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Task-Space Control of Robot Manipulators
With Null-Space Compliance
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Abstract—In this paper, the problem of controlling a robot ma-
nipulator in task space, while guaranteeing a compliant behavior
for the redundant degrees of freedom, is considered. This issue
may arise in the case where the robot experiences an interaction
on its body, especially in the presence of humans. The proposed
approach guarantees correct task execution and compliance of the
robot’s body during intentional or accidental interaction in the null
space of the main task, simultaneously. The asymptotic stability of
the task-space error is ensured by using suitable observers to es-
timate and compensate the generalized forces acting on the task
variables, without using joint torque measurements. Two different
controller–observer algorithms are designed, and they are based
on the task-space error and on the generalized momentum of the
robot, respectively. The performance of the proposed algorithms is
verified in experiments on a 7R lightweight robot arm.

Index Terms—Disturbance observer, null-space compliance,
task-space control.

I. INTRODUCTION

N EW applications where robots are employed near humans
are growing rapidly. Unlike the industrial robots, which

are stiff to guarantee high precision, the robots used in anthropic
environments must be designed with high degree of compliance
to ensure safety. This is especially true for the applications re-
quiring physical human–robot interaction [2], not only because
of unexpected impacts of robots with humans but for the exe-
cution of collaborative tasks requiring intentional exchange of
forces as well.

A safe human–robot coexistence can be guaranteed combin-
ing different strategies. The safest approach is to avoid any
unwanted collisions. This, however, can be achieved using ex-
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teroceptive sensors such as cameras that are ineffective in the
case of fast interaction. Hence, appropriate collision detection
and reaction strategies must be adopted [3]. A possibility is that
to cover the manipulator body with a sensitive skin to detect
and/or measure the interaction forces. Alternatively, suitable
observers can be used to estimate the collision forces from joint
positions or torques [4], [5]. For this purpose, an effective ap-
proach based on the computation of the generalized momentum
of the robot, without using any torque sensors, was proposed
in [6]. The reaction strategies are aimed at immediately remov-
ing the robot from the collision area. Nevertheless, in the case of
redundant robots, it is possible to preserve as much as possible
the execution of the end effector task by projecting the reaction
torques into the null space of the main task [7].

Robot compliance is useful in order to reduce the interaction
forces, both in the case of collision and during physical col-
laboration between humans and robots [8]. Compliance can be
introduced passively by using elastic decoupling between the
actuator and the driven link with fixed or variable joint stiff-
ness [9] or actively by relying on fast control loops [10].

Impedance control represents an effective approach to control
actively the robot’s compliance. The impedance behavior usu-
ally is given to the task variables to control the interaction of the
end effector [11]–[13], also during the execution of visual servo-
ing tasks [14]. However, an active compliance behavior can be
also imposed to the joint variables to enhance safety [15]–[18].
The Cartesian impedance control for torque controlled flexible
joint and redundant robots was investigated thoroughly in [19].
The impedance control problem with null-space stiffness con-
trol for 7 degree-of-freedom (DOF) flexible joint arms, based
on singular perturbation approach and passivity based approach
was addressed in [20] and [21], respectively.

Recently, problems and solutions related to kinematic redun-
dancy have gained new interest because of the application of
robotic systems with a high number of DOFs, such as humanoid
and dual-arm robots. A theoretical and empirical evaluation
of different operational space control techniques for redundant
manipulators has been presented in [22]. A well-established
framework to deal with highly redundant robots is multipriority
control, which can be performed both at the kinematic [23],
[24] and dynamic levels [25], [26]. Within this framework, it is
possible to control the behavior of several interaction points on
the body of the robot.

Multipriority Cartesian impedance control has been inves-
tigated in [27], where multiple impedances with a specified
order of priority are realized in the Cartesian space. A simi-
lar approach has been proposed in [28] and [29] to achieve an
impedance control for the joint variables in the null space of a
Cartesian impedance control imposed to the end effector.
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Fig. 1. Robot working close to a human.

The problem of multipoint human robot interaction was con-
sidered in [16]. In [17] and [18], a model-free and an iterative
learning impedance control were proposed to deal with uncer-
tainties and torque measurement noises.

When dealing with null-space control, an important issue is
the representation of the null-space dynamics. In [30], a set
of minimal variables is used to describe the null-space mo-
tion. These variables are called null-space velocities, and they
are defined by means of a null-space base matrix. The null-
space velocities are in general nonintegrable [31], and, thus, the
design of a null-space compliance controller is not straightfor-
ward. This problem was solved in [32] by using a semidefinite
Lyapunov function.

The null-space impedance as a result of multipriority control
in acceleration level was presented in [26]. The approach was
motivated by the need of having control over the interaction of
the robot body with the environment in the joint space in spite
of the task-space control. It was shown that, in order to ensure
impedance behavior as the secondary task without affecting the
main task, the external forces acting on the main task variables
must be suitably compensated by the controller. This is possible,
e.g., if the external torques are measured [15], [33] or estimated
[4]. Notice that the correct execution of the robot’s main task
during the interaction, although subordinated to safety, is also
appealing and important.

This paper considers the problem of controlling a robot ma-
nipulator in the task space, while ensuring a compliant behavior
for the redundant DOFs in the joint space. An example of appli-
cation scenario is depicted in Fig. 1, where a robot working on
a table experiences a contact with a human. This contact may
produce errors on the main task of the robot if active compliance
is used to achieve a safe interaction. Our goal is to minimize
the error of the main task and at the same time to ensure safe
interaction through active compliance in the null space of the
main task.

To this purpose, two control approaches which do not re-
quire direct joint torque measurements are proposed. The first
approach is based on a disturbance observer which estimates

the external forces acting on the main task variables on the ba-
sis of the task-space error. The second approach relies on the
momentum-based observer [3]. In both cases, the overall sta-
bility of the system, with asymptotic convergence of the main
task and a desired impedance behavior in the null space of the
main task, is proven through a rigorous analysis. A number of
experiments are presented for a 7-DOF KUKA LWR4 robot.

This paper is organized as follows. The joint impedance and
null-space impedance concepts are reviewed in Section II. The
main results of the paper including the task error-based distur-
bance observer and momentum-based observer are proposed in
Sections III and IV, respectively. In Section V, the performance
of the proposed schemes is evaluated experimentally. Conclu-
sions are drawn in Section VI.

II. PRELIMINARIES

A. System Description

The dynamic model of a n-link robot manipulator can be
written as

M(q)q̈ + C(q, q̇)q̇ + g(q) + τ ext = τ (1)

where q is the (n × 1) joint vector, M(q) is (n × n) inertia
matrix, C(q, q̇)q̇ is the (n × 1) vector of Coriolis and centrifu-
gal torques, and g(q) is the (n × 1) vector of the gravitational
torques. Furthermore, τ is the (n × 1) vector of control torques,
and τ ext is the (n × 1) vector of external torques resulting
from the interaction with the environment. If the manipulator
is equipped with torque sensors in its joints or force sensors
on the interaction points, these external torques can be directly
measured.

B. Joint Space Impedance Control

Impedance control is one of the most adopted methods of
controlling the interaction between a manipulator and the envi-
ronment. While the Cartesian or task-space impedance control
regulates the mechanical impedance of the robot end effec-
tor [34], the joint space impedance control guarantees a com-
pliant behavior of the robot joints. The joint space impedance
equations are

M d(q̈d − q̈) + Bd(q̇d − q̇) + Kd(qd − q) = τ ext (2)

where qd(t) is a desired trajectory, while M d , Bd , and Kd

are (n × n) positive-definite matrices, representing the desired
inertia, damping, and stiffness, respectively.

The impedance behavior (2), with a freely chosen desired
inertia matrix M d , can be achieved only if a measure or es-
timation of the external torque is available and is used in the
feedback control law. Namely, we have the following control
law:

τ = M(q)q̈c + C(q, q̇)q̇ + g(q) + τ ext (3)

with the command joint acceleration q̈c chosen as

q̈c = q̈d + M−1
d (Bd

˙̃q + Kd q̃ − τ ext) (4)

where q̃ = qd − q leads to the closed loop dynamics (2).
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In the case that τ ext is not available or is not used in the
controller, the joint impedance behavior (2) can be achieved
only with M d = M(q), using the control law

τ = M(q)q̈d + Bd
˙̃q + Kd q̃ + C(q, q̇)q̇ + g(q). (5)

Notice that the joint space impedance control can be applied
to both redundant and nonredundant manipulators, since it is
achieved in the joint space.

C. Null-Space Impedance Control

For a redundant manipulator, it is possible to have some kind
of joint impedance and task-space impedance simultaneously.
Namely, a joint space impedance can be achieved in the null
space of the main task, usually assigned to end-effector co-
ordinates, as a result of a multipriority redundancy resolution
control [25], [26]. Using this approach, it is possible to control
the interaction both on the end effector and on the robot body.

Let us denote the task-space variable with the (m × 1) vector
x, with m < n. The relation between joint and task velocities
are given through (m × n) Jacobian matrix J(q) as

ẋ = Jq̇. (6)

A general solution to (6) is given by

q̇ = J †ẋ + Nq̇ (7)

where J †(q) is any (n × m) generalized inverse of J and N
is a (n × n) matrix which projects q̇ to the null space of J . A
general form of the null-space projection matrix is given by

N = I − J †J . (8)

In this paper, it is assumed that the robot always moves in a
region of the configuration space free of kinematic singularities,
i.e., the Jacobian matrix is always of full rank m.

While (7) resolves the redundancy of the system at velocity
level, solving redundancy at acceleration level is more elabo-
rate and provides a joint acceleration solution for a given task
acceleration [26].

In the case that the measure of the external torque τ ext is
available, a null-space impedance behavior can be achieved by
using the control law (3) with the (n × 1) command joint accel-
eration

q̈c = J †(ẍc − J̇ q̇) + N(q̈d + M−1
d (Bd

˙̃q + Kd q̃ − τ ext)).
(9)

Here, ẍc is the (m × 1) command acceleration in the task space.
With standard mathematical calculations, the following task
space and null-space closed-loop dynamics are derived:

ẍ = ẍc (10)

N(¨̃q + M−1
d (Bd

˙̃q + Kd q̃ − τ ext)) = 0. (11)

Thus, at acceleration level, the task-space dynamics (10) is de-
coupled from the null-space dynamics (11). In particular, (11)
represents an impedance equation expressed in terms of joint
variables, projected in the null space. By a proper choice of the
null-space impedance matrices, it is possible to achieve a de-
sired compliant behavior for the robot body, without affecting
the task-space dynamics.

When the external torque information is not available, the
control torque (3) and the command acceleration (9) can be com-
puted with τ ext = 0. Hence, the following closed-loop equa-
tions are obtained in place of (10) and (11):

ẍ = ẍc − JM−1τ ext (12)

N(¨̃q + M−1
d (Bd

˙̃q + Kd q̃) − M−1τ ext) = 0. (13)

Differently from (10), the task-space acceleration (12) is af-
fected by the external torque τ ext . Moreover, the null-space
dynamics (13) is a projected impedance equation as in (11) only
if the mass matrix M d is set as the inertia matrix of the robot,
i.e., M d = M(q).

An important role in the null-space dynamics (13) is played
by the dynamically consistent generalized inverse [35]

J#(q) = M−1JT (JM−1JT )
−1

. (14)

In detail, by using J# and the corresponding null-space pro-
jector N# = I − J#J in the command acceleration (9) (with
M d = M and τ ext = 0), the following equation is achieved in
place of (13):

N#

(
¨̃q + M−1(Bd

˙̃q + Kd q̃ − τ ext)
)

= 0. (15)

If the external interaction happens only at the end effector, i.e.,
τ ext = JT F ext , the null-space closed-loop dynamics (13) is
not affected by these forces, being N#M−1JT F ext = 0. This
is not true when a generic generalized inverse is used.

Equation (15) represents the impedance behavior projected
in the null space, with dimension r = n − m, through n equa-
tions that, therefore, are not all independent. This problem can
be overcome by considering a (n × r) matrix Z(q), such that
JZ = 0, and introducing a (r × 1) velocity vector ν, such that

q̇n = Nq̇ = Zν. (16)

As shown in [30], a convenient choice of ν based on (16) is
given by left inertia-weighted generalized inverse ν = Z# q̇ =
(ZT MZ)

−1
ZT Mq̇. By this choice, the extended Jacobian

matrix JE (q) is defined as
(

ẋ
ν

)
= JE (q)q̇ =

(
J(q)

Z#(q)

)
q̇ (17)

is nonsingular for full-rank matrix J , and the inverse is

J−1
E (q) =

[
J#(q) Z(q)

]
. (18)

In view of (17) and (18), the following decomposition for the
joint velocity holds:

q̇ = J# ẋ + Zν. (19)

Because of the unique relationship between the task space and
the null-space variables with the joint space variables given by
(17) and (19), it is possible to project the dynamics equation (1)
both in the task space and the null space. The complete dynamic
model in the task and null space, and its most relevant properties
for the control design are illustrated in Appendix A.

It is worth observing that a special care must be taken for the
computation of Z(q) [19]. In fact, numerical calculation of this
matrix, based on the singular value decomposition method, may
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cause discontinuity in the solution. Thus, the numerical stability
of the system is subjected to the choice of this matrix, which is
not unique [36].

Based on (17) and (19), the second-order inverse kinematics
solution for the command acceleration can be written as

q̈c = J−1
E

((
ẍc

ν̇c

)
− J̇E q̇

)

= J#(ẍc − J̇ q̇) + Z(ν̇c − Ż
#

q̇). (20)

By using the aforementioned command acceleration in the con-
trol law

τ = M(q)q̈c + C(q, q̇)q̇ + g(q) (21)

for the system (1), the closed-loop dynamics can be written as

q̈ = J#(ẍc − J̇ q̇) + Z(ν̇c − Ż
#

q̇) − M−1τ ext . (22)

Multiplying both sides of (22) by Z# , and considering that ν̇ =
Ż

#
q̇ + Z# q̈, the null-space closed-loop equation is obtained

as

ν̇ = ν̇c − Z#M−1τ ext . (23)

On the other hand, multiplying both sides of (22) by J , (12)
is recovered. Hence, the systems dynamics is fully described
by the m task-space equations (12) and the n − m null-space
equations (23).

Notice that the null-space velocity vector ν is, in general, non-
integrable [31], and thus, a null-space position error cannot be
easily defined. However, similar to [32], a projected joint space
error can be used to define the null-space command acceleration

ν̇c = ν̇d + Λ−1
ν ((μν + Bν )ν̃ + ZT Kd q̃) (24)

with Kd , Bν symmetric and positive-definite matrix, ν̃ = νd −
ν. The configuration-dependent quantities Λν = ZT MZ
and μν are, respectively, the inertia matrix and the Corio-
lis/centrifugal matrix in the null space (see Appendix A). The
corresponding closed-loop equation is

Λν
˙̃ν + (μν + Bν )ν̃ + ZT Kd q̃ = ZT τ ext (25)

where ZT τ ext is the projection of the external torque on the
null space. Equation (25) can be interpreted as an impedance
equation defined in the null space, with inertia Λν , damping
Bν , and projected elastic torque ZT Kd q̃.

D. Task-Space Control

In view of the task-space dynamics (12), it is clear that any
interaction on the body of the manipulator may produce devi-
ations from the desired task, depending on the choice of the
command acceleration. To track a desired trajectory xd(t), a
common choice is that usually denoted as task-space resolved
acceleration control [37]

ẍc = ẍd + Kv
˙̃x + Kp x̃ (26)

with x̃ = xd − x and positive-definite matrices Kv and Kp ,
which produces a linear closed-loop dynamics in the absence of
interaction.

Another choice is that known as task-space passivity-based
control, namely

ẍc = ẍd + P ˙̃x + Λ−1
x (μx + K)s (27)

where Λx and μx are, respectively, the inertia matrix and the
Coriolis/centrifugal matrix in the task space (see Appendix A).
In (27), s = ˙̃x + P x̃, and P and K are positive-definite diag-
onal matrices. This control law preserves the passivity of the
robot’s dynamics.

A further choice is that known as task-space PD+ control,
i.e.,

ẍc = ẍd + Λ−1
x ((μx + D) ˙̃x + Kx̃) (28)

with symmetric positive-definite matrices K, D. In this case,
the closed-loop dynamics remains nonlinear as for passivity-
based control.

Notice that in the task-space command accelerations (27) and
(28), as well as, in the null-space command acceleration (24),
the components μx and μν of Coriolis and centrifugal forces
are reintroduced, after that they are completely compensated
in the control torque (21), to ensure stability. An equivalent
approach could be that of compensating in the control torque
(21) only the components of the Coriolis and centrifugal torques
corresponding to the cross terms μxν and μνx which couple
the task-space and the null-space dynamics (see Appendix A),
thus avoiding reintroducing μx in (27) and (28) and μν in
(24). This may result in a more efficient implementation of the
controller. Similar considerations can be made for the control
laws proposed in the following sections.

It is worth remarking that the noncompensated interaction
torques in the task-space dynamics (12) produce task-space er-
rors that could be reduced by using high gains in the command
accelerations (26)–(28). However, a more effective solution is
that of estimating and compensating the external torques act-
ing on the task variables. To this aim, two different approaches,
based on suitable disturbance observers, are proposed in the
following sections.

III. TASK ERROR-BASED DISTURBANCE OBSERVER

In this section, a disturbance observer based on the error intro-
duced on the task space during external interaction is developed.
The following propositions hold for constant xd and qd .

Proposition 1: Let
�
τ denote the estimated external torque

and τ̃ = τ ext −
�
τ denote the estimation error. Under the as-

sumption of constant (or slowly time-varying) unknown exter-
nal torque, the control law (21), with the joint space command
acceleration (20) and the task-space command acceleration

ẍc = −P ẋ + Λ−1
x ((μx + K)s + J#T �

τ ) (29)

with the disturbance observer
�̇
τ = −Γ−1

f J#s (30)

together with the null-space command acceleration

ν̇c = −Λ−1
ν ((μν + Bν )ν − ZT Kd q̃) (31)

guarantees that x̃, ẋ, and ν go to zero asymptotically, while
a compliant behavior is imposed in the null space of the main
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task. Moreover,
�
τ remains bounded, and the closed-loop system

is stable. In the aforementioned controller, s = −ẋ + P x̃, Kd

is a diagonal and positive-definite matrix and Bν and Γf are
positive-definite constant matrices.

The command acceleration (29) coincides with passivity-
based control (27) with the addition of a term to compensate
the effect of the external torque on the task space. By using the
command acceleration (29) together with (21), (20), and (31),
the control torque can be written as

τ = τ task + τ null + C(q, q̇)q̇ + g(q) (32)

with

τ task = JT (Λx(−P ẋ − J̇ q̇) + (μx + K)s + J#T �
τ ) (33)

τ null = −Z#T (Λν Ż
#

q̇ + (μν + Bν )ν + ZT Kd q̃). (34)

These equations reveal that the control law is a combination
of three different parts which are responsible for task-space
control (τ task ), null-space control (τ null), and Coriolis/gravity
compensation, respectively.

The stability proof of the overall control algorithm is based
on the concept of conditional stability, first used in [32] to prove
the stability of compliance control of redundant robots. For
the purpose of this paper, the following theorem, which allows
us to prove asymptotic stability with semidefinite Lyapunov
functions, is exploited.

Theorem 1 [38]: Let z = 0 be an equilibrium point for ż =
f(z). If in a neighborhood Ω of the origin there exists a function
V ∈ C1 such that

1) V (z) ≥ 0 for all z ∈ Ω and V (0) = 0;
2) V̇ (z) ≤ 0 for all z ∈ Ω;
3) on the largest positively invariant set L contained in {z ∈

Ω|V̇ (z) = 0}, the system is asymptotically stable (i.e., it
is asymptotically stable conditionally to L);

Then, the origin is asymptotically stable.
Proof of Proposition 1: The control law (21) with the joint

space command acceleration (20) gives (12) and (23). Hence, by
replacing the command acceleration (29) into (12), the closed-
loop dynamics in the task space is achieved as

−ẍ − P ẋ + Λ−1
x ((μx + K)s + J#T �

τ ) = JM−1τ ext
(35)

which further reduces to

Λx ṡ + (μx + K)s = J#T τ̃ (36)

J#T τ̃ = F̃ = F ext −
�

F (37)

where
�

F = J#T �
τ is the estimation of F ext = J#T τ ext .

Moreover, by replacing the null-space acceleration (31) in (23),
the closed-loop dynamics (25) is achieved in the null space.

In summary, the closed-loop equations of the system with
state vector z = (q̃, x̃, s,ν, τ̃ ) are given by

q̇ = J# ẋ + Zν

Λx ṡ + (μx + K)s = J#T τ̃

Λν ν̇ + (μν + Bν )ν + ZT Kd q̃ = ZT τ ext

�̇
τ = −Γ−1

f J#s

s = −ẋ + P x̃. (38)

Let us consider the function

V (q̃, x̃, s, τ̃ ) = x̃T PKx̃ +
1
2
sT Λxs +

1
2
τ̃ T Γf τ̃ (39)

which is nonnegative because P and K are positive-definite
diagonal matrices, and Λx and Γf are symmetric and positive-
definite matrices. The quadratic form V is only positive semidef-
inite because it does not depend on the full state z. The time
derivative of (39) along the system trajectories is

V̇ = −2x̃T PKẋ + sT Λx ṡ +
1
2
sT Λ̇xs + ˙̃τ

T
Γf τ̃ . (40)

Using (30) and (36) yields the equation

V̇ = −2x̃T PKẋ + sT (J#T τ̃ − (μx + K)s)

+
1
2
sT Λ̇xs − sT J#T τ̃ (41)

that, by considering the skew-symmetry of Λ̇x − 2μx , can be
rewritten as

V̇ = −2x̃T PKẋ − sT Ks. (42)

Moreover, by replacing s = −ẋ + P x̃ in (42), we obtain

V̇ = −ẋT Kẋ − x̃T PKPx̃ ≤ 0. (43)

Function V satisfies the hypothesis of Theorem 1. In or-
der to show the asymptotic stability of the whole system,
the asymptotic stability of the system conditionally to sub-
set L = {q̃,ν, τ̃ , x̃ = 0, s = 0} must be shown. This can be
proven by considering the Lyapunov function candidate

VL =
1
2
νT Λν (q)ν +

1
2
q̃T Kd q̃ +

1
2
τ̃ T Γf τ̃ (44)

which is positive definite in L and positive semidefinite in the
whole state space, where Λν (q) and Kd are symmetric and
positive-definite matrices. The time derivative of VL can be
computed as

V̇L = −νT Bν ν − νT ZT Kd q̃ + νT ZT τ ext

− q̇T Kd q̃ + ˙̃τ
T
Γf τ̃ . (45)

Note that in the set L, s = 0, and the last term on the right-hand
side of (45) is null in view of (30). Furthermore, in this set, (19)
reduces to q̇ = Zν.

Consider first the case where ZT τ ext = 0 and the desired
configuration qd is chosen so that xd = x(qd), where x(·) is
the robot direct kinematic equation. In this case, (45) reduces to

V̇L = −νT Bν ν ≤ 0. (46)

The asymptotic stability in the set L can be proven using the
La Salle’s invariance principle. In detail, the state converges
to the largest invariant set with ν = 0 in set L. From the
closed-loop system, this invariant set is given by {s = 0, x̃ =
0,ν = 0,J#T τ̃ = 0,ZT Kd q̃ = 0}. Remarkably, as shown
in Appendix B, the solution of equation ZT Kd q̃ = 0, with
the constraint x(q) = xd , is q̃ = 0 and is an isolated point.
Thus, the system is asymptotically stable conditionally to L. By
virtue of Theorem 1, the system asymptotically converges to
{s = 0,x = xd ,ν = 0,J#T τ̃ = 0, q = qd}.
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In the case of a non-null and constant external torque τ ext ,
or in the case x(qd) �= xd , the asymptotic stability is still pre-
served, but the system reaches a different equilibrium {s =
0,x = xd ,ν = 0,J#T τ̃ = 0, q = q∗}, where q∗ belongs to
the set of solutions of equation

ZT (Kd q̃ − τ ext) = 0 (47)

which locally minimize the quadratic function ‖Kd q̃ − τ ext‖2 ,
with the constraint x(q) = xd . �

The controller–observer law of Proposition 1 can be modified
according to Proposition 2 where the command acceleration is
based on the PD+ controller written in the task space (28).

Proposition 2: The task-space command acceleration and dis-
turbance observer in Proposition 1 can be replaced by

ẍc = Λ−1
x (−(μx + D)ẋ + Kx̃ + J#T �

τ ) (48)

and disturbance observer

�̇
τ = −Γ−1

f J#(−ẋ + γf(x̃)) (49)

f(x̃) =
1

1 + ‖x̃‖ x̃ (50)

where γ is a properly chosen constant positive gain. The stability
of whole system, the convergence of x̃, ẋ, and ν to zero, and
the compliant behavior in the null space of the main task are
preserved.

Sketch of proof: The closed-loop equation in the task space
can be computed from (48) and (12) as

−Λx ẍ − (μx + D)ẋ + Kx̃ = J#T τ̃ . (51)

The left side of this equation is equivalent to the closed-loop
system of the well-known PD+ control law [39] designed in the
task space, that can be obtained by replacing (48) in (20) and
(21), i.e.,

τ task = JT (−Λx J̇ q̇ − (μx + D)ẋ + Kx̃) + JT J#T �
τ .
(52)

The null-space contribution to the control torque is the same as
in (34) and the corresponding closed-loop equation in the null
space is that in (25).

The hypothesis of Theorem 1 can be satisfied with a more
elaborate positive-semidefinite Lyapunov function candidate,
inspired to the strict Lyapunov function for PD+ control intro-
duced in [40]

V (q̃, x̃, ẋ, τ̃ ) =
1
2
ẋT Λxẋ +

1
2
x̃T Kx̃ − γf(x̃)T Λx ẋ

+
1
2
τ̃ T Γf τ̃ . (53)

The time derivative of V along system trajectory (49) and (51) is
negative semidefinite under some special bound on γ (see [40]).
The asymptotic stability conditionally to L and the asymptotic
stability of the whole system can be shown with a proof similar
to that in Proposition 1. �

Remark 1: In Proposition 1 and 2, the non-minimal form
command acceleration

q̈c = J#(ẍc − J̇ q̇) + N#(M−1(−Bd q̇ + Kd q̃)) (54)

can be used instead of (20). Despite this choice seeming to
be more intuitive, the stability proof is not easy, since the pa-
rameterization of the null-space position and velocity errors is
non-minimal.

Remark 2: While the force estimation error F̃ = J#T τ̃ goes
to zero, the torque estimation error τ̃ converges to zero only for
nonredundant robots. Hence, the disturbance observer provides
an estimate of the equivalent force reflected at the end effector.
In principle, (30) could be replaced by a simpler linear integral

action on the variable s, i.e., (
�̇

F = −Γ−T
f s) to directly compute

�

F . With similar arguments, it is possible to prove asymptotic
convergence to zero of the task-space error and of the force
estimation error F̃ . However, this requires F ext , which is the
reflection of τ ext on the task space, to be a slowly time-varying
vector. In the applications considered here, the interaction occurs
on the robot body and not on the end effector. This implies
that the reflected force F ext = J#T τ ext on the task space is,
in general, highly dependent on the joint configuration, which
changes during the interaction so that this assumption cannot be
held.

IV. MOMENTUM-BASED OBSERVER

Another method for perfect task execution during interac-
tion is proposed here, relying on the momentum-based observer
introduced in [3] and [6]. The basic concepts are the general-
ized momentum p(t) = M(q)q̇, and the n-dimensional resid-
ual vector r is defined as

r(t) = KI

[
p(t) −

∫ t

0
(τ + CT (q, q̇)q̇ − g(q) + r(σ))dσ

]

(55)
with r(0) = 0, KI a diagonal positive matrix, and p(0) = 0.
These quantities can be computed using measured signal q, q̇
and the commanded torque τ . It can be shown that the dynamics
of r are

ṙ = −KI r − KI τ ext . (56)

Thus, the residual vector is a filtered version of the real external
torque, i.e.,

r(t) ≈ −τ ext . (57)

In the absence of interaction, assuming no noise and unmodeled
disturbances, r(t) = 0. As soon as collision occurs, the com-
ponents of r will rise exponentially and will reach the value of
−τ ext . Therefore, the idea is that of using the residual vector as
an estimate of the external torque in the task-space control law
as detailed in Proposition 3.

Proposition 3: In the presence of constant (or slowly time-
varying) unknown external torque, for positive-definite matrices
Kv and Kp , the control law given by (20), (21), and the task-
space command acceleration

ẍc = −Kv ẋ + Kp x̃ − Λ−1
x J#T r (58)

together with null-space command acceleration (31) and resid-
ual dynamics (55), guarantees that x̃, ẋ, ν, and estimation error
r̃ = r + τ ext , go to zero asymptotically, while a desired com-
pliant behavior is imposed in the null space of the main task.
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Proof of Proposition 3: From (12) and (56), the closed-loop
error dynamics are

−ẍ − Kv ẋ + Kp x̃ = Λ−1
x J#T r̃ (59)

˙̃r + KI r̃ = τ̇ ext . (60)

The closed-loop dynamics for the null space are the same as in
(25).

The stability analysis is based on a lemma from the stability
of perturbed system ([41, Lemma 9.1, p. 341]). For constant (or
slowly time-varying) unknown external torque, the closed-loop
equations (59) and (60) can be considered as a perturbed linear
system

ż = Az + g(t,z) (61)

with state vector z = (x̃, ẋ, r̃), and the perturbation g(t,z). By
properly choosing Kv and Kp , the equilibrium point z = 0 is
exponentially stable for the linear system ż = Az. Thus, the
quadratic function

V (z) =
1
2
ẋT ẋ +

1
2
x̃T Kp x̃ +

1
2
r̃T r̃ (62)

can be defined which satisfies the following conditions:

c1‖z||2 ≤ V (z) ≤ c2‖z||2 (63)

V̇ (z) =
∂V

∂z
Az ≤ −c3‖z||2 (64)

∥∥∥∥
∂V

∂z
‖ ≤ c4

∥∥∥∥ z‖ (65)

for some positive constants c1 , c2 , c3 , and c4 . Notice that (62)
is positive semidefinite for the whole system, but it is positive
definite for the linear part of (61).

The perturbation term satisfies the linear growth bound

‖JM−1 r̃‖ ≤ γ‖z‖ (66)

for non-negative γ, were J and M−1 are bounded matrices in
case of revolute joints and nonsingular configurations. The time
derivative of V (z) along the trajectory of perturbed system is
given by

V̇ (z) =
∂V

∂z
Az +

∂V

∂z
g(t,z). (67)

Using (63)–(65), we obtain

V̇ (z) ≤ −c3‖z||2 + ‖∂V

∂z
‖ ‖g(t,z)‖

≤ −c3‖z||2 + c4γ‖z||2

≤ −(c3 − c4γ)‖z||2 . (68)

If γ is small enough to satisfy the bound γ < c3/c4 , then the
system is exponentially stable in the task space. In order to show
the asymptotic stability of the whole system, using Theorem 1,
the asymptotic stability of the system conditionally to L =
{z|V̇ (z) = 0} must be shown. Notice that the time derivative
of (62) along the system trajectories is

V̇ (z) = −ẋT Kv ẋ − ẋJM−1 r̃ − r̃T KI r̃ (69)

and thus, the subsetL is given byL = {q̃,ν, x̃ = 0, ẋ = 0, r̃ =
0}, in view of (68). The Lyapunov function candidate

VL =
1
2
νT Λν (q)ν +

1
2
q̃T Kd q̃ (70)

is defined on this set. From here, the same procedure used in
the proof of Proposition 1 is adopted and asymptotic stability of
the equilibrium point {x = xd , ẋ = 0,ν = 0, r̃ = 0, q = q∗}
is shown similarly. �

Remark 3: Despite the task-space command, (58) is sim-
ple and intuitive, experimental tests show that the behavior of
the controlled system in the task space is greatly dependent
on the joint configuration and can also have large task-space
errors during fast interaction. The reason is that the residual
torque error at the right-hand side of (59) is multiplied by the
configuration-dependent matrix Λ−1

x . An alternative control law
can be adopted, by using the PD+ controller

ẍc = Λ−1
x (−(μx + D)ẋ + Kx̃ + J#T r) (71)

leading to the closed-loop equation

−Λx ẍ − (μx + D)ẋ + Kx̃ = J#T r̃ (72)

which preserves the robot natural dynamics. The stability of the
system can be shown by modifying the proof of Proposition 3
as in the proof of Proposition 2.

V. EXPERIMENTAL EVALUATION

The proposed approaches are verified experimentally on a
7-DOF KUKA LWR4 lightweight arm (n = 7). Control algo-
rithms are executed through fast research interface library [42]
on a remote PC with the Ubunto operating system. The remote
computer is connected to a KUKA robot controller unit through
UDP socket with a sampling rate of 2 ms.

The experiments are performed for three cases: with no ob-
server, with task error-based observer, and with momentum-
based observer. In all the cases, the position of the end effector
is assumed as the main task (m = 3). Therefore, the robot has
4 degrees of redundancy (r = 4).

To obtain the null-space projection matrix Z, first the Jaco-
bian matrix is written in partitioned form J = [Jm J r ] such
that Jm be invertible (see, e.g., [43]). The null-space base matrix

is calculated by Z = [JT
r J−T

m I]
T

.
In the following, two different sets of experiments are consid-

ered. In all the experiments, the control laws (20) and (21), with
dynamically consistent generalized inverse used, while different
command acceleration are tested.

A. Experiment 1

In the first set of experiments, a constant configuration qd =
[π/4, −π/6, 0, −π/1.8, π/6,−π/4, 0] is considered, corre-
sponding to the constant desired position of the end effector
in the task space xd = [−0.242,−0.133, 0.968]T .

The interaction occurs with an elastic ball of 1200 N/m ap-
proximate stiffness at a point of the robot arm close to the fourth
joint. While the end effector is commanded to be in the desired
position, the sphere comes in contact with the robot, stops for
10 s, and, finally, goes back far from the robot. In order to have
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Fig. 2. Experiment 1: Elastic ball in interaction with a KUKA LWR4 arm.

the same scenario in all the experiments and guarantee repeata-
bility, the ball is moved by a position-controlled industrial robot
with constant speed of 4.5 cm/s along a straight line. A snapshot
of the experimental setup is depicted in Fig. 2.

Case I—Interaction Control With No External Interaction
Observer: The command acceleration given by (26) and (31) are
considered, with the gains Kp = 2000, Kv = 90, Bν = 0.4I ,
and Kd = diag[10, 8, 8, 8, 8, 8, 8].

The corresponding main task error and the estimated exter-
nal torques, obtained by the torque sensors available on LWR4
robot, together with the joints position, are shown in Fig. 3. The
time interval when interaction occurs is identified by the two
vertical lines. It can be observed that the task-space error com-
ponents are zero initially, but after the collision with the sphere,
they increase and reach constant values when the sphere stops.
When the sphere is retreated and contact is lost, the task error
components become small but non-null, due to the presence of
non-negligible joint friction.

From the time histories of the joint variables, in Fig. 3, it
can be argued that, during the interaction, the configuration of
the robot changes and the redundancy allows the manipulator to
comply with the external forces. As soon as the contact is lost,
the robot comes back to its desired configuration. The behavior
of the arm in the null space can be set by properly choosing the
control gains.

The scenario is repeated again by using the PD+ task-space
command acceleration (28) with K = 2000I,D = 90I . The
task-space error for this case has been reported in Fig. 4. It
can be seen that the error in task space is significantly lower
than in the previous case. However, the error remains non-null,
especially during the interaction. The corresponding estimated
external torque and joints position do not change considerably
and are not shown for brevity.

Case II—Interaction Control With the Task Error-Based Dis-
turbance Observer: The previous experiment is repeated by
using the command acceleration (29) with disturbance observer
(30). The parameters of the controller are tuned as P = 25I,
K = 80I, and Γf = 0.125I , and the null-space impedance ma-
trices are selected as in the previous case.

The performance of the controller is shown in Fig. 5. Even
though the external torque τ ext is not constant during the first

Fig. 3. Experiment 1: Task errors, external torques estimation evaluated from
torque sensors and joint space trajectory, with no observer, using (26).

Fig. 4. Experiment 1: Task errors with no observer, using (28).
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Fig. 5. Experiment 1: Task errors, external torques estimation evaluated from
torque sensors and joint space trajectory, using task error-based observer.

and the third phase of the interaction, namely, when the sphere is
approached and retreated, the controller performs very well and
the task errors is more than three times lower than the previous
case, and the resulting interaction torques remain bounded. In
the second phase of the interaction, when the sphere is at rest
and a constant torque is applied, the task error converges to zero.

The experiment also has been performed using command
acceleration (48) with the disturbance observer (49). The results
are similar to Fig. 5 and, thus, have not been reported here.

Comparing the plots of the time histories of the external
torques and of the joint positions in Figs. 3 and 5, it can be
inferred that the behavior of the robot in the null space does not
change appreciably. Moreover, comparing the task-space errors
of Fig. 5 with those reported in Figs. 3 and 4, it can be observed
that the control scheme with task error-based observer not only
reduces the error during the interaction but reduces the effects

Fig. 6. Experiment 1: Task errors, external torques estimation evaluated from
torque sensors and joint space trajectory, using momentum-based observer.

of friction as well so that the task-space error goes to zero when
the contact is lost.

Case III—Interaction Control With the Momentum-Based Ob-
server: The experiment is repeated using the momentum-based
observer (55) and the command acceleration (58). The gains
have been set as Kp = 2000I,Kv = 90I , and KI = 8I .

The results are depicted in Fig. 6. For completeness, in Fig. 7,
the time history of the residual vector r is reported as well. It can
be seen that the controller works very well during the constant
phase of the interaction. However, when the external torque is
not constant, during the first and the third phase of the interac-
tion, the task-space error shows high-frequency oscillations.

This behavior can be mitigated using the PD+ command
acceleration (71) as suggested in Remark 3. The task-space
error for this case is reported in Fig. 8. It can be seen that the
performance of the system, during the first and third phase of
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Fig. 7. Experiment 1: Residual vector using momentum-based observer with
command acceleration (71).

Fig. 8. Experiment 1: Task errors using momentum-based observer with com-
mand acceleration (71).

the interaction, is improved. The estimated external torque and
the joint space trajectory do not change significantly and are not
reported here for brevity.

B. Experiment 2

In the second set of experiments, the performance of the
schemes considered previously are tested in a scenario in which
the end effector of the robot follows a trajectory in the task
space, and the body of the robot experiences a contact with a
vertical wall in a point close to the fourth joint, as depicted in
Fig. 9. Clearly, in this case, both task-space control and safety
during contact are required. To increase safety and protect the
body of the robot from any damage during the experiment, the
wall is covered with a soft pad.

The experiment has been performed using the control laws
(20) and (21) with the command accelerations considered in the
previous section, namely, the scheme with no observer (Case I),
the scheme with task error-based observer (Case II), and the
scheme with momentum-based observer (Case III). The spe-
cific control laws and the corresponding gains are collected in
Table I. Notice that, to improve the tracking capability in the
task space, the command accelerations (29) and (58) have been
suitably modified by adding feedforward of the desired task-
space velocity and acceleration. The modified control laws can
be easily derived and are not reported for brevity.

Fig. 9. Experiment 2: Snapshot of the KUKA LWR4 robot in contact with a
wall.

TABLE I
EXPERIMENT 2

The trajectory is a straight line motion from xi = [0.01,
−0.44, 0.76]T to xf = [0.12,−0.16, 0.85]T and is planned ac-
cording to a fifth-order polynomial of time, with duration
10 s. Then, the robot is kept in the final position for other
10 s. A constant configuration qd = [3π/4,−π/6, 0,−π/1.8,
π/6,−π/4, 0]T , which is consistent with the initial position xi ,
is considered as the desired goal in the null space. The vertical
wall is located such that the contact with the wall starts at about
t = 4.5 s.

It is worth remarking that the stability in this paper has been
demonstrated only for the regulation case, due to the complexity
of the analysis for the tracking case. Moreover, the desired joint
configuration is consistent only with the initial position of the
robot. This way, the robot executes the assigned task while
keeping a joint configuration as close as possible to the initial
configuration. Indeed, the purpose of this experiment is that of
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Fig. 10. Experiment 2: Task errors, external torques estimation evaluated from
torque sensors and joint space trajectory, with no observer.

testing the performance of the proposed algorithms, also in a
more complex and realistic scenario.

The performance of the controllers are shown in Figs. 10–
12. It can be seen that, using the schemes with the observers
(see Figs. 11 and 12), the task-space error can be considerably
reduced with respect to the control schemes with no observer
(see Fig. 10). Moreover, the robot body complies after contact
with the wall so that the external toques remain limited. As
in the previous experiment, the time histories of joint external
torques, as well as those of the joint variables, are very similar
for the different controllers, due to the fact that the null-space
impedance dynamics is the same for all the controllers.

C. Discussion

Differently from the task error-based observer, the residual
observer allows the estimation of the full external torque applied

Fig. 11. Experiment 2: Task errors, external torques estimation evaluated from
torque sensors, and joint space trajectory, using task error-based observer.

to the robot. Moreover, the computation of the residual (55) does
not depend on the particular control law and can be useful also
for other applications, e.g., collision detection. The price to pay
is the dependence of (55) on the complete dynamic model of
the robot.

On the other hand, experiments carried out neglecting the
effect of Coriolis/centrifugal forces and assuming uncertainty in
the inertial parameters of the system up to 50% show acceptable
performance for both the approaches. Moreover, in the case of
the observer based on the task error, and for slowly time-varying
desired trajectory, the control law can be simplified as

τ = JT (Dẋ + Kx̃ + J#T �
τ ) + τ null + g(q) (73)

where
�
τ is given by (49), and τ null is the torque related to

null space computed as in (34). Our experiments, which are
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Fig. 12. Experiment 2: Task errors, external torques estimation evaluated from
torque sensors and joint space trajectory, using momentum-based observer.

not presented here, show that the performance of the controller
remains still acceptable.

Another issue confirmed by experiments that are not shown
here for brevity, is that, as it was discussed in Remark 1, the
non-minimal representation for the null-space control τ null can
also be used with a little degradation of the performance with
respect to the minimal case. The only significant difference that
was noticed experimentally is that, by adopting a minimal rep-
resentation for the null-space control, higher gains in the task-
space control can be used. Notice that it is well established that
the non-minimal representation of null-space control is stable
in the presence of null-space velocity feedback (see, e.g., [36]
and [44]), but no theoretical results are available for the case of
more complex control algorithms as impedance control. On the
other hand, as proven in [45], minimal null-space-based con-
trol algorithms ensure stable operation for general torque-based
null-space control.

It is worth observing that, to avoid dangerous situations, the
assigned task should be relaxed based on the amount of ex-
changed forces. In other words, the main task should be pre-
served only when the estimated forces are below a suitable
safety threshold.

Finally, it is clear that the effectiveness of the algorithm relies
on the number of available degrees of redundancy. If required,
depending on the task, the number of constrained task variables
can be decreased in order to increase the dimension of the null
space where compliance is ensured.

VI. CONCLUSION

Two nonlinear controller–observer approaches that ensure
task-space error convergence, besides proper compliant behav-
ior in the null space, have been presented. The controllers do
not need torque sensors and can be used for the case where
the robot works, for instance, in human environments, and the
interaction with the robot body can occur intentionally or acci-
dentally. Under these conditions, the redundancy of the system
is utilized to ensure safe and dependable physical interaction,
while the main task is preserved. The first approach is based on
task-space information, and the second one acts based on the
generalized momentum of the system. The stability of the whole
system was shown by using the concept of conditional stabil-
ity. The experimental results obtained from a torque-controlled
KUKA LWR4 robot confirm the theoretical findings.

APPENDIX A

DYNAMICS MODEL IN THE TASK SPACE

AND THE NULL SPACE

Task-space dynamics and null-space dynamics can be ob-
tained multiplying both sides of (1) by J−T

E . This gives

ΛE (q)
(

ẍ

ν̇

)
+ μE (q, q̇)

(
ẋ
ν

)
+ J−T

E g(q)

+
(

F x,ext

F v ,ext

)
=

(
F x

F ν

)
(74)

where

ΛE (q) = J−T
E MJ−1

E =
(

Λx 0

0 Λν

)

Λx(q) = (JM−1JT )
−1

Λν (q) = ZT MZ (75)

and

μE (q, q̇) =
(

μx μxv

μvx μν

)

μx(q, q̇) = (J#T C(q, q̇) − Λx J̇)J#

μxv (q, q̇) = (J#T C(q, q̇) − Λx J̇)Z

μν (q, q̇) = (ZT C(q, q̇) − Λν Ż
#

)Z

μvx(q, q̇) = (ZT C(q, q̇) − Λν Ż
#

)J# . (76)
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The projected forces acting on the task space and the null space
are related to the joint space torques through the following
equalities:

(
F x,ext

F v ,ext

)
= J−T

E τ ext =
(

J#T τ ext

ZT τ ext

)
(77)

(
F x

F ν

)
= J−T

E τ =
(

J#T τ

ZT τ

)
. (78)

Note that because of the particular choice of Z# , ΛE (q) is
block diagonal, and thus, the task-space dynamic and the null-
space dynamic are inertially decoupled [30]. It can be shown
that matrix ΛE is symmetric and positive definite, and so are Λx

and Λν . Moreover, Λ̇E − 2μE is skew-symmetric, if Ṁ − 2C
is skew-symmetric. This, in turn, implies that, μvx = −μT

xv

and both the matrices Λ̇x − 2μx and Λ̇ν − 2μν are skew-
symmetric.

APPENDIX B

SOLUTION OF (47)

It is not difficult to show (see, e.g., [43]) that the equations

Z(q)T (Kd q̃ − τ ext) = 0 (79)

x(q) = xd (80)

where qd is an assigned nonsingular joint configuration, q̃ =
qd − q, and the Kd diagonal and positive-definite matrix are
the necessary conditions for the solutions of the constrained
minimization problem

min
q

‖Kd q̃ − τ ext ||2 (81)

subject to (80). This physically means that the manipulator,
when a constant external torque τ ext is applied, reaches a joint
configuration q∗ compatible with the main task xd = x(q),
which minimize the elastic potential energy in (81).

In the case τ ext = 0, if qd is compatible to xd , i.e., x(qd) =
xd , then a solution to (79) and (80) is q̃ = 0. This solution
is an isolated point. This can be easily proven by contradic-
tion. In fact, if q̃ = 0 is not an isolated point, then there exists
an infinitesimal displacement dq �= 0 such that q̄ = qd + dq
satisfies (79) and (80) with q̃ = −dq. In a first-order ap-
proximation, it is ZT (qd + dq)Kddq ≈ ZT (qd)Kddq and
x(q̄) ≈ x(qd) + J(qd)dq. Hence, in view of (79) and (80),
dq must satisfy both the equations ZT (qd)Kddq = 0 and
J(qd)dq = 0. Since qd is a nonsingular configuration, con-
sidering that the columns of KdZ span the null space of matrix
J (being Kd a diagonal matrix), the only solution to both these
equations is dq = 0.
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