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Abstract
We use a shadowing-type lemma in order to analyze the singular, semi-
linear elliptic equation describing static self-dual abelian Higgs vortices.
Such an approach allows us to construct new solutions having an infinite
number of arbitrarily prescribed vortex points. Furthermore, we obtain
the precise asymptotic profile of the solutions in the form of an approxi-
mate superposition rule, up to an error which is exponentially small.
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1 Introduction

We consider the energy density for the static two-dimensional self-dual abelian
Higgs model in the following form:
E5(A, @) = AP + Do + 15 (I6]* —1)°,

where A = Ajdzy + Axdas, A1(z), Az(z) € R is a gauge potential (a connection
over a principal U(1) bundle), ¢, ¢(x) € C is a Higgs matter field (a section
over an associated complex line bundle), D = d — i A is the covariant derivative
and 6 > 0 is the coupling constant. It corresponds to the two-dimensional
Ginzburg-Landau energy density in the so-called “Bogomol’nyi limit”, denoting
the borderline between type I and type II superconductors. In recent years, s
has received considerable attention, in view of both its physical and geometrical
interest, see, e.g., [2, 4, 7, 8, 9] and the references therein.

The smooth, finite action critical points for the action functional correspond-
ing to & on R? have been completely classified by Taubes [5, 8]. It is shown
in [5] that such critical points are completely determined by the distributional
solutions to the elliptic problem

(1.1) —Au=0§"2(1—e") 747r2mj5pj on R?,
j=1



which decay in the sense of the Sobolev space H!(R?) at infinity. Here s € N,
and for j = 1,2,...,s, p; € R? are the vortex points, m; € N is the multiplicity
of pj, d,, is the Dirac measure at p;. By variational methods, Taubes proved
that there exists a unique solution to (1.1) leading to a smooth, finite action
critical point for the action functional of £ on R?, for any s € NU {0}, p; € R?
and m; € N, j =1,...,s, and for any value of § > 0. Such a solution satisfies
the topological constraint [, Fio = 2 Z§:1 m;, where Fip = 01 Az — 02 A5 is
the magnetic field (the curvature of A).

The case of infinitely many vortex points arranged on a periodic lattice has
been considered in [9] and, in the more general setting of a compact Riemannian
2-manifold, in [2, 4]. We say that the vortex points p;, j € N are doubly
periodically arranged in R? if there exists s € N such that for any k € N, k > s
there exist j € {1,2...s} and m,n € Z such that py = p; + me; + ne,, where
€1, €, are the unit vectors in R?. Similarly as in the previous case, denoting by
Q) = R?/Z? the flat 2-torus, finite action critical points for the action of £ on
Q) correspond to distributional solutions to the problem

(1.2) —Au=65"2(1—e") — 47erj5pj on {2,
j=1

satisfying the topological constraint [, F1o = 2w Y7, m;. It is shown in [9],
that a unique solution for (1.2) exists if and only if § € (0, 77!). The asymptotics
as & — 07 has been considered in [4, 9].

Our aim in this note is to show that a shadowing lemma as introduced in
the context of PDE’s by Angenent [1], see also [6], may be adapted in order to
construct solutions to the following more general equation containing infinitely
many arbitrarily prescribed vortex points:

(1.3) —Au=0"2(1—¢e") — 47Tij5pj in R%.
JEN

Suitable modifications to the method described in [1] are necessary, due to the
singular sources appearing in (1.3). We assume that the vortex points p;, j € N
are arbitrarily distributed in the plane, with the only constraint that

(1.4) d = inf |p; — px| >0 and  m:=supm; < +o0.
k#j jEN

This situation does not seem to have been considered before. Furthermore, our
gluing technique shows that solutions to (1.3) satisfy an approzimate superpo-
sition rule, see (1.6) below. For a finite number of vortex points on R?, such a
rule exists formally in the physics literature, and has been rigorously derived in
[7]. In view of the representation (1.6), we can easily analyze the asymptotic
behavior of solutions to (1.3) as & — 0T, thus obtaining more direct proofs for
the asymptotics derived in [4, 9], in the special case (1.2).

In order to state our results, we denote by Uy the unique radial solution for
the problem:
(1.5) {—AUN =1—eUv —47N§y in R?

Un(z) =0 as |x| — +o0.



Existence, uniqueness and exponential decay as || — +oo for Uy are estab-
lished in [5], see Section 2 below.
Our main result is the following

Theorem 1.1. Let p; € R?, m; € N, j € N satisfy (1.4). There exists a
constant 1 > 0 (dependending on d and m only) such that for every § € (0,01)
there exists a solution us for (1.3). If the p;’s are doubly periodically arranged
in R?, then us is doubly periodic. Furthermore, us satisfies the approzimate
superposition rule:

(1.6) us(z) = Un, ('””%;p”) + ws,

jEN

where the error term ws satisfies ||wsl|oo < Ce™/%, for some ¢ > 0 independent
of 6. In particular, u satisfies the following properties:

(1) 0 <e" <1, e" vanishes exactly at p;, j € N;

(ii) For every compact subset K of R%\ Ujen{p;} there exist C,c > 0 such
that supg (1 —e%) < Ce™¢/% as § — 07F;
(iii) §72(1 — e%s) — 4x > jen My, in the sense of distributions, as 6 — 0F.
We note that §72(1 — e%s) = 2|Fis|.
An outline of this note is as follows. Our starting point in proving Theo-
rem 1.1 is to consider § as a scaling parameter. Setting @(z) = u(dz), we have
that @ satisfies:

(1.7) —Ai=1-e"— 47 m;d;,  in R
jEN

where p; = p; /6. Note that the vortex points p; “separate” as § — 0. Section 2
contains the necessary properties of the radial solutions Uy to (1.5). We rely
on the results of Taubes [8] for the existence and uniqueness of Uy, as well
as for the exponential decay properties at infinity. We also prove a necessary
non-degeneracy property of Uy. The exponential decay of solutions justifies the
following approximate superposition picture for small values of 4, i.e., for vortex
points p; which are “far apart”:

(1.8) i(x) = Y Un, (lz = pl) -

jEN
In fact, we take the following preliminary form of the superposition rule:

(1.9) a:Z¢ijj(x—ﬁj)+z,
JjEN

as an ansatz for is. Here, radial solutions centered at p; are “glued” together
by the functions ¢;, which belong to a suitable locally finite partition of unity.
Section 3 contains the definition and the main properties of the partition, as
well as of the appropriate functional spaces X5, Y5, which are also obtained by
“gluing” H*(R?) and L?(R?), respectively. Hence, we are reduced to show that
for small values of § there exists an exponentially small “error” z such that @



defined by (1.9) is a solution for (1.7). The existence of such a z € Xj is the aim
of Section 4 (see Proposition 4.1). To this end we use the shadowing lemma.
We characterize z by the property Fs(z) = 0, where Fj : X5 — Y is suitably
defined. The non-degeneracy property of Uy is essential in order to prove that
the operator DFs(0) is invertible, and that its inverse is bounded independently
of § > 0 (Lemma 4.4). At this point, the Banach fixed point argument applied to
I— (DF5(0))~! Fs yields the existence of the desired error term z. In Section 5
we show that periodically arranged vortex points lead to periodic solutions,
that (1.9) implies (1.6) and we derive the asymptotic behavior of solutions, thus
concluding the proof of Theorem 1.1. For the reader’s convenience, following
the monograph of Jaffe and Taubes [5], we outline in an appendix the derivation
of equation (1.1) for smooth, finite action critical points to the action of £ on
R2, as well as some properties of solutions to (1.1), which imply the necessary
properties of Uy .

Although we have chosen to consider the abelian Higgs model for the sake
of simplicity, it will be clear from the proof that our method may be adapted to
many other self-dual gauge theories as considered, e.g., in the monograph [10].

Henceforth, unless otherwise stated, we denote by C, ¢ > 0 general constants
independent of § > 0 and of j € N.

2 Single vortex point solutions

In this section we consider the solution Uy to the radially symmetric equation
(1.5). We refer to [5, 8] for the proof of the existence and uniqueness of Uy (see
also the Appendix). We collect in the following lemma some properties of Uy
that will be needed in the sequel. For every r > 0, we denote B, = {z € R? :
|z] <7}

Lemma 2.1. The following properties hold:
(i) VN @) <1 for any 2 € R

(ii) For every r > 0 there exist constants Cy > 0 and ay > 0 depending on r
and N such that

1= "N @] 4 [VUN ()] + [Un ()] < Cye= 17,
for all x € R*\ B,.

Proof. Property (i) follows by the maximum principle. In order to establish (ii),
we note that the estimate |1 — eUN(I)| < Onye Pn1el for some By > 0 depending
on N was established by Taubes ([8], Theorem II1.1.1), see the Appendix. In
view of (i), it follows that for all |x| > r we have

_ |Un(2)] Un () — Bl
Un @)l = T =@ (1 e ) < Ce 7.

In order to estimate the decay of [VUy|, we set A = By, \ By, and for all
R > r we define Ag = Bagr \ Brr, Ay = Bsgry \ Barr. For y € A, we
consider ur(y) = Un(Ry). Then ug satisfies —Aup = fr in A with fr given



by fr(y) = R*(1 — exp{Un(Ry)}). We recall the standard elliptic estimate for
ur (see, e.g., [3] Theorem 3.9):

supdy [ Vur(y)| < O (sgp jug] + sgpdilffz(y)l) ,

where d, = dist(y,0A) and C > 0 is independent of R. In terms of Uy, the
above estimate yields

(2.1) supdy|VUn(2)] < C (Sup |Un| +supd2(1 — eXp{UN(:L')})) .
Ar AR AR
where d, = dist(z,0Ar) = Rd,. Hence, we have for any z € A,
dy
(2.2) VU (x)| < sup E|VUN(:E)| < CRe PR < C|x|e7§m
AR

and we conclude that
(2.3) |VUN (z)] < Ce™@le] Vx| > r
for some constant a > 0. |
We consider the bounded linear operator
Ly = —A+e" : H*(R?) — L?*(R?).

It is known [5, 8] that Uy corresponds to the unique minimum of a strictly
convex functional, and therefore it is the unique solution to (1.5), see the Ap-
pendix. In order to apply the shadowing lemma, we further have to show that
Un is non-degenerate, in the sense of the following

Lemma 2.2. The operator Ly is invertible and for every N > 0 there exists
Oy > 0 such that |Ly'| < Cx.

Proof. 1t is readily seen that Ly is injective. Indeed, suppose L yu = 0 for some
u € H?(R?). Multiplying by u and integrating on R? we have:

/|Vu|2 +/eUNu2 =0.

Therefore, u = 0. Now we claim that Ly is a Fredholm operator. Indeed, we
write

Ly =(-A+1)(I-1),

with T = (—=A 4+ 1)7}(1 — eY) : H?(R?) — H%(R?). Clearly, T is continuous.
Let us check that T is compact. To this end, let u, € H?(R?), |Jun|| gz = 1.
We have to show that T u,, has a convergent subsequence. Note that by the
Sobolev embedding

(2.4) llull Lo (m2) < Cslull m2(w2),

for all u € H%(R?), we have |Jun|lec < C’, for some C’ > 0 independent of
n, and there exists uso, |[too|mz < 1, such that wu,, — u strongly in L2

for a subsequence u,,. Now, by Lemma 2.1, for any fixed € > 0, there exists



R > 0 such that |1 — eYV || 2r2\p,) < e. Consequently, [|(1 — eVV)(up, —
Uoo) || L2(r2\ By < 2C"e. On the other hand, [|(1 — eN)(up, — uoo)llr2(By) — 0.
We conclude that (1—eV~)(u,, —ts) — 0in L2. In turn, we have T (u,, —too) =
(—A+1)71(1 —eY)(up, — us) — 0 in H?, which implies that 7" is compact.
It follows that Ly is a Fredholm operator. Consequently, Ly is also surjective.
At this point, the Open Mapping Theorem concludes the proof. O

3 A partition of unity

In this section we introduce a partition of unity and we prove some technical
results which will be needed in the sequel. Let p; € R? j € N be the vortex
points. By assumption (1.4), ro = d/8 = inf,+; |p; — pr|/8 > 0. We consider
the set K = (—2rg, 2ro) x (—3rg, 3r¢). Then for any n € Z2, we introduce
K, = K + nrg. The collection of sets {Kp,}necz2 is a locally finite covering of
R2. We consider an associated partition of unity defined as follows: let 0 < ¢ €
Cg°(K) be such that ) ;. ¢n(x) = 1 pointwise, where ¢, (x) = d(x — nro).
Then, for any j € N, we introduce the set

1
Nj = {ﬂe ZQ : d(pj,Kﬂ) < -

47"0},

note that the cardinality of IV; is uniformly bounded, namely |N;| < 4 for any
7 € N. For any j € N, we set

Bi=|J Ku,  ¢i@)= ) ul®).

neN; neN;

Let Z:N — Z*\ U,y IV; be a bijection. We set

Q; = K157,  ¥j(x) = dz1¢j)(2).

Then {Bj,Q;} en is a locally finite open covering of R? with the property that
B;NBy, = 0 for every k # j. Moreover {¢;,1;} is a partition of unity associated
to {Bj,Q;}jen, such that

jeN

supp ¢; C Bj, supp¥; C Qj,

and such that

sup{[[Vejllo, [IVillec} < 400, sup{l|D%*¢jloe, [1D*hjllec} < +o00.
JEN JEN

In particular,

0< ;<1 and ) (pi(@) + (@) = Y dulr) =1.

jJEN nez?
For every j € N, we define a rescaled covering:
Bj=B;/s,  Q;j=Q/5.
Then {@;,1;}jen defined by

$j(r) = ¢;(dz), bj(z) = ;(0x)



is a partition of unity associated to {Bj, QJ} It will also be convenient to define
the sets
Cj:{SCEBj : gﬁj(l'):l} jGN

Note that
supp{V¢;, D*¢;} € B;j\ C;
and
(3.1) sup{[V;| + Vi) < €, S];;}){IDQ%I + D]} < €8,

For every fixed z € R? we define the following subsets of N:
(32)  J@) ={jeN:¢;(z)#£0}, K@) ={keN: y(z)#0}.
Note that

(3.3) Sélﬂgz{lzf(x)l + [K(2)[} < +o0,

where |J(x)|, | K (z)| denote the cardinality of J(x), K(z), respectively. We shall
use the following Banach spaces:

X5 ={u € HZ (R?) : sgg{l\%UHHZ(RZ)a sl 22y} < +o0}
J

Vs ={f € L3, (R?) : sug{ll%fl\wuw 95 £ || 2@y } < +o0}.
JE

We collect in the following lemma some estimates that will be used in the sequel.

Lemma 3.1. There exists a constant C' > 0 such that for any u € Xs and
7 € N we have

(1) llull =g,y < Cllullg,
(i) |lull g2y < Cllul g, -
Proof. (i) For every fixed k € N, let J(k) = {j € N : supp 1/Ajj N supp @ # 0}.

Then sup,cy |J (k)| < +00, and we estimate:

lull o) =l@su+ D rullgas,) < 1@sulgaay + D Ikl
keJ (5) keJ (5)

<AH1TOD Nlullg, < Cllullg,-

(ii) For any fixed z € R? we have, in view of (2.4) and (3.3):

Ju(@)] =Y @i (@)ul@)] + Y dy()lulz)]

JEN JEN

= > @@+ Y Pi)u@)
j€I(x) JjEK (z)

< 0 Csllgulluaeey + Y Cslldjull e
jeJ(z) JjEK (z)

< suﬂg(lJ(x)l + [K(@))Csllull ¢, = Cllullx,-
zeR?

Hence, (ii) is established. O



We shall also need the following family of functions:

4 = Pj hy = ¥; —
(ZkeN@i + 7/’13))

o a1/
(ZkeN(Sﬁk + wk))
In view of (3.1), it is readily checked that

Lemma 3.2. The family {gj,ﬁj}jeN satisfies suppg; C Bj, suppizj C Q]— and
furthermore:

(3.4) S+ =1

jEN

(3.5) C™'¢; < g; < Opj, CY; < hj < Ci;

(3.6) sup{|Vg;| + |Vhy|} < C9, sup{|D?y;| + |D?h;|} < C&°.
R2 R2

4 The shadowing lemma
For every j € N we define
Uj(@) = Un, (x = py)-
We make the following ansatz for solutions 4 to equation (1.7):
(4.1) i=Y ¢;Uj+2
JeN
Our aim in this section is to prove:

Proposition 4.1. There exists 1 > 0 such that for all 6 € (0,01) there exists
zs € X, such that s defined by ts = Zj $;U; + zs5 is a solution to (1.7).
Moreover, |25 5, < Ce=¢/?,

We note that the functional Fs : X5 — Y5 given by

Fy(z) = =Dz + > ¢j(1 —e¥) — (1 — eZsen@0i%2) — Sp, AJO;
jEN jEN
is well-defined and C'. Here [A,@;] = Ap; 4+ 2V$,;V. Moreover, if z € X;
satisfies Fs(z) = 0, then @ defined by (4.1) is a solution to (1.7).

Lemma 4.2. For § > 0 sufficiently small, we have
(4.2) IF50)]ly, < Ce™°  asd— 0"
for some constants C,c > 0 independent of 9.
Proof. Let
R =3¢ —e) — (1 —eXsen?th)
JEN

C = [¢;,AlU;

jEN



Note that {supp R, suppC} C UjeNBj \ C'j. We fix z € Uij. We estimate:
R(x)| <sup A-lerj o\ A T Sup 176957'07' ol BN A
R ()| sup 165 Wiz sup | oo (B,\E)
<C sup |Ujl oo 30,y < Cre™.
JjeEN

On the other hand, in view of (3.1) and Lemma 2.1, for € U; B;, we have
(4.3)
C(@)] <sup | (A, @510l i)
jeN
<C (sup |0} A1l (,165) + 590 VI V@51 | 500,)) < Caec?/"
JEN JjEN
for some positive constants ¢y, Cy > 0 independent of §. Hence, we conclude
that, as § — 0T,
(4.4) IE50)l5, < Csp(R a5, +1Cla5,)) < O™
J

for some constants C, ¢ > 0 independent of 6 > 0. O
Now, we consider the operator Ls = DF5(0) : Xa — 175 given by
Ls=—-A+ e jeN 9510]’.
For every j € N, we define the operators:
ij =-A+eli.

It will also be convenient to define:

Lo=—-A+1.
We readily check the that the following holds:

Lemma 4.3. There exists a constant C > 0 such that for any u € X5 and
7 € N we have

I(Ls — Lj)pjull 2 < Ce™/°||@ihl| e,
I(Ls — Lo)jullrz < Ce™/%||h;h|| 12

Proof. For any j € N, by Lemma 2.1, we have as § — 0T,
(4.5)
I(Es — Ea)pgullze < (1= 6Bl mpncey + 11— S5 n o ligsullee
<C|1- erHLoe(Bj\c”j)||¢’jUHL2 < Ce_c/(sH(ﬁjU”L?-
Let K(j) = {k € N : supp@y, Nsuppy; # 0}. Then sup; ey [K(j)| < +oc and we
estimate, as § — 0T,
(4.6)
(L5 — Lo)wbsull 2 <[[(1 — e>rexe 20k )| 2

< sup 1= e g0 195l z2 < O™ djull .
keK(5)

O



Now we prove an essential non-degeneracy property of Ls:

Lemma 4.4. There exists do > 0 such that for any 6 € (0,80), the operator
Ls s invertible. Moreover, Lgl 1 Ys — X is uniformly bounded with respect to
d € (0,d0).

Proof. Following a gluing technique introduced in [1], we construct an “approx-
imate inverse” Ss : Ys — X for Lgl as follows:

@7 8= (95259, + byl b))
jJEN

where g, ﬁj are the functions introduced in Section 3. We claim that the op-
erator Ss is well-defined and uniformly bounded with respect to 6. That is, we
claim that

(4.8) 155 f1l %, < Cllf Ny

for some C' > 0 independent of f € X5 and of 6§ > 0.
Indeed, for any f € Y5 we have

1S5 £ 11, = sup{ 16 D _(a;L5 35 + hiLo hy) e,
keN ;
JjeN
196> (@515 35+ hsLg ) flla}-
JEN
We estimate, recalling the properties of ¢; and g;:
Ipn Y 9515 05 fllez = |1 pndnli gnf |l a2

JEN
<C|Li e fllmz < Cllgnflle < Cléwflez < Cllflly,-

We have:
16e > hiLo hifllee < léw Y hilg'hiflm < Y N@rhil hif a2,
jeN i€ (k) jeT (k)

where J (k) = {j € N : supp 1/Ajj N supp ¢r # 0} satisfies supyey [T (k)| < +00.
In view of Lemma 3.2 and Lemma 2.2, we estimate:

> lgkhsLg thiflae < C Y Lo hifllae <C Y hyflle

jeJ (k) jeJ (k) jeJ (k)
< D i fllee < 1T @) sup |8 £l < Cl1flly,-
i€T () JeN
Therefore,
sup ¢ Y hiLg hyflluz < Cllf |y,
keN SN
Similarly, we obtain that

sup [[x Y G5 L5 'G5l < Cllflly,,  sup e Y hiLg hifllme < C|flly,-
keN jeN ke jeN

10



and (4.8) follows.

Now, we claim that there exists §y such that for any § € (0, §p), the operator
SsLs : X5 — X is invertible, and furthermore ||SsLs|| < C for some C' > 0
independent of 5 > 0. We note that (Ls — L;)g; : X5 — Vs and (Ls — ﬁo)ﬁj :
X5 — Y(; are well-defined bounded linear operators. Thus, recalling (3.4) we
decompose:

(4.9)
SsLs =lg, + Zgg QJL5 LJ%) + Bjial(ileé - ioilﬂ
jEN JEN
S L (s = Ly)gs + Y hyLo N (Ls — Lo)hy + > 3,15 1(A, )]
jeEN jEN jEN
+3 hiLg'[Ah
jEN

Hence, it suffices to prove that the last four terms in (4.9) are sufficiently small,
in the operator norm, provided § > 0 is sufficiently small. By Lemma 4.3 and
Lemma 3.2 we have, for any u € X,

HZQ] )gJU”X

JjeN

fsup{llsakzgg NLs = Ly)gjull e, e Y 95L5 (Ls — Ly)gjull e}

JEN JEN
<C'sup ||L YLs — Li)grullgz < Csup ||(Ls — Li)grul 2
keN keN
<Ce™“/° sup ||prul| 2 < Ce‘c/‘SIIUIIX&-
keN

Similarly, for u € X(;, we have:

||Zgj A G5 U”XS

JjEN
—sup{llsok D oL A glullmz, kY 915 A, 45)ull w2}
jEN JEN
<Csup || LA, glull g < Csup [[[A, grlul| 2.
keN keN

Recalling that [A,grlu = 2VuVj, + ulAgg, by (3.6) and Lemma 3.1-(i) we
derive that

A, grlull Lz < Collull g g,y < Collullx,-

(Br) =

The remaining terms are estimated similarly. Hence, |[SsLs — I [ — 0 as
§ — 0T. Now we observe that Lgl = (S5Ls)~1Ss. Tt follows that for any
f € Ys we have

(4.10) IL5 ' fll %, = 1(SsLs) " S5 fll %, < CllSsfllg, < Cllflly,

with C' > 0 independent of §. Hence, Ls is invertible and its inverse is bounded
independently of §, as asserted. O

11



Now we can provide the

Proof of Proposition 4.1. We use the Banach fixed point argument. For any
d € (0,60), with §p > 0 given by Lemma 4.4, we introduce the nonlinear map

7

Gs € C'(X5, X;5) defined by

(4.11) Gs(z) =z — Ly 'F5(2).
and the set
(4.12) Br={ueX;: |u|g, <R}

Then, fixed points of G correspond to solutions of the functional equation
Fs5(z) = 0. First, note that DGs(0) = 0 and that

DF(z) = —A + eXien @30 +z,
By Lemma 4.4, for any z € X5 and u € X5 we have

IDGs(2)ull 5, = (DGs(2) — DGs(0))ull g, = | L5 (DFs(2) — Ls)ul ¢,
<O|(DF5(2) = Ly)ully, = Clle>sen %% (e — L)ully, < C|(¢* = Lully,.

By the elementary inequality et — 1 < Cte?, for all ¢ > 0, where C' > 0 does not
depend on t, and in view of Lemma 3.1, we have

(4.13) lo* = 1lloe < el — 1< Ozl scel I < CJz] ¢, 5.
Hence,
IDGs(2)ul 5, < Cll(e* — Dully, < Cllzllg,e!*1%s [ully, < Cllllg,e!*1%s |lull 4. .

Consequently, there exists Ry > 0 such that for every R € (0, Ry) we have

(4.14) IDGs(2)| < Vz € Bg

N | —

and for all § > 0. Now,
1Gs(2)ll %, < 1Gs(2) — G5(0)]l ¢, + IG5 (0)]| %,

(4.15) 1 B
< 5llallg, +11L5 YE5(0) g, -

By Lemma 4.4 and Lemma 4.2, we have that:

(4.16) IL5 F5(0)|l ¢, < CIIF5(0)lly, < Coe™/°.

Choosing R = Rs = 2Che /% we obtain that Gs(Bgrs;) C Bg,. Hence, Gs
is a strict contraction in Bg,, for any § € (0,d1). By the Banach fixed-point

theorem, for any 0 € (0, d1), there exists a unique z5 € Bg,, such that Fs(zs) =
0. O

12



5 Proof of Theorem 1.1

In this section we finally provide the proof of Theorem 1.1. In view of Proposi-
tion 4.1, the function 45 defined by

(5.1) s =Y &U;+ 2
jEN

is a solution to equation (1.7). Consequently, us defined by

(5.2) ugs(z) = Us (%) = thj(x)Umj (m —(Spj) + 25 (%)

JEN

is a solution to (1.3). Now, we want to prove that if the p;’s are doubly peri-
odically arranged in R?, then us is in fact a doubly periodic solution to (1.2).
Recall from Section 1 that the p;’s are doubly periodically arranged in R? if
there exists s € N such that for any & € N, k > s there exist j € {1,2,...,s}
and m,n € Z such that p;, = p; + me; + ne,, where ¢;,e, are the unit vectors
in R2. We define &, = ¢, /6, k = 1,2. Equivalently, we show:

Lemma 5.1. Suppose the vortex points p;, j € N, are doubly periodically ar-
ranged in R?. Then ds(x + &) = ds(z) for any x € R? and for k =1, 2.

Proof. We may assume that ¢;(z + &) = ¢;j(z), ¥;(z + &) = ¥;(x), for any
jEN, 2 €R? k=1,2. Then,

a5e+2) = 3 05(@)0; (@) + z5(x + &),
jeN

Hence, it is sufficient to prove that zs(x + &) = z5(z), for every x € R? and for
k = 1,2. First, we claim that z5(- + &) € Bg,. Indeed, for every j € N there
exists exactly one 7' € N such that

(5.3) 8525( + &)l = 185 25l 12
Hence, we obtain
(5.4) Iz5(- + &)l g, = llzsllg, < Rs.

Moreover, if Fs(zs) = 0 we also have Fs(zs(- 4+ &,)) = 0. Therefore, z5(- + &)
is a fixed point of G5 in Bg,. By uniqueness, we conclude that z5(- + &) = zs,
k =1,2, as asserted. ([l

Lemma 5.2. The solution ugs defined in (5.2) satisfies the approzimate super-
position rule:

(55) ) = 3 U, (252 ) + (o)

jEN

with ||ws||eo < Ce™¢/°.
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Proof. In view of (5.2) and of the definition of J(x) in Section 3, we have

us@) = > Un, (zépj) + @s(x),

where

We estimate:

S (1 5(2)Un, <¥> <Y s

JjE€J ()

oo

On the other hand, we readily have
25 (%) lloe = lzsll < O™,

Therefore, ||@s]|oc < Ce™/%. We have to show that

(5.6) > U, (x%;pﬂ) < Ce /7,

J¢J (@)

o0

To this end, we fix x € R? and for every N € N we define By = {y € R? :
ly — x| < roN}. Then,

T —p; T —pj
> Unm, (TJ) =2 > Un (TJ)
Jj¢J(z) NeNp,eByi1\Bn

Since infj.y |pj — pr| > 7o there exists C' > 0 independent of N € N and of
x € R? such that

(5.7) |{p; € Bn41\ Bn}| < CN.
Hence, we estimate:

Z Umj <$6pj> < CZ Ne—cN/5 < Ce—c/é.

Jjg€J(x) NeEN

This implies (5.5). O

We are left to analyze the asymptotic behavior of us as § — 0%. Such a
behavior is a straightforward consequence of (5.2).

Lemma 5.3. Let us be given by (5.2). The following properties hold:
(i) € <1 on R? and vanishes exactly at p; with multiplicity 2m;, j € N;
(ii) For every compact subset K of R* \ Ujen{p;} there exist C,c > 0 such
that 1 — e% < Ce=¢/% as § — 07;
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(iii) 672(1 — e%) — 4m > jenmjdp; in the sense of distributions, as § — 0.

Proof. (i) Since us is a solution of equation (1.3), e*s < 1 follows by the maxi-
mum principle. Moreover, since

(5.8) Un, (@ = p3)/8) = fo = p ™+,

with v; a continuous function (see [5]), we have near p; that e* = |z —
p;|?™i f;.5(x), with f;s(x) a continuous strictly positive function. Hence, (i)
is established.

(ii) Let K be a compact subset of R? \ Ujen{p;}. In view of Lemma 2.1 and
Proposition 4.1, we have as § — 07

sup 1-— %1 (@)Um; (£=pi)/8) < 1g—c/d
z€KNB, h

(5.9) |
l25(=)lle < Cllzslx, < ORs < Ce™/%,

Therefore, we have that for any compact set K C R? \ Ujen{p;}

(5.10) 0<sup(l—e®)<Csup sup (1—e%)<Ce 9,
c€K jEN z€ KNB;

(iii) Let ¢ € C°(R?). Then,

7/ usAp = 5’2/ (1 —e")p —dmm;p(p;).
R2 R2
We claim that

(5.11) / usAp — 0 as § — 0.
R2

Indeed, let supp ¢ C UY_, Bj, U K, with K a compact subset of R* \ Ujen{p;}-.
Since supy |us| < Ce™¢/?, we have

K

On the other hand, in view of (5.5), in B;, we have us(z) = Up,;, (|2 —p;,[/6)+
O(e=¢/%). Note that U,; € L'(R?) in view of (5.8) and Lemma 2.1. Therefore,

sup / usAp| < sup / Umj (M) Ap| + 0(676/5>
1<k<N |/ B, 1<k<N |/Bj, k o
<§% sup HA(IDHOO”Umjk llzr + O(e—c/é) <08 0.
1<k<N
Hence (5.11) follows, and (iii) is established. O

Proof of Theorem 1.1. For every § € (0, d1), where d; is defined Proposition 4.1,
we obtain a solution us to (1.3). If the p;’s are doubly periodically arranged,
then us is doubly periodic in view of Lemma 5.1. Furthermore, us satisfies (1.6)
in view of Lemma 5.2 and of the definition of . Finally, us satisfies the asymp-
totic behavior as in (i)—(ii)—(iii) in view of Lemma 5.3. Hence, Theorem 1.1 is
completely established. [l
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6 Appendix

For the reader’s convenience, we sketch in this appendix the proof of some results
for smooth, finite action critical points for the action of &s, which are relevant
to our discussion. The following results are due to Taubes [8]. Throughout this
appendix all citations are referred to the monograph of Jaffe and Taubes [5].

6.1 Derivation of equation (1.1)

Following [5] p. 53, we consider the change of variables A(z) = 6~ 14'(z/6),
o(x) = ¢'(x/0) ' = x/5. We denote by D’, F|, the covariant derivative of
A’ and the curvature of A’, respectively. Then, dA(z) = 6—2dA'(z'), Do(z) =
5~ 1D'¢/ ("), and therefore:

Es(A, ¢)dx = E (A ¢ da',
R2 R2

where & denotes £ with 6 = 1. In view of Bogomol'nyi’s reduction (see formula
(IT1.1.5)), we may rewrite the action in the form:

/ E1(A, ¢")da’
RQ
. 1
:/RQ {I(D’l +iD5)¢'|* + (Fly + (10 = 1))* + F1'2} az'.
It follows that
[ ety
]RQ
: 1
:/ {|(D1 + ZD2)¢|2 —+ (5F12 + 2_6(|¢|2 o 1))2 + FlQ} de.
RQ

Here and in what follows, it is understood that we either always choose upper
signs, or we always choose lower signs. For smooth, finite action critical points,
(2m)~1 fRz Fi = N is an integer, defining a topological class (Theorem I1.3.1
and Theorem II1.8.1). Hence, the energy minimizers in a fixed topological class
satisfy the following the first order equations:

(6.1) (D1 +iDs)p = 0
1 2
(6.2) Fip = i@(l —[¢%).

In fact, there is no loss of generality in restricting to critical points for the action
in a given topological class (Theorem III.10.1). By complex analysis methods,
one shows that smooth solutions to (6.1) vanish at most at isolated zeros of
finite multiplicity. Hence, differentiating (6.1) we obtain

—Aln|p® = £2F1, — 47 Y _n;dp,,

Jj=1

in the sense of distributions. Setting u = In |¢?|, we obtain from the above and
(6.2) that v satisfies (1.1).
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In order to define the decay properties of smooth, finite action critical points,

we define by uo(z) = — 37 In(1+ plz —p;| ) the “singular part” of u, where

> 4N. Then, u — ug € H*(R?) (Theorem IIL.3.2). Conversely, if u satisfies
(1.1) and if u — up € H'(R?), then (A, ¢) defined by

o(z) = exp{%u(z) +i Z mjarg(z — p;)}
j=1
Al F ZAQ = 7’L'((91 + 182) 1I1¢)

is a smooth, finite action critical point.

6.2 Existence and uniqueness

Without loss of generality we assume ¢ = 1. The function v = u — ug satisfies
the elliptic equation with smooth coefficients

—Av=1—e"t" _ g,

where go = 4377, |z — p;|* + p) 7. Solutions in H'(R?) to the equation
above correspond to critical points for the functional

a(v) = /R {%WUF + (go — 1)v +e¥0 (e’ — 1)},

which is well-defined and differentiable on H'(R?). Furthermore, a is coercive
and strictly convex, and therefore it admits a unique critical point, correspond-
ing to the absolute minimum (Theorem II1.4.3). In particular, the solution to
(1.1) satisfying u — ug € H'(R?) is unique. Finally, the critical point (A, ¢)
obtained from u = uy + v satisfies the following decay estimate holds, for any
e>0:

3 —(1—¢)|z
[Do| < (1 - |of?) < Cee =91,

where C; > 0 depends on ¢ (Theorem III.8.1).
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