   t h e  above d is tances ,   such  as proximity  sen- 
sors, video  cameras  etc...  

I n   o r d e r   t o   i l l u s t r a t e   t h e   t e c h n i q u e   h e r e   p r o -  
posed,  assume f i r s t   t h a t  a s i n g l e   l i n k  i s  involved 
i n  a p o s s i b l e   c o l l i s i o n   w i t h  a s i n g l e   o b s t a c l e .  I t  
i s  understood  that  such pair v a r i e s  as t h e  manipu- 
l a t o r ' s  end e f f e c t o r   t r a c k s   t h e   d e s i r e d   t r a j e c t o r y  
of  motion. L e t  then d be   t he   t h re sho ld   d i s t ance  
and 5 denote   the   pos i t ion   vec tor   o f   the   po in t   o f  
i n t e r e s t  on the   obs t ac l e .  A p o i n t   a t  minimum d i s -  
tance from t h e   l i n k   t o   t h e   o b s t a c l e   c a n   b e   d e t e r -  
mined [161; l e t  p ind ica t e   t he   pos i t i on   vec to r   o f  
th i s   so-ca l led   oggtac le   avoidance   po in t .  Both  vec- 
t o r s  5 and p are de f ined   w i th   r e spec t   t o   t he  same 
base  frame i n  which the   d i rec t   k inemat ics   o f   the  
manipulator is expressed.  See  Fig. 2 f o r  a p lanar  
example.  Another  important  remark is i n   o r d e r ;   t h e  
pos i t i on   o f   t he  minimum d i s t a n c e   p o i n t  moves, as 
the  manipulator moves about   the   obs tac le ,  i.e. 
has t o  be  dynamically  recomputed  along  the  trajec- % 
t o r y .   I f   t h e   d i s t a n c e  Ild II between  the two p o i n t s ,  
where d = - 2,  becomes less than   the   th reshold  
d i s t a n z g  do, t h e r e  is a danger  of  coll ision,  and 
t h e   j o i n t   v e l o c i t i e s ,  which r e p r e s e n t   t h e   c o n t r o l  
inputs   to   the   sys tem  of   F ig .  1, need t o  be  modified 
a c c o r d i n g l y   t o   t h e  new cons t r a in t   ac t iva t ed .   Th i s  
can  be  accomplished  as  follows.  In  analogy  with  the 
e r r o r   d e f i n i t i o n  between  reference  and  actual   task 
v a r i a b l e s  ( 6 ) ,  d e f i n e   t h e   e r r o r  

-0 

-e 

eo = .5(do - - 2  
(13) 

D i f f e r e n t i a t i n g   ( 1 3 )   w i t h   r e s p e c t   t o  time g ives  
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e = c?ocio - %c - T -  T 

with 

'T = dTJ 
la0 -c PO 

(15) 

where J i s  the   Jacobian   mat r ix   ap  /a% of t h e  ob- 
s tac le   ggoidance   po in t  [ 161. I f   t h c o e r r o r  dynamics 
(7)  i s  opportunely  extended  by ( 1 4 ) ,  a c o n t r o l  2 
can  be  obtained  in   the same formal way as i n   ( 9 ) .  
To t h i s   pu rpose ,  e w i l l  i nd ica t e   t he   ex t ended   e r ro r  
vec tor  ( ( m + l )  x i) i n   t he   Ca r t e s i an   space ,  whose 
last component is  e d e f i n e d   i n  (13 ) ,  and J w i l l  

whose las t  row i s  $ defined i n  (15) .  I n   t h i s  way 
denote t h e  extende Jacobian matr ix  ( (mi .1 )  x n ) ,  

the  motion of those*OFu s which  determine  the  posi-  
t i o n   o f   t h e   o b s t a c l e   p o i n t  p i s  braked,   prevent ing 
t h e   l i n k  of i n t e r e s t  from  aFsroaching  the  obstacle.  
A s  a matter o f   f ac t ,  a l i n k  which i s  candida te   for  
a c o l l i s i o n  is fo rced   t o  move t a n g e n t i a l l y  around 
:he imaginary  sphere  with  center   a t  c and  of  radius 

I t  i s  t o  note. t h a t   i n  (14) bo th   t he   ca ses  of 
movlng o b s t a c l e  (5 # 0) and  varying  threshold  dis-  
tance (d^ # 0) have  been  considered.. I n  what f o l -  
lows it 2 s  assumed t h a t  = 0 and 2 = 0, without  
l o s s  of g e n e r a l i t y .  

A t  t h i s   e x t e n t ,  it seems qu i t e   s t r a igh t fo rward  
t o   e x t e n d   t h i s   t e c h n i q u e   t o   o t h e r   p a i r s   o f   p o i n t s  
i n t e r e s t e d   t o  a c o l l i s i o n   ( a n   o b s t a c l e  and  an  ob- 
s tac le   avoidance   po in t   a long   the   s t ruc ture   o f   the  
manipula tor ,   respec t ive ly)   up   to   eventua l ly   cover  
the n - m redundant DOF's. Discussion  of when an 
obs tac le   cons t ra in t   can   be   re leased  w i l l  be  provid- 
ed   a f t e r   p re sen t ing   t he   ove ra l l   so lu t ion .  

Limited  Joint  Range 

Conceptual ly   s imilar  i s  t h e   a c t i v a t i o n   o f  a 
mechanical   constraint  on a j o i n t   v a r i a b l e   f o r   t h e  
inverse  kinematic scheme of  Fig. 1. The i d e a   t h a t  
fol lows i s  p a r t i a l l y   i n s p i r e d  by [ 5 ] .  Assume t h a t  a 
j o i n t   v a r i a b l e   q .  is kinematical ly   constrained be- 
tween two constar&  extrema1  values g. lmin and qimax' 

If  t h e   j o i n t   v a r i a b l e   a p p r o a c h e s   e i t h e r   o f  the Sim- 
i t s  whi le   the   manipula tor ' s   end   e f fec tor  i s  t rack-  
ing   the   p rep lanned   t ra jec tory ,   the   so lu t ion   g iven  
i n   ( 9 )  is to  be  modified. A s  done  above for   obs ta -  
c le   avoidance,  a threshold   d i s tance  2 can  be  de- 
f i n e d   w i t h   t h e   i n t e n t   t h a t   i f   t h e  dis%ance  of  the 
c u r r e n t   q .  from e i the r   o f   t he  two limits becomes 
less t h a n %  , t h e   c o n t r o l  (9)  needs t o  be  modified. 
TO t h i s   p u r 8 o s e   d e f i n e   t h e   e r r o r  

where e i t h e r  d = 
depending on w k c h  noimeaa)lhat a- o r d  = q  - C l . 8  

has t o  be  dynamically  recomputed  along  the  trajecY 
to ry .   D i f f e ren t i a t ing  (17) w i t h   r e s p e c t   t o  t i m e  
g ives  

eq = dq - ui% T '  

where 

the   s ign  f applying  for   q .   and  the  s ign - apply- 
ing   for  q imax. Therefore ,  It seems n a t u r a l   t o  ex- 
t e n d   t h e   e r r o r  dynamics ( 7 )  by (18), q u i t e   i n   t h e  
same way as it has  been  done  for  obstacle  avoid- 
ance. The extended  error   vector  w i l l  include  an 
a d d i t i v e  component due t o  e i n  (17), and  corre- 
spondingly  the  extended  Jacoxian  matrix w i l l  con- 
t a i n  a row given by u. l n   ( 1 9 ) .   I n   t h i s  way t h e  
motion of t h a t  DOF whi-& was approaching  the limit 
is opportunely  braked  and  kept on the   th reshold .  A s  
above, i f   t h e   t h r e s h o l d   d i s t a n c e  i s  chosen  con- 
s t a n t ,  d = 0. 

Finaaly , a s   i n   t h e  above  case,   the  technique 
can  be  extended to account  for  other  mechanical 
c o n s t r a i n t s  of t h i s   t y p e ,  up to   even tua l ly   cove r  
t h e  n - m redundant DOF's. The p o s s i b i l i t y   o f  re- 
leas ing  a j o i n t  l i m i t  cons t ra in t   and  the occurrence 
of  both  type  of  constraints w i l l  be   d i scussed   in  
the  following  subsection. 

lmin 

T .  

The Overa l l   Solu t ion  

On t h e   b a s i s  of t h e   r e s u l t s  of t h e  two previous 
subsec t ions ,   t he   ove ra l l  dynamic s o l u t i o n   t o   t h e  
inverse  kinematic  problem  for  constrained  redundant 
manipulators i s  e s t a b l i s h e d   i n   t h e   f o l l o w i n g .  To 
th i s   purpose   the   t ask   space   vec tor  5 i s  enlarged 
i n t o   t h e  ((m+v) x 1) vec to r   y ,   a s   an t i c ipa t ed   i n  
(12) I 

- 

(20) 

where x. fs t h e  (k x 1) v e c t  r whose components a r e  
the   quan t l t i e s   o f   t he   t ype  d d d e f i n e d   i n  (13)  f o r  
each  act ive  obstacle   constra%,  and 5 i s  t h e  (r  x 
1) vector  whose components are t h e   & a n t i t i e s  of 
the   type  d d e f i n e d   i n  (17) fo r   each   ac t ive   j o in t  
limit consaraint .   Correspondingly  the  task  space 
re ference   vec tor  becomes 

9 

with  obvious  meaning  of  the  vectors i (k  x 1) and 
- (r  x 1).  I t  must  be  remarked t h a t  % 

-0 

v = k + r < n - m  (22) 

so a s   t o   a c t i v a t e  a t  most n - m c o n s t r a i n t s  on ob- 
s tac le   avoidance   ( in  number of k) and jo in t   range  
a v a i l a b i l i t y   ( i n  number of r )  . The c o n t r o l  i s  then 
d e r i v e d   i n   t h e  same formal way as i n   ( 9 )  , i .e.  

where 

is the  extended  Jacobian  matrix  which  includes,  
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bes ides   t he   end   e f f ec to r   J acob ian   ma t r ' x  J ,  t h e  
Jacobian  matrix J ( k  x n) whose rows j are de- 
f i n e d   i n  (15) l angothe  matrix U (r x n)-%ose  rows 
are d e f i n e d   i n  (19), and 

+ 

-Y e = [;] (25) 

i s  the   ex tended   e r ro r   vec to r   i n   t he   t a sk   space  
which   inc ludes ,   bes ides   the   end   e f fec tor   e r ror   vec-  
t o r  2,  t h e   e r r o r   v e c t o r  e ( k  x 1) whose components 
are d e f i n e d   i n   ( 1 3 ) ,  and t h e   e r r o r   v e c t o r  e (r x 
1) whose components a r e   d e f i n e d   i n   ( 1 7 ) .   F i n a l y   i n  
( 2 3 )  a > 0 i s  a feedback  gain  which  determines  the 
convergence rate of e . 

Under the   con t roy   (23 ) ,   t he   end   e f f ec to r   t r a -  
j e c t o r y  $(t) is still  t racked  as i n  (9) ,  and  the 
redundant  DOF's are convenient ly   used  to   avoid  col-  
l i s i o n   w i t h   t h e   o b s t a c l e s   p r e s e n t   i n   t h e   e n v i r o n -  
ment and/or t o  avoid   the   genera t ion   of   jo in t  tra- 
j e c t o r i e s  which a re   no t   k inemat i ca l ly   f ea s ib l e .  

Although  (23) is t h e   b a s i s   o f   t h e   i n v e r s e  
kinematic  solution  proposed  here,   proper  decision 
making by a h i g h e r   c o n t r o l   l e v e l  i s  equal ly  impor- 
t a n t ,   i f   n o t   c r u c i a l ,   t o   s u c c e s s f u l   o p e r a t i o n   o f  
the   a lgor i thm.   This   h igher   cont ro l   l eve l   should   be  
in   charge   o f   t ra jec tory   p lanning   and   ac t iva t ion  + 
i n a c t i v a t i o n   o f   c o n s t r a i n t s .  To th i s   pu rpose   t he  
fol lowing  considerat ions seem appropr ia te .  

The a c t i v a t i o n   o f  a c o n s t r a i n t  i s  simply  per- 
formed by d e t e c t i n g   t h a t  one   o f   the   th reshold   d i s -  
t a n c e s   ( o b s t a c l e   o r   j o i n t  l i m i t )  is v i o l a t e d .  The 
in t roduc t ion   o f   cons t r a in t s   na tu ra l ly  sets r e s t r i c -  
t i o n s  on j o i n t   a n g l e s ,  which c o n t r i b u t e  t o  reduce 
the  manipulator   reachabi l i ty   workspace.  A c o n f l i c t  
w i t h   t h e   d e s i r e d   t r a j e c t o r y  s(t),  o r i g i n a l l y  
p lanned   for   the   end   e f fec tor ,  may then   a r i s e .   In  
t h e  l i m i t  one may wind up i n  a "deadlocked"  si tua- 
t i o n  where f u r t h e r  movement i s  no t   poss ib l e   and   t he  
system is  overcons t ra ined ,   €or   ins tance   in  a com- 
plex  environment  with  multiple  obstacles.  The oc- 
currence  of   such  s i tuat ion  can  be  recognized,  a t  
a lgo r i thmic   l eve l ,  by t h e   f a c t   t h a t   t h e   e x t e n d e d  
e r ro r   vec to r  e i n  (25 )   en t e r s   t he   nu l l   space   o f .   t he  
extended  Jacobian Je. I n   t h i s  case it re su l t s  IIsll = 
0 and 1 1 %  II + 0, and the  inverse   kinematic   a lgori thm 
m u s t  be  xborted.  This  statement can b e   j u s t i f i e d  on 
t h e   b a s i s  of the   p rev ious   equiva lence   ou t l ined   for  
the   uncons t ra ined  case. 

I t  should  be  emphasized,  however,  that  such 
s i t u a t i o n  may have  not  been  properly  caused by a 
complex  environment,  but  rather  determined  by  the 
f a c t   t h a t  no cons t ra in t   has   been   re leased  a t  a l l .  
Consequent ly   the  opt ion  of   inact ivat ing a con- 
s t r a i n t   s h o u l d   b e   i n t r o d u c e d ,   i n   t h e   s e n s e   t h a t  a 
cons t r a in t   cou ld  be re leased  when t h e  end e f f e c t o r  
t r a j ec to ry   "na tu ra l ly"   d r ives   t he   s t ruc tu re  away 
fYom t h e   c o n s t r a i n t   i t s e l f .   T h i s   f e a t u r e   c a n   b e  
performed a t   a l g o r i t h m i c  leve l  as follows. Remind 
tha t   t he   so lu t ion   a lgo r i thm  based  on ( 2 3 )  guaran- 
tees   on ly  a bounded,   bu t   no t   nu l l ,   t rack ing   e r ror .  
The re fo re ,   t he   c r i t e r ion   fo r   i nac t iva t ing  a con- 
s t r a i n t  can  be set up i n   t h e  same way as it i s  done 
f o r   a c t i v a t i n g  a constraint ,   based  on  the  evalua-  
t ion   o f   p roper   d i s tance   e r rors .  Thus it i s  assumed 
t h a t  a c o n s t r a i n t  i s  inac t iva t ed   i f   t he   co r re spond-  
i n g   d i s t a n c e   e r r o r  becomes negat ive.  

-0 

It  might  be  argued  that   the  convergence  of  the 
so lu t ion   a lgor i thm as one or more c o n s t r a i n t s  are 
e i t h e r   a c t i v a t e d  or i n a c t i v a t e d   d o e s   n o t   s t r i c t l y  
fol lows from the  convergence  propert ies   of   the   con-  
f igura t ions   o f   the   sys teml   before   and   a f te r   e i ther  
the   en la rgement   o r   the   reduct ion   of   the   e r ror  
space.   This  statement i s  t h e o r e t i c a l l y  correct, but  
from the  engineer ing  point   of   view,  several simula- 
t i o n   r e s u l t s   h a v e  shown t h a t   t h e   a l g o r i t h m   c o r r e c t -  
l y   runs   fo r  cases of p r a c t i c a l   i n t e r e s t ,   t h u s  en- 
couraging  the  adoption  of  the  technique  here  pro- 
posed. 

5 CASE STUDY 

I n   o r d e r   t o  test the  performance  of  the  pro- 
posed  dynamic  inverse  kinematic  solution  for  con- 
s t ra ined  redundant   manipulators ,  a simple case 
s tudy is developed  in   the  fol lowing.  A planar   four  
DOF manipulator  of  the  type  of  Fig. 2 i s  consid- 
ered.  The l i n k   l e n g t h s  have  been  chosen as 1 
= 1 = l4 = .3 m. A ' s t r a i g h t   l i n e   r e f e r e n c e  tra- 
jeczory i s  commandq  from g(0)  = (.5598  -.15)T [ m ]  
t o  i ( T )  = (.8 -.2) [m] with T = 3 s, where 6 de- 
no te s   t he   des i r ed  end p o i n t   p o s i t i o n   v e c t o r ;   t h e  
v e l o c i t y   p r o f i l e  i s  the   typ ica l   t rapezoida l ,   one  
( a c c e l e r a t i o n  + c r u i s e  + dece le ra t ion )   w i th  1 1 ~ 1 1  
= .12 m/s. The manipulator i s  assumed t o  start from m a x  

a jo in t   con f igu ra t ion  which p l aces   t he   end   po in t  
p ( 0 )   a t  g ( 0 ) .  Remind t h a t   t h e   r e s u l t i n g   j o i n t  tra- 
j e c t o r i e s  w i l l  depend upon t h e   i n i t i a l   j o i n t  con- 
f igu ra t ion ,   s ince   t he   a lgo r i thm  p rogres ses   w i th  
con t inu i ty   a long   t he   g iven   t r a j ec to ry .  The i n i t i a l  
condi t ions  o t h e   j o i n t   v a r i a b l e s  are ~ ( 0 )  = (180 
-30 -90 -30)' [" I .  

Two cons t r a in t s   o f   t he   t ype   p rev ious ly   de -  
scribed  have  been  introduc d. An obstacle   has   been 
loca ted  a t  = (.7  -.28) [ m ] ,  and a mechanical 
l i m i t  on t h e   t h i r d   j o i n t  is q < -80". 

Four d i f f e r e n t  sets of &.;ulations have  been 
car r ied   ou t .   F igs .  3 through 5 i l l u s t r a t e  t h e  re- 
s u l t s .  A sampling  time  of 1 m s  has  been  chosen; 
t h i s  i s  s e e n   t o   b e   s u f f i c i e n t   t o   e v a l u a t e   t h e   d i -  
rect kinematic   funct ions  reported  in   the  Appendix,  
using a single  dedicated  microprocessor  system  with 
f l o a t i n g   p o i n t   m u l t i p l y   u n i t  [ 1 2 ] ,  The end  point  
tracking' error has  been  computed as t h e  norm of t h e  
end p o i n t   p o s i t i o n   e r r o r   v e c t o r  2 = $ - p. 

I n   t h e   f i r s t   s e t  of r e s u l t s   t h e   u n c o n s t r a i n e d  
c o n t r o l  (9) has  been  applied  with a = 1000; t o  t h i s  
end in   (121 it is shown how d i s c r e t i z i n g   t h e   a l g o -  
rithm leads  to   the  opt imal   choice  of   the   feedback 
gain as the   inverse   o f   the   sampl ing  time. I t  i s  
seen  that   the   manipulator  would v io l a t e   bo th  con- 
s t r a i n t s   w h i l e  it t r a c k s   t h e  end po in t   r e f e rence  
t r a j e c t o r y .  A s  a matter o f   f ac t   t he   end   po in t  
t r ack ing   e r ro r   (F ig .   3 )  i s  small, bu t   t he   fou r th  
l i n k  i s  invo lved   i n  a c o l l i s i o n   w i t h   t h e   o b s t a c l e  
(Fig.   4)   and  the  third  joint   var iable   exceeds -80' 
(F ig .   5 ) .  

In  the  second set o f   r e su l t s   on ly   t he   obs t a  l e  
c ns t r a in t   has   been   ac t iva t ed  as soon  as e = 2: - 
d d becomes greater   than  zero;   the   threshgold  dls-  -4-4 tance  d4  has  been set t o  - 0 3  m. It i s  s e e n   t h a t   t h e  
end point  tracking  performance remains s a t i s f a c t o r y  
(Fig.   3)  and  the  obstacle i s  avoided  (F&g. 4 )  i n  
t he   s ense   t ha t  1 1 ~ 4 1 1 , ,  a f t e r   g o i n g  below  dq1  tends 
a s y m p t o t i c a l l y   t o   t h l s   v a l u e ,  as proven  in   theory.  
The c o n s t r a i n t  on t h e   t h i r d   j o i n t   v a r i a b l e ,  

1 = l 2  

- 

9 

Q 
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however,  is  still  violated  (Fig.  5). 
In  the  third  set  of  results  only  the  joint  lim- 

it constraint  has  been  activated as soon as  e = 
d - d  becomes  greater  than zero; the  thresh%ld 
d?&an~8~; has  been  chosen as 2 ' .  Similarly  to 
the  previo82  case  the  end  point  tracking  is  main- 
tained  (Fig.  3)  and  the  third  joint  variable  is 
braked  against  passing  the  limit  (Fig.  5) in  the 
sense  that q3# after  going  above  -82O,  tends 
asymptotically  to  this  value, as anticipated  in 
theory. 

Finally  both  constraints  have  been  activated  at 
proper  instants  of  time.  In  this  particular  case  it 
can  be  recognized  (Fig.  5)  that  the  joint  limit 
constraint  has  been  released, as the  end  point  tra- 
jectory  naturally  drives  q  away  from  the limit, 
due to the  activation  of t%e obstacle  constraint 
meanwhile.  It  is  seen  that  the  end  point  tracking 
is  maintained  (Fig.  3)  and  the  obstacle  constrai,nt 
is  asymptotically  met  (Fig.  4) 

CONCLUSIONS 

This  paper  has  presented  a  solution to the  in- 
verse  kinematic  problem  for  constrained  redundant 
manipulators.  The  resulting  algorithm  is  based  on  a 
dynamic  reformulation  of  the  problem  leading to  a 
closed  loop  scheme  whose  stability  is  assured  by 
choosing  a  control  which  only  involves  the  computa- 
tion  of  the  direct  kinematics  of  the  manipulator. 
The  only  requirement  is  to  systematically  enlarge 
the  direct  kinematics  in  order to  include  the  con- 
straints  which  can  be  potentially  met  by  a 
kinematically  redundant  manipulator,  such  as  obsta- 
cle  avoidance  and  limited  joint  range.  It  has  been 
proven,  and  shown  by  an  example,  that  the  con- 
straints,  once  active,  can  be  successfully  met.  The 
end  point  of  the  manipula.tor  keeps  tracking  the 
desired  trajectory  and  the  resulting  joint  trajec- 
tories  avoid  the  collision  with  an  obstacle  and/or 
avoid  violation  of  a  mechanical  limit on a  joint 
variable.  Some  issues  regarding  the  activation  and 
the  inaccivation  of  constraints  have  been  finally 
addressed.  The  possibility  of  including  constraints 
on the  manipulator's  dexterity  is  currently  being 
investigated [18]. Future  research  efforts  will  be 
likely  dedicated to investigate  the  application  of 
the  technique  here  presented to particular  redun- 
dant  geometries,  such  as  maintainance  robots  oper- 
ating  in  plasma  vessels. 
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Fig.  3.  End  point  position  tracking  errors. 

Fig. 1. The  general  inverse  kinematics  scheme. 

Fig. 4. 4th  Link  distances  from  the  obstacle. 
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Fig. 2. Geometry of a  planar  arm  showing  the 
point  nearest to the  obstacle. 
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Fig. 5. 3rd Joint trajectories. 
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