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INTRODUCTION 

The determinat ion of t h e  workspaces of a manipulator  pro- 
v ides  a u se fu l  t o o l  f o r  computer a ided  programming of mechani- 
cal arms. Two d i f f e r e n t  workspaces a r e  commonly considered 111: 
t h e  reachable  workspace i s  t h a t  volume of space which t h e  end 
e f f e c t o r  can reach,  whereas t h e  dexterous workspace is t h a t  
subse t  o f  t h e  reachable  workspace wi th in  which t h e  end e f f e c t o r  
can assume any given o r i e n t a t i o n .  

The goal of t h i s  paper  is  t o  p re sen t  a novel  a lgo r i thmic  
approach t o  t h e  reachable  workspace determinat ion.  The p resen t  
work is r e s t r i c t e d  t o  s p e c i a l  geometr ies  which have a 2R o r  a 
3R p lana r  p a i r ,  b u t  t h e  r e s u l t i n g  algori thm appears  t o  be ap- 
p l i c a b l e  t o  any manipulator  geometry. The suppor t ing  i d e a  i s  
t h e  same a s  i n  [ 11, al though it  is l o g i c a l l y  de r ived  from a re- 
cen t ly  e s t a b l i s h e d  inve r se  kinematic  s o l u t i o n  a lgo r i thm [ 2-31. 
Computation r e s u l t s  a r e  p re sen ted  f o r  a 2R and a 3R redundant 
p l ana r  p a i r .  

THE INVERSE KINEMATIC SOLUTION ALGORITHM AND ITS USE I N  WORK- 
SPACE DETERMINATION 

The conf igu ra t ion  5 E Rm of t h e  manipulator 's  end e f f e c t o r  
i n  t h e  t a s k  space i s  desc r ibed  a s  a func t ion  of t h e  j o i n t  va r i -  
a b l e s  g c Rn (n DOF's) by t h e  fol lowing non l inea r  equa t ion  141: 

The r e l a t i o n s h i p  between t h e  j o i n t  v e l o c i t i e s  and t h e  end 
e f f e c t o r  v e l o c i t i e s  is desc r ibed  by t h e  fol lowing l i n e a r  
equa t ion  with t h e  Jacobian matr ix  J (g)  := agaq a s  t h e  
joint-dependent  c o e f f i c i e n t  ma t r ix  [4]: 

= J (q) i .  ( 2 )  

There a r e  two c l a s s i c a l  approaches i n  t h e  l i t e r a t u r e  t o  so lv ing  
t h e  inve r se  kinematics .  One tries t o  so lve  equa t ion  (11, t h e  
o t h e r  a t t empt s  t o  s o l v e  equat ion ( 2 )  141. 

A d i f f e r e n t  approach has  been r ecen t ly  introduced [2,3: 
which l eads  t o  a gene ra l  s o l u t i o n  algori thm t h a t  r e q u i r e s  Only 
t h e  computation of direct kinematic  func t ions .  Consider  t h e  
block diagram of t h e  a lgo r i thm i n  Fig.  1. Given an 2,  t h e  up- 
d a t e  law 

a s s u r e s  t h a t :  
a )  
b)  

Conve:gence can he shown by uging t h e  Lyapunov d i r e c t  method. 

i f  r ank( JT)  = m then  5 +%, i .e. 4 -0 and 5 -0; 
i f  r a n k ( J T )  < m ,  de f in ing  f = f + 2 with f t N ( J T )  and 
x^ E (N, (JT)) ' ,  then?-+! ,  i . e ? g t $ a n d e z ? .  a 

Notice t h a t  a s o l u t i o n  of t h e  kind (3 )  r e c a l l s  t h e  

n 
fundamental r e l a t i o n s h i p  between t h e  j o i n t  t o rques  _t E R and 
t h e  t a s k  f o r c e s  U_ c R" a p p l i e d  t o  t h e  end e f f e c t o r  4 , i.e. 

The reachable  workspace of a manipulator  can be  de f ined  a s  
t h e  geometr ical  locus o f  t h e  end e f f e c t o r  p o s i t i o n  E, when t h e  
j o i n t  v a r i a b l e s  range between t h e  two extreme values  [ 5 ] :  

The volume i s  f i n i t e ,  c lo sed ,  connected (p(q) is  cont inuous)  
and, t he re fo re ,  e n t i r e l y  de f ined  by i ts  boundary su r face .  This  
s u r f a c e  is made up of p l a n a r ,  s p h e r i c a l ,  t o r o i d a l  and c y l i n -  
d r i c a l  s u r f a c e  elements. On t h i s  boundary s u r f a c e  a l o s s  of 
mob i l i t y  occur s ,  t h a t  is fo rces  app l i ed  t o  t h e  end e f f e c t o r  
a long s u i t a b l e  d i r e c t i o n s  a r e  completely n e u t r a l i z e d  by t h e  
mechanical s t r u c t u r e  of t h e  manipulator .  Eq. (4 )  imp l i e s  t h a t  a 
rank de f i c i ency  i n  t h e  Jacobian occurs .  This  can be  caused by 
any of t h e  fol lowing s i t u a t i o n s :  
a )  one o r  more n u l l  column vec to r s  ( t h e  corresponding j o i n t s  

a r e  blocked a t  e i t h e r  of t h e  two limits , qimin or qimax: 
ap /aq ;  = g, 

b)  c o l i n h a r i t y  of t h e  column v e c t o r s  ( t h e  manipulator  is  i n  a 
s i n g u l a r  conf igu ra t ion ,  u sua l ly  two o r  more axes a r e  
a l igned:  ; tp/aq.  x > E / b q .  = 0 f o r  i # j ) .  

A l l  t h e  p o s s i b l e  c&bina t iods  of two o r  more of t h e  above s i t -  
ua t ions  l ead  t o  determine no t  only t h e  so -ca l l ed  boundary s i n -  
g u l a r i t i e s ,  i . e .  t h e  boundaries  of t h e  reachable  workspace [ 4 ] ,  
bu t  a l s o  t h e  so -ca l l ed  i n t e r n a l  s i n g u l a r i t i e s  which d e l i m i t  
regions i n  t h e  workspace cha rac t e r i zed  by d i f f e r e n t  a s p e c t s  of 
t h e  manipulator  [ 5 ] .  

Based upon t h e  above premises ,  t h e  above t a s k  can b e  ac-  
complished by applying t h e  inve r se  kinematic  a lgo r i thm of Fig. 
1 [ 3 ] ;  t h e  s o l e  requirement  i s  t o  choose a r e fe rence  t r a j e c t o r y  
5 which i s  un feas ib l e  f o r  t h e  manipulator .  In  p a r t i c u l a r ,  only 
t h e  s e c t i o n  of t h e  reachable  workspace wi th  t h e  p l ane  ( r , z )  of 
t h e  p l ana r  p a i r  w i l l  be  de r ived  i n  t h e  p re sen t  work, where r i s  
determined through t h e  f i r s t  j o i n t  angle .  

TRACING OF THE WORKSPACE FOR PLANAR PAIRS 

The 2R p l ana r  p a i r  of t h e  manipulator  of Fig.  2 i s  analyzed 
f i r s t  ( a  = 0 ,  q = 0 ) .  The t r a j e c t o r y  c ( t )  is  chosen a s  a cir- 

+ a3,  being a and a t h e  l eng ths  of t h e  cle o f  A d i u s  F 9  a 
two l i n k s .  I f  t h e r e  a r e  no mechanical j o i n t  limits, a complete 
c i r c l e  w i l l  obviously f o r c e  t h e  t i p  t o  t r a c e  t h e  circle of r a -  
d i u s  a - a 1 .  In  every p r a c t i -  
c a l  de:ign, however, j o i n t  limits do e x i s t .  Therefore ,  i n  o rde r  
t o  s tar t  t h e  algori thm, assume t o  l o c a t e  t h e  p a i r  a t  t h e  con- 
f i g u r a t i o n  q = q in, q = q3min ( p o i n t  A of Fig.  3a l .  The 
corresponding h p ( t = O y  is c iosen  a t  an ang le  o! ( t=O)  = 

2 3  

+ a3,  p lus  a h o l e  of r ad ius  l a  
2 3  
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a t a n 2 ( p x ( t = 0 )  ,p ( t = O ) )  wi th  t h e  r ax i s .  
The logical 'sequence t o  account  f o r  t h e  j o i n t  limits ( n u l l  

column vec to r s  i n  J) is a s  fol lows.  The s t o p  on q is  r e l e a s e d  
( a p b q ,  = 0 ) ;  t h e  t i p  of t h e  p a i r  g ( t )  draws t h e  a?-, AB, a s  
( t)  inc reases .  A t  p o i n t  B, i n  f a c t ,  t h e  l i m i t  q i s  encoun- 

t e r ed .  Then t h e  s t o p  on q = OE g ( t )  t r a c -  
es t h e  a r c  BC, s i n c e  a t  C t h e  l i m i t  q is reached. Then t h e  
s t o p  on q is re l eased  aga in  (2g/Jq2 tm% with a ( t )  dec reas ing  
now; t h e  :orresponding a r c  t r a c e d  is CD. The s t o p  on q i s  f i -  
n a l l y  r e l eased  again (ap/Jq3 = 01, t r a c i n g  t h e  arc DA. 

I t  is necessary now t o  account  f o r  t h e  c o l i n e a r i t y  between 
t h e  two columns of J. R e s t a r t i n g  from p o i n t  A, both j o i n t  s t o p s  
a r e  r e l eased ;  t h e  t i p  o f  t h e  p a i r  w i l l  i n i t i a l l y  retrace AB, up 
t o  t h a t  p o i n t  E, corresponding t o  q2 = q2min, q3 = 0 ( Jp />q2  x 
I p / l q 3  = 0). From t h e r e  on it w i l l  t r a c e  a new a r c ,  up t o  en- 

n a l l y ,  t h e  r equ i r ed  r eachab le  workspace2 is completely d e t e r -  
mined by t h e  area l i m i t e d  by t h e  arcs AEFCGDA, where G is t h e  
i n t e r s e c t i o n  between a r c s  BC and CD. The time requ i r ed  t o  draw 
t h e  workspace on an IBM PC/AT i s  about  10 sec. 

Another f a c i l i t y  implemented is t h e  de t e rmina t ion  of dex- 
t e rous  r eg ions  i n s i d e  t h e  reachable  workspace, where t h e  p a i r  
can assume d i f f e r e n t  a spec t s .  More s p e c i f i c a l l y ,  once a p o i n t  
is  chosen i n s i d e  t h e  reachable  workspace, i t s  coord ina te s  are 
inpu t  t o  t h e  inve r se  kinematic  a lgori thm of Fig. 1. Its ou tpu t  
w i l l  b e  t h e  coord ina te s  of t h e  j o i n t  v a r i a b l e s  which p l ace  t h e  
t i p  i n  t h a t  po in t .  Since t h e  s o l u t i o n  generated from t h e  algo-  
r i thm moves t h e  p a i r  w i th  c o n t i n u i t y  s t a r t i n g  from t h e  i n i t i a l  
con f igu ra t ion ,  it is  u s e f u l  t o  g ive  d i f f e r e n t  i n i t i a l  configu-  
r a t i o n s ,  f o r  i n s t ance  wi th  t h e  j o i n t s  a t  t h e i r  r e s p e c t i v e  l i m -  
its. In t h i s  way t h e  d i f f e r e n t  a s p e c t s  a r e  determined. 

Fig.  3a shows t h e  t r a c i n g  of t h e  workspace. I t  can be rec-  
ognized t h a t  t h e  a r e a  l imi t ed  by AEFDA corresponds t o  t h e  
"elbow-down" a spec t  a t t a i n a b l e  by t h e  p a i r ,  whereas t h e  a r e a  
l i m i t e d  by BCFEB c h a r a c t e r i z e s  t h e  "elbow-up'' a spec t  of t h e  
p a i r .  Therefore ,  i n  t h e  common a r e a  EBGFE t h e  p a i r  can assume 
both a s p e c t s ,  up and down. 

The 3R p lana r  p a i r  of t h e  manipulator  of Fig.  2 is  analyzed 
now. The determinat ion of t h e  reachable  workspace is conceptu- 
a l l y  s i m i l a r  t o  t h e  p rev ious  case. The t r a j e c t o r y  act) is  cho- 
sen a s  a circle of r a d i u s  p > a + a + a be ing  a t h e  l eng th  
of t h e  o u t e r  l i nk .  Assume t o  lc?cate3the $Air a t  th; configura-  
t i o n  9 .  = q .  . , i = 2,3,4 and l e t  a(0) = a t a n 2 ( p  ( 0 )  ,p  (0)). 
The s e & e n c i m i ~  account  f o r  t h e  j o i n t  limits ( a p / t q .  = d, i = 
2,3,41 is t h e  fol lowing (Fig.  3b):  

3m 
3 -  

is r e l e a s e d  ( a e h q  

coun te r  t h e  p o i n t  F, corresponding t o  q = q2maxt q3 = 0 .  Fi-  

- from q (d i nc reas ing )  t o  q : t h e  a r c  AB is  t r a c e d ,  
- from q3min ( 1 8  t o  qlmax- 11 BC 11 

- from q ( 1 8  ) t o  q:EzI 11 CD I t  : 
Then: 2min 
- . : t h e  a r c  DE is  t r aced ,  
- from q $1 ) t o  11 EF 11 , 

3min: I ,  FA I ,  - from t o  q2min. 
Then t h e  s$gnAe is  l o d i f i e d  as: 
- : t h e  a r c  AG is t r a c e d ,  

I 8  ) to q3max. I t  ,I - from q 
- from q ( 81  ) t o  q::zi 11 CD '1 : 
ConverselyTmin 
- . : t h e  a r c  DH is t r a c e d ,  
- from q ( " ) t o  qgmin: " HF 'I , 

The above 2eYuence is seen  t o  be  '%;icient t o  t r a c e  t h e  i n -  

4min 

from qgmax (d decreasing)  t o  q 

from q3min (d i nc reas ing )  t o  q 

4min ( 

from qjmax (d decreasing)  t o  q 
3min 

- from qgmax ( 19  ) t o  q . 11 FA 1% 

t e r n a l  arcs of t h e  workspace r e l a t i v e  t o  a l l  t h e  combinations 
o f  s i n g l e  n u l l  column vec to r s .  Next, i n  o rde r  t o  g e t  t h e  ex- 
t e r n a l  a r c s  of t h e  reachable  workspace, t h e  p a i r  must be  taken 
t o  i ts  maximum extension.  This can be  done a s  fol lows:  
- from q (a. i nc reas ing )  t o  q = 0: t h e  arc AK i s  t r aced ,  
- from q4min ( 8 9  1 t o  q l  = 0: " KL " , 
- from q3min ( $ 8  ) t o  q : $1 LM 11 

Notice = 0 and q3 = 0 a:c!%utomatically held hy t A c  

algori thm dur ing  t h e  l a s t  two s t e p s ,  i n  v i r t u e  of t h e  p rope r ty  
d i scussed  i n  t h e  p rev ious  s e c t i o n .  The e x t e r n a l  t r a c i n g  of  t h e  
workspace i s  f i n a l l y  completed by t ak ing  t h e  fol lowing s t eps :  
- from q = 0 (a i nc reas ing )  t o  q : t h e  a r c  MN i s  t r a c e d ,  
- from q3 = o ( 11 ) t o  qir:: 13 ND 1 3  . 
Compared t o  t h e  2R workspace, i t  can be recognized t h a t  t h e  
d i f f e r e n t  r eg ions  c h a r a c t e r i z e  now f a m i l i e s  of a s p e c t s ,  r a t h e r  
than s i n g l e  a spec t s .  This  is obviously due t o  t h e  redundancy of 
t h e  p a i r .  The t o t a l  computation time is  about  20  sec. 

The extension t o  gene ra l  geometr ies  appears  q u i t e  s t r a i g h t -  
forward and it  w i l l  c o n s t i t u t e  t h e  s u b j e c t  of f u t u r e  inves t iga -  
t i o n .  
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Fig.  1. The inve r se  kinematlcs  scheme. 
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Fig. 2.  A manipulator  haiL;iq a 3R p lana r  p a i r .  

a )  l 

Fig. 3. The reachable  workspacr. a )  2R p.p. ,  b )  3R p.p. 
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