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Analytical Stability Criterion in Haptic Rendering:
The Role of Damping
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Abstract—A new closed-form equation for stability anal-
ysis of a haptic device is presented using frequency re-
sponse function analysis via continuous time model of the
system. Desired impedance of the virtual environment (VE),
time delay, and zero-order hold are considered, beside the
continuous model of the haptic device. The developed equa-
tions provide critical virtual damping and stiffness of the VE
versus the mass and viscous friction of the haptic device,
sampling time, and time delay. Unlike prior work in this field,
the developed equations are valid without any limitation on
the values of the time delay and virtual damping. It is shown
that they cover available well-known equations in literature
for special cases of small values of virtual damping and
time delay. The resulting equations are of practical useful-
ness in many fields, such as surgery simulation for avoiding
instability during virtual tool interaction with high-stiffness
VEs. The proposed analytical derivation can also be used for
studying the effect of operator, sensors, actuator dynamics,
and velocity filtering. Simulation and experimental results
on the KUKA light weight robot show that the proposed cri-
terion can accurately predict the stability boundaries.

Index Terms—Delay systems, force feedback, haptic in-
terfaces, low pass filters, stability criteria.

I. INTRODUCTION

AHAPTIC device is an interface between a virtual environ-
ment (VE) and a human operator for providing the sense

of touch when applying the simulated forces/torques by the
user [1]. Based on the measured position and velocity of the sty-
lus relative to the virtual object, and the mechanical impedance
of the VE, the desired forces/torques are calculated and fed back
to the robot. Using the Jacobian matrix of the haptic device,
the required forces/torques of the actuators are determined and

Manuscript received June 13, 2017; revised September 5, 2017 and
December 4, 2017; accepted January 21, 2018. Date of publication Jan-
uary 24, 2018; date of current version April 16, 2018. Recommended
by Technical Editor C. Basdogan. This work was supported in part by
the FP7 within the RoDyMan project 320992 and in part by the National
Grant Multifunctional Smart Hands (MUSHA). (Corresponding author:
Saeed Behbahani.)

A. Mashayekhi and S. Behbahani are with the Department of Mechani-
cal Engineering, Isfahan University of Technology, Isfahan 84156-83111,
Iran (e-mail: a.mashayekhi@me.iut.ac.ir; behbahani@cc.iut.ac.ir).

F. Ficuciello and B. Siciliano are with the CREATE Consortium,
PRISMA Laboratory, Department of Electrical Engineering and Infor-
mation Technology, University of Naples Federico II, Naples 80125, Italy
(e-mail: fanny.ficuciello@unina.it; bruno.siciliano@unina.it).

Color versions of one or more of the figures in this paper are available
online at http://ieeexplore.ieee.org.

Digital Object Identifier 10.1109/TMECH.2018.2797688

applied by the actuators. Haptic devices are widely used in ap-
plications, such as surgery training for medical students [2], [3],
virtual prototyping [4], [5], teleoperation [6], [7], and surgery
assistance [8].

The operator’s hand has been commonly modeled as mass-
spring-damper elements, either the fingers alone [9], or the fin-
gers and wrist [10], or else the whole hand [11]. It has been
stated in [12] that the human hand cannot actively add energy
to the haptic device at frequencies higher than 10 Hz. Since,
instabilities in haptic devices occur at frequencies higher than
several hundred hertz, the operator has been considered as a pas-
sive element at these frequencies, which only dissipates energy
from the system.

In a passive system, the inserted energy to the system is less
than the dissipated energy. As a consequence, a passive system
is globally stable. On the other hand, the combination of two
passive systems is passive too, and therefore stable [13]. Thus,
if the operator is omitted in the analysis, the resulted criterion
would be conservative. The user dynamics has been involved
in the analysis, and its influence makes the system more sta-
ble [14], [15]. Colgate has derived his well-known passivity
criterion based on this assumption in the absence of the opera-
tor [16].

Nonlinear effects, such as Coulomb friction and quantization
in the sensors have been studied in [14] and [17]. In [17], the vir-
tual damping has been considered, while the time delay has been
overlooked. In [14], the time delay has been considered, while
the virtual damping has been ignored. A graphical interpretation
of passivity has been proposed in [18] to make the haptic device
passive. In this method, the releasing force-position diagram has
been set to be always lower than the pressing one while inter-
acting with the VE, with the aim to ensure that no net energy
is inserted into the system, and then to make the haptic device
behave as a passive system.

Stability of haptic devices has been first studied by Minsky
et al. [19]. They have used a linear and continuous model for the
haptic device and for the VE. Stability analysis in the discrete
domain in the absence of the operator has been conducted by
Gil et al. first without considering time delay [15], and later with
taking it into account [20]. They have used a Ruth–Hurwitz and
Nyquist approach to derive a linear stability criterion, which is
solely valid for small values of B and td , as follows [20]:

K <
b + B
T
2 + td

(1)
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where K, b, B, T , and td are the stiffness of virtual wall,
the physical damping of the haptic device, the damping of the
virtual wall, the sampling time, and the time delay, respectively.
They have used a linear model of mass-damper for the haptic
device and spring-damper for the VE. Also, the stability bound-
aries for large values of virtual damping and large time delays
have been plotted by solving some complicated equations nu-
merically [20].

Stability boundaries have been found and plotted numerically
by considering the influence of the human operator and time de-
lay by Hulin et al. [21], [22]. They have also shown that the
linear equation derived by Gil et al. is valid in the presence of
the operator too. Researches show that increasing the physical
viscous damping has positive effect on the stability. It can be
achieved electrically by adding a resistance in series to a capac-
itor, totally parallel to the motor [23], or magnetically by adding
eddy current brakes [24].

The stability and tracking control problem in the presence of
time-varying delay for a bilateral teleoperation has been stud-
ied in [25]. A networked teleoperation system with time-varying
delay and bounded input has been investigated in [26] for output-
feedback based controller design. They have introduced a new
fast terminal sliding-mode velocity observer to estimate the un-
known velocity signal.

In this paper, a new approach for stability analysis of haptic
devices is proposed, leading to a formulation for stability bound-
aries. For this purpose, the system is analyzed on the boundary
of stability in the continuous-time domain (i.e., using Laplace
transformation). Since the operator has a positive effect on the
stability [12], (s)he is not considered in the current analysis, re-
sulting to a stability criterion for the worst case scenario. Yet, the
method presented in this paper can be extended for considering
the effect of human operator on the stability.

The proposed formulation gives a stability criterion, which is
valid for small and large values of B and td . In other words, it
removes the main limitation of prior work in this area. Also, it is
proved that in the case of small values of B and td , this criterion
is equivalent to the well-known linear stability equation derived
by Gil et al. [20]. The developed stability criterion is verified by
simulations and experiments.

The paper results can be used to ensure stability in simulated
environments, for example in surgical training, where the haptic
rendering of rigid surfaces is fulfilled in real time. The stabil-
ity of the process can be obtained thanks to the possibility of
online calculation of the stability boundaries, and consequently
changing the system parameters to ensure the stability. Possible
examples of application of the proposed stability criterion in-
clude simulation of needle insertion through variable stiffness
layers for epidural lumbar puncture, spine biopsy, and neuro-
surgical probe insertion [27].

In the next section, the system description and model of the
haptic device are presented. The proposed stability analysis and
the developed stability criterion are presented in Section III. In
Section IV, it is shown that the presented stability criterion is
consistent with the special case of the linear stability criterion
presented by Gil. et al. [20]. In addition, in the case of large
delay, the stability criterion is reduced to a simple and accurate
stability equation. For validating the stability criterion, simu-

Fig. 1. Schematic view of a 1-DOF haptic device.

Fig. 2. Nonlinear model of the haptic device.

lations and experiments are elaborated in Sections V and VI,
respectively. The effect of a velocity filter is discussed in the
succeeding section.

II. SYSTEM DESCRIPTION

A schematic view of a 1-degree of freedom (1-DOF) haptic
device is presented in Fig. 1. The mass of the robot is denoted
by m, whereas the Coulomb and viscous coefficients of friction
are denoted by c and b, respectively. FV E is the applied force
by the controller that simulates the virtual wall for the user, with
the stiffness of K and damping of B. A nonlinear model of
the haptic device is depicted in Fig. 2. The continuous position
of the end-effector of the haptic device (x) is measured by a
sensor with effective resolution of Δ. It is assumed that there is
no velocity sensor; therefore, the backward difference is used
to determine the velocity, without any filter. The robot links are
assumed to be rigid, without any internal vibration. Also, the
actuators are assumed to be continuous with no saturation. The
force of the VE (FV E ), which is supposed to be applied on the
operator’s hand by the haptic device, is fed back to the system
after being held in a zero-order hold (ZOH), and after a time
delay equal to td . This delay can be the sum of computation,
communication, and sensor delays. The difference between the
exerted force of the operator’s hand and the calculated reaction
force from the VE is the total force on the haptic device that
accelerates the stylus.

In [14] and [17], it has been shown that the maximum gen-
erated energy in the sensors due to quantization is less than
the minimum dissipated energy due to Coulomb friction in all
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Fig. 3. Linear model of the haptic device.

TABLE I
DIMENSIONLESS PARAMETERS

Parameter Variable Dimensionless variable

Sampling time T –
Mass m –
Delay td d = td /T
Virtual stiffness K α = KT 2/m
Virtual damping B β = BT/m
Physical damping b δ = bT /m

commercial and famous haptic devices. Also, a more precise
analysis has shown that these two nonlinear effects could be
omitted in the stability analysis [28] and leading to a linear and
simpler model for the haptic device as shown in Fig. 3.

For reducing the number of total effective parameters in sta-
bility analysis, the dimensionless parameters presented in Ta-
ble I are utilized in this paper, which are similar to the parameters
used in [21].

III. NOVEL STABILITY CRITERION

A new straightforward stability criterion is developed in this
section, which can eventually be presented as a closed-form
equation. A simplified model of the haptic device is illustrated
in Fig. 3. In this figure, the VE is modeled as a discrete PD
controller. The only discrete part of this model is the VE, which
should be converted to its continuous-time equivalent. The term

B z−1
T z x∗ can be rewritten as B z−1

T z x∗ ∼= Z
[
B x(k)−x(k−1)

T

]
. It

means that B is multiplied by the average velocity of current
and previous samples. In other words, in the discrete model,
B is multiplied by the instant velocity of half of sampling
time before. Therefore, the equivalent continuous model should
also use the velocity with a delay of T/2. Then, the equiva-
lent continuous model for this term would be Bse−sT /2. The
equivalent continuous model of the haptic device is depicted
in Fig. 4. From Fig. 4, the transfer function of the closed-loop
system G(s) can be easily calculated and simplified as follows:

G(s) =
sT

d(s)
(2)

where d(s) is the characteristic equation of the transfer
function as

d(s) =
(
ms2 + bs

)
sT

+ e−std
(
1 − e−sT

) (
K + Bse−sT /2

)
. (3)

Fig. 4. Continuous model of a haptic device.

When the system is on the stability boundary, the characteristic
equation has roots located on the imaginary axis, which means
that s = jω would satisfy the characteristic equation. Note that
ω is the frequency and starts from zero. By substituting ejαω =
cos (αω) + j sin (αω), the characteristic equation becomes

(
m(jω)2 + b(jω)

)
(jω)T

+ (cos (td ω) − j sin (td ω)) × (1 − cos (Tω) + j sin (Tω))

× (K + B(jω) (cos (Tω/2) − j sin (Tω/2))) = 0. (4)

After simplification, the characteristic equation will be

[K sin ((T + td)ω) − K sin (tdω) − Bω cos ((3T/2 + td)ω)

+ Bω cos ((T/2 + td)ω) − Tmω3
]
j

+ (K cos (tdω) − K cos ((T + td)ω) − Bω sin ((3T/2 + td)ω)

+ Bω sin ((T/2 + td)ω) − Tbω2
)

= 0. (5)

If this equation holds, then the real and imaginary parts of the
left-hand side of the equation should be equal to zero. Conse-
quently, two independent equations are obtained, that can be
solved for K and B and then simplified as
⎧
⎪⎪⎨
⎪⎪⎩

K = Tω2 × mω cos ((T + td)ω) + b sin ((T + td)ω)
sin(Tω)

B = Tω × mω sin ((T/2 + td)ω) − b cos ((T/2 + td)ω)
sin(Tω)

.

(6)
By using the dimensionless parameters in Table I and defining
a new dimensionless parameter φ = ωT , the above-mentioned
equations can be rewritten as follows:

⎧
⎪⎪⎨
⎪⎪⎩

α = φ2 × φ cos ((d + 1)φ) + δ sin ((d + 1)φ)
sin(φ)

β = φ × φ sin ((d + 0.5)φ) − δ cos ((d + 0.5)φ)
sin(φ)

.

(7)

Fig. 5 shows the dimensionless stiffness of virtual wall (α)
plotted versus the dimensionless damping of the virtual wall (β)
for delays of d = [0, 1, 2]. From Fig. 5, it is clear that the higher
the time delay, the lower the maximum achievable stiffness
of the virtual wall. The maximum achievable stiffness and the
maximum achievable virtual damping are shown with circle and
triangle markers, respectively.

Hulin and Gil have determined linear stability boundaries
only for small values of B and td in [20], [21], whereas the
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Fig. 5. Dimensionless stiffness versus dimensionless virtual damping.

developed stability criterion in this paper does not have any re-
striction or limitation on these parameters. In addition, in prior
work the stability boundary has to be plotted numerically, by
solving complicated equations, whereas in the developed crite-
rion, they are determined more quickly, using the closed-form
equations (6) or (7). It has to be mentioned that having closed-
form equations for fast determination of stability boundaries is
of crucial importance in real-time applications.

From (6) and (7), it is clear that the following equations are
valid: {

lim Kω→0 = 0 and lim Bω→0 = −b
lim αφ→0 = 0 and lim βφ→0 = −δ

(8)

which means that in the diagram of K versus B (or α versus
β), the starting point is (K,B) = (0,−b) (or (α, β) = (0,−δ))
that is also consistent with the results of prior work [20], [21].

In (6), the value of ω should be varied from zero to a certain
value of ωmax. When ω = 0, it can be concluded that (K,B) =
(0,−b). When ω = ωmax, the points shown by triangle marks in
Fig. 5 are obtained. For the first time, the following equation is
derived in this paper for calculating ωmax (see Appendix A):

ωmax =
1

T + td
×
− (p2 − aq1) −

√
(p2 − aq1)

2 − 4p3 (p1 − a)

2 (p1 − a)
(9)

where in this equation a = m/b(T + td) and p1 = −0.4087,
p2 = 1.325, p3 = 0.07507, and q1 = −π/2.

IV. SPECIAL CASE

Equation (6) has been derived without any restriction on the
values of the time delay or the virtual damping. There are two
special cases that are worth to be analyzed, respectively, with
the aim to derive special formulations for them.

A. Small Virtual Damping

As discussed in the reviewed literature, for small values of
B, a linear relation between K and B has been suggested (1).
In this section, for validating the proposed framework, this lin-
ear equation is obtained from (6) for small values of ω. Small
values of ω lead to small vales of (T + td) ω too. Using this

assumption, (6) will be simplified as follows:

K = Tω2 × mω cos ((T + td)ω) + b sin ((T + td)ω)
sin (Tω)

= Tω2 × mω + b(T + td)ω
tω

= (m + b (T + td)) ω2 (10)

and

B = Tω × mω sin ((T/2 + td)) ω − b cos ((T/2 + td)ω)
sin (Tω)

= tω × mω2 (T/2 + td) − b

Tω

= mω2 (T/2 + td) − b. (11)

Omitting ω in (10) and (11) leads to the following equation:

K = (B + b) × b(T + td) + m

m(T/2 + td)
. (12)

The above equation can be simplified as

K = (B + b) ×
[

b

m

T + td
T/2 + td

+
1

T/2 + td

]

= (B + b) ×
[(

bT

m

)
1 + td/T

T/2 + td
+

1
T/2 + td

]
. (13)

From the definition of δ = bT/m and knowing that δ <
0.02 [21], the first term in the above equation can be omitted,
leading to the following equation:

K =
b + B
T
2 + td

. (14)

Equation (14) is identical to the linear introduced in Section I,
which shows that the general criterion developed in this paper
is consistent with the well-established linear stability equation
for small values of B and td .

B. Large Time Delay

In some applications, time delays are significantly large due
to different sources, such as computation (e.g., haptic rendering
of deformable objects modeled by finite-element) or communi-
cation (e.g., network controlled systems). In this case, the sam-
pling time T is negligible when compared with the time delay
td . Then (6) can be simplified, and K and B can be calculated
as follows: {

K = mω2 cos (tdω) + bω sin (tdω)

B = mω sin (tdω) − b cos (tdω) .
(15)

This equation is suitable to predict a stability boundary for
large time delays (i.e., d = td/T > 50) for both small and large
amounts of B. This equation is verified by simulations and
experiments in the next sections. From Fig. 5, it is clear that
the stability boundary has a peak point. It means that there is
a specified value for β, which leads to the maximum value
of α (i.e., circle marks in Fig. 5). Determining this special
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value of β and its corresponding α is useful in many appli-
cations. In applications where the time delay is much larger
than the sampling time, the maximum achievable value of K
would be low. To provide a VE with the highest achievable stiff-
ness, one could choose this specified value for B to achieve the
maximum K.

The value of ω that leads to the maximum value of K is
determined from the following equation (see Appendix B):

ωKm a x =
π
2 (A∗) +

√(
π
2 A∗)2 + 4btd(A∗ + m)

2(A∗ + m)td
(16)

where A∗ = 2m + btd . Substituting ω = ωKm a x in (6) leads to
the operating points with the maximum stiffness of the VE (i.e.,
circle markers in Fig. 5).

Equation (6) facilitates the parameter study on the effect of
variation of each parameter on the boundary of stability. For
example, in the case of multi-DOF haptic device, the effective
mass and viscous friction of the system depend on the instanta-
neous configuration of the system. Using either online or offline
parameter estimation with lookup tables, the real values of iner-
tia and viscous friction can be substituted in (6) and the stability
boundary can be readily computed.

V. SIMULATION RESULTS

A Simulink model in MATLAB software has been created
based on the block diagram of Fig. 3. However, a ZOH block
has been used in lieu of its equivalent Laplace model. For each
B, the allowable K can be found by gradually increasing K until
unstable response is observed. The stability boundaries can then
be computed by repeating the simulation many times and for
different values of B. In the following subsections, the stability
boundaries obtained from the time-consuming simulation are
compared with the boundaries found from the developed criteria.
For comparison, the dimensionless virtual stiffness (α) is plotted
versus dimensionless virtual damping (β).

A. General Case

To verify (6) and (7), which have been derived for the gen-
eral case of the problem (i.e., regardless the value of virtual
damping and time delay), two values for delay, d = [0, 1] have
been chosen. A comparison between the analytical and simu-
lation results is shown in Fig. 6. From Fig. 6, it is clear that
the stability formula can predict stability boundaries with good
precision. In the case of no delay (i.e. d = 0), there is a differ-
ence between the results of stability equations and simulations.
In fact, the stability equations are a little more conservative if
compared with the simulation results. This error is rather con-
siderable for very large values of β and for situations where
the peak point of α is passed. In most practical applications,
the working point is chosen near or before the peak point of α.
Therefore, the developed formulas can be utilized appropriately
in practical applications. For larger delays (i.e. d > 1) there is
no error between simulation and formula.

B. Large Time Delay

In this subsection, the validity of (15) is investigated, which
has been derived for large time delays. The value of δ = 0.02

Fig. 6. Stability boundary in β − α plane for d = [0, 1]. Solid lines are
plotted using (7) and dashed lines are plotted from simulation results. In
the case of d = 1, both graphs are actually the same.

Fig. 7. Theoretical stability boundary (solid line) and simulation results
(dash line) for large amount of delay.

and delays of d = [50, 100] have been chosen and analyzed.
Fig. 7 compares the results obtained from the developed stability
criterion with the simulation results. From this figure, it is clear
that (15) is suitable for prediction of the stability boundary in the
case of very large delays (i.e., d ≥ 50) for both small and large
values of β. It should be mentioned that the small difference
between theory and simulation in Fig. 7 in the case of d = 50
can be resolved by using (7).

VI. EXPERIMENTS

The first axis of the KUKA light weight robot (LWR) (see
Fig. 8) has been utilized for experimental investigation and ver-
ification of the proposed theories. This robot has been widely
used in impedance control applications [29]. Each joint has an
impedance controller that is able to compensate gravity and
Coulomb friction. Due to high resolution of position sensors,
the nonlinear effects of quantization are negligible.

A bilateral virtual wall consisting of a virtual damping and
virtual spring is simulated as VE. For a known value of virtual
damping, the value of virtual spring is changed and the stability
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Fig. 8. KUKA LWR as the experimental device.

Fig. 9. Experimental and theoretical stability boundary for delays of 30
and 50 ms.

of the haptic system is checked. The amplitude of stable os-
cillations converges to zero, while for unstable oscillations the
amplitude obviously diverges.

As reported in the FRI library [30], the moment of inertia of
the robot arm around its axis of rotation is 0.4848 kg·m2. The
sampling time has been set to 2 ms and significant delays of
30 and 50 ms have been added to the control loop artificially
(i.e., d = 15 and d = 25). Theoretical and experimental stability
boundaries have been compared in Fig. 9, which shows a good
agreement between them.

VII. VELOCITY FILTERING

In the presented stability analysis, it is assumed that no veloc-
ity sensor exists, and the simple backward difference is used to
calculate the velocity without any filtering. This assumption is

Fig. 10. Continuous model of a linear haptic system, with velocity filter.

widely used in the literature [15], [20], [21]. In the experiments,
due to the high resolution of the position sensor and a sampling
rate of 500 Hz, there has been no need for low-pass filter (LPF).
In some applications a velocity filter is needed, for example due
to low resolution or a fast sampling rate. The developed method
can be used to analyze the linear haptic device with/without
velocity filter, or any other signal processing. For this purpose,
the Laplace model of the signal processing (e.g., velocity filter)
is placed in the control loop, such as in Fig. 10.

As an example, a first-order LPF with cutoff frequency of
ωc is considered as a velocity filter, and the effect of ωc on the
stability boundaries is discussed. This LPF has the following
Laplace model:

GLpf(s) =
ωc

s + ωc
=

1
s/ωc + 1

. (17)

By simplifying the closed-loop model depicted in Fig. 10, and
following the procedure described in Section III, the charac-
teristic equation of the system is (after substituting s = jω for
determining the boundary of stability)

(
m(jω)2 + b(jω)

) (
1 +

jω

wc

)
(jω)T

+ (cos (tdω) − j sin (tdω))

× (1 − cos (Tω) + j sin (Tω))

×
(
K

(
1 +

jω

wc

)
+B(jω) (cos (ωT/2) − j sin (ωT/2))

)
=0.

(18)

Like above, if (18) holds, then the real and imaginary parts
of (18) should be equal to zero. Then, there are two independent
equations, that should be solved for K and B. The resulting
equations are more complicated than (6). For any value of ωc ,
stability boundaries can easily be plotted by gradually increasing
ω. In Fig. 11, the dimensionless virtual damping versus the
dimensionless virtual stiffness has been plotted for different
values of ωc and the obtained boundaries have been compared
with the case of not using a filter. It is clear that using a first-
order LPF destabilizes the system, due to its inherent delay.
Other types of velocity filters can be similarly analyzed. In
fact, any other linear transfer function coming from the sensor
transfer function, electrical drive, actuator dynamics, amplifier,
or signal processing can be accommodated in the control loop
and its effect on the stability can be studied accordingly.
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Fig. 11. Stability boundaries for different values of cutoff frequency.

VIII. CONCLUSION

A new criterion has been developed for the stability analysis
of haptic devices, without any restriction or limitation on time
delay and virtual damping, in the absence of the operator. This
stability criterion is a closed-form formulation between the ef-
fective mass and physical viscous friction of the haptic device,
sampling time, time delay, virtual stiffness, and virtual damp-
ing of the environment. Any other dynamic effect (e.g., operator,
velocity filter, signal processing, sensor, and actuator dynamics)
can be accommodated in the developed framework, as long as
it is linear. The criterion has been customized for some special
and practical applications, including low virtual damping and
large time delay. The developed formulas have been verified by
simulations as well as by experiments on a KUKA LWR.

Using the method presented in this paper, the effect of velocity
filter on the stability can be studied. As an example, a first-order
LPF has been considered and the effect of its cutoff frequency on
the stability has been analyzed, which has shown that increasing
the cutoff frequency leads to raising the stability boundary.

APPENDICES

Appendix A (Maximum Permissible Values of ω)

The maximum value of ω corresponds to the triangle markers
in Fig. 5, where K = 0. From (6) we have

K = Tω2 × mω cos ((T + td)ω) + b sin ((T + td)ω)
sin (Tω)

= 0.

(19)
The above-mentioned equation is valid in two points. The first
point is the obvious point of ω = 0, which is the point in Fig. 5
with K = 0 and B = −b. The second point corresponds to the
maximum value of B (i.e., triangle points in Fig. 5). At these
points the following equation holds:

mω cos ((T + td)ω) + b sin ((T + td)ω) = 0. (20)

After simplification, by defining a new parameter as X =
(T + td) ω ≥ 0, the following equation is obtained:

m

b(T + td)
X = −tan (X). (21)

The left-hand side of this equation is a line with positive slope
of m/ (b (T + td)). It is clear that the solution to (21) is in the
interval of X ∈ (π/2, π). Using curve fitting toolbox, a good
approximation for −tan (X) is the following equation:

−tan (X) ∼= p1X
2 + p2X + p3

X + q1
for X ∈ (π/2, π) (22)

where p1 = −0.4087, p2 = 1.325, p3 = −0.07507 , and q1 =
−π/2. Substituting (22) into (21) leads to

p1X
2 + p2X + p3

X + q1
=

m

b(T + td)
X. (23)

Defining a = m/(b(T + td)) and solving (23) for X, the fol-
lowing equation is obtained:

X =
(p2 − aq1) +

√
(p2 − aq1)2 − 4p3(p1 − a)
2(a − p1)

. (24)

Using the definition of X , it can be concluded that

ωmax =
1

T + td
×

(p2 − aq1) +
√

(p2 − aq1)
2 − 4p3 (p1 − a)

2(a − p1)
.

(25)

Appendix B (Determination of Maximum Stiffness of
Virtual Wall)

From (15), in the case of large time delay, K is as follows:

K = mω2 cos (tdω) + bω sin (tdω) . (26)

At the point where K is maximum, we have

dK

dω
= 0. (27)

After simplification and defining a new parameter as X = ωtd ,
the following equation is obtained:

tan (X) =
(2m + btd)X
mX2 − btd

. (28)

A good approximation for tan (x) in the interval of X ∈
(0, π/2) is 1/(x − π/2). After some simplifications, X is deter-
mined as

X =
π
2 (A∗) +

√(
π
2 A∗)2 + 4btd(A∗ + m)

2(A∗ + m)
(29)

where A∗ = 2m + btd . Using the definition of X , ω is deter-
mined as follows:

ωKm a x =
π
2 (A∗) +

√(
π
2 A∗)2 + 4btd(A∗ + m)

2(A∗ + m)td
. (30)

The value of ω that is calculated from the above-mentioned
equation leads to the maximum value of virtual stiffness of the
VE in the case of large delay (i.e., circle markers in Fig. 5).
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