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Let Ω be a bounded open subset of R2. We consider weak solutions
u ∈ H1

loc(Ω) to the equation:

div (A(x)∇u) = 0 in Ω. (1)

Here A is a 2 × 2 matrix whose entries are bounded, real measurable func-
tions defined on Ω. Furthermore, we assume that A satisfies the following
conditions:

ellipticity : λ|ξ|2 ≤ 〈A(x)ξ, ξ〉 ≤ Λ|ξ|2 (2)

symmetry : A(x) = A(x)∗ (3)

unit determinant : detA(x) = 1 (4)

for all x ∈ Ω, for all ξ ∈ R2 and for some 0 < λ ≤ Λ. Condition (4) is
relevant in the context of quasiconformal mappings, see [2].

It is well-known [1, 3, 4] that assumption (2) implies the Hölder continuity
of solutions to (1). More precisely, there exists 0 < α < 1 such that for every
compact subset K b Ω there holds

sup
x,y∈K,x 6=y

|u(x)− u(y)|
|x − y|α < +∞. (5)

Here and in what follows, for every measurable function f we denote by sup f
the essential upper bound of f . In [5] it is shown that the optimal value for
α is L−1/2, where L = Λ/λ is the ellipticity constant. In [5] it is also shown
that the optimal value of α increases if A is of the form A = a(x)I for some
bounded measurable function a.
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These results motivate the following question:

Question: What is the optimal value of α in (5) under assumptions (2)–
(3)–(4)?

In answer to the question above, in a recent note [6] we obtain a sharp integral
estimate for α. More precisely, we establish the following

Theorem 1 ([6]). Let A satisfy (2), (3) and (4) in Ω and let u ∈ H1
loc(Ω)

satisfy (1). Then the least upper bound for the admissible values of the Hölder
exponent for u is given by

ᾱ = 2π

(
sup
x0∈Ω

inf
0<r0<d(x0)

sup
0<r<r0

∫

|ξ|=1

〈A(x0 + rξ)ξ, ξ〉
)−1

. (6)

Here d(x0) = dist(x0, ∂Ω). We note that under assumption (4), we may
choose λ = Λ−1 in (2) and therefore the ellipticity constant takes the value
L = Λ2. Hence, the estimate obtained in [5] yields in this case α = L−1/2 =
Λ−1. On the other hand, recalling that Λ = supx∈Ω sup|ξ|=1〈A(x)ξ, ξ〉, it is
clear that ᾱ ≥ Λ−1.

Theorem 1 is sharp, in the sense of the following

Example. Let Ω = B the unit ball in R2, let θ = arg x and let

A(x) =
1

k(θ)
I +

(
k(θ) − 1

k(θ)

)
x ⊗ x

|x|2 in B \ {0}, (7)

where k : R → R+ is smooth 2π-periodic function bounded from above and
below away from 0. Equivalently, setting K(θ) = diag(k(θ), 1/k(θ)), we may
write

A(x) =J(θ)K(θ)J∗(θ)

=


 k(θ) cos2 θ + 1

k(θ)
sin2 θ

(
k(θ) − 1

k(θ)

)
sin θ cos θ(

k(θ) − 1
k(θ)

)
sin θ cos θ k(θ) sin2 θ + 1

k(θ)
cos2 θ


 ,

where

J(θ) =

(
cos θ − sin θ
sin θ cos θ

)
. (8)

Clearly, detA(x) ≡ 1. By a suitable choice of k, we may obtain that

ᾱ = 2π

(∫

|ξ|=1

〈A(rξ)ξ, ξ〉
)−1

= 2π

(∫ 2π

0

k

)−1

.
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On the other hand the function u ∈ H1(B) defined by

u(x) = |x|ᾱ cos

(
ᾱ

∫ argx

0

k

)
(9)

satisfies equation (1) with A given by (7). It is readily verified that the
Hölder exponent of u is exactly ᾱ.

Sketch of the proof of Theorem 1. The point of the proof is to show that

sup
0<r<d(x0)

r−2α

∫

|x−x0 |<r

〈A∇u,∇u〉 < +∞, (10)

for every x0 ∈ Ω and for every 0 < α < ᾱ. Once estimate (10) is established,
Theorem 1 follows by the well-known regularity results of Morrey [3]. In
order to derive (10), we exploit some ideas in [5]. We set

gx0(r) =

∫

|x−x0|<r

〈A∇u,∇u〉.

Then, by (1) and the divergence theorem:

gx0(r) =

∫

Sr

(u − µ)〈A∇u, n〉 =

∫

Sr

(u − µ)〈P∇u, e1〉,

where x = x0 + ρeiθ, P = J∗AJ , J is the rotation matrix defined in (8),
∇u = (∂ρu, ρ−1∂θu), Sr is the circle of radius r centered at x0, n is the
outward normal to Sr and µ is any constant. By Hölder’s inequality,

gx0(r) ≤
(∫

Sr

p11(u − µ)2

)1/2(∫

Sr

〈P∇u, e1〉2

p11

)1/2

.

At this point, we observe that any 2×2 symmetric matrix B such that b11 6= 0
satisfies the following identity:

〈Bξ, ξ〉 =
〈Bξ, e1〉2

b11

+
detB

b11

〈ξ, e2〉2, (11)

for any ξ ∈ R2. Let CP = CP (x0, r) > 0 be the best constant in the

weighted Wirtinger inequality :
∫ 2π

0

p11(x0 + reiθ)w2(θ) dθ ≤ CP

∫ 2π

0

detP

p11
(x0 + reiθ)w′2(θ) dθ, (12)
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where w ∈ H1
loc(R) is 2π-periodic function such that

∫ 2π

0

p11(x0 + reiθ)w(θ) dθ = 0.

(For ease of future reference, we do not use the assumption detP ≡ 1 in the
next few estimates). Then, by inequality (12) with

w(θ) = u(x0 + reiθ) − µ, µ =
1

2π

∫ 2π

0

p11(x0 + reiθ)u(x0 + reiθ) dθ,

we derive

gx0(r) ≤ C
1/2
P

(∫

Sr

detP

p11
(x0 + reiθ)(∂θu)2

)1/2(∫

Sr

〈P∇u, e1〉2

p11

)1/2

.

Recalling that ∂θu/r = (∇u)22 we obtain, in view of the elementary inequality√
ab ≤ (a + b)/2 and the identity (11) with B = P and ξ = ∇u:

gx0(r) ≤C
1/2
P r

(∫

Sr

detP

p11

(
∂θu

ρ

)2
)1/2(∫

Sr

〈P∇u, e1〉2

p11

)1/2

≤C
1/2
P r

(∫

Sr

detP

p11

(
∇u
)2
22

)1/2(∫

Sr

〈P∇u, e1〉2

p11

)1/2

≤C
1/2
P r

2

∫

Sr

(
detP

p11

(
∇u
)2
22

+
〈P∇u, e1〉2

p11

)

=
C

1/2
P r

2

∫

Sr

〈P∇u,∇u〉 =
C

1/2
P r

2

∫

Sr

〈A∇u,∇u〉.

Recalling the definition of gx0 , we have that the above inequality is equivalent
to:

gx0(r) ≤
C

1/2
P (x0, r)r

2
g′

x0
(r),

for almost every 0 < r < d(x0). In turn, the above inequality implies that

ln(r−2/γgx0(r)) is non-decreasing, for every γ ≥ C
−1/2
P (x0, r). At this point it

is clear that (10) holds, with

ᾱ−1 = sup
x0∈Ω

inf
0<r0<d(x0)

sup
0<r<r0

CP (x0, r)
−1/2.

In order to conclude the proof, we note that when detP ≡ 1, the sharp
constant in the generalized Wirtinger inequality (12) is given by

CP (x0, r) =

(
1

2π

∫ 2π

0

p11(x0 + reiθ) dθ

)2

=

(
1

2π

∫

|ξ|=1

〈A(x0 + rξ)ξ, ξ〉
)2

.

This fact may be seen by a change of variables.
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We note that

Remark 1. The functions of the form (9) may be of interest in the context
of quasiconformal mappings.

Indeed, let κ : R → R be a 2π-periodic smooth function such that κ ≥ 1.
For z ∈ C \ {0} we define the mapping

f(z) = |z|1/κ̄ exp

{
i

κ̄

∫ arg z

0

κ

}
,

where κ̄ = (2π)−1
∫ 2π

0
κ. A computation shows that f satisfies the bounded

distorsion equality
|Df(z)|2 = κ(arg z)Jf (z), (13)

for all z ∈ C \ {0}.
Part of these results is joint work with C. Sbordone.
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