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ABstract 

(;hiaverini, S., Siciliano, B. and Egeland, O., Redundancy resolution for thc human-arm-like n3anipulalor. RL~botics and 
Autonomous  Systems, 8 ( 1991 ) 239-2511. 

The human-arm-like manipulator  has a seven-degrce-of-trecdom kinematic structure obtained by adding a roll joint to thc 
shoulder of the P U M A  geometry. This mechanism has higher dexterity than conventional six-degree-of-frcedom arms, and 
allows the elimination of the internal singularities at Ihe shoulder and the wrist. The contribution of lhc prcscn! work is to 
exploit redundancy to accomplish singularity avoidance and possibly recover the original PUMA design. Thc inversc 
kinematics problem is solved at the velocity level by means of a closed-loop algorithm in the framework ~f task space 
augmentat ion with lask priority. Three case studies demonstrate  the effectiveness ol the proposed l¢chniquc. 
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1. I n t r o d u c t i o n  

It is well known that at least six degrees of 
freedom are required to arbitrarily assign the 
position and orientation of a rigid body in space. 
This is why conventional manipulators have six 
joints, although the region in which full mobility 

is available at the end-effcctor  (the dexterous 
workspace) is a subset of  the entire manipulator  
workspace. The addition of  a joint in the kine- 
matic structure is expected to allow a more func- 
tional design. 
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Fig. 1. The seven-joint manipulator 

An extra shoulder joint can be added to the 
widely-adopted PUMA geometry with zero off- 
sets [1]. The resulting manipulator is kinemati- 
cally redundant,  and can reach every point inside 
its workspace with six degrees of f reedom avail- 
able for end-effector, whereas the original PUMA 
architecture has wrist and shoulder singularities 
where the end-effector motion loses degrees of 
freedom. Not surprisingly, the new geometry is 
analogous to that of the human arm; namely a 
spherical shoulder, an elbow, and a spherical 
wrist. And, indeed, we commonly experience that 
this seven-joint mechanical arrangement provides 
us with high manoeuverability in the workspace 
[2]. 

Othe r  seven-degree-of- f reedom kinematic 
structures have been studied in the literature, 
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such as the manipulator with a four-degree-of- 
freedom spherical wrist [3,4], the CYBOTECH 
robot [5], and the CESAR research manipulator 
[6]. The evaluation of possible redundant  manipu- 
lator geometries reported in [7], however, re- 
vealed that the human-arm-like design is superior 
to other designs from the point of view of internal 
singularities, dexterous workspace, mechanical 
feasibility, and kinematic simplicity. 

The emphasis in the present work is on the 
avoidance of internal singularities of the consid- 
ered manipulator, whereas the extra degree of 
freedom may be useful also for obstacle avoid- 
ance and other applications, just like for the 
dexterous human arm. In particular, we accom- 
plish a kinematic analysis of the structure and 
evidence mechanical singularities of interest in 
the shoulder and the wrist. 

In order to exploit redundancy, the augmented 
task space technique is employed [8,9]; we choose 
a functional constraint task in such a way to avoid 
the occurence of internal singularities, while pos- 
sibly keeping the nominal arm configuration as 
close as possible to the original P U ~  design 
[10]. As a result of this approach, the deSiraC0te 
property of cyclic behaviour [11] may ~ be 
obtained, that is closed joint paths a r e - o h ~ e d  
for closed end-effeetor paths. 

The inverse kinematics is then solved at the 
velocity level by means of the extended Jacobian 
[12], and the occurrence of artificial singularities 
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- due to conflicting task situations - is prevented 
by resorting to the task priority strategy [13,14]. 
The resulting algorithm is derived in a closed-loop 
fashion [15] so as to eliminate typical numerical 
drifts of open-loop techniques. It should be men- 
tioned that preliminary work on this topic is 
reported in [16]. 

Finally, we test the performance of the pro- 
posed redundancy resolution scheme in three case 
studies; the first one is aimed at showing the 
PUMA design recovery capability together with 
the repeatability of joint trajectories, while the 
other two evidence the potential of the con- 
strained manipulator to avoid the occurrence of 
internal singularities. 

2. K i n e m a t i c  a n a l y s i s  

The seven-joint manipulator investigated in this 
paper mimicks the kinematic structure of the 
human arm [2]. The manipulator  is shown in Fig,. 
1, together with its Denavit-Hartenberg parame- 
ters. It is a PUMA-like manipulator with an extra 
roll joint in the shoulder, which is Joint 3 in Fig. 
1. As shown in [7], this design is superior to all 
other possible designs that can be obtained via 
the addition of a revolute joint to a PUMA ma- 
nipulator with zero offsets; the criteria that lead 
to assert the above statement were elimination of 
internal singularities, optimization of workspace, 
kinematic simplicity, and mechanical constructa- 
bility. 

Let q denote the 7-dimensional joint vector; 
thus, the manipulator is kinematically redundant 
with respect to the 6-dimensional end-effector 
location vector formally denoted by x E. The first 
three components of x E represent the end-effec- 
tot position vector p, while the last three compo- 
nents constitute a three-parameter  description 
for end-effector orientation; such a description 
has either discontinuities or representation singu- 
larities. Therefore,  we will use the 3 × 3 rotation 
matrix R =  [n s a] from end-effector frame to 
base frame to represent orientation. 

The differential kinematics is described by 

vv =JK(q)gl, (1) 

where v L = [/i 1 o)r] T is the 6-dimensional end-ef- 
fector velocity vector, with /i denoting the 3-di- 
mensional translational velocity vector and oJ the 

3-dimensional angular velocity vector; the 6 × 7 
matrix JL- is the end-effector Jacobian that can 
be computed via geometrical analysis. 

In configurations where the Jacobian J1: has 
full rank, the end-effector has six degrees of 
freedom. When the Jacobian is rank deficient so 
that rank ( JL . )= r ,  r < 6 ,  the cnd-effector has 
only r degrees of freedom and the manipulator is 
said to be in a singular configuration. The dimen- 
sion of the null space of the Jacobian can be used 
to find singular points; if it is greater than one, 
indeed, the manipulator is singular. For the hu- 
man-arm-like manipulator considered in this 
work, however, it is quite difficult to derive me- 
chanical singularities in symbolic form. There- 
fore, a direct analysis based on purely kinematic 
reasoning may be advisable. 

We recall that the PUMA geometry is singular 
when the second wrist angle is zero, when the 
wrist point is on the rotational axis of Joint 1, and 
when the elbow is stretched out [17]. It can be 
easily proved that both shoulder and wrist singu- 
larities are avoided with the new design. Indeed, 
if the wrist is above the shoulder, it is now possi- 
ble to move the wrist perpendicular to the major 
plane of motion; if the wrist is straight, the loss of 
rotary motion direction is compensated by the 
new joint [1]. This does not rule out, however, the 
occurrence of rank deficiencies in the Jacobian 
matrix corresponding to internal singularities. 

Singularities of the human-arm-like manipula- 
tor can be found by analyzing the mechanism 
consisting of Joints 1, 2, and 4-7  while treating 
Joint 3 as the extra joint, and then the mecha- 
nism consisting of Joints 2 -7  with Joint 1 as the 
extra joint. Thc end-effector will always have six 
degrees of freedom if either of the two six-joint 
mechanisms are non-singular. Possible singulari- 
ties for the manipulator are configurations where 
both six-joint mechanisms are singular and the 
extra joint does not provide the degenerate mo- 
tion. 

Joints 1, 2 and 4 -7  have the same singularities 
as the PUMA when q3 = 0, and for a non-zero q3 
it has the elbow singularity q 2 -  0. and the wrist 
singularity q6 = 0. Joints 2-7  are singular if the 
wrist is singular, the elbow is stretched out or if 
q3 = ± 77-/2. This means that the manipulator can 
only be singular if the wrist is singular or the 
elbow is stretched out. The elbow singularity oc- 
curs on the boundary of the workspace and can- 
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Fig. 2. Singular configurations 

not be avoided, se we restrict our attention to the 
wrist singularity. 

The following internal singularities have been 
identified for the human-arm-like manipulator: 
- If q6 = 0 and q2 = 0, there is one null space 
motion in the wrist and one in the shoulder. This 
means that the end-effeetor has at most five 
degrees of freedom and the manipulator is singu- 
lar. This singularity was found also in [1]. 
- If q6 = 0 and q5 = + 7r/2, the mechanism con- 
sisting of Joints 1, 2 and 4 -7  will be singular, and 
the extra joint 3 will only give a rotation in the 
plane defined by Joints 5 and 6. The mechanism 
2-7  will also be singular, and the motion of the 
extra Joint 1 will either be in the plane defined by 
Joints 5 and 6 which happens when q3 = 0, or it 
will depend on the motion of Joints 2 and 4 to 
give the required translations in the end-effector. 
This means that the manipulator is singular. 
These singular configurations are shown in Fig. 
2. I 

3 .  R e d u n d a n c y  r e s o l u t i o n  

Several techniques have been employed in the 
literature to solve redundancy; see [19,20] for 
recent surveys. 

For the arm at issue, the approach followed in 
[2] was quite heuristic since it proposed to lock 
one joint at time, depending on the kind of de- 

a After submission of this paper, a paper appeared [18] which 
showed that another internal singularity exists for the hu- 
man-arm-like manipulator; namely, qz = 0 and q3 = -+ 7r/2. 
It can be noticed that this singularity is conceptually equiva- 
lent to the second singularity described above, by virtue of 
the symmetry of the structure with respect to the elbow 
joint. 

sired end-effector motion, and then solve the 
vartous six-degree-of-freedom mechanisms that 
were obtained. On the other hand, in [1] redun- 
dancy was solved by specifying the self-motion 
angle about the shoulder/wrist  line; however, 
this accomplishes only avoidance of the first type 
of singularity. In this respect, it can be said that 
both techniques were conceptually equivalent to 
finding an inverse kinematic function for the re- 
dundant manipulator [21]; one shortcoming of 
this method is the difficulty of specifying an ex- 
plicit function of the joint variables - 'squaring' 
the inverse kinematics problem - which is valid 
for any assigned end-effector path. Therefore,  it 
would be nice to generate self-motions in an 
'automatic'  way, accounting for multiple task 
specifications. 

The PUMA geometry is generally accepted to 
be a good kinematic structure, so we wish the 
nominal configuration of the manipulator to be 
like the PUMA [10]. This is achieved by keeping 
q3 close to zero. On the other hand, the main 
goal of redundancy resolution is to keep the 
manipulator away from the singular configura- 
tions characterized by ( q2  = 0 / k  q6 ~- O ) V  (q5  = 

+ 7r/2 A q6 = 0 ) .  

Redundancy can be solved at the velocity level; 
more specifically, Eq. (1) can be inverted to find a 
joint velocity solution as the sum of the mini- 
mum-norm solution and a term in the null space 
of the Jacobian, i.e. [22] 

(1 =J~(q)vE + [l-Jte(q)JE(q)]glo, (2) 

where JZ is the 7 × 6 pseudo-inverse of Je and 
4o is an arbitrary 7-dimensional joint velocity 
vector. It can be easily recognized that the term 
[1-JteJE]4o produces a self-motion of the struc- 
ture, and then can be conveniently exploited to 
solve redundancy with no contribution to the 
end-effector motion. 

In the framework of a task space augmentation 
approach [8,9], redundancy is resolved by impos- 
ing a functional constraint task of the joint vari- 
ables. Since the null space of the Jacobian is 
1-dimensional in non-singular configurations, a 
scalar constraint is considered. Furthermore,  this 
approach has the nice property that, if the end- 
effector path lies in a simply connected region of 
the manipulator workspace, the inverse velocity 
tranformation guarantees cyclic behaviour [11]. 
This means that a closed path in end-effeetor 
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coordinates will procedure a closed-path in joint 
coordinates; this is highly desirable in most prac- 
tical robot applications. 

The desired performance is pursued by suit- 
ably specifying the constraint to be a function of 
qe, q3, q5 and %. We have chosen 

x c =  ~ 2 ( ! s i n ( q 2 ) l + 2 [ s i n ( q 6 ) l + l c ° s ( q s ) ] )  

+/3 Icos(qs) I (3) 

to the purpose of keeping the manipulator away 
from singularities, and at the same time preserv- 
ing the PUMA geometry. The scalar /3 fixes the 
relative weight of the above two objectives. 

A 7-dimensional constraint Jacobian row vec- 
tor can be derived as j [ ( q ) =  axc/O q. At this 
point, one might be tempted to derive an ex- 
tended 7 × 7 Jacobian matrix by adding the above 
row to the 6 × 7 end-effector Jacobian in (1), and 
then solve the squared differential kinematics for 
the joint velocities. As demonstrated in [10], how- 
ever, artificial singularities - configurations at 
which rank deficiencies of the extended Jacobian 
occur - may arise due to conflicts between the 
constraint task and the original end-effector task. 

The above drawback is overcome by the adop- 
tion of the task priority strategy, proposed in [13] 
and further developed in [14], which prevents the 
lower priority (constraint) task to interfere with 
the higher priority (end-effector) task. This is in 
turn accomplished by projecting the constraint 
Jacobian onto the null space of the end-effector 
Jacobian, lea~ding to a joint velocity solution for- 
mally equivalent to (2); in this way, the motion of 
the structure to perform the constraint task is 
only a self-motion that does not disturbe the 
end-effector motion. 

Nonetheless, in order to find the joint vari- 
ables q, solution (2) should be integrated over 
time; this is inherently an open-loop procedure 
and then unavoidably suffers from numerical 
drifts. These can be avoided by the adoption of a 
closed-loop strategy which accounts for the 'con- 
trol'  deviations. 

Regarding the end-effector task, let p j  specify 
the desired end-effector position vector and R d 
= [nd sa a d] the desired end-effector orientation 
matrix. The control deviation between desired 
and actual end-effector location can be expressed 
as 

~xt: = [P~ m e  1 
L g0 1' (4) 

where, in particular, 60 is the 3-dimensional vec- 
tor of angular deviation which is involved in 

R a = ( I + [ 6 0 × I ) R ,  (5) 

being [30 × ]  the skew-symmetric form of riO. It 
can be shown that 30 can bc computed as [23] 

r30= ½(n × na + s ×sd +a ×ad).  (6) 

In order to account for the control deviation, the 
vector v E in (2) is modified into 

v E = vLj + K ~ x  E, (7) 

where yea is the desired end-effector velocity 
vector and K E is a suitable positive definite (di- 
agonal) feedback matrix. This choice implies that 

a2~: = -KI:axE,  (8) 

thus guaranteeing exponential convergence of the 
end-effector deviation. 

On the other hand, for the constraint task the 
control deviation can be simply chosen as 

axe-xca-xc,  (9) 
where xcd is the desired value of the constraint. 
Since this value can be typically set to be a 
constant (in our case the maximum value 2 +/3), 
it is not necessary to compute the pseudoinverse 
of the constraint Jacobian (projected onto the 
end-effector Jacobian null space) as in [13,14], 
but it is sufficient - and computationally advanta- 
geous - to use the transpose thereof [24,25]. 
More specifically, we select the vector q0 in (2) as 

(lo =Jc( q ) k c 3 x c ,  (10) 

where k c is a positive scalar. This implies that 
the equation governing the constraint task is 

~2c = - J r (  q)J~( q)v/; 

- j [ (  q)[ l -  Jt~( q)J,.( q)] jc(  q)k(.fix c. 

(ll) 

It can be recognized that the second term on the 
right-hand side is always negative except when 
the vector ( l - J ~ J E ) j c  vanishes; but this case 
corresponds to an artificial singularity where the 
constraint task cannot be satisfied, given the 
end-effector task [24]. Therefore,  as Ions as this 
case does not occur, we have the result that, by 
suitably increasing kc, the constraint control de- 
viation is ultimately bounded along the end-effec- 
tor path (v E 4= 0), and exponentially tends to zero 
at steady-state (yr. = 0). 
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4. C a s e  s t u d i e s  

Three case studies have been developed to test 
the performance of the proposed redundancy res- 
olution scheme for the human-arm-like manipu- 
lator. 

A discrete version of the algorithm was imple- 
mented with Euler integration rule at 2 msec, in 
view of an on-line implementation of the scheme. 
We used the software package MATLAB that 
features the computation of the pseudoinverse of 
a matrix via its singular value decomposition. The 
desired end-effector orientation was held con- 
stant in all case studies. 2 We chose the feedback 
gain matrix in (7) as KF, = 200 I, and the feed- 
back scalar in (10) as k c = 5 0 .  The proposed 
solution algorithm was applied first without con- 
straint (00 = 0), and then with constraint. The 
time histories of the joint variables involved by 
the constraint (3) are reported below, respectively 
in the three case studies. The plots relative to 

2 Observe that this does not imply that the outer three joint 
angles do not change! 

end-effector control deviations are omitted, in- 
stead, since they correspond to pure numerical 
errors of the integration routine. 

In the first case study, the manipulator is ini- 
tially placed at the configuration (0, 7r/4, 0, rr/2, 
0, ~r/4, 0) rad. The desired cnd-effector posi- 
tion path is a circle in the plane described by 
x =P l  with center at (Pl, P2, P~ + 0.2) m, where 
p[s are the initial end-effector position vector 
components; the angular velocity is 27r rad /sec  
over the entire path, and the path duration is 2 
sec (i.e. two entire cycles). We selected the 
weighting factor in (3) as /3 - 2(1 to give privilege 
to the PUMA design recovery objective ( q 3  = 0 ) .  

The results in Figs. 3 and 4 show that: without 
constraint, the motion of Joint 3 drifts away; with 
constraint, q3 i s  kept close to zero and the joint 
paths are repeatable after the first cycle, as antic- 
ipated in theory. Incidentally, notice that no in- 
ternal singularity was encountered along the given 
end-effector path. 

In the remaining two case studies, we assigned 
reference end-effector trajectories with sinusoidal 
velocity profile of duration 1 sec. This time, we 
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selected the weighting factor in (3) as/3 = 0.25 to 
place much importance on singularity avoidance. 
The minimum singular value of the end-effector 
Jacobian matrix is reported over the joint paths 
to give an accurate estimate of the distance of the 
manipulator from mechanical singularities [26]. 

In the second case study, the initial joint con- 
figuration is (3.92, -0.413, -3.98, 1.20, 0.273, 
0.0842, 0.0318) rad. The desired end-effector po- 
sition path is a straight line pointing to (Pl + 0.4, 
P2 + 0.4,  p3 ) m. The results in Figs. 5 and 7 
reveal that, without constraint, the assigned end- 
effector motion causes the manipulator to fall in 
the first type of singularity (q2  -'--" 0 A q6 = 0). It is 
interesting to verify that the use of constraint 
allows the arm to escape the singularity - after a 
short transient - while executing the given end- 
effector motion (Figs. 6 and 7). 

In the third case study, the initial joint config- 
uration is (0, zr/4, 0, 7r/2, ~'/2, ~r/18, 0) rad. It 
can be recognized that the arm is close to the 
second type of singularity (q5 = ___7r/2 A q6 = 0); 

this is confirmed by the initial minimum singular 
value in Fig. 10. The desired end-effector posi- 

tion path is a straight line pointing to (Pl, P 2 -  
0.2, P3) m. The results in Figs. 8 and 10 show 
that, without constraint, the assigned end,effector 
motion keeps the arm configuration nearly singu, 
lar. Instead, with constraint, the manipulator, af- 
ter a short transient, is driven far from the singu- 
larity, attaining more dexterous postures (Figs, 9 
and 10). 

Notice that in the latter two case studies, it 
was not possible to preserve the PUMA geometry 
since Joint 3 had to contribute to achieve higher 
dexterity. This is not a pitfall of the algorithm, as 
confirmed by the former case study. 

5. Conclusions 

The human-arm-like manipulator obtained 
from the PUMA geometry with the addition of a 
roll joint in the shoulder has been studied in this 
work. Internal singularities have been found by 
analyzing the manipulator mechanical structure. 
An inverse kinematics algorithm based on the 
augmented task space technique with task prior- 
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ity has been implemented to meet  two distinct 
goals; namely singularity avoidance and P U M A  
design recovery. Since one single degree of re- 
dundancy is available, a scalar functional con- 
straint of  the joint variables has been constructed 
to account for both goals, with a weighting factor 
between them. 

Three significant case studies have demon- 
strated the possibility of employing the structure 
with full manipulability inside the workspace by 
choosing different values of  the weighting factor. 
One open point could be the choice of  this factor, 
since one does now know in advance whether a 
given end-effector path involves the arm to pass 
in the neighbourhood of a singular configuration. 
An answer to this would be to compute the 
singular value decomposit ion of the Jacobian ma- 
trix on-line, and then tune the factor according to 
the minimum singular value thereof. Supporting 
this thesis are the recent results obtained in [27] 
which show that, due to the particular nature of 
robotics matrix calculations, the above computa- 
tion can be feasibly performed - with currently 
available computer power - for real-time control 
of  manipulators. 
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